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WE INVESTIGATE THE DEFORMATION OF AN ELASTIC ISOTROPIC ROD in the frame-
work of a simplified micromorphic theory introduced by Forest and Sievert. In con-
trast with the classical micromorphic model, which includes 18 elastic constants, this
theory is characterized by constitutive equations which involve 6 constants and a ma-
terial length scale parameter to describe microstructure-dependent size effects. First,
we formulate the equilibrium problem of a rod subjected to a resultant force and
resultant moment acting on its plane ends. Then, we generalize the method of con-
struction of the solution avoiding a priori assumptions proposed by Iesan in classical
elasticity. The method leads to the decomposition of the general problem into the
basic problems of extension, bending, torsion and flexure. The analytical solutions
are obtained in a closed form and reduced to their classical elasticity counterparts
when the microstructure effects are suppressed. The results are useful to obtain ex-
plicit solutions when the shape of the cross section is assigned and are preliminary
to the solution of the problem of cylinders loaded on a lateral surface such as the
Almansi—Michel problem.
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1. Introduction

THE PAPER DEALS WITH A SIMPLIFIED MICROMORPHIC THEORY pI‘OpOSGd by
FOREST and SIEVERT [1]|. The micromorphic theory was introduced by ERINGEN
and SUHUBI [2| and by ERINGEN [3] as an extension of classical elasticity and
viscolelasticity to microscopic length and time scales. The material bodies are
regarded as a collection of deformable particles suitable for modeling materials
with an inner structure, such as polymers with deformable molecules, granular
and porous solids, geomaterials, biological tissues and so on. Among the micro-
continuum field theories, because of its complexity, the micromorphic elasticity
is the least-developed and contributions in this area have been rare. Theoretical
difficulties depend on the number of extra kinematical variables, non symmetric
stress and strain tensors, unavailability of material constants trough atomistic
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calculations or experimental measurements (see e.g. |4, 5]). Recently, in order
to remove these barriers and to get more tractable field equations, various sim-
plified micromorphic theories have been introduced. TEISSEYRE [6, 7| presented
a symmetric micromorphic continuum suitable to describe earthquake processes.
In this model the stress tensor and the body couples are symmetric, and the third
order stress moment tensor is symmetric with respect to the last two indices. The
relaxed micromorphic model presented by NEFF et al. [8] 9] is characterized by
symmetric stress and strain tensors and by a number of constitutive coefficients
drastically reduced. In the Forest—Sievert approach [1], the micro-rotation and
the macro-rotation are taken to be the same for infinitesimal deformation. This
assumption leads to a reduction of the field equations (from 12 to 6) and the
elastic moduli (from 18 to 7). For an in-depth discussion of various simplified
micromorphic theories, the reader is referred to the paper by NEFF et al. 8] and
the references therein.

The effects of microstructure on the behaviour of beams and other structural
members, such as shells and plates, have been intensively studied (see e.g. |10]).
In the literature solutions are provided for elastic beams made of Cosserat, mi-
crostretch, porous and other generalized media. IESAN and NApPPA |11] solved
Saint-Venant’s problem for elastic microstretch cylinders and established ex-
plicit solutions for the extension and bending in the case of a circular cross
section [12]. The torsion and flexure of a circular microstretch rod was stud-
ied by DE Cicco and NAPPA [13|, whereas the thermoelastic deformation of
a microstretch beam was investigated by NAPPA and PESCE [14]. The model
of elastic micropolar beam has been considered by several authors. Special cases
are discussed by LAKES and DRUGAN |15], TALIERCIO and VEBER [16]|, and
TALIERCIO [17]. Recent contributions to the theory of porous beams are due
to DE Cicco [18, |19] and DE Cicco and IESAN [20] who considered materials
with double porosity structure and chiral porous materials within the context of
strain gradient elasticity. There are not many studies on elastic micromorphic
beams. An analytical solution for anisotropic micromorphic solids was estab-
lished by IESAN [21]. Particular cases have been investigated by NOROUZZADEH
et al. [22] and by SHAAT et al. |23|. Experimental evaluation of micromorphic
elastic constants were performed by LAKES [24]. Most usefully for practical ap-
plications are the results established in the context of simplified micromorphic
theories. R1zz1 et al. |25, 26] investigated the bending and torsion problem for
micromorphic relaxed continuum. A technical solution for the Bernoulli-Euler
beam model in the context of Forest—Sievert [1] theory has been presented by
ZHANG et al. |27].

In this paper we study the problem of extension, bending, torsion and flexure
of elastic isotropic rods in the framework of a symmetric micromorphic theory.
The analytical solution is given in a closed form and obtained avoiding a priori



ON THE DEFORMATION OF ELASTIC RODS. . . 313

assumptions. The paper is organized as follows. In the Section 2, the basic equa-
tions of a simplified micromorphic theory are presented. In Section 3, the problem
of a rod loaded with a resultant force and a resultant moment acting on its ends
is formulated. In the Section 4, we generalize the method of construction of the
solution proposed by IESAN [28| 29| in classical elasticity. The method can be
useful for different constitutive equations characterizing various simplified mi-
cromorphic theories. In Section 5, the problem is reduced to the solution of four
plain strain problems. The flexure of elastic rods is studied in Section 6. The
paper concludes in Section 7 with a summary.

2. Basic equations

In this section, we present the field equations of a symmetric micromorphic
theory for elastic solids introduced by FOREST and SIEVERT in [1]. In the clas-
sical Eringen micromorphic theory [3] the independent kinematic variables are
the components of the 12-dimensional vector field v = (u, P), where w is the dis-
placement vector and P is the micro-distorsion second order tensor. The linear
strain measures associated with v are the relative deformation I', the micro-strain
¢ and the micro-curvature K, defined by:

(2.1) I'(v) = (Vu—P), e(w)=symP, K(v)=VP,

where Va is the gradient of @ and AT is the transpose of A.

Following FOREST and SIEVERT [1] for infinitesimal deformations the micro-
rotation and the macro-rotation are taken to be the same. This hypothesis leads
to the modified strain measures:

(2.2) e(v) =sym(Vu — P), e(v)=symP, k(v)= V(symP)

or in components:

(2.3) eij(v) = 5(Tij +Tji),  €ij(v) = 5(Pyj + Pp),

kiij = 5(Pij + Pji) ks

where we have used the notation a%gk = g%- In Eq. and in what follows
Latin subscripts take the values k£ = 1,2,3 and Greek subscripts take the val-
ues 1 and 2. We denote by 7, 7" and m, the stress tensor, the micro-stress
tensor and the micro-moment tensor, respectively. The constitutive equations
for isotropic elastic solids in the symmetric micromorphic theory are:

Tij (V) = 2peeij (V) + Aelrr (V)03 + 211c€55 (V) + A€k (v)0ij,
(2.4) TgL(’U) = 241645 (V) + Acerr (V)03 + 21meij (V) + Amerk(v)dij,
Mk (V) = P (2pmbki (0) + Ambigrr (0)855),
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where e, fbm, fhes Aes Am and A¢ are constitutive coefficients and [ is a scale length
parameter. We note that, in contrast with the micromorphic theory where the
stress-strain relations involve 18 material constants, in this symmetric micro-
morphic theory the material constants are 6. The strain energy density function
reads

(2.5)  wlei;(v),€45(v), ki (v))
= preeij(v)eij(v) + g Acenn(v)erk(v)

+ 2pceij(v)eij (V) + Acejj(v)Eii(v) + pmeij (v)ei;(v)

- D (0)05(0) + Pl(ptmschif (0) i3 (0)) + 3 (e (0) s (0)].
The condition of strict positive definiteness of the energy density function implies
the following relations:
(2.6) pe>0, pe>0, pm >0, 2pe+3X>0, 2y +3\, >0, [>0.
The equilibrium equations are given by:
7ji,5(v) + fi =0,
Mgk (V) + 7ji(v) — 73 (v) + Gij = 0,
where f is the body force vector and G is the body volume moment tensor. We

denote by n the outward unit normal of the boundary dB and by 7 and m the
tractions acting on dB. We have the boundary conditions:

(2.7)

(2.8) Tji(v)nj = ﬁ', mkij(v)nk = ﬁlij.

The equilibrium problem of the body B in the symmetric micromorphic theory
consists in finding a vector field v that satisfies Egs. , , on B and
the boundary conditions on JB. The necessary and sufficient conditions
for the existence of a solution to the above formulated problem are:

/fidv%—/ﬁ-dazo,
B

(2.9) o8

/Ekji(ifjfi + G”) dv + /iji(xjﬁ' + ﬁ”Lij) da = O,

B dB

where € is the Levi—Civita tensor. The existence and uniqueness of the solution
of the equilibrium problem in the micromorphic theory have been established by
IEsAN and NAPPA in [30]. Analogous results in the linear theory of elasticity with
couple stresses were obtained by HLAVACEK and HLAVACECK [31]. Existence
theorems for the dynamic theory of microstretch elastic solids were presented
by IESAN and QUINTANILLA [32]|. All these results generalize in the context of
microcontinuum theories the existence theorems presented by FICHERA [33] in
classical elasticity.
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3. Formulation of the problem

In this section, we study the equilibrium problem of an elastic homogeneous
isotropic cylinder in the symmetric micromorphic theory. The system of rectan-
gular axes is chosen such that the Oxjs-axis is parallel to the generator of the
cylinder and the origin O is the centre of one of its ends. We denote by h the
length of the cylinder, by II the lateral surface and by X1 and Yo, respectively,
the cross-section located at x3 = 0 and x3 = h. We suppose that the body loads
and the tractions on the lateral surface are absent. The equilibrium equations

become:

(3.1) Tjig (V) = 0, My (v) + 750(v) — 757 (v) = 0.

The boundary conditions are given by:

(3.2) 18i(v)ng = 0, mgij(v)ng =0 (8=1,2) onll,
(3.3) mi(v) = 7%, may(v) =@ (a=1,2) on Za.

We denote by F' and M the resultant force and the resultant moment of the
tractions acting on >i:

(3.4) [P do=r [ astei® + i) da =,
31 >
and by R;(v) and M;(v) the following integrals:

Ri(v) = —/7'31‘(’0) da,

>

(3.5) Ma(v) = - / €aps[pT33(v) + masp(v) — magz(v)] da,
¥

Ms(v) = — / €308[TaT35(V) + m3ga(v)] da.
31

In the Saint-Venant problem the conditions (3.3|) are replaced by:
(3.6) Ri(v) = F;, M;(v)=DM; onX;.

In what follows the equilibrium problem of the cylinder is decomposed into prob-
lems P; and P, defined by:
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e cxtension, bending, torsion:

(37) Fa:O, PIZ(F37M17M27M3);
o flexure:
(3.8) F3;=0, M;=0, Py=(F,F).

In the next section we present a method to solve the problem P; and then we
use the solution of the problem P; to solve the problem Ps.

4. A method of constructing the solution of the problem P;

In [28, 29|, Iesan presented a rational method of deriving the Saint-Venant
solution in classical linear elasticity. The method has been proven to be effec-
tive for other kinds of constitutive assumptions and is based on the following
propositions:

1. Let v be a solution of the problem Pi, then
(i) Ri(v3) =0, Mi(v3) =0,

(ii) the vector v is a rigid displacement field.

2. Let v° be a rigid displacement field, integrating v° respect to the awial
coordinate x3, we obtain a solution of the problem Pj.

As an immediate consequence, we define a rigid displacement field for micro-
morphic bodies and then we integrate it with respect to x3. In the micromorphic
theory the rigid deformation has the form:

(4.1) w) = o + eijpBizk, P = €iniBr

where a; and §; are arbitrary constants. We get:

(4.2) Uj3 = U?, Pij3 = Pf}-

From (4.2)), except for an additive rigid deformation, we obtain:
Uy = —%aax?)) — 4€08323%3 + wo (21, 22),
us = (ala:l + agxo + ag)xg + (,c)3(x1, xg),

(43) P.g = €3gqaax3 + Qop(x1, x2),

Poz = —asz3 + Qaz(z1, 12),
P3o = a4x3 + Q30 (71, 72),

P33 = Q33(x1,72).
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Here, V = (w, @) is an arbitrary 12-dimensional vector field independent of x3
and as, (s = 1,2,3,4), are arbitrary constants that are related to «; and f; by
the following relations:

(4'4) Ao = fpoz3/8pa a3 = ag, as = B3.
We introduce the notations:

Uaﬁ(v) = %(wa,,ﬁ + wﬁ,a)7 77043(‘/) n3 (V) = %wi’) as
Eij(V) = %(Ql] + jS)a Haij(v) = %(Qz] + Q]z) a-

From (2.3), (4.3) and (4.5)), we obtain:

eap(v) = eap(V) = 0as(V) — €ap(V),

ea3(V) = ea3(V) + 2esasaazs,  eaz(V) =1a3(V) — eas(V),
e33(v) = a1x1 + aswa + az — e33(V),

gij(v) =¢€ij(V),  Faij(v) = Kaij(V),  ksij(v) = 0.

Equation (2.4)) becomes:

(4.5)

(4.6)

Tap(V) = Tapg(V) + (@171 + a2 + a3)dag,
Ta3(v) = (V) + €Ba3Me04T 3,
T33(v) = 733(V) + (2pte + Ae) (@121 + azx2 + ag),
(4.7) Tap(v) = T55(V) + Ac(a1m1 + azw2 + a3)dag,
Ta3(V) = 705(V) + €pasiicasrs,
733(v) = 735(V) + (2pe + Ac)(arz1 + agza + a3),
(v)

=maij(V), ma(v) =0,
where

Tap(V) = 2pceag(V) 4+ Ae€pp(V)dap + 2pceas(V)
+ Ay (V)b + (Ae — Ae)E33008,
Ta3(V) = 2peea3(V) + 2pceas(V),
733(V) = Aeepp (V) + Acepp(V) — (2te + Ae — 20 — Ac)ess(V),
(4.8) Tap(V) = 2uceap(V) + Ae€rny(V)dap + 2tmeap(V)
+ Am€pp(V)dap + (Am — Ac)esz(V)dagp,
T(%(V) = 2Mcea3(v) + 2/J'm5a3(v)a
m33(V) = Acpp(V) + Amegs(V) — (2pte + Ae = 2m + Am)ess(V),
Maij (V) = P 2tmkaii (V) + Mmkarr(V)5:5).
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The equilibrium equations (3.1) reduce to:

T8a,8(V) + Aeta =0, Taza(V) =0,
Mpap,p(V) + Tap(V) = 7a5(V) + (Ae — Ac)(a1@1 + aza2 + az)dap =0,
(4.9) mpa3,p(v) + Ta3(V) = 743(V) + EBaS(Ne — pe)agxs =0,
(V) + 733(V) — 735(V)
+ (2pe — 21c + Ae — Ao)(a121 + agzo + ag) = 0.

Mp33,p

The boundary conditions (3.2)) become:

T8a(V)ng = —Ae(a121 + a2z + ag)na,
(4.10) T83(V)ng = peas(xons — x1na),
mg;j(V)ng =0 on IL
Equations (4.9) and (4.10|) can be rewritten in the form:
Tai,a(v) + fz =0,

(Vv
(Vv

4.11

) Mpijp(V) + 7ij(V) = 73(V) + Gij =0 on X,
and

(4-12) T,Bi(v)n,b’ =T mpgij (V)nﬁ = m]-j on L,

where L is the boundary of ¥ and:

Jo = Aeta, f3=0,
Gop = (Ae — Ao)(a171 + a2m2 + a3)dqp,
Gaz = EBaS(Me - ,U/c)a’4x3’
G33 = (2pe — 2/te + Ae — Ae) (@121 + agza + a3),

To = —)\e(alw1 + asxo + ag)na,

(4.13)

7:3 = uea4(x2n1 — (L‘lng), Tﬁz‘j = 0.

The vector V = (w, @) is the solution of the plane strain problem corresponding
to the body loads f; and G;; and to the boundary data 7; and n7;;. The necessary
and sufficient conditions for the existence of a solution to the plane problem

are |31, |33]:
/fida—l—/ﬂ-dS—O,

3 L

/53ﬁa($ﬁfa + Gop) da + /53,801(1'57:& + mypp)ds = 0.
3 L

(4.14)
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Taking into account the relations (4.13)) and by using the divergence theorem,

the first condition of (4.14) is verified. The second condition of (4.14])) becomes

(4.15) /635Q[A6x5aa + (le — lc) (@121 + agxa + a3)dagp) da
P

— /egﬂa)\exﬂ(alxl + agxe + az)ng ds = 0.
L

Since €33,043 = 0, also the second condition of is verified. We conclude
that the necessary and sufficient conditions for the existence of a solution of the
problem P; are satisfied for any constants ar (kK = 1,2,3,4). In the following
we show that the plane strain problem 1} can be decomposed in four
plane strain problems.

5. Decomposition of the problem P;
We introduce the notations:

1 1
(5.1) wi = Zasz@ (x1,22), Qij = Z%ng) (21, 22).
k=1

k=1

Equations (4.3) become:

4
1
U = —5%@5 — (4€083%3T3 + Z apw® (z1, x2),
k=1
: k
uz = (ar1@1 + agwe + az)rs + Z akw§ (21, 29),
k=1

4
k
Pop = €3500473 + Z aing (w1, 22),
=1

4
k
P,z = —aqx3 + Z akQ;g) (21, 22),
k=1

4
k
P3, = asx3 + Z akQ;(;a) (21, x2),
k=1

1
Ps3 = Z%Qé? (21, 22).
k=1



320 S. DE Cicco

From ([2.3) and (5.2)), we obtain:
4
k
€af = Z ake((lﬂ),
k=1

4
1 (k)
€3a = —5A4€a0B3T4 + Z ages, ,
(5.3) 2 k=1

€33 = a1r1 + axx2 +az + Z akeé?,
k=1
(k)

()

i Fpij = Yapk

where
k k
=l + o - 0 - )
k k k k
- - 12— -
’ k k k k k
e:(a3) == g:a)a 51('j) = %(Qz(j) + Qﬁa)),

k k k k
) = %(Qz(j) + Q§i))7pv "Gz(m) =0.

pij

The stress tensors are given by:

Taf = Zak op Ae(@1z1 + agwa + ag)dag,

T3a = Z ak’Téz) — €aB304fle,

T33 = Z ak7-33 (21 + Ae)(a121 + agza + ag),
(5.5) Tah = Zak of " 4+ Ae(a1x1 + azze + a3)das,

Ty = Z: akTéz)m — €0B304/4cT 3,

4
k
33 = Z akT®™ + (21 + Ao) (@121 + asws + az),

4
Mpii = a m(k)
pij — kT g

k=1
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where
g;) = 2/ice,, (k) + A eﬁr)éag + 2/%:5&5) =+ )\Ca,(ﬂr)&yg,
i = 2uee§@ + 2p1cels).
78 = 2p0el) £ Ae® 26l 4 X B,
(5.6) 78 = 20e%) + Ace®bap + 24tmel) + Anelbag,

T(k) = 2,uce( )+ 2um€(k)

3a
nglgf) = zuce(k) + Ael®) 4 2 6(

(k) _ 12 (k) k
pij = U (2pmb 5 + )\mfigr)ré ).

)+ Apet®)

L

m

It follows from (4.9), (4.13) and (5.5) that the equilibrium equations can be
expressed in the form:

i aleg’;)ﬂ + foa =0, i akﬂ%?ﬁ —0,
k=1

Ez“k mly  + 7 =78 4 Gag = 0,

Z ak(m/()];)&p 78 By L G =0,

Zak p Tt 73(15) - T?El?f) )+ G33 = 0.

From (4.10)), (4.13)) and (5.5)), the boundary conditions on L take the form:

4 4
k ~ k ~
Zam'éa)ng = Ta, Zam‘é;ﬂ,g = 73,
k=1 k=1
(5.8) .

k
Z akm;i}n,g = 0.
k=1
Equations (5.7) and (5.8) must be verified for any value of the constants ay.
First, we consider a; = 1, as = ag = a4 = 0. From (/5.7 and (/5.8) we obtain:
(1)
URN

(1) 1 ( ym 1) _
p”erT T +Gij =0 on?2,

(5.9)
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and

(5.10) Tél)ng =7, m(ﬁll;ng =0 on L,

where
(1) = A, f 2 = f V= 0,
(5.11) G(” (Ae = A)210ag, G =0, G = (2te — 2pte + Ao — Ao)71,
7:04(1) = —AeZ1Naq, 7'35 ) = 0.
Equations (5.4)), the constitutive equations (5.6, for k& = 1, the equilibrium
equations (5.9) and the boundary conditions (5.10) are the field equations of

a plane strain problem A in the symmetric micromorphic theory. In the same
way we define the problem A by putting as = 1, a1 = ag = a4 = 0, we have:

2
+
(5.12) BEf) " @ <2>m )
My, + Ty — T +G; =0 onX,
and
(5.13) Té2)nﬁ =7, (5%”/3 =0 on L,
where
=, =Y =0,
(514) G((f[; = ()\e — )\0)5625(1/3, Ggij)) = 0, Gg? = (2/],6 — 2,Uzc + )\e - Ac)l??
Ta® = “Aezong, 1% =0.

The problem A®) is given by assuming a3 = 1 a; = ag = a4 = 0. We get:

(5.15) =0, m +rY "GP =0 o,
and
(5.16) 7ng =7, miing=0 onlL,
where
G = e = Adap, G =0,
(5.17) G5 = 21 — 2 + Ae — Ay

~ (3

=

= —Aeng, 7'3(3) =0.

=y
|
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The problem AW i defined by a1 = as = a3z =0, ag = 1. We obtain:

(5.18) =0, ml 4" a =0 oz,
and

(5.19) T[(;;) ng = 7@, (ﬁ% ns =0 on L,

where

(5.20) Gl =0, G = €gaslue — pe)ws, Gy =0,

=W =0 =»W= pe(x2my — x1n2).

The problem A®) (k=1,2,3,4) is independent of the constants aj and depend
only on the cross-section of the cylinder. The solution of the problem P; has been
reduced to the solutions of four plane strain problems A®*). NOW we consider the

boundary conditions (|3.6)) on 21 Taking into account Egs. . and (b -,
we rewrite the Condltlons in the form:

> /
Zak/733 da + a3(2pe + Ae)A = —F,

(5.21) Zak/x27—33 da + az(2pe + Ae) 1 = — M,
k=1

Zak/x17'33 da + a1(2pe + \e)Io = — Mo,
k=1

Z ak/ x17'32 - ngél)) da + peasly = —Ms,
k=1

where we have used the notations:

/da—A, /m%da-[l, /l‘%da—lg,

1 1 1

(5.22)
/(x% + 23) da = I.
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The first two equations of ([5.21)) are identically satisfied. For simplicity we
give the proof for o = 1. Since v 3 is a rigid displacement, this implies that

M(v3) = 0. From (3.5) we have
0= /[@733(073) + m332(v,3) — m323(v,3 )] da

¥
= /[9327'33,3(1)) + m332,3(v) — m3233(v)] da
P
= —/1’2(71371(1)) + 7'2372(1))) da
31
= _ /(1‘27'13(1)))71 + (fEQTQg('U)),Q + /7’31 da
El Z1
= —/x2(7'13<’l))nl +T23('U7m)) ds + /Tglda = /7‘31 da.
L b 31

The remaining four equations of (5.21) constitute a non homogeneous system
for the constants a; (k = 1,2,3,4). If we use the notations:

Ay = /T?EZC;) da, A3 = /T?Eg) da + (Q,Ue + )\e)Aa
3

da, A9 = /;ng?E;) da,
P

Agg = /.7}27‘33 da+ 2[1,6—1—)\ )Il,

Ay =

x2733 da =3,4),

(5.23)
A31 = /xlT;)Eg) da + (2Me + )\e>127
P
As, = /x17§3) da (r=2,3,4),
¥
Agj = /(wﬂég) zori])da  (j=1,2,3),
P

Ay = /(xlT?EQ) - :6'27—3(1)) da + pelp.
¥
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The system ([5.21)) takes the following form:

k k
> Awar = —Fs, Y Aggar = —M,

k=1 k=1
(5.24) : ;
> Agwap = —My, > Agap = —Ms.
k=1 k=1

The positive definiteness of the elastic potential and the reciprocal theorem imply
(525) det Ai]’ > 0, Aij = Aﬂ

We conclude that the system admits a unique solution and the constant ay,
are uniquely determined. Thus the problem of extension, bending and torsion
of an elastic isotropic cylinder has been solved. The results established in the
previous sections, can be used to derive the solutions for special cases of simplified
micromorphic theories. For instance we consider the case in which A, = 0, p. = 0.
The constitutive equations become:

75 (V) = 2pcei;(v) + Aeerr (0)dij,
(5.26) TZ-T(’U) = 2,um€ij(v) + Amakk(v)élj,
Mg (v) = l2(2ﬂm’€kij (V) + AmBkrr (v)0i);

In this case the problems A% are characterized by the following values of f®*)
Ggf) and 7
Problem AW:
f1(1) = Ae, f2 = f =0, G((xl,fg)’ = Ae100a8;
(5.27) G&lg) =0, Gg? = (2pe + Ae)x1, %1(1) = —Aex1nq,
7~'2(1) = —)\e.Tl’I’LQ, 7~'§1) = 0;
Problem A®:
B =0, HV=1Y =0, GY) = Arsbap,
(5.28) G2 =0, GP=ue+r)za, P = —Naon,
%2(2) = —)\el‘z’rlz, 7:?52) =0.
Problem A®):
==Y =0, &% =xdss GY =0

3)

(5.29)
G =2pe + Ao, T = Aemt, AV =-Ang, Y =
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Problem A@:

B =g =0 6h=0 Gl =y
=0, A=A =0 A

T =Ty = T3 = = 7/‘116(‘/1"2”1 - xl”?)'

(5.30)

The constants ay, are determined by solving the system ({5.24)). In this model,
as in the previous model, the constants A;; (i, = 1,2, 3,4), are independent of
the material constants p. and ..

6. The problem P;: flexure

In this Section we generalize a method established by IESAN |28, 29| to con-
struct the solution of the flexure. The method is based on the following propo-
sitions:

1. If uw is a solution of the problem of flexure Py = (F1,Fy) then ug is
a solution of the bending problem Py = (0, Fy, —F71,0).

2. Let v be a solution of the bending problem P; = (0, Fy,—F1,0). By in-
tegrating v with respect to the azial coordinate xs, we obtain a solution of the

problem Py = (F1, F3).

Thus, we seek the solution of the problem of flexure in the form:

Ug = écaxg 1baaz3 + €384 (b4:£3 + C4IE3)
4
+ ) (b + cpas)wd) (1, 32) + Yalr1, 72),
k=1

us = (51.1‘1 + boxy + bg)x3 + %(01561 + coxo + Cg)x%
4

+ Z(bk + Ckwg)wék)(l’l, x2) + Y3(z1, x2),
k=1

4
(6.1)  Pap = €35a(baw3 + 64113 + Z (b, + crx3)Q g(wl, x2) + Xap(T1,T2),
k=1

4
P = —(baws + 5caa3) + Z by, + crr3 Qag (1, 22) + Xa3(1, 22),
k=1

4
k
P3o = baws + Scati + g (by, + CkiU:s)Qz(aa) (1, 22) + x3a (21, 22),
k=1

4

Ps3 = Z(bk + Ck$3)Q:(3’§) (1, 22) + x33(21, 22),
k=1
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where ¢ and by, are unknown constants and, 1; and x;; are unknown functions

independent of x3. In view of (2.3), (5.4) and (6.1) we have:
4
k
Eag = (b + Ck$3)€ég) + Yass
k=1
4
k
FEs3, = Z [(bk + Ck$3)€§,a) + %Ckwék)] + %635,1(1)4 + C4x3)x5 + Y3a,
k=1
4

k k
Esz = [(bx + cxas)ely + crwd]
k=1
+ bix1 + boxo + by + (013;‘1 + coxo + 63)$3 + 33,

(6.2)

4
k
Fij = Z(bk + Ck$3)€£j) + vij,
k=1

., 4
. k
Kpij = Y (b + cxas)ily) + vijpe Kaij = ereyys
k=1 k=1
where

YaB = 3(Yap + Vo — Xas — XBa)> V33 = —X33,
V3o = (V3.0 — Xa3 — X3a),  Vij = 3(Xij + Xji)-
From (2.4, (5.6) and (6.2) we obtain the stress tensors:

4

(6.3)

k
Taﬂ = Z(bk + ckx3)7—¢§¢ﬂ) + 0ap + )\ehéa[;,
k=1
4
k
T3 = Z(bk + Ck$3)7';§a) + 030 + teYa,
k=1
4

T3 = Z(bk + Cka)T:glgc) + 033 + (2e + Ae)h,

k=1
4
(6.4) =3 (b + ckws) Ty ™ + 0l + Achdag,
k=1

4
Tz = Z(bk + Ck‘r?’)TZglocz)m + 054 + Hebas

k=1
1 k
T3 = 3 (b + caas) Ty ™ + 0% + (2pe + Ao)h,
k=1
4 4

k
Mpij =y _(br+ CWCS)mfny)' + gy Maij =Y capij,
k=1 k=1
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where

Oij = 2,“6/704ﬁ + Ae’yrr(sz‘j + 2//Jcl/ij + )\chr(sija

O'Z'T;'l = 2/ucVap + )‘c')/rr(sij + 2umvi; + )‘m]/”(sij’

4
h = biz1 + baxa + b3 + (c121 + caxa + ¢c3) w3 + Z Ckwigk)’
k=1

(6.5) 1

Jo = €3Ba(b4 + C4x3)$5 -+ Z Ckwgk)a

k=1

Hpij = 12(2,U/mVij,p + )\mVrr,p(Sij)a

k
pij = l2(2ﬂm€§j) + Amer,0ij).

The equilibrium equations (2.7)), taking into account Egs. (6.4), became:
(6.6) 088+ N; =0,  ppijp+oij — UZ-L +R;j =0,

where

I
E

Ny Ck(Tzs(Z) + Aewé'fi) + €38alleCarp,

k=1

4

Ny =Y (i) + uewgf/)g) + (2pte + Ae)(c121 + 2w + c3),

k=1

4
(6.7 Rap= (e —Ac) D ey,
k=1

4
R3a = (Me - ;U«c) Z Ckw((xk)a
k=1

4

Rss = (2pe + e — 2pc — A¢) Z ckwék).
k=1

In view of (5.8) and (6.4), the boundary conditions (2.8) reduce to:

(68) Uagna = O'NB, 03N = 073, ,upijnp = 0,
where
4 4
~ k ~ k
(6.9) 08 = —Ae chwé )ng, 03 = — e Z ckwé )ng.

k=1 k=1
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The plane strain problem , admits a solution if and only if:

/Nz-da—k/(fids:o,

(6.10) L g
/€3ﬁa($ﬂNa + Rag)da + / €380L300 ds = 0.
S L

Taking into account (5.5)), (5.22), (6.7) and the divergence theorem, Egs. (6.10))
became:
ck / ’7'3a

(6.11) ch/733 da + c3(2pe + Ae)A = 0,
k=1

Z CL / ngal‘gTéa) da + pecgly = 0.
k=1

Equations (6.11]); are identically satisfied. The remaining two equations of (6.11])
take the form:

4 4

(6.12) Y oA =0, Y cpAy =0,

k=1 k=1
where Ay (k = 1,2,3,4) are given by (5.23]). The boundary conditions on ¥

are:
/Tgada o /ngda—o,

(6.13) s s
/ea53x5T33 da =0, /63a5(xaT35 + Mgﬁa) da = 0.
21 Z:1

Now we consider the first equation of (6.13)). We have:

(6.14) /T31 da = /[(IL’lTpg)m + LL’1T3373] da = /($1T3373) da

21 21 21

4
:Zc /x1733 da + c1(2pe + Ae)Ia.
k=1
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Similarly,

4
(6.15) /T32 da = Z Ck / x27_3(§) da + CQ(Q/Le + )\e)Il-

It follows from (6.14)), (6.15) and (5.23) that the first two equations of (/6.13])
take the form:

4 4
(6.16) chAgk = —Fl, ZCkAgk = —FQ.
k=1 k=1

The system given by Egs. (6.12)) and (6.16|) determines the constants ¢; (k =

(k)

1,2,3,4). In the following, we suppose that the functions o;;, w,”’ and the con-

stants ¢j are known. From the remaining equations (6.13) we have:

4 4
D obpAi = —F5, Y bpAg, = —Mf,

k=1 k=1
(6.17) . )
> bpAg =Mz, > bpAsy = —M3,
k=1 k=1
where
4
F} = /033 da — (21e + Ae) Z Ch /wék) da,
Sy k=1 s,
4
M = /1‘2033 da — (2pe + Ne) ch /:ngék) da,
k=1
(6.18) L L
My = /.’E10'33 da + (2pe + Ne) Z c4 / xlw:gk) da,
S k=1 5,
! k k
Mj = — /(.’E10'32 — x9031) da — ,uech/(a:lwé ) _ x2w§ )) da.
S k=1 5,

The system ((6.17)) determines the constants by and the problem of flexure of an
elastic and isotropic rod is solved.

7. Conclusions

In this paper, we study the deformation of a beam made of a micromorphic
elastic material. We have considered a simplified symmetric micromorphic the-
ory with a reduced number of material constants. As in classical elasticity, the
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problem is decomposed in the four basic problems of extension, bending, torsion
and flexure. The solution is constructed with a method that avoids a priori as-
sumptions and with the help of some plane strain problems. The results can be
used to obtain explicit formulas of the deformation of the beam for each basic
problem when the cross section is assigned. It might be interesting to compare
these analytical explicit formulas with those existing in literature deduced from
technical arguments. Moreover, the results presented in this paper are also useful
in investigating the problem of a cylinder loaded on the lateral surface.
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