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WE PRESENT A NONLINEAR FINITE ELEMENT ANALYSIS to investigate the buckling
and post-buckling behaviour of functionally graded material (FGM) plates resting
on the elastic foundation. The material properties are assumed to vary gradually
across the thickness according to a power law distribution. The starting point of
the investigation is the generalized third-order plate theory and the Vlasov model
of elastic foundation having properties varying throughout the depth. The plates
are subjected to bending to verify the formulation and compression loads including
buckling and post-buckling analysis to investigate the influence of various parameters
on the structural response.
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1. Introduction

FUNCTIONALLY GRADED MATERIALS (FGMs) are inhomogeneous composite
materials in which the volume fraction of two components varies smoothly and
continuously across the given direction. FGMs are mixtures of ceramics and metal,
where external ceramic layers due to large thermal resistance are exposed to
high temperatures, while internal metallic constituents, owing to their stronger
mechanical performance, are able to reduce the possibility of fracture. Manufac-
turing techniques must guarantee controlled changes in composition and density,
so that the product will have a required structure and properties along the given
direction, typically across the plate thickness. In recent years many articles con-
cerned with the mechanics of functionally graded plates have been published.
Usually new analysis methods are developed to handle the continuous variation
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in material properties through the thickness of the plate and extensive results
are presented.

Various aspects of behaviour of the FGM plates have been studied by many
researchers as reported by SWAMINATHAN et al. |1, 2] while the review of the
buckling and postbuckling of FGM plates can be found in |3| and [4].

JAVAHERI and Esvami [5] investigated the buckling of functionally graded
plates under in-plane compressive loading. SHARIAT and EsLaMI [6] studied the
buckling of thick functionally graded plates under mechanical and thermal load-
ing. PRAKASH et al. [7] used an eight-nodded CY shear flexible quadrilateral plate
element to study the nonlinear bending/pseudo-post-buckling behaviour of FGM
plates based on the Mindlin formulation under thermo-mechanical load and con-
cluded that temperature dependent material properties overestimates the ther-
mal postbuckling resistance. Later, PRAKASH et al. |§] extended their investiga-
tions to study the influence of the position of the neutral surface on the stability
behaviour of FGM plates. The conditions for the bifurcation-type buckling were
examined by AYDOGDU |9]. He observed that this type of buckling occurs when
the plate is fully clamped while for simply supported plate edges the condition
is to apply the loading at the neutral surface. LEE et al. [10], based on the first-
order shear deformation plate theory (FSDT), studied the postbuckling behavior
of unstiffened FGM plates under edge compression and temperature field condi-
tions using the element-free kp-Ritz method. ZENKOUR and SOBHY |11] studied
the thermal buckling of functionally graded material plates using the sinusoidal
shear deformation plate theory. Duc and VAN TUNG [12] analytically investi-
gated buckling and post-buckling behaviour of thick functionally graded plates
resting on elastic foundations and subjected to in-plane compressive, thermal
and thermomechanical loads. Their formulations were based on the higher order
shear deformation plate theory taking into account the von Kaérmén nonlinearity,
initial geometrical imperfection and the Pasternak type elastic foundation.

BopAGHI and SAIDI 13| used the neutral surface based-CPT to study the
buckling of FG plates resting on an elastic foundation under non-uniform com-
pression. Based on the third-order shear deformation theory, AKBARZADEH
et al. [14] obtained the results for the behaviour of FGM plates under lateral
thermal shock using the couple thermoelastic assumption.

A similar approach was applied by KOWAL-MICHALSKA and MANIA [15] who
investigated the static and dynamic buckling of FG plates subjected to a simul-
taneous action of one directional compression and thermal loadings. ZHANG |16]
used the Ritz energy method to study the nonlinear post-buckling, nonlinear
bending and vibration of FGM plates based on physical neutral surface and
Reddy’s third-order shear deformation. LATIFI et al. |[17] used the classical plate
theory based on physical neutral surface expanding the displacement functions
in the double Fourier series to investigate the buckling behaviour of FGM plates
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subjected to proportional biaxial compressive loadings. THAT and Uy [18] applied
the refined plate theory to derive analytical solutions for the buckling load of FG
Levy-type plates based on the neutral surface. MANSOURI and SHARIYAT [19]
analysed thermo-mechanical buckling of the orthotropic auxetic plates in the hy-
grothermal environments solving the high-order shear-deformation governing dif-
ferential equations using the new differential quadrature method. HAN et al. |20]
investigated the dynamic instability analysis of S-FGM (sigmoid FGM) on an
elastic medium using the third-order shear deformation theory. LEE et al. |21]
analysed the thermal buckling behaviour of functionally graded plates based on
FSDT and neutral surface of structures. FAN and WANG [22] investigated non-
linear bending and post-buckling behaviour of a hybrid laminated plate resting
on the Pasternak elastic foundation in thermal environments. The plate was
composed of conventional fiber reinforced composite (FRC) layers and carbon
nanotube reinforced composite (CNTRC) layers. CHIKH et al. |23] presented an
analytical formulation based on both hyperbolic shear deformation theory and
stress function to study the nonlinear post-buckling response of symmetric func-
tionally graded plates supported by elastic foundations and subjected to in-plane
compressive, thermal and thermo-mechanical loads.

SHAMS et al. |24] analysed the buckling behaviour of functionally graded car-
bon nanotube-reinforced composite (FG-CNTRC) plates resting on the Winkler—
Pasternak elastic foundations under in-plane loads for various temperatures using
the element-free Galerkin (EFG) method based on the first-order shear defor-
mation theory (FSDT). YU et al. |25] studied the buckling and postbuckling
behavior of a sandwich plate with a homogeneous core and graphene-reinforced
composite face sheets resting on an elastic foundation in thermal environments
using the higher order shear deformation plate theory and the von Karmén-
type kinematic nonlinearity to derive the governing equations accounting for the
plate-foundation interaction and the thermal effects and a two-step perturbation
technique for solution. CONG et al. |26] presented an analytical approach to in-
vestigate buckling and post-buckling behavior of the FGM plate with porosities
resting on elastic foundations and subjected to mechanical, thermal and ther-
momechanical loads. The formulations are based on Reddy’s higher-order shear
deformation plate theory taking into consideration the von Karmén nonlinearity,
initial geometrical imperfections, and the Pasternak type of elastic foundations.
SHAHRESTANTI [27] investigated elastic buckling of square and skew thin function-
ally graded material (FGM) plates with a cutout resting on an elastic foundation
simulated by the Winkler and two-parameter Pasternak using the isoparamet-
ric spline finite strip method. GUPTA and TALHA [28| investigated the static
and stability characteristics of the geometrically imperfect functionally graded
material (FGM) plate with a microstructural defect (porosity) resting on the
Pasternak elastic foundation. MOITA et al. |29} 130] presented the formulation for
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linear buckling and for the geometrically nonlinear analysis of laminated com-
posite and functionally graded material (FGM) plates under mechanical uniaxial
in-plane uniform loads and thermal loads. DO and LEE |31] presented an iso-
geometric analysis (IGA) for investigating the buckling behavior of functionally
graded material (FGM) plates in thermal environments using the new n-th order
shear deformation theory with the von Karmén type of geometric nonlinearity
with the optimum order number to best approximate the thermal buckling prob-
lem. SOBHY and ZENKOUR [32] developed a new quasi-3D refined plate theory
to study mechanical buckling and free vibration analyses of double-porous func-
tionally graded (FG) nanoplates embedded in the elastic foundation. SINGH and
HARSHA |[33] investigated buckling responses of the functionally graded material
(FGM) plate subjected to uniform, linear, and non-linear in-plane loads devel-
oping a new nonlinear in-plane load models based on the trigonometric and
exponential function.

Do et al. |34] introduced a mesh-free approximation based on the radial
point interpolation method (RPIM) to predict the post-buckling responses of
FGM plates in mechanical edge compression using the higher-order shear de-
formation theory in which a new hybrid type transverse shear function was in-
corporated. L1U et al. |35] analysed thermo-mechanical buckling of porous FGM
beams with the porosity caused by manufacturing defects based on the neu-
tral surface. ZENKOUR and RADWAN 36| investigated the effect of exponential
temperature and moisture concentration on the bending and buckling analysis
of functionally graded plates resting on two-parameter elastic foundations via
a four-variable exponential shear deformation theory using the Navier method.
Taczata, Buczkowski and Kleiber have already investigated stability of the FGM
plates in the elastic |37} 38] and elastic-plastic range |39].

In the present paper we develop a procedure for the buckling and postbuck-
ling analysis of the FGM plates resting on the two-parameter Vlasov elastic
foundation using the third order plate theory originally formulated by REDDY
and Kim [40] and modified by TACZALA et al. [41]. A key parameter govern-
ing the behaviour of the elastic foundation is evaluated iteratively, following the
iterative method given by VALLABHAN and DALOGLU [42].

2. Mathematical formulation

2.1. General third-order plate theory

Various deformation theories have been developed for plates. The drawbacks
of the classical plate theory and the first-order shear deformation theory (FSDT)
are well-known and have been thoroughly discussed in the literature. These prob-
lems can be overcome applying higher-order shear deformation plate theories
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(HSDT) which offer accurate solutions and allow to avoid problems related to
first-order theories. The HSDT use higher order polynomials in the expansion
of the displacement components through the thickness of the plate allowing for
warping of the cross section. Unlike the FSDT, the HSDT require no shear
correction factors. Examples here are the general third-order theory with tan-
gential traction free surfaces or the Reddy third-order theory. These theories,
however, have certain drawbacks related to the fact that their formulations re-
quire the Cinterpolation for w,, v, Oz, 6, and the Hermite interpolation for
W, 05, .. Moreover, in some cases these theories result in unsymmetrical finite
element stiffness matrices even for a linear case [40]. The problem related to
various interpolations was addressed by PANDYA and KANT [43] who proposed
a method of developing an isoparametric displacement finite element formula-
tion including the conditions for vanishing of the transverse shear partly during
defining the displacement field as well as when formulating the shear rigidity
matrix and used it for the laminated composite plates. REDDY and Kim [40]
proposed the formulation free from the described limitations. The displacement
field for the general third-order plate theory (GTPT) is:

U(ID, Y, Z) - um(xv y) + 2’9$(CU, y) + Z290I($7 y) + 231/}33(567 y),
(2.1) (@, Y, 2) = vm(,y) + 20y (2, y) + 220y (2, y) + 220y (2, y),

w(x,y, 2) = Wz, y) + 20.(x,y) + 2°0.(z,y).
Assuming the in-plane displacements u, v in the form of the cubic polynomial
and the out-of-plane displacement w in the quadratic polynomial with respect
to z we obtain a quadratic variation of the transverse shear in this direction
with all the displacements contributing to this distribution. The formulation
was employed to derive the equations of motion with the use of the modified
couple stress theory for FGM plates. The same formulation was also presented
for the analysis of the bending deflections of FGM plates [44]. In both cases the
von Karmén nonlinear strains were considered. A similar approach has also been
proposed by the other authors [45, |46].

In Eq. we have eleven generalized displacements: displacements at the
mid-surface w,, U, Wy, rotations of the transverse normal 0, 6, as well as higher
order displacements which have more complex physical interpretation 0, ¢z, @y,
¢z, Vs, ¥y. For instance, 0, is a constant term in the expression for strain e,
(and the total strain at the mid-surface):

0
(2.2) =22 =9,
0z |,
while ¢, is a multiplier of the linear term of the strain variation
0 0?
(2.3) T2 _ W 9.

0z 022
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The assumed displacement field given by Eq. allows for the parabolic
variation of transverse shear strains. The cubic variation of in-plane displace-
ments causes the transverse normal to deteriorate from the straight form
while the quadratic variation of out-of-plane displacement implies extension
through the thickness thus leading to varying thickness of the plate and emerging
direct stresses in the direction of z coordinate.

2.2. Modelling of FGM plates

The FGM plate with a top ceramic surface (¢) and a bottom metal (m)
surface is assumed. The continuous change of volume fraction of ceramic V, and
metal V,,, through the plate thickness is described by the power law

(24) V.= <;+j>n (n>0),

where n is the power-law exponent and z € [—%, %} is a coordinate in the thick-

ness direction. Gradation is modelled by an appropriate choice of exponent n;
assumption of n = 0 gives the fully ceramic fraction and n — oo gives the fully
metal fraction.

The rule of mixture is used to calculate the effective Young modulus Ef(2)
in the lamina of FGM

(2.5) E; = E, Vi + ECVe,

where E. and E,, are the material properties of ceramic and metal constituents,
respectively. The constant value of the Poisson ratio v is assumed, since the effect
of its variation on the results is negligible [47].

2.3. Modelling of FGM plates

In analysis of structures resting on the elastic foundation, the Winkler model
is introduced in which it can be modelled by the row of elastic springs which do
not affect each other. Only one parameter kg is used to describe the foundation
behaviour. FILONENKO-BORODICH [48| and PASTERNAK [49] managed to do
Winkler model a more realistic postulating a two-parameter model. Their model
takes into account the effect of shear interaction. In this model the shear pa-
rameter has to be determined experimentally. VLASOV and LEONTIEV [50] have
introduced another arbitrary parameter, +, dependent on foundation material
and thickness of the foundation layer and suggested an approximate value of ~y
between 1 and 2. However, they did not report the method of determining this
parameter. In the paper of VALLABHAN and DALOGLU [42|, it has been shown
how the foundation parameter, «, can be estimated iteratively.
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Two foundation models can be formulated: linear and quadratic. For the first
case, the elastic foundation modulus Er(z) is a linear function of the through-
thickness coordinate z

z
(2.6) Ep(z) = Ep1 + (Epg — EFl)ﬁa
where Epq and Epo are the elasticity modules at the top and bottom of the
foundation, respectively, and h is the foundation thickness.

In the paper of CELIK and OMURTAG [51]| a quadratic version of elasticity
modulus Fr(z) is formulated

Z2

ﬁ.
The two parameters kg and kq in terms of the elastic constants and the dimen-
sions of the foundation have been introduced by VLAsSOvV and LEONTIEV [50].

These parameters applied to a foundation with a finite depth of foundation, h,
are defined by:

(2.7) Er(z) = Ep1 + (Ep2 — Ep1)

h
E /
(2.8) ko= 5 _Oyg / W (2)? dz
0
and
s h
_ =0 2
(2.9) k1 = e 0/¢ (z)dz

with the mode function ¢(z) which can be obtained using variational principles
and applying the proper boundary conditions, such as ¥(0) = 1 and ¥(h) = 0
as shown in [52|, where the following mode function was proposed:

sinh fyh;z

2.10

(2.10) v(z) =
The generalized modulus of elasticity, Fy, and the Poisson ratio, v, are defined
by:

E F vVp

2.11 Ey=—— =
( ) 0 1—1/%’ v 1—VF,

where Er and vp are the modulus of elasticity and the Poisson ratio of the
foundation, respectively. If the elasticity modulus Eg(z) is constant through
the thickness of the foundation and using the mode function ¥(z) as given

in Eq. (2.10)), the foundation parameters ko (Eq. (2.8) and k1 (Eq. (2.9)) become:
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Er(1—vrp) 27 sinh(2) + 442

2.12 ko =
(2.12) 0 8h(1+vp)(1l —2vR) sinh?
and

E 2 sinh(2y) — 272
(2.13) k1 rh 7sinh(29) T

©1672(1 4+ vp) sinh?
However, these parameters also depend on a coefficient -, which represents the

rate of decrease of the displacement and the normal stresses in the vertical di-
rection in the foundation. According to [52] the parameter v can be evaluated as

o Lovp JOS X {()" + (M5™) ) dedy
2(1 —vp) [ [ w?(z,y) dady

which can be calculated using an iterative computational process as it is depen-
dent on displacements.

For the foundation in which the modulus EFr can vary linearly in the vertical
direction from Ej at the top (z = 0) to Ey at the bottom (z = h) — Eq. (2.6),
expressions for the foundation parameters kg and ki can be modified to the
following form:

)

(2.14) v =h

1-— 143
2.15 ko =
(2.15) 07 8h(1+ vp)(1 - 2up)
_ [Bi(2ysinh(2y) + 492) + (By — Ey)(cosh(2y) — 1 +472)]
sinh? v
and
h
(2.16) Ky

" 1672(1 + vp)

y [E1(27sinh(27y) — 292) + (By — E1)(cosh(27) — 1 — 2+?)]
sinh? ~ '

When the elasticity modulus Er(z) changes quadratically through the depth of
the foundation — Eq. (2.7)), the parameters ko and k; change to:

1—vp

(2.17) ko = 24hy(1 + vp) (1 — 2vp)
3B+ Bi(29% = D]sinh(27) + 24[Bp(47” = 3) + F1(3 + 29°)]
sinh?
and
(2.18) ki h

T 48v3(1 + vp)
3[Fy 4+ E1(272 — 1)]sinh(27) — 27[E2(47% + 3) + E1(272 — 3)] '

X
sinh? ~
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2.4. Derivation of incremental finite element equations

Nonlinear finite element equations in the incremental formulation are derived
using the principle of virtual work which for increment ¢ + At and iteration ¢+ 1
is given by

(2.19) SN Wing = 6" Wear,

where 5ti'fﬁtWemt is the virtual work of external forces for an increment ¢ + At
and iteration 7 + 1

(2.20) S Wt = / it M udV + / D6t T s A2,
|4 Q

In Eq. (2.20) {t'i:‘fﬁbi} is the vector of the body forces acting in volume V' (in-
crement t + At, iteration i + 1), {tl-'fr‘sfpi} is the loading distributed over area 2,

while {tlialtui} denotes the displacement functions dependent on the formulation
corresponding to either the plate theory or the solid formulation.

Virtual work of internal forces (2"¢ Piola-Kirchhoff stresses) 5ttffl/th is the
sum of work for the plate and elastic foundation:

A A P A F
(221) 5th+fVth = 5thr‘+f i(nt) + 5t42+f i(nt)’
where
P
.22 SR = [Hleasla, av
1%

and, using the model of the elastic foundation

A F A A
229) o) = [ Rt 2eas
A
A

Increments of the Green—-Lagrange strains {ttfltAeij} assuming large displace-
ments can be derived using von Karméan nonlinear strain—displacement relations.
Applying the finite element approximation and introducing strain-displacement

matrices, [t+AfB(1)] and [HA;?BZ.(;L], the increments of the strains, are given by

ijk
At A - t+At p(Dt+AE t+At p(2) t+At t+At
(2.24) i+lA5U - iBijlc i+1Adk+ iBijkl i+lAdk i+1Adl’
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where {HAtAdk} are increments of the nodal displacements. We also note that
tHAL,  _ gt+At AL, gt AL

i Yoz = 2 501813, a1 Yy = 275 1€23, therefore, the expression for the virtual

work can be written in the incremental form as:
(225) SO, = / (FD 4 B N Y5 Ay AV

\%4

+ / ko("H%w + T Aw) st Aw dA

A
+4/k1[(t+m€13 + At++15 3)SATE ot
A

+ (FBegs + AT egs) SAT M egs] dA.
The stress increments are evaluated using the constitutive relationship
(2.26) ttffA 045 = t+AtDZ]kltt_%fA€kl.

The principle of virtual work using Eqgs. - ) takes the form:

(2.27) / AL D TALBL )AL B A Ad, AV

klq ijp i+1
14
+ /tJrAZt oij (”Athf;q +t+AtBl(]3p)t+iffAdq dv + /koNgqng dA
\% A
+ 4k /{ [t—i—AtB( )t+AtB(1) +t+At€ (t+AtB( ) t+AtB( ) )]
1 13¢ 13p i€13 13pg T 13gp

A 1) t+A 1 A A 2
4t fBég)qH Zz;BésiﬂLH 5623(1% tB()

At p(2) A
23pq ' i Basgp) } dA" 3 Ad,

9 o A A 1
/ O Ny AV + / 8 piNyp dQ— [ / AL TABY) AV
|4 Q |4

+ / ko' A wNsp dA + 4 / k(e T Bly, + A e By dA]v

what can be written as

At p-(P—d At -(P—0) At 7-(F A P P F
(2.28) (PR 4 AR+ ALK A Ad, = PP — F{P) + F(),

where

(2.29) HAngng_d) _ /t+AfDijklt+AfB( )HA"/BZ(”))tJfoAd dv

e
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is the plate stiffness matrix dependent on displacements (including also the linear
term)
t+At g (P— t+At t+At (2 t+At p(2) Vt+At
(2.30) - iKggk 7 :/ " iaij(+ iij,Zqu * z‘Bz‘(jg{p) t+1Adqdv
14

is the plate stiffness matrix dependent on stresses,

(2.31) AR = / ko N3y N3, dA
A

wany [{ BB, ¢ o Sen (2B

13pq + t+AfB(2) )]

13gp

A 1 A 1 A A 2 A 2 A
+ BB IABL ¢ e (FOLBE, + 1 B0,) faatiad,

is the foundation stiffness matrix,

(2.32) PISP) = /ttitlbiNip dV + /ttitlpiNip df
1% Q
is the reference load vector,
(2.33) FP) = / AL ABL) Ay
%
is the internal force vector resulting from the plate stresses, and

(2.34) ) = / ko't AlwN3, dA
A
+4 / ki (A AL B + A ey TALBY) ) dA
A
is the vector equivalent to an internal force vector, resulting from deflections of

the elastic foundation.
The buckling stress (bifurcation point) is found from the condition

(2.35) det(“FALK(P=d) 4 A (Pmo) | trat () — g,

The structural response in the post-buckling regime was analyzed applying the
path-following technique in the form of the Crisfield constant arc-length method
by adopting a constraint condition in addition to the equation set. The con-
straint delimiting the displacement increment in each load step ttffAdmcr is
expressed by

(2.36) (M Adiner) A Adiner = AL,
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3. Numerical examples
3.1. Verification of the formulation

The presented formulation has been verified comparing the obtained results
with those available in the literature. For the present model of elastic foundation
there are no examples of FGM plates available therefore the example of homoge-
nous plate was used. CELIK and SAYGUN [53] and VALLABHAN et al. [52], and
BuczkowsKI and TORBACKI [54] analysed a plate of size 9.144 x 12.192m and
thickness of t = 0.1524 m resting on a non-homogeneous layered soil medium
with properties varying linearly in the vertical direction. Their model included
the boundary conditions at the bottom of the foundation and the boundary
conditions resulting from the symmetry of the structure as 1/4 of the over-
all plate and foundation was modelled. The problems of rectangular plate on
two-parameter foundation subjected to uniformly distributed patch loading have
been solved in these references by different methods. VALLABHAN et al. |52 de-
veloped a finite element Vlasov model for rectangular plates resting on an elastic
layered soil medium. They performed calculations for different values of Esy/F;
(1,2,3,10) where the foundation parameters ky and k; are assumed to be de-
pendent on material properties and the depth of the foundation as well as on
the dimensionless parameter v given by Eq. .

The same case but for homogenous foundation was also studied by CELIK
and SAYGUN [53] and BuczkOwSKI and TORBACKI |54]. The calculations were
performed for four depths of the foundation, h = 3.048,6.096,9.144 and 15.24 m,
the Young modulus E, = 20685000kN/m? and E; = 68950kN/m?, the Pois-
son ratio v, = 0.20 and vy = 0.25 and for the plate and elastic foundation,
respectively. The finite element model is composed of sixteen 16-noded plate el-
ements, employing the Gauss—Lobatto integration scheme, originally presented

o v

FiGc. 1. Finite element model and loading of plate on elastic foundation.
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by BUCZKOWSKI et al. [55] and sixteen 32-noded zero-thickness foundation el-
ements, based on the concept developed by BuczkOwSKI and TORBACKI [54].
The boundary conditions are applied to the nodes situated at the bottom of the
foundation. The model is presented in Fig. 1 where the nodes coinciding with
the integration points as well as the patch loading are visible. The plates are
represented by the shaded fragment with the applied loading.

The results of the present calculations are compared with those reported by
VALLABHAN et al. [52] and CELIK and SAYGUN [53| (see Table 1) and it can
be concluded that the agreement is good. As seen in the table, the parameter kg
decreases as t increases while the parameter ky increases with t. We can see that
the plate deflections increase with the depth of the foundation.

TABLE 1. Vertical displacement at centre of plate for uniformly distributed load.

h [m] Method vy ko [kN/m?] | k1 [kN/m] | weentr [cm]
VALLABHAN et al. [52] 0.5766 | 27192 26826 0.0853
QELIK and SAYGUN [53] 0.5724 | 27206 26904 0.0872

3.048 ?‘iC;EZVZ;KI and TorRBACKI B4, | S0y | 97907 26852 0.0871
present 0.5650| 27204 | 26881 | 0.0873
VALLABHAN et al. |52] 0.9297 13757 50282 0.1524
CELIK, SAYGUN |[53| 0.9194 13757 50410 0.1526

6.096 ?20322(:’5::1 and TORBACKI 5], | 0104 | 13758 50411 0.1530
present 0.9148| 13754 | 50462 | 0.1521
VALLABHAN et al. [52] 1.2644 | 9430 69506 0.1890
QELIK and SAYGUN [53] 12064 | 9377 70586 0.1893

9-144 ?‘iC;EZVZ;KI and TORBACKI D], | 4 o064 | 9378 50587 0.1896
present 1.1832| 9356 71014 | 0.1853
VALLABHAN et al. [52] 1.9419 6366 94732 0.2070
CELIK and SAYGUN [53] 1.6193 5964 104664 0.2212

15.24 ?20322(:’5::1 and TORBACKI[B4], | 1 105 | 5064 104664 | 0.2205
present 1.4887| 5835 | 108790 | 0.2067

3.2. Buckling and post-buckling of axially compressed homogenous plates

We begin with the analysis of the bifurcation buckling. To illustrate the buck-
ling and post-buckling a homogenous plate was analysed. The dimensions of the
plate were taken as follows: 800 x 800 mm, thickness { = 16 mm, elastic foun-
dation 1600 x 1600 mm, depth h = 50 mm. Material properties were the Young



402 M. TaczarA, R. Buczkowski, M. KLEIBER

modulus of the plate F, = 207780 N/mm?, and the foundation E; =207.7, the
Poison ratio v, = 0.3177 and vy = 0.25 for the plate and foundation, respectively.
Boundary conditions were taken to model the symmetry of the structure and the
structural response. We note that this condition includes not only translational
displacements and rotations but also components of the displacement functions
of higher orders, not having direct physical interpretation: ¢., ¢y, ¥z, ¥y as ex-
plained in the section on the formulation of the applied plate theory. Regarding
the solid elements modelling the foundation the nodes belonging solely to them
have single DOF — vertical displacement. This DOF is blocked at the bottom
of the foundation whereas remains free at the top. Loading is implemented as
mechanical compression of one of the plate edges in the model (Fig. 2).

The response of the plate in the form of loading vs. deflection of the central
node is given in Fig. 3. The buckling mode is presented in Fig. 4.

Fic. 2. Finite element model and compressive loading of plate on elastic foundation.

AE+07
AE+07

/|
3E+07

2E+07 P
2E+07 L —
2E+07
1E+07
5E+06
0E+00

Load on the compressed edge [N]

0 10 20 30 40 50

Deflection of the center point [mm]

Fic. 3. Loading of compressed edge vs. deflection of central node for bifurcation buckling.
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Total Displacement
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Fic. 4. Buckling mode in case of bifurcation buckling.

3.3. Buckling and post-buckling of axially compressed FGM plates

Influence of various parameters on buckling and post-buckling behaviour
of FGM plates positioned on the elastic foundation is presented here for the
square plate having dimensions as previously in the case of homogenous plate;
a x a = 800 x 800 mm, elastic foundation 1600 x 1600 mm. Material properties
in all cases were taken as the following: the Young modulus of the metallic part
E,, = 207780 MPa, the Young modulus of the ceramic part E, = 322270 MPa,
the Poisson ratio of both ceramic and metallic parts v. = v,, = 0.3177. The
Poisson ratio of the elastic foundation was taken equal to vy = 0.25. Similarly
to the model of the homogenous plate, the boundary conditions were taken to
model the symmetry of the structure and the structural response, as were intro-
duced the boundary conditions for the solid elements modelling the foundation.
All other parameters: the Young modulus of the elastic foundation, exponent
of the power-law, plate thickness, depth of the elastic foundation and type of
the distribution of the foundation modulus throughout the depth — linear and
quadratic vary in the analysed examples. We note, that the behaviour of the
FGM plates subject to the compression applied uniformly on the area delimiting
the plate is similar to the behaviour of the plate with initial deflection that is the
response curve (loading vs. deflection) is smooth and the buckling stress cannot
be unambiguously identified (the effect can be seen in the following Figs. 5-11).
Therefore commenting the results term “buckling stress” is referred to the level of
stress (loading) for the specific value of deflection, to enable comparison between
various curves.
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Fic. 5. Influence of Young modulus of elastic foundation on buckling and post-buckling
behaviour of compressed square plate.
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Fic. 6. Influence of exponent in the power law on buckling and post-buckling behaviour
of compressed square plate.
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FiGg. 7. Influence of plate thickness on buckling and post-buckling behaviour of compressed
square plate.
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In Fig. 5 we can see the influence of the Young modulus of the elastic founda-
tion (constant throughout the depth) for the plate ¢ = 16 mm, exponent n = 1,
foundation depth ¢y = 50 mm. The Young modulus of the elastic foundation
varies from 207.7 N/mm? (1/100 of the nominal value equal to 20770 N/mm?) to
the nominal value. The influence is significant and the buckling stress increases
in fact proportionally to the increase of the Young modulus of the elastic foun-
dation. Moreover, we can observe different curves for various values of the Young
modulus.

Influence of exponent in the power law n (Eq. ) is presented in Fig. 6.
This time we can see almost identical values of the buckling stress and similar
behaviour with small difference in maximum deflection of the centre point.

In Fig. 7 we observe an increasing buckling stress with the increasing plate
thickness which is a fairly obvious effect. An unpredictable thing is that the
buckling modes are different — in the positive direction for thinner plates (¢, = 10
and 12mm) and in negative for thicker plates (¢, = 16 and 20 mm).

Explanation of the behaviour of the situation is presented in Figs. 8 and 9
where the buckling modes of plates on the elastic foundation are presented.

Fic. 8. Buckling mode for compressed square plate of thickness ¢, = 12 mm.

Fic. 9. Buckling mode for compressed square plate of thickness ¢, = 16 mm.
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Fi1c. 10. Influence of foundation depth on buckling and post-buckling behaviour
of compressed square plate.
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Fic. 11. Influence of foundation depth on buckling and post-buckling behaviour
of compressed square plate — initial part of response.

— E,=107 [N/mm?)

4E+08 11 — £,,=207 [N/mm?]

— E,=307 [Nfmm?] // /
3E+08

— E,=407 [N/mm?] / /
2E+08

/
el S
TN

0E+00 \

I I I
-70 -60 -50 -40 -30 -20 -10 0

Deflection of the center point [mm]

Load on the comnpressed edge [N]

Fic. 12. Influence of Young modulus at bottom on buckling and post-buckling behaviour
of compressed square plate for linear type of distribution.
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FiG. 13. Influence of Young modulus at bottom on buckling and post-buckling behaviour
of compressed square plate for quadratic type of distribution.

F1c. 14. Buckling mode for compressed square plate, linear type of distribution of Young
modulus of elastic foundation, Ef1 = 107 N/mm? and Ef» = 207 N/mm?.

Fic. 15. Buckling mode for compressed square plate, linear type of distribution of Young
modulus of elastic foundation, E¢; = 107 N/mm? and Ef2 = 307 N/mm?.

A similar situation is also seen in Figs. 9 and 10 where the structural response
is visualized for various depths of the elastic foundation. This time we receive
positive deflection for ¢y = 25 mm, while for the greater values we have negative.
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The buckling stress in the case of various depths is reduced with the increase of
the thickness of the elastic foundation.

The influence of the type of the distribution of the Young modulus — value
at the top of the foundation Fy; = 207 N/mm? and Ejy ranging from 107 to
407 N /mm? in all cases, the difference is that the linear distribution of the Young
modulus was taken to produce the results presented in Fig. 12 while the quadratic
distribution — in Fig. 13. The curves are similar in both figures except for Efy =
407 N/mm? (linear distribution of the Young modulus) as well as Epy = 307
and 407 N/mm? (quadratic distribution of the Young modulus) the responses
are entirely different. It is, as in the case of the investigation of the influence of
the plate thickness the reason is in different buckling modes for various Young
modulus of the foundation — Figs. 14 and 15.

4. Conclusions

Analysis of buckling and nonlinear behaviour of functionally graded mate-
rial (FGM) plates resting on the elastic foundation has been presented. The
generalized third-order plate theory and the Vlasov formulation were used for
modelling plates resting on the elastic foundation having properties varying
throughout the depth. The formulation was verified against the results avail-
able in the literature. Several examples presenting influence of various parame-
ters on behaviour of compressed plates — including buckling and post-buckling
— were presented. The following specific conclusions can be formulated based on
the analysis:

1. Buckling stress:

e is strongly dependent on the Young modulus of the elastic foundation,
e is insensitive to the exponent in the power law,
e decreases with an increasing depth of the elastic foundation.

2. The structural response is dependent not only on the material properties
of the plate and elastic foundation but also on the type of distribution of
the Young modulus of the elastic foundation throughout its depth.
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