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THIS PAPER CONCERNS THE COUPLED LINEAR QUASI-STATIC THEORY of thermoelas-
ticity for materials with double porosity under local thermal equilibrium. The system
of equations of this theory is based on the constitutive equations, Darcy’s law of the
flow of a fluid through a porous medium, Fourier’s law of heat conduction, the equa-
tions of equilibrium, fluid mass conservation and heat transfer. By virtue of Green’s
identity the uniqueness theorems for classical solutions of the internal and external
quasi-static boundary value problems (BVPs) are proved. The fundamental solution
of the system of steady vibration equations in the considered theory is constructed
and its basic properties are established. Then, the surface and volume potentials are
presented and their basic properties are given. Finally, on the basis of these results the
existence theorems for classical solutions of the above mentioned BVPs are proved by
means of the potential method (boundary integral equation method) and the theory
of singular integral equations.
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1. Introduction

FOR OVER A CENTURY, PREDICTING THE MECHANICAL PROPERTIES of materi-
als with single and multiple porosity has been a prominent area of interest in con-
tinuum mechanics. Understanding the mechanical effects of coupling processes
is crucial for modern theories of porous media, as many engineering problems
involve multiple coupled mechanical concepts. Such processes play a fundamen-
tal role in various applications of porous materials in engineering, biology, and
geology.

The first quasi-static theory of poroelasticity based on Darcy’s law was pro-
posed by BIOT in the paper |1] in which a coupling effect between fluid pressure
and mechanical stress is introduced. The basic results and historical information
on the poroelasticity and thermoporoelasticity for single-porosity materials can
be found in the books by CHENG |2|, CouUssY [3], SELVADURAI and SUVOROV |4],
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WANG [5] and the references therein. Later, Biot’s classical model was generalized
and the mathematical model of double porosity materials based on Darcy’s law
were developed by WILSON and AIFANTIS [6], and studied by several researchers
(see |7HL3]).

On the other hand, by using the concept of volume fraction the theory of ther-
moelasticity for materials with double-porosity structure is presented by IESAN
and QUINTANILLA [14] as extension to the single-porosity model of NUNZIATO
and COWIN |15} /16]. The basic problems of the theories of elasticity and thermoe-
lasticity for materials with double voids are studied by IESAN [17], CHIRITA and
ARUSOAIE [18|, DE Cicco and IESAN [19], DE Cicco |20], KUMAR et al. |21],
SVANADZE |22, 23|. More general models of the theories of elasticity and ther-
moelasticity for materials with voids based on the volume fraction concept are
introduced and intensively investigated. Basic results in this subject may be
found in the books of CIARLETTA and IESAN [24], IESAN [25], STRAUGHAN |26]
and the references therein.

Recently, the coupled linear theories of elasticity and thermoelasticity for ma-
terials with single and double porosity have been presented by SVANADZE [27H30]
in which the coupled effect of Darcy’s law and the concept of the volume frac-
tion is developed. Moreover, the basic BVPs of the coupled quasi-static theo-
ries of elasticity and thermoelasticity for solids with single porosity are stud-
ied by MIKELASHVILI [31} [32]. More recently, in the paper [33|, the same au-
thor has investigated the BVPs of steady vibrations of the coupled quasi-static
theory of elasticity for double porosity materials by means of the potential
method. A wide information on the potential method is given in the books by
KUPRADZE et al. |34] and SVANADZE [35].

In the present paper, a quasi-static mathematical model for thermoelastic
double-porosity materials is introduced in which the coupled phenomenon of
Darcy’s law and the concept of the volume fractions of two levels of pores (macro-
and micropores) is proposed. The goal of this work is to prove existence and
uniqueness theorems for classical solutions of the basic internal and external
BVPs of steady vibrations in the coupled linear quasi-static theory of double-
porosity materials.

This paper is articulated as follows. In Section 2, the system of equations
of the quasi-static mathematical model for thermoelastic double-porosity mate-
rials is expressed in terms of the displacement vector field, the changes of the
volume fractions of pores and fissures, the fluid pressures in pore and fissure net-
works and the temperature. In Section 3, the basic internal and external BVPs
of steady vibrations of the considered theory are formulated, and in Section 4,
the uniqueness theorems for classical solutions of these BVPs are proved. After-
wards, in Section 5, the fundamental solution of the system of steady vibration
equations is constructed and its basic properties are established. In Section 6,



POTENTIAL METHOD IN THE COUPLED LINEAR QUASI-STATIC THEORY. .. 561

the surface and volume potentials are introduced and their basic properties are
given. Moreover, the basic properties of some useful singular integral operators
are established. Finally, in Section 7, the existence theorems for classical solu-
tions of the above mentioned BVPs are proved by means of the potential method
and the theory of singular integral equations.

2. Governing equations

Let x = (z1,22,73) be a point of the Euclidean three-dimensional space
R3 and let t denotes the time variable, t > 0. We assume that an isotropic
and homogeneous elastic solid with double porosity structure occupies a region
of R3. This structure of materials means that the skeleton of solid consists of
pores on the macro scale and pores on a much smaller micro scale (also called
fissures). Afterwards, in this section, functions and vectors that depend on the
space variable x and the time ¢ are denoted with hat.

Let & = (a1, 2, u3) be the displacement vector in solid, ¢; and ¢y are the
changes of the volume fractions of pores and fissures, respectively; p1 and ps are
the changes of the fluid pressures in pores and fissures networks, respectively,
and 0 is the temperature measured from some constant absolute temperature
To (> 0). Moreover, throughout this paper, we shall employ the usual summation
and differentiation conventions: (i) repeated Latin and Greek indices are summed
over the ranges (1,2,3) and (1,2), respectively; (ii) the subscripts preceded by
a comma denote partial differentiation with respect to the corresponding Carte-
sian coordinate; (iii) a superposed dot denotes differentiation with respect to t.

Following [32, 33|, the governing system of field equations in the coupled
linear quasi-static theory of thermoelasticity for materials with double porosity
consists of the following six sets of equations:

o The equilibrium equations

- - (1 - .

tj; = —pFy, %(‘,j) +EW = —psy,

(2.1) ) (2) )
+§ = —ps2, l:172737

where flj is the component of total stress tensor, F/ = (F{, Fé, Fg) is the body

force per unit mass, p (> 0) is the reference mass density; a ,§(1 51 and

A(Q),é@),ég are the components of the equilibrated stress, the intrinsic equili-

brated body force, the extrinsic equilibrated body force associated macro and
micro pore networks, respectively:

(2.2) €N = —bé, — a1p1 — azpa + mapr + mape + 16,
€2 = —boé, — azpr — aapa + mapr + maps + 20,
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€;; is the component of strain tensor and given by:
e The constitutive equations

tAlj = 2Nélj + )\érr(slj + (ba(/}a — Baba — Eﬁé)dl]’a

(1 . . N R R
(2.4) U](- ) = a1p1,1 + aspa, UJ(» ) = a3y, + azpa g,

p’f] = €0é7-q~ + 5a¢a + 5a+2ﬁ0¢ + aé? la] = ]-a 25 37
where ¢§;; is the Kronecker delta, 7 is the entropy per unit mass.

e The equations of fluid mass conservation

(2.5) @j(}j) + 1+ Brérr +0(p1 — P2) = 0,
173(-? + Co + Baérr — Y0(P1 — P2) =0,
where v(1) = (@gl), @él),@él)) and v(?) = ({152), {152), @éz)) are the fluid flux vectors

associated to the macro and micro pore networks, respectively; vy (> 0) is the
internal transport coefficient and corresponds to a fluid transfer rate respecting
the intensity of the flow between macro and micro pores,

C1 =711+ v3P2 +m1p1 + mapa + €30,

(2.6) R R . . R
C2 = Y3 P1 + Y2 D2 + m3P1 + mapa + €40.

e Darcy’s extended law

. K K .

v = —2Lyp, — Z3Vpy — piss,
w w

(2.7) ,

X Ky .  Kyo . .
v = —337p — “2Vjy — posy,
7 7

where /1; (j = 1,2,3) is the macro-permeability inside the double porosity ma-
terial, p1, 83 and p2, §4 are the density of fluid, the external force (such as
gravity) for the macro and micro pore networks, respectively; V is the gradient
operator.

e Fourier’s law of heat conduction
(2.8) q=—kV,

where q is the heat flux vector and x (> 0) is the thermal conductivity of the
porous material.

e The heat transfer equation
(2.9) divg = —Ton) + pés,

where s5 is the heat supply per unit mass.
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Substituting Eqs. (2.2)-(2.4) and (2.6)—(2.8) into (2.1), (2.5) and (2.9) we
obtain the following system of equations in the coupled linear quasi-static theory
of thermoelastic double-porosity materials expressed in terms of the displacement
vector u, the changes of the volume fractions ¢1, P2, the changes of the fluid
pressures p1, po and the changes of the temperature 6:

pAU+ A+ 1)V div a+boy Ve — BaVia —e0VE = —pF,
(alA — 041)(,51 + (agA — Oég)(ﬁg —by div ﬁ+m1]51 +mgpo +€1é = —p§1,
(asA—a3)P1+ (a2A —ag)Pa — by div a+msp; +mapo -l-&‘gé = —pSo,
(2.10) k1 A1 +ksApy —y1p1 — 3Pz — B1 div G—m1p1 —mapy —e30
—0(p1—p2) = —p1divss,
ks A1+ ko Apy —y3p1 —v2p2 — B2 div i—map1 —mags —e40
+70(p1—P2) = —p2 divsy,

HAé —To(&é—k&o div ﬁ+5a¢a +5a+2ﬁa) = —pSs,

where A is the Laplacian operator and k; = ﬁ—: (1=1,2,3).

If we assume that ﬂj,FJ{,@l,ﬁl, 51,8142, 85 and 6 (l=1275=1,2,3) are
postulated to have a harmonic time variation

{ﬁj7ﬁ}{7 @laﬁla §la él+2, ‘§57 é}(X,t) == Re [{U], F_7/7 @1, Pl Si5 81425 S5, 0}(}{) eithL

then from (2.10) we obtain the following system of equations of steady vibrations
in the theory under consideration:
pAu+(A+p)V divu+ba Vs —BaVpa—eoVO = —pF',
a1 A—aq)p1+(asA—as)pa—by divut+mip;+mspe+e10 = —psy,
(2.11) azA—az)p1+(a2A—az)ps—be divu+map; +maope+e20 = —psa,

(
(
(k1 A+~])p1+ (ksA+~%)pe+ 81 divu+m' o1 +mipe+e40 = —p; div s3,
(ks A+73)p1+ (k2 A+73)pa+ By div u+migpr +mhpa+e4 = —pa div sy,
(

kA+a")0+eq divute,poten sTopa = —pss,

where u = (u,ug,u3), ¥ = (F], F}, F}), w (> 0) is the oscillation frequency,
B8] = iwpy, m = iwmy, v = iwy — 0, 3 = iwys +0 (1=1,2, j =1,2,3).

For further considerations we need the following second order matrix differ-
ential operator with constant coefficients:
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2

M(DX) = (Mlj(Dx))Sx& Mlj = ,U«A(Slj + ()\ + ,u)

b
al‘laxj

0 0 0

Myyi3 =M, 130 =b~—, Myi5=—Br7n—, Mg=—co-—
it +3; "Ox;’ i Br ox;’ ox;’
My = a1 A —aq,  Mys = Msy = az3A — a3, Mss = a2A —ag, My = my,
, 0
My = Msg = mg3, Msz =mg, Myy3g=¢cr, M5 = @«(977
!

Mgy =m), Mg = Mz =mj, Mms=mh M =kA+1],
Mer = Mrg = ksA + 74, Myr =kaA +7h,  Moysg =enyo,

0
Mg = 868771’ Mgyy3 =6,  Mgyys =e.,9To, Mg =rA+d,
o 0 0
Dx=(—,—,—1, Lji=123 r=1,2.
* (321)1 83:2 afL‘g) J "
It is easily seen that the system (2.11) can be rewritten in the following form
(2.12) M(Dx)U(x) = F(x),
where

U = (u, ¢1, p2,p1,p2,0)
and
F = (—pF’, —ps1, —psa, —p1 divss, —p2 div sy, —pss)
are eight-component vector functions, x € R3.
In what follows, we assume that the following inequalities are fulfilled:

p>0, 3X\+2u>0, a; >0, ajaz—ai>0, (3\+2u)a; > 3b%,

apaz —a3 >0, >0, yye—9 >0, ki >0, kiks—Fk;>0,
(2.13)

1
5(3)\ +2p1) (10 — a3) > arbh — 203biby + agbi, k>0,

a(y172 = 73) > mie] — 23e84 + 283
3. Boundary value problems

Let S be the closed surface surrounding the finite domain QT inR3, S € O,
0<v<1,Or=0ruS, Q" =R3\ QF, O~ = Q" US; n(z) is the external
(with respect to Q1) unit normal vector to S at z.

DEFINITION 1. Vector function U = (U, Us, ..., Us) is called regular in 2~
(or QF) if
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() U € C2(Q)NCHQ™)  (or U € C2QT)NnCH(QT)),
(i)

(3.1) Ui(x) = O(Ix|™),  Us(x) = o(|x|7")
for |x| > 1, where I =1,2,...,8 and j = 1,2, 3.

In the sequel, we use the matrix differential operator

R(Dm n) = (le(Dm n))8><87

where
0 0 0
R;j(Dx,n) = /Msljafn + M”jaT“ + )\nlaimj, Ry (Dx,n) = b, _3ny,
Riyi2(Dx,n) = —fB,_3n;, Rig(Dx,n) = —eqny,
0 0
Ry4(Dx,n) = arg - Ry5(Dx,n) = Rs54(Dx,n) = a35
0 0
Rs5(Dy,n) = as-—, Res(Dx,n) =ki—,
on on
(3.2) )
Re7(Dx,n) = R76(Dx,n) = kg —

On’
0 0
R77(va 1’1) - k2%> RSS(Dxa 1’1) - H%>
st (DXa Il) = Rr;m+2(DX7 n) = Rr+2;m(DXa n) = RT;S(DXa Il)
= Rr+2;8(DX7 l’l) = RS;T(DX7 Il) = RS;T+2 (Dx’ Il) = 07
1,j=1,2,3, r,m=4,5 s =4,5067,8

0
and n is the derivative along the vector n.
n

The basic internal and external BVPs of steady vibrations in the coupled
linear quasi-static theory of thermoelasticity for materials with double porosity
are formulated as follows.

Find a regular (classical) solution to system (2.12) for x € Q7 satisfying the
boundary condition
(3.3) lim U(x)={U(z)}" =f(2)

Qtox—zesS

in the internal Problem (I)f ¢, and

(3.4) lim R(Dyx,n(z)U(x) = {R(D,,n(z))U(z)}" = f(z)

Qtox—zeS

in the internal Problem (II )it ¢» where F and f are prescribed eight-component
vector functions.
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Find a regular (classical) solution to system (2.12) for x € Q™ satisfying the
boundary condition

(3.5) lim Ux)={U(z)} =1(2)

O~ 5x—z€eS

in the external Problem (I)g ¢, and

(3.6) lim R(Dx,n(z))U(x) = {R(D,,n(z))U(z)}” = f(z)

Q~>5x—z€eS

in the external Problem (II)g ¢, where F and f are prescribed eight-component

vector functions and supp F is a finite domain in 7.
Our objective is to establish the existence and uniqueness of classical solu-

tions for the basic BVPs associated with steady vibrations, denoted as (I )ff

and (H)iif, through the utilization of the potential method. To establish the
uniqueness theorems for classical solutions, we rely on Green’s first identity.
Furthermore, the verification of the existence theorems necessitates the basic
properties of surface and volume potentials.

With these outcomes in mind, we are able to reduce the BVPs (I )%f and
(11 )iEf to equivalent singular integral equations, which will be amenable to
Noether’s theorems.

4. Uniqueness theorems

In this section, Green’s first identity of the coupled linear quasi-static theory
of thermoelasticity for materials with double porosity is obtained. Then, the
uniqueness theorems for the regular (classical) solutions of the BVPs (1 )fﬂf and
(II)% ¢ are proved.

In what follows, the scalar product of two vectors U = (Uy, Us, ..., Us) and
U = (U],Uj,...,U}) is denoted by U-U’ = E?Zl Ujﬁj{, where Uj’ is the complex
conjugate of UJ.

In the sequel we use the matrix differential operators:

2

ox 0z’

MO(Dy) = (M (Dx))sx3, M, (Dx) = uAdy; + (A + p)

MD(D,) = (MY (Dy))sus, MY (Dy) = My, (Dy),

Ir Ir

M) (Dy) = (M (Dy))1xs,  MI(Dy) = My y2, (D),
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M) (D) = (M (Dy))ixs,  MIT (Dy) = Mypyar (D),
MO (D,) = (M (D) 1xs, M (Dy) = M, (Dy);

2)
R (Dy,n) = (R (Dx.n))sx3, R (Dx,n) = Ryj(Dy,n),

RY(Dy,n) = (R (Dx,m))axs, R (Dx,m) = Rip(Dy,m),
where [,7=1,2,3, m=2,3and r=1,2,...,8.
We introduce the notation:

1 _
WO (u,u') = 5 (3A+2p1) divu divu’

5 -
S ouj o
2 axl 81:]- 81’[ 89:]-

1j=1
+u§:<3w_3%>(3%_8%>
3 Li=1 8%[ 8$j 8%[ 8xj ’
W(l)(U, u) = w(©) (u,u) + (bo Yo — BapPa — €0b) div,

WE(U, ) = (a1Ver + azVis) - Vi

+ (b divu+ a1p1 + aspe — mipr — mspa — 619)(71,
WE(U, ¢h) = (asVepr + aaVigs) - Vigh

+ (badivu + aspi + asps — map1 — maps — 829)4727
WW(U,p}) = (k1 Vp1 + ksVpa) - V)

— (87 divu+mip1 +mips + 711 +5p2 + €50)h,
WU, ph) = (ksVp1 + kaVps) - Vo

— (85 divu + mjp1 + mhps +75p1 + 7hp2 + £460)ph,
WO(U,0) = kVOVE — (a0 + e divu + ey oo + €y Topa)d-

The subsequent Lemmas prove valuable in investigating the uniqueness of
classical solutions for the BVPs (I)% ; and (I1)5 ;.

LEMMA 1. If U = (ui,gol,wg,pl,pgﬂ) is a regular vector in QF, uj, 01, 9,
Phph, 0 € CHOQY) N C(QT),j = 1,2,3, then:

/ MO(Dy) U - + WO (U, u)]dx = / RY(D,, n)U - u'd,S,
S

O+
(4.2) 9o 9o
_ ! N\
/[M(Q)(DX)U% + WU, ¢))]dx = /(alan +a38n> P S,
o+ 5



568 M. MIKELASHVILI

/ IM®) (D) U, + WO (U, )] dx
O+
0p1 0y
/<a 87"’ 2 A on )902sz7
S

/ MO (Dy) U, + WU, p})] dx
O+

p1 8]01>
ki— +k " dyS,
(4.2)[00111;.] 5/< ! on 3 0 P

[ MO U+ WO )] dx

o P P
D2 op2 ,
S

/[M(ﬁ)(Dx) Uuo +wou, ¢")] dx = n/ gi@’dzs,
o+ s

/ / !/ !/ ! / / / / / /
where u' = (u17u27u3) and U’ = (11 790179025p17p279 )

Proof. On the basis of Green’s first identity of the classical theory of elasticity
(see, e.g., KUPRADZE et al. [34])

[ IMOD)u0 - w60+ WO ()] dx = [ RO(D, m)uta) w(2) daS,
O+

we obtain the first relation of (4.2).
On the other hand, the divergence theorem leads to the following identity

43 [[Ba 7R+ Vae: V) d= [ G200 T s

Q+ S

Now, in view of the relations (4.1), from (4.3) we may derive the last five relations
of (4.2). O

Lemma 1 and the condition at infinity (3.1) lead to the following result.
LEMMA 2. IfU = (117801;9027171:]7279) and U/ = (u/7§0/1780/27p/17p,279/) are

regular vectors in 0, then:

(4.4) MW(Dy) U - v’ + W (U, u)] dx RY(D,,n)U - u'd,S,
/ !
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/ [M®) (Dy) Uy + WU, )] dx

g
B dyp1 02\ —
- /( a + a3—— on )901 sza
S
[ MODY UL+ WU, )] dx
g
_ 8901 8902 /
S
1) [ MOD U+ WO, )]
g
_ 1, Op
_ /(kla kg >p1dS
S
[ MO U+ WO (U, 5] ax
3
_ Op2 Op2
_ /<k38 22 >p2dZS,
S
/[M<6>(Dx)Uef+W< )(U,0)] dx = —m/@’d S.
g

Obviously, on the basis of Lemmas 1 and 2 the following consequences arise.

THEOREM 1. If U = (u,¢1,92,p1,p2,0) is a reqular vector in QF, U’ =
(W', 1, b, 11,15, 0") € CHQT) N C(QY), then

(4.5) /[M(DX)U(X)-U’(x)+W(U,U’)] dx:/R(Dz,n)U(z) -U'(z) d,S,
Q+ S

where
W(U,U) = WU, W) + WO (U, ¢}) + WU, o)
+ WU, ph) + WO (U, py) + WO(U, 0.
THEOREM 2. If U = (u, @1, @2,p1,p2,0) and U' = (', ', 0y, p}, py, 0') are
reqular vectors in Q1 , then
(4.6) / IM(Dy) U(x) - U'(x) + W(U,U')] dx

Q- =— n)U(z) - U'(z .
- S/R(Dz, YU(2) - U'(2) oS
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The formulas (4.5) and (4.6) are Green’s first identities in the coupled linear
quasi-static theory of thermoelastic double-porosity materials for domains QF
and 7, respectively.

It is easy to verify that from (4.1) we get:

1
w(U,u) = 5 (37 +2p) |divu)? + Wo(u, u)
+ (ba Pa — Bapa - 519) diVﬁ:
W (U, 1) = (a1Ve1 + agVipa) - Vioy
+ (b1 divu + a1 + agpa — mupr — mape — €20)%1,
WE(U, 02) = (a3Vip1 + asVips + £40) - Vipo
(4.7) + (ba divu + asp1 + asps — mapr — maps + £46) P2,
W (U, p1) = (k1Vp1 + ksVp2) - Vipy
- (/3{ divu + m/1<,01 + mé(pz + ’Yipl + ’Vém)PT,
WO (U, pg) = (ksVp1 + kaVp2) - Vpa
— (B divu + map1 4+ mypa + v3p1 + Yop2) P2,
WU, 0) = k|VOP? — (d'0 + eodivu+ el pa + e 2Topa)d,

where

8uj aul

3 2
_ M I ]
(148 Wwuw=3 >, oz, " oz, Z ‘axl Dz;

Li=1;1#5

We are now prepared to delve into the examination of uniqueness concerning
the regular solutions for the BVPs (1 )iff and (11 )iff The resulting outcomes
are as follows.

THEOREM 3. The internal BVP (I)§ ¢ admits at most one regular solution.

Proof. Suppose that there are two regular solutions to the problem (I );;f
Then their difference U is a regular solution of the internal homogeneous
BVP (I )SF,O' Hence, U is a regular solution of the homogeneous equation

(4.9) M(Dx)U(x) =0
for x € T, satisfying the homogeneous boundary condition

(4.10) {U(z)}" =0 for zcS.
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Clearly, by virtue of (4.9) and (4.10), from (4.2) it follows that

/W<1>(U, /Wl“ U, ¢;)dx = 0,
O+

(4.11)
/W(l+3)(U,pl)dx =0, /W (U, 6)d [=1,2.

In view of the relations (4.7) we can easily verify that:

Im W (U, u) = boIm (pq diva) — BaRe (pa diva) — eo Im (0 diva),
Im [W (U, 1) + WO (U, 3)] = Im [be (div upg) — (m1@1 + ms@2)p1
— (m3P1 + maP2)p2 — €aPall,
Re [WH (U, p1) + WO(U, po)] = k1| Vp1|? + 2ks Re (Vpy - Vipg) + k| Vpo|?
+ wIm [div uBaPa + (MmiP1 + msp2)e1 — (Mmsp1 + meDP2)@2 + €ar2Dab)],
Re W) (U, 0) = k|V0|? + wTy Im [eo div u + £4pa + Eatapa)l]

and consequently, we can write:
Im (W (U, 1) + WE(U, 1) + WE (U, )]
~LRe WO(U,py) + WO (U, po)] — L Re w©(u,s)
w wTp

1 K
= —;[k1|Vp1|2 + 2k3 Re (Vp1 - Vpa) + ka|Vpa|? + TOIVQIQ] <0

On the basis of the assumption (2.13) and the relation (4.8) from (4.11) we have
(4.12) k1|Vp1|2 4 2k3 Re (Vpr - Vpo) + k2| Vo[> =0,  |[VO> =0
Obviously, by virtue of (2.13) from (4.12) we have:
(4.13)  p(x)=c¢ =const, O(x)=c3=const, [=1,2 forxeQ.
On the other hand, by virtue of (4.10) from (4.13) it follows that:
(4.14) p(x)=0x)=0, [=1,2 forxeQ".

Now, using the assumption (2.13) and the relation (4.14) in (4.7) we obtain
(415)  WOU,u) + WO(U, 1) + WE(U, @)

= %(3)\ + 2p)| div u|? 4 2b4 Re (o diva) + a1]e1]? + 203 Re (p102)
+ azl@2” + Wo(u) + a1]Ve1]* + 2Re (Vi1 - Vipa) + ag|Vipa|* > 0.
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It is clear that from (4.11) and (4.15) we get

%(m T 200)|div uf? + 2ba Re (9 divd) + arfor 2
(4.16) + 203 Re (p1902) + az|ip2|* = 0,

Wo(u) =0, a1|Vei]* +2Re(Ver - Vo) + a2|V<p2|2 =0.
Now, using the assumption (2.11) from (4.16) we obtain
(4.17) divu(x) = p1(x) = 2(x) =0, x€cQt.

At the same time, using Egs. (4.14) and (4.17) in (4.9) and (4.10), we get Dirich-
let’s BVP for the vector u:

(4.18) Au(x)=0, u(z)" =0 xcQf, zcSb.
Finally, from (4.18) it follows that u(x) = 0 for x € Q". Thus, U(x) = 0 for
x € Q" and we have the desired result. OJ

THEOREM 4. Two regular solutions of the internal BVP (II);f may differ
only for an additive vector U = (u, @1, p2,p1,p2,0), where @, p; (I =1,2) and
0 satisfy the condition

pi(x) =pi(x) =0(x) =0, xe€Q, =12,
the vector u is a rigid displacement vector and has the form
(4.19) u(x)=a+bxx, xeQf,
for x € QF, where a and b are arbitrary three-component constant vectors.

Proof. Suppose that there are two regular solutions of the problem (I )Ef.
Then their difference U is a regular solution of the internal homogeneous
BVP (II )& o- Hence, U is a regular solution of the homogeneous equation (4.9)
for x € T, satisfying the homogeneous boundary condition

{R(D,,n)U(z)}T =0 forzeS.

As in Theorem 3, in a similar way we can obtain the relation (4.13). Taking into
account this relation from (4.7) we get:

1
W (U, u) = S(3A+2p)] divul® + Wy(u, u)

(4.20) + (ba o — BaCa — €0c3) div,
WE(U, ¢1) = (a1 V1 + azVipa) - Voo

+ (b1 divu + aqp1 + azpe — mic; — mgce — £203) 91,
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w®) (U, ¢2) = (a3V1 + aaVs + €50) - Vo
+ (ba divu + agp1 + agps — mger — macy + £4¢3)P2,
(4-20)cont] ) (U, pr) = (8 divu + mior + mhps + A1 +Ahea + ehes)a,
WU, p2) = —(Bydivu +mip1 +mhps +v5e1 +vacz + €hes)en,
WO(U,0) = —(d'c3 + ey divu+ €00 + £h0T0Ca ).

In view of (4.20) we can easily verify that:

Re W (U, u) = %(;u + 2p0)|div ul® + Wo(u, )
+ Re[(bawa — Bata — €0cs) div ],

Re [W(U, 1) + W(U, 2)] = a1|Vipr|* + 2a3Re(Vepr - Viga) + a2|Vipa|®
+ ai|p1]? + 2a3 Re (p102) + aalpa|® + Re [b (div upy)
— (ma1 + mapz)er — (m3p1 + mapz)cs — EaPacs),

Im [W& (U, p1) + WE(U, pa)] = Re [Bata divu + (myeg

1

W
+ m3c2)p1 + (Mm3cr + matz)p2

+ catatacs] + mIp1|? + 273Re(m1P2) + Yalp2|?,

1
— —=Tm[WO(U,0)] = Re(co divu + oo + cataca)7s] +ales|?
0

and consequently, we can write:
Re[W (U, u) + WO(U, 1) + WU, )]
1
U, ) + WO, p)] - — W O(U, )
w wTy

1
= Wo(u) + §(3)\ + 2p)| div u|? 4 2b4 Re (@4 div @)

+ anl1]? + 203Re(p192) + az|pa|* + a1|Ver|* + 2Re(Vi1 Vips)

+ as|Vepa|* + miler|” + 2v3 Re(e162) + 12lcol® + 2ea42 Re(cacs) + alcs|?
> 0.

On the basis of this relation from (4.11) we have:

é(B)\ + 2u)|div u|? + 2b,y Re(pq diva) + aq e |2

+ 2a3 Re(p192) + aslpa|* = 0,
Wo(u) =0, a1|Ve1* + 2Re(Ve1 Vo) + as|Vs|? = 0,
71\01\2 + 273 Re(c12) + 72\62]2 + 2e442 Re(éqes) + a|03|2 = 0.
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Obviously, by virtue of these equalities and the condition (2.13) we obtain the
relations (4.14) and (4.17). Finally, just as in the classical theory of elasticity
(see |34]), from the equations div u(x) = Wy(u) = 0 we get the formula (4.19). O

THEOREM 5. The esternal BVP (K)g ¢ has one reqular solution, where
K=11I.

Proof. Suppose that there are two regular solutions of problem (K)g ¢, where
K =1, 1I. Then their difference U is a regular solution of the external homoge—
neous BVP (K )570. Hence, U is a regular solution of the homogeneous equation
(4.9) for x € Q™ satisfying the homogeneous boundary condition

(4.21) {U(z)}” =0

for K = I and

(4.22) {R(D,,n)U(z)}” =0
for K = II.

Clearly, by virtue of (4.9), (4.21) and (4.22) from (4.4) we obtain:

(4.23)

In a similar manner as in Theorem 4, from (4.23) we obtain the relations:

u(x) =a+bxx, p(x)=c¢ =const, 6(x)=c3=const,

divu(x) = ¢(x) =0, [1=1,2 (4.24)

for x € Q~, where a and b are arbitrary three-component constant vectors. In
view of the condition at infinity (3.1) from (4.24) we get u(x) = 0 for x € Q™.
Thus, we have the desired result. [

5. Fundamental solution

In this section, the fundamental solution of the system of equations (2.11) is
constructed explicitly and its basic properties are established.
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DEFINITION 2. The fundamental solution of system (2.11) is the matrix
G(x) = (Gj(x))sxs satisfying the following equation in the class of general-
ized functions

M(Dx)G(x) = 6(x)J,
where §(x) is the Dirac delta, J = (;;)sxs is the unit matrix, x € R>.

We now construct the matrix G(x). We consider the system of nonhomoge-
neous equations:

pAu+ A+ p)Vdiva—b,Vs+ 6, Vpa+e,Vo = F/,
a1 A—ay)p1+ (asA—as)pa+by div u+m/1p1 +m§p2+e’1V0 = Fy,
(5.1) asA —a3z)p1 + (aaA — ag) o +bo div u+mip +mbpe+e5V0 = Fs,
5.1

(
(
(k1A +~1)p1+ (k3A+73)p2 — B1 divu+mi o1 +m3pr+e5T VO = F,
(k3A+~4)p1+ (k2 A+5)pa — Bo div u+mapr +mapa +, Ty VO = Fr,
(

kA+a")0—eidivu+teqpat+en P = Fs,

where F; (I =1,2,...,8) are smooth functions on R?, F' = (Fy, Fs, F3). Obvi-
ously, the system (5.1) may be written in the form

(5:2) M (Dx)U(x) = F(x),

where M T is the transpose of matrix M, U = (u, ¢1, 02, p1,02,0), F = (F', Fu,
]:5;-7:67]:77]:8)-

Applying the operator div to the first equation of (5.1) we obtain the following
system:

oA divu—bo Apa + BaApa +e4A0 = div F,

(a1 A —aq)p1+(a3A —ag)pa +by divu+m)p1 +mbpe+€,V0 = Fy,
a3A—az)p1+(agA — )@ +bo divu+mipr +mope +e5V0 = Fs,
(5:3) k1A ++41)p1+ (k3 A+75)p2 — B divu+my 1 +msps +e5To VO = F,
ks A+~5)p1 + (ko A+5)p2 — Bo div u+mgp1 +maps +e4 Ty VO = Fr,
kA+a")0—endivu+teapaten P = Fs,

where 119 = A+ 2p. From (5.3) we have

(5.4) A(A)V = &,



576 M. MIKELASHVILI

where

V= (divu, 90179027101,17279) = (‘/17‘/27"'7‘/6)7
P = (diVF/7f47f57f6;f7,]:8) = (@1,@27...,q)6)

and

A(A) = (Ai;;(A))6xe

HoA  —biA —hA BlA BLA  eA
b1 a1A—a; a3 — a3 mj mh el
B ba  asA —az as\ — s ml mb el
N my ms3 FiA+1 k3D +q3  e5To
—Bs ms mo ksA + ’)/é koA + ’}/é EﬁlTo
—€0 €1 €9 €3 €4 A+a

6x6

Let us introduce the notation

5
1
5.5 A(A) = ——det A(A A—{—AQ
(55) (8) = -1

where a9 = ajas — a%; ko = k1ko — k:%; )\%,)\g, A?)) and )\i are the roots of the
following equation with respect to &

Ko —b —bo 51 5 €0
b1 —a1€ — oy —azé — ag mj ml el
det by —azé — a3z —asf — an my mb gl _o
-5 M m3  —ki&+7 ksl +y 5T
—B2  mg3 ma  —ks§+5 —kl +5  €4To
—£0 €1 €9 €3 €4 —kE+d

6x6

We assume that ImA\; >0, \; # Aj for [,j = 1,2,3,4 and | # j.
From Eq. (5.4) we deduce that

A(A)diva =Ty, A1(A)g = Vi,

(5.6)

A (A)pr = V43, A (A)) =Tg, [=1,2,
where
(5.7) Z m=1,2,...,6

B aoﬁkouo

and A;m is the cofactor of the element Aj,, of the matrix A.
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Now applying the operator Aj(A) to the first equation of system (5.1) and
by virtue of (5.6) it follows that

(5.8) Ay(Aju =1,
where Ag(A) = AA1(A) and

-1 1
(5.9) U= ;Al(A)}" - ;V[()\ + )1 —bo Yoi1 + B Pats + Ve

In view of the relations (5.6) and (5.8), we can write
(5.10) AAU =9,

where ¥ = (¥, Uy, U3, Uy, U5, Ug) is a eight-component vector function and
(5.11)
A = (Ajj)sxs, A1n =N =A33=~Ay, Ags=As5=...=Agg= Ay,

Ay=0, 1#3j, 1,j=12,...8.

We introduce the notation

1
mp(A) = — ——
n(&) agrkofiio
(5.12) X [(A+ ) A (D) = ba Al g1 (D) + Ba AT 3(A) + g5 Ajg),
1
(A) = ——AF (A [l=1,2,...,6, j=2,3,4,5,6.
ml]( ) aOkOH,U/O l]( )7 )y ]

Taking into account (5.12), from (5.7) and (5.9) we obtain

6
~ 1
- ;Al(A)}" +mu (A)V div F + > m (A)V Fiy,

(5.13) =

U, =mqdivF + zﬁjmlj(A)fHQ, j=2,3,...,6.
=2
Then, we may derive from (5.13)
(5.14) T =N'(Dy)F,
where
82
N(Dx) = (Nij(Dx))sxs,  Nij(Dx) = *Al% T B

(5.15) o 9
N Dyx)=mi—, Nypio.i(Dx)=mp1—,
l,7"+2( x) 1r 833‘[ r+2,]( x) rl 8.Z'j

Nr+2;m+2(Dx) = mrm(A)a l,j=1,2,3, ,m=2,3,...,6.
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Combining the relations (5.2) and (5.10) with (5.14) we may further conclude
that AU = NTMTU. Obviously, from the last identity we get

(5.16) M(Dx)N(Dy) = A(A).

Let

Ti1(x) = Taa(x) = Ta3(x 2772 77 (%) + Mmoo (%),
(5.17)

Tya(x) = Tps(x) = ... = Tas(x Z ey

le(x):O7 l;éj7 l7j:1)27787

where we have used the notations

i\i|x
(5.18) 70 (x) = _47T1|X, ! (x) _g’i, () ( _ZW]X;
and
5 4 5
mo=—TIN% my=X7 ] 02=X)7" mho=-> A7
=1 I=11#5 =1
(5.19) i .
mo=1ho Y N2 =27 [ 02-a)7L j=12....5
= I=117#]

On the basis of (5.5), (5.11), (5.18) and (5.19) it is easy to prove
(5.20) A(A)Y (x) = 6(x)d,

i.e., T(x) is the fundamental matrix of the operator A(A).
Now we introduce the notation

(5.21) G(x) = N(Dy) Y (x).

Consequently, G(x) is the fundamental matrix of the operator M(Dy). We have
thereby proved the following consequence.
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THEOREM 6. The matriz G(x) = (G1j(x))sxs which is defined by (5.21) is
the fundamental solution of system (2.11), where N(Dx) and Y (x) are given by
(5.15) and (5.17), respectively.

Note that the matrix G(x) is constructed explicitly by means of seven ele-
mentary functions: ) (x), v (x) (j = 0,1,...,5).
Theorem 6 leads to the following basic properties of the matrix G(x).

THEOREM 7. Fach column of the matriz G(x) is a solution of homogeneous
equation

M(Dx)G(x) =0
at every point x € R3\ {0}.

THEOREM &. The relations

Gi(x) = O(Ix[™),  Grm(x) = O(Ix[™"),  Gryzumra(x) = O(lz| ™),
Gss(x) = O(|x|™),  Gus(x) = O(1), Ga(x) = 0(1),
Grij+5(x) = O0(1),  Gjysp(x) =0(1),  Grigs(x) = O(1),
Gg.ri2(x) = O(1), l,j=1,2,3, rrm=4,5 s=4,5,...,8

hold in the neighborhood of the origin of R3.
THEOREM 9. The matriz G0 (x) = (Gl(?) (x))sxs defined by

A+3u 6 A+ p zm 0 a9
SRh - Ho G =20,
8mppo x| 8wppo [x| ag

a a
G (x) =GN (x) = —a—jw (%), GP(x)= ;;7(0) (%),

k k
G () = 1270(), G0 = Gl = =210,

G (x) =

k 1
G =100, GEE = 1),

0 0 0 0 0 0
G (x) = G (%) = G5 15(0) = G5, (%) = G yg(x) = G a(x) = 0,
1,j=1,2,3, rrm=4,5 s=4,5...,8
is the fundamental solution of the system

pAu+ A+ p)Vdiva =0, a1Apr +asAps =0, azAer + aaAps =0,
k1Ap1 + ksAps = 0, ksAp1 + ke Aps = 0, kAO = 0.
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THEOREM 10. The relations

Gij(x) — G (x) = const + O([x]), 1j=1,2,....8

hold in the neighborhood of the origin of R3.

Thus, on the basis of Theorems 8 and 10 the matrix G (x) is the singular
part of the fundamental solution G(x) in the neighborhood of the origin of R3.

6. Basic properties of potentials and singular integral operators

In this section, the surface (single-layer and double-layer) and volume poten-
tials are defined, the useful singular integral operators are introduced, and the
basic properties of these potentials and operators are established.

In the sequel we use the following matrix differential operator:

R(Dy,n) = (R;;(Dx,n))sxs, Ri;(Dx,n) = Rj;(Dy,n),
Ripy5(Dy,m) = =By, Rys(Dx,n) = —cony,

Rms(DX7n) :Rms(DX7n)7 I = 1,2,3, 7=1,2,...,5,
r=12 m=4,5,...,8, s=1,2,...,8,

(6.1)

where R;;(Dy,n) is given by (3.2).
Let us now introduce the single-layer potential

PO (x,g) = /G(x - y)g(y) dyS,
S

the double-layer potential

PO (x, g) = / [R(Dy,n(y)G" (x —y)] "g(y)dyS,
S

and the volume potential

PO (x, ¢, OF) — / G(x - y)o(y)dy.
Qi

where G is the fundamental matrix of the operator M(Dy) and defined by (5.21),
the operator R is given by (6.1), g and ¢ are eight-component vector functions.

It is not very difficult to prove the basic properties of these potentials.
Namely, we can obtain the following consequences.
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THEOREM 11. If S € ¢t g € C™'(S), 0 < vV < v < 1, and r is
a nonnegative whole number, then:

(1) P(l)(-, g) c CO,V’ (RS) N Or—‘rl,u’ (Qij:) N COO(Q:t)7
w M(D,) PV (x.g) =0, x& 0,

(iii) R(Dg4, n(z)) P(l)(z,g) is a singular integral for z € S,

62)  {R(D,n()PV(sg)}* = ¥ &) + R(D,n() PV(s,g),

. 0 .
PO(x,g) = O(|x|™"), %P(l)(x,g)zO(!X! %)

for|x|>1andl=1,2,3.
THEOREM 12. If S € C"™t% g e C™'(S), 0 < v/ < v < 1, then:

v PO () € O (%) N O(0),
o M(D) PP (x.g) =0, xe0t,
(ii) P (z,g) is a singular integral for z € S,
(iv)
1
(6.3) PP(z,g)}* =+;8(2) + PP(zg), z€S

for the non-negative integer r,

)
PE(xg) = Ox ). 5 PP(xg) = (x| )

for|x|>1andl=1,2,3,
" RDLn) PY e} — (RD,n() PO, g))
for the natural number m and z € S.

THEOREM 13. If S € O™tV ¢ € O™V (Q1), 0 < v/ < v < 1, then:

(i)
(i)

]_3'(3)(.7 o, Q-f—) € Cl,u’ (RS) N CQ(Q—I—) N Cz’y/(Qia_),

M(Dx) PP (x,¢,07) = (x), xeQF,

where Qg is a domain in R® and ﬁ c Qt.
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THEOREM 14. If S€C™, suppp = QCQ~, p € CO' (Q7), 0< v/ <v <1,
then:

() PO(,6,07) e (RY)NCHA) N O (95),
(i) M(Dx)PY(x,¢,07) = ¢(x), xe€Q,
where Q0 is a finite domain in R® and Qia c Q™.

Now we introduce the following integral operators

Hg(z) = 3 g(a) + PO (s,),

Hg(z) = | g(z) + R(D,,n()PV (s, g),
(64 HVg(a) = 3 g(z) + PP (5,5

Hg(z) = 1 g(z) + R(D,,n(z) PV (z,g),

Heg(s) = 8(s) + PO(g), neS,

where ¢ is an arbitrary complex number. On the basis of Theorems 11 and 12,
we can prove that H® (1 =1,2,3,4) and H. are the singular integral operators.

On the other hand, if I'(") = (F;;))gxg is the symbol of the operator H (")
(r=1,2,3,4), then from (6.4) we have

(6.5)  detT'M =detT'® = —det T'® = —det T
1\° p? A+ ) (A +3p)
= | ——= 1-— - > 07
2 (A +2u)? 256(\ + 2u)?
i.e., the operator H() is of the normal type, where r = 1,2, 3, 4.

Moreover, let I'c and ind H¢ be the symbol and the index of the operator H.,
respectively. It may be easily shown that

(A +2p)* — p??
256(A + 2p)?

detT'c =

and det I'c vanishes only at two points ¢; and ¢y of the complex plane. By virtue
of (6.5) and det Ty = det T we get ¢; # 1 (j = 1,2) and

indH; = ind ") = ind H, = 0.
Similarly we obtain

indH® = —indH™ =0, ndH® = —indH® =0.
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Thus, the singular integral operator H(") (r = 1,2,3,4) is of the normal
type with an index equal to zero and consequently, Noether’s theorems are valid
for H(T).

For the definitions of a normal type singular integral operator, the symbol and
the index of the 2D singular integral operators see, e.g., KUPRADZE et al. |34].

7. Existence theorems

In this section, applying the potential method and the theory of singular
integral equations the existence of classical solutions of the internal and external
basic BVPs (K)Ef and (K)p ¢ are proved, where K = I, II.

Taking into account Theorems 13 and 14 we deduce that the volume potential
PO (x,F, Q%) is a particular solution of the nonhomogeneous equation (2.12),
where F € C’O”’/(Qi), 0 < v/ < 1; suppF is a finite domain in Q~. Because
of this, we prove the existence theorems of a regular (classical) solution of the
problems (K)§ ¢ and (K)g ¢, where K = I, I1.

Problem (I )arf_ We are looking for a regular solution to this problem in the
form of the double-layer potential

(7.1) Ux)=PP(x,g) for xeQ,

where g is the required eight-component vector function.
In view of Theorem 12 the vector function U is a solution of the following
homogeneous equation

(7.2) M(Dy)U(x) = 0

for x € Q. By virtue of the boundary condition (3.3) and using (6.3) from (7.1)
we obtain a singular integral equation

(7.3) 1Y g(z) = f(2)

for determining the unknown vector function g, where z € S. We prove that
Eq. (7.3) is always solvable for an arbitrary vector f.

Obviously, the homogeneous adjoint integral equation of (7.3) has the follow-
ing form

(7.4) HPh(z)=0 forzes,

where h is the required eight-component vector function. Now we prove that
(7.4) has only the trivial solution.

Let hy be a solution of the homogeneous equation (7.4). On the basis of
Theorem 11 and Eq. (7.4) the vector function V(x) = P1)(x,h) is a regular
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solution of the external homogeneous BVP (II)g o. By virtue of Theorem 5, the
problem (I1)q o has only the trivial solution, i.e.,

(7.5) V(x)=0 forxeQ .
In addition, by Theorem 11 and (7.5) we get
{(V(z)}t ={V(2)} " =0 forzesS.

Consequently, the vector V(x) is a regular solution of the internal homogegeous
BVP (I )[{0 and using Theorem 3 it follows that

(7.6) V(x)=0 forxe Q.
In view of relations (7.5), (7.6) and identity (6.2) we obtain
ho(z) = {R(Dz,n)V(z)}” — {R(D,,n)V(z)}t =0 forzeS.

Thus, the homogeneous equation (7.4) has only the trivial solution. On the ba-
sis of Noether’s theorem the nonhomogeneous integral equation (7.3) is always
solvable for an arbitrary vector f. We have thereby proved the following result.

THEOREM 15. If S € C*¥, f € CY'(9), 0 < v/ < v < 1, then a regular
solution of the internal BVP (I):{f exists, is unique and is represented by the
double-layer potential (7.1), where g is a solution of the singular integral equation
(7.3) which is always solvable for an arbitrary vector f.

Problem (II)y¢. Now we seek a regular solution to this problem in the form
of the single-layer potential

(7.7) U(x) =P (x,h) forxeQ,

where h is the required eight-component vector function. Clearly, by Theorem 11
the vector function U is a solution of (7.2) for x € Q™. By virtue of the bound-
ary condition (3.6) and using (6.2), from (7.7) we obtain the following singular
integral equation for determining the unknown vector h

HP h(z) =f(z) for z€S. (7.8)

In Theorem 15, we proved that the corresponding homogeneous equation (7.4)
has only the trivial solution. Hence, by Noether’s theorem (7.8) is always solvable.
We have the following consequence.

THEOREM 16. If S € C*¥, f € C%'(S), 0 < v/ < v < 1, then a regular
solution of the external BVP (II)E’f exists, is unique and 1s represented by single-
layer potential (7.7), where h is a solution of the singular integral equation (7.8)
which is always solvable for an arbitrary vector f.
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Problem (I)q¢. We seek a regular solution to this problem in the sum of the
single-layer and double-layer potentials

(7.9) Ux)=PW(x,g)+ PP (x,g) forxeQ,

where g is the required eight-component vector function.

Obviously, by Theorems 11 and 12 the vector function U is a regular solution
of (7.2) for x € Q7. Keeping in mind the boundary condition (3.5) and using
(6.3) from (7.9) we obtain, for determining the unknown vector g, a singular
integral equation

(7.10) HO) g(z) = HO) g(z) + PW(z,g) =f(z) forzeS.

We prove that Eq. (7.10) is always solvable for an arbitrary vector f. We can
casily verify that the singular integral operator H®) is of the normal type and
indH® =indH® = 0.

Now we prove that the homogeneous equation

(7.11) HO) gy(z) =0 forzesS

has only a trivial solution. Let gy be a solution of the homogeneous equation
(7.11). Then the vector

(7.12) V(x) =PW(x,g,) + PP (x,g,) forxeQ

is a regular solution of the external BVP (I)g o. Using Theorem 5 we have (7.5).
Moreover, by identities (6.2) and (6.3) from (7.12) we get

{(V(2)}" = {V(2)}” = &(2),

(7.13)
{R(D,,n)V(z)}" — {R(D,,n)V(z)}” = —go(z), forzcs.

In view of (7.5) from (7.13) it follows that
(7.14) {R(Dz,n)V(z)+V(z)}T =0 forzes.

Obviously, the vector V is a solution of Eq. (7.2) in QT satisfying the boundary
condition (7.14). Now applying identity (4.5) for vector V we obtain

(7.15) {(V(z)}t =0 forzeS.

Finally, by virtue of (7.5) and (7.15) from the first equation of (7.13) we get
go(z) =0forz e S.

Thus, the homogeneous equation (7.11) has only the trivial solution and
therefore on the basis of Noether’s theorem the integral equation (7.10) is always
solvable for an arbitrary vector f. We have thereby proved the following theorem.
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THEOREM 17. If S € C*¥, f € CY'(S), 0 < v/ < v < 1, then a regular
solution of the external BVP (I)(If exists, is unique and is represented by the
sum of double-layer and single-layer potentials (7.9), where g is a solution of
the singular integral equation (7.10) which is always solvable for an arbitrary
vector f.

Problem (I )(J)r ¢- Finally, we are looking for a regular solution to this problem
in the form of a single-layer potential

(7.16) Ux)=PWV(x,g) forxet,

where g is the required eight-component vector function.

In view of Theorem 11 the vector function U is a solution of the homogeneous
equation (7.2). Then, taking into account the identity (6.3) and the boundary
condition (3.4) from (7.16) we obtain, for determining the vector g, the following
singular integral equation

(7.17) HY g(z) =f(z) forzes.

To investigate the solvability of Eq. (7.17) we consider the homogeneous equation
(7.18) HV g(z) =0 forzels.

Clearly, the adjoint homogeneous integral equation of (7.18) has the form
(7.19) HO h(z)=0 forzes.

In our further analysis we need the following consequence.

LEMMA 3. The homogeneous equations (7.18) and (7.19) have siz linearly
independent solutions each and they constitute complete systems of solutions.

Lemma 3 can be proved similarly to the corresponding result in the quasi-
static theory of elasticity for single-porosity materials (see [32]).

Introduce now the eight-component vector functions 9 (x) (j =1,2,...,6)
by
91 (x) = (1,0,0,0,0,0,0,0), 92 (x) = (0,1,0,0,0,0,0,0),
(7.20) 9% (x) = (0,0,1,0,0,0,0,0), 9D (x) = (0, —x3, 22,0,0,0,0,0),

90)(x) = (23,0, —21,0,0,0,0,0), 9O (x) = (—x2,1,0,0,0,0,0,0).

Obviously, {ﬁ(j )(x)}?:1 is the system of linearly independent vectors. Moreover,
by Theorem 4 each vector YU )(X) is a regular solution of the internal homoge-
neous BVP (11 )SF,O and the homogeneous singular integral equation (7.19), i.e.,
we have:
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M(D,) 9 (x) =0 for x € QF,
{R(Dg,n) 99 (z)}T =0, HWBDID(z)=0 forzes

and j = 1,2,...,6. Hence, {19(]')(x)}?:1 is a complete system of linearly inde-
pendent solutions of Eq. (7.19).

Applying Noether’s theorem the necessary and sufficient condition for (7.17)
to be solvable is of the form

(7.21) /f(z) 99 (2)d, S =0, j=1,2,...,6,
S

where 919 is determined by (7.20).
On the other hand, if f = (f1, fo,..., fz) and £ = (f1, fo, f3), then by

virtue of (7.20) the condition (7.21) can be rewritten as:

(7.22) /f<0>(z) d,S =0, /z x £(0(z) d,S = 0.
S S

We have thereby proved the following result.

THEOREM 18. If S € C, £ € C%'(5), 0 < v/ < v < 1, then problem
(If)af is solvable only when conditions (7.22) are fulfilled. In this case, the so-
lution of this problem is represented by the potential of single-layer (7.16) and
1s determined within an additive vector offJ = (a, 1, (,52,[31,]32,@), where g is
a solution of the singular integral equation (7.17) and

a(x)=a+bxx, @) =px)=0x)=0, =12,

forx e QF a and b are arbitrary three-component constant vectors.

8. Conclusion

In this paper, the basic internal and external BVPs of steady vibrations in the
coupled linear quasi-static theory of thermoelasticity for materials with double
porosity are investigated. The research yields the following key findings:

(i) Uniqueness theorems for classical solutions of the aforementioned BVPs
are established through the application of Green’s identity.

(ii) The fundamental solution of the system of steady vibration equations is
explicitly constructed by using seven elementary functions.

(iii) Essential properties of the surface (single-layer and double-layer) and
volume potentials are established.
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(iv) The useful singular integral operators are studied for which Noether’s
theorems are valid.

(v) The existence theorems for classical solutions of the BVPs of steady
vibrations are proved by using the potential method and the theory of singular
integral equations.

The findings presented in this paper serve as a foundation for exploring the
BVPs within the framework of coupled linear quasi-static theory of elasticity
and thermoelasticity. These investigations pertain specifically to materials ex-
hibiting triple porosity. The potential method emerges as a valuable tool in this
endeavor.
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