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This article introduces solution procedures for moving contacts involving
functionally graded multiferroic coatings. A moving rigid punch of a flat or a tri-
angular profile is assumed to be in contact with a multi-layer medium comprising
magneto-electro-elastic coating layers, elastic interlayers, and an elastic substrate,
that is modelled as a half-plane. The formulation is based on wave equations of plane
elastodynamics and Maxwell’s equations. Applying Fourier and Galilean transforma-
tions, a singular integral equation of the second kind is derived for each of the flat
and triangular punch problems. An expansion-collocation technique utilizing Jacobi
polynomials is developed to numerically solve the integral equations. Proposed proce-
dures are verified through comparisons to the results available in the literature. Para-
metric analyses carried out considering functionally graded magneto-electro-elastic
coatings demonstrate the effects of the property variation profile, punch speed, and
coating thickness on contact stresses, electric displacement, and magnetic induction.
The methods presented could be of use in analysis and design studies of multiferroic
layered systems subjected to moving contacts.
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1. Introduction

Ferroics are intelligent materials which are capable of exhibiting a phase
transition around a critical temperature. This transition results in changes in
the directional symmetry of the crystal structure and the physical characteris-
tics. Primary ferroic materials consist of ferroelectrics, ferromagnetics, and fer-
roelastics. Spontaneous electric polarization in ferroelectrics, spin polarization
in ferromagnetics, and strain in ferroelastics can be switched under the effect
of electric field, magnetic field, and stress, respectively. All three primary fer-
roics display hysteresis behavior. Multiferroics – also known as magneto-electro-
elastic (MEE) materials – possess two or more ferroic properties, which are
coupled through magnetoelectric, piezoelectric, and magnetoelastic interactions.
This phenomenon allows employment of the multiferroics in a broad range of
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electronic devices. They can be found as single-phase compounds and multi-
phase materials, which include particulate composites, thin films, and composite
laminates. Among the particular technological applications for which they are
considered, one can mention transducers, sensors, memory devices, resonators,
tunable devices, and oscillators [1–6].

A particular class of multiferroics that has attracted considerable research
interest is that of functionally graded MEE surfaces and layers. Functionally
graded materials (FGMs) are multiphase composites that have smooth spatial
variations in the volume fractions of the constituent phases. Such variations
result in an inhomogeneous macro-structure with spatially changing physical
properties. Design, analysis, and testing of FGM structures have been conducted
for a broad range of industries including aerospace, automotive, machinery and
equipment, biomedical, energy, and electronics [7–11]. All physical properties in
a functionally graded multiferroic layer are functions of the thickness coordinate,
and the property variation profiles can be controlled by suitably specifying the
volume fraction distributions of the constituent phases. Introduction of prop-
erty gradations allows customization of the structural form, and this in turn
facilitates optimization of elastic, magnetic, and electric responses under exter-
nal effects. The prediction of these responses requires that the relevant physi-
cal properties be represented by continuous mathematical functions instead of
constants [12–17].

The coupled magneto-electro-elastic behavior of multiferroics that are brought
into contact with stationary or moving loading agents can be assessed by models
based on contact mechanics. Such solutions allow calculation of singularities as
well as stress, electric displacement, and magnetic induction distributions. For
this reason, development of contact mechanics based procedures is among the
main components of design studies involving such intelligent material systems.
Contact mechanics analyses put forward for multiferroics consider elastostatic
indentation and sliding contact, and elastodynamic moving contact problems.
MEE half-planes and layers examined are assumed to be transversely isotropic
with the symmetry axis normal to the contact area.

Solutions regarding elastostatic frictionless indentation are presented byChen
et al. [18] and Ma et al. [19] for a homogeneous and a functionally graded
MEE half-plane, respectively. Most of the research work however seems to fo-
cus on elastostatic sliding frictional contact problems of multiferroics. Elloumi
et al. [20, 21], Zhou and Kim [22], and Zhou and Lee [23] introduced closed
form solutions for frictional contacts of homogeneous MEE half-planes. The slid-
ing contact behavior of a functionally graded MEE half-plane is examined by
Elloumi et al. [24]. Furthermore, elastostatic contact mechanics analyses for
finite-thickness MEE coatings are performed by Ma et al. [25], Zhang et al. [26],
and Zhang et al. [27]. Lastly, Çömez [28] and Ma et al. [29] investigated the
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effect of frictional heat generation on the contact response of a homogeneous
and an FGM multiferroic layer, respectively. Except for the article by Zhang
et al. [27], which presents a multi-layer approach, in all studies on functionally
graded magneto-electro-elastic materials, the material properties are represented
by exponential functions that possess identical exponents. As a consequence, all
property functions become proportional. Such an assumption is required to make
the governing partial differential equations analytically tractable.

Analysis of moving contact problems of multiferroics requires that wave equa-
tions of elastodynamics be considered in the formulation. Adopting this ap-
proach, Çömez [30] and Zhou and Lee [31, 32] detailed solutions for a homo-
geneous MEE half-plane in contact with different types of moving rigid punches.
It is demonstrated that coupled contact response resulting from a moving punch
could be substantially different than that caused by a stationary punch. But,
there is no prior work on moving contact problems of multi-layer or function-
ally graded MEE materials. Zhang et al. [27] presented a general multi-layer
approach for the sliding contact analysis of functionally graded magneto-electro-
elastic materials. However, the formulation presented is based on the partial
differential equations (PDE’s) of elastostatics and not applicable for a moving
punch problem for which the underlying theory is elastodynamics. Although elas-
tostatic solutions are particularly useful for impending sliding motion of a punch,
consideration of punch speed requires that PDEs of elastodynamics be included
in the formulation.

Multiferroics have the potential to be employed in memory devices, sensors,
and energy harvesters because of the stronger couplings observed among their
magneto-electro-elastic fields [33–36]. In both multi-layer and functionally graded
multiferroics, physical properties are functions of the thickness coordinate and
the material is highly inhomogeneous. Homogeneous half-plane models do not
suffice to realistically represent the moving contact behavior of such structural
configurations. The main objective in the present study is therefore to develop
general moving contact models for multi-layer and functionally graded multifer-
roics, that are based on the PDEs of plane elastodynamics.

The formulation is constructed by considering a multiferroic heterostructure
consisting of an MEE coating, arbitrary number of elastic interlayers, and an
elastic half-plane, which represents a substrate. The MEE coating is composed
of N independently defined homogeneous sub-layers and in contact with a flat or
a triangular rigid punch sliding with a velocity V . Through-the-thickness vari-
ations in the functionally graded MEE coatings are accounted for by specifying
the physical properties of each sub-layer in accordance with the functions that
define the spatial distributions. As a consequence, the property functions of the
FGM coatings are not limited to proportional-exponential functions employed in
previous studies on elastostatic contacts of graded magneto-electro-elastic me-
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dia. In the solution procedure we present, realistic non-proportional property
variations can be defined and implemented by using a sufficiently large value for
the number of sub-layers, N .

By applying Fourier and Galilean transformations, the contact problem for
each punch type is reduced to a singular integral equation of the second kind.
Integral equations are converted to linear systems by expanding the primary
unknowns into series of Jacobi polynomials and utilizing collocation points. The
proposed procedure is verified by comparisons to the results available in the
literature for homogeneous MEE materials. Number of sub-layers to be used
to model the moving contact behavior of FGM MEE coatings is determined
via convergence analysis. Presented numerical results illustrate the influences
of property variation profile, punch speed, and coating thickness on contact
stresses, stress intensity factors (SIFs), electric displacement, and magnetic in-
duction.

The organization of the paper is as follows: Section 2 describes the formu-
lation, and the derivation of general solutions. Section 3 presents the singu-
lar integral equations, and the numerical solution procedures. In Section 4, the
results of the parametric analyses are provided, and Section 5 concludes the
paper.

2. Formulation

The contact problems involving functionally graded multiferroics are depicted
in Fig. 1. A flat or a triangular rigid moving punch of velocity V is in contact
with a composite medium consisting of magneto-electro-elastic layers, purely
elastic interlayers, and an elastic half-plane. The model is parametrically gen-
eral in that the numbers of MEE layers and elastic interlayers are specified as
N and M , respectively. The layers are numbered such that, i = 1, stands for
the half-plane substrate; i = 2, . . . ,M + 1, correspond to elastic interlayers; and
i = M + 2, . . . , N + M + 1, represent the MEE layers. The problem is formu-
lated within the confines of plane elastodynamics, i.e., the medium is in a state
of either plane stress or strain. Normal and tangential forces transferred by the
contact are respectively denoted by P and Q. Coulomb’s friction law is assumed
to hold, and the tangential force, Q, is specified as ηP, η being the coefficient
of kinetic friction. The surface, z = 0 – including the contact zone – is elec-
trically and magnetically insulated. Both the flat and the triangular punches,
and the attached coordinate system X-Z move with a constant velocity V with
respect to the fixed coordinate system x-z. The size of the contact zone is de-
noted by b, which is independent of P in the case of the flat punch problem.
However, for the triangular profile, b is a function of P and the contact is in-
complete.
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Fig. 1. Geometries of the moving contact problems considered: (a) flat punch problem;
(b) triangular punch problem.

All layers and the half-plane are assumed to be transversely isotropic with
z-axis as the axis of symmetry. The constitutive relations:

σ(i)xx
σ(i)zz
σ(i)xz

 =

 c(i)11 c(i)13 0

c(i)13 c(i)33 0

0 0 c(i)44


ε(i)xx
ε(i)zz
2ε(i)xz

 , i = 1, . . . ,M + 1,(2.1a)


σ(i)xx
σ(i)zz
σ(i)xz

 =

 c(i)11 c(i)13 0

c(i)13 c(i)33 0

0 0 c(i)44


ε(i)xx
ε(i)zz
2ε(i)xz

(2.1b)

−

 0 e(i)31
0 e(i)33

e(i)15 0

{E(i)x

E(i)z

}
−

 0 f(i)31
0 f(i)33

f(i)15 0

{H(i)x

H(i)z

}
,

i = M + 2, . . . , N +M + 1,
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D(i)x

D(i)z

}
=

[
0 0 e(i)15

e(i)31 e(i)33 0

]
ε(i)xx
ε(i)zz
2ε(i)xz

(2.1c)

+

[
β(i)11 0

0 β(i)33

]{
E(i)x

E(i)z

}
+

[
g(i)11 0

0 g(i)33

]{
H(i)x

H(i)z

}
,

i = M + 2, . . . , N +M + 1,{
B(i)x

B(i)z

}
=

[
0 0 f(i)15

f(i)31 f(i)33 0

]
ε(i)xx
ε(i)zz
2ε(i)xz

(2.1d)

+

[
g(i)11 0

0 g(i)33

]{
E(i)x

E(i)z

}
+

[
µ(i)11 0

0 µ(i)33

]{
H(i)x

H(i)z

}
,

i = M + 2, . . . , N +M + 1,

are used in the formulation. A subscript in parentheses in the equations desig-
nates the layer number. The variables, σ(i)jk, ε(i)jk, E(i)j , H(i)j , D(i)j , and B(i)j ,
respectively denote stress, strain, electric field, magnetic field, electric displace-
ment, and magnetic induction. Furthermore, the constants c(i)jk, e(i)jk, f(i)jk,
g(i)jk, β(i)jk, and µ(i)jk, stand for elastic, piezoelectric, piezomagnetic, and mag-
netoelectric parameters, dielectric permittivities, and magnetic permeabilities.
Strain, electric and magnetic fields are of the forms:

ε(i)xx =
∂u(i)

∂x
, ε(i)zz =

∂w(i)

∂z
, ε(i)xz =

1

2

(
∂u(i)

∂z
+
∂w(i)

∂x

)
,(2.2a)

i = 1, . . . , N +M + 1,

E(i)x = −
∂φ(i)

∂x
, E(i)z = −

∂φ(i)

∂z
, H(i)x = −

∂ψ(i)

∂x
, H(i)z = −

∂ψ(i)

∂z
,(2.2b)

i = M + 1, . . . , N +M + 1.

The functions u(i) and w(i) are displacement components in x- and z- directions;
and φ(i) and ψ(i) are electric and magnetic potentials.

Equations of motion in terms of stresses and displacements read:

(2.3)
∂σ(i)xx

∂x
+
∂σ(i)xz

∂z
= ρ(i)

∂2u(i)

∂t2
,

∂σ(i)xz

∂x
+
∂σ(i)zz

∂z
= ρ(i)

∂2w(i)

∂t2
,

i = 1, . . . , N +M + 1,

where ρ(i) is density and t is time. Electric displacement and magnetic induction
components on the other hand, must satisfy Maxwell’s equations:

(2.4)
∂D(i)x

∂x
+
∂D(i)z

∂z
= 0,

∂B(i)x

∂x
+
∂B(i)z

∂z
= 0, i = M+2, . . . , N+M+1.
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The governing partial differential equations are derived by substituting Eq. (2.1)
into Eqs. (2.3) and (2.4), and using Eq. (2.2). The resulting PDE system is
written as:

c(i)11
∂2u(i)

∂x2
+ c(i)44

∂2u(i)

∂z2
+ (c(i)13 + c(i)44)

∂2w(i)

∂x∂z
(2.5a)

= ρ(i)
∂2u(i)

∂t2
, i = 1, . . . ,M + 1,

(c(i)13 + c(i)44)
∂2u(i)

∂x∂z
+ c(i)44

∂2w(i)

∂x2
+ c(i)33

∂2w(i)

∂z2
(2.5b)

= ρ(i)
∂2w(i)

∂t2
, i = 1, . . . ,M + 1,

c(i)11
∂2u(i)

∂x2
+ c(i)44

∂2u(i)

∂z2
+ (c(i)13 + c(i)44)

∂2w(i)

∂x∂z
(2.5c)

+ (e(i)15 + e(i)31)
∂2φ(i)

∂x∂z
+ (f(i)15 + f(i)31)

∂2ψ(i)

∂x∂z
= ρ(i)

∂2u(i)

∂t2
,

i = M + 2, . . . , N +M + 1,

(c(i)13 + c(i)44)
∂2u(i)

∂x∂z
+ c(i)44

∂2w(i)

∂x2
+ c(i)33

∂2w(i)

∂z2
+ e(i)15

∂2φ(i)

∂x2
(2.5d)

+ e(i)33
∂2φ(i)

∂z2
+ f(i)15

∂2ψ(i)

∂x2
+ f(i)33

∂2ψ(i)

∂z2
= ρ(i)

∂2w(i)

∂t2
,

i = M + 2, . . . , N +M + 1,

(e(i)15 + e(i)31)
∂2u(i)

∂x∂z
+ e(i)15

∂2w(i)

∂x2
+ e(i)33

∂2w(i)

∂z2
− β(i)11

∂2φ(i)

∂x2
(2.5e)

− β(i)33
∂2φ(i)

∂z2
− g(i)11

∂2ψ(i)

∂x2
− g(i)33

∂2ψ(i)

∂z2
= 0,

i = M + 2, . . . , N +M + 1,

(f(i)15 + f(i)31)
∂2u(i)

∂x∂z
+ f(i)15

∂2w(i)

∂x2
+ f(i)33

∂2w(i)

∂z2
− g(i)11

∂2φ(i)

∂x2
(2.5f)

− g(i)33
∂2φ(i)

∂z2
− µ(i)11

∂2ψ(i)

∂x2
− µ(i)33

∂2ψ(i)

∂z2
= 0,

i = M + 2, . . . , N +M + 1.

Note that unlike the PDEs of an elastostatic problem, right-hand-sides of the
wave equations – which are given by Eqs. (2.5a)–(2.5d) – contain acceleration
components. In order to eliminate time dependence, the Galilean transformation

(2.6) x = X + V t, z = Z,

is introduced. For the steady-state motion of the punch, unknown functions can
be expressed as follows:
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u(i)(x, z, t) = U(i)(X,Z), i = 1, . . . , N +M + 1,(2.7a)

w(i)(x, z, t) = W(i)(X,Z), i = 1, . . . , N +M + 1,(2.7b)

φ(i)(x, z, t) = Φ(i)(X,Z), i = M + 2, . . . , N +M + 1,(2.7c)

ψ(i)(x, z, t) = Ψ(i)(X,Z), i = M + 2, . . . , N +M + 1,(2.7d)

σ(i)xx(x, z, t) = σ(i)XX(X,Z), i = 1, . . . , N +M + 1,(2.7e)

σ(i)zz(x, z, t) = σ(i)ZZ(X,Z), i = 1, . . . , N +M + 1,(2.7f)

σ(i)xz(x, z, t) = σ(i)XZ(X,Z), i = 1, . . . , N +M + 1,(2.7g)

D(i)x(x, z, t) = D(i)X(X,Z), i = M + 2, . . . , N +M + 1,(2.7h)

D(i)z(x, z, t) = D(i)Z(X,Z), i = M + 2, . . . , N +M + 1,(2.7i)

B(i)x(x, z, t) = B(i)X(X,Z), i = M + 2, . . . , N +M + 1,(2.7j)

B(i)z(x, z, t) = B(i)Z(X,Z), i = M + 2, . . . , N +M + 1.(2.7k)

The differential relations among the variables defined in the fixed and the mov-
ing coordinates are derived by applying chain rule. Considering u(i)(x, y, t) and
its counterpart in the moving coordinate system, U(i)(X,Y ), as representative
functions, these relations are written as:

∂u(i)

∂x
=
∂U(i)

∂X
,

∂2u(i)

∂x2
=
∂2U(i)

∂X2
,

∂u(i)

∂z
=
∂U(i)

∂Z
,

∂2u(i)

∂z2
=
∂2U(i)

∂Z2
,(2.8a)

∂u(i)

∂t
= −V

∂U(i)

∂X
,

∂2u(i)

∂t2
= V 2∂

2U(i)

∂X2
.(2.8b)

Replacing the variables and differential operators in Eq. (2.5) with those defined
in the moving system, we obtain:

(c(i)11 − λ2(i)c(i)44)
∂2U(i)

∂X2
+ c(i)44

∂2U(i)

∂Z2
+ (c(i)13 + c(i)44)

∂2W(i)

∂X∂Z
= 0,(2.9a)

i = 1, . . . ,M + 1,

(c(i)13 + c(i)44)
∂2U(i)

∂X∂Z
+ c(i)44(1− λ2(i))

∂2W(i)

∂X2
+ c(i)33

∂2W(i)

∂Z2
= 0,(2.9b)

i = 1, . . . ,M + 1,

(c(i)11 − λ2(i)c(i)44)
∂2U(i)

∂X2
+ c(i)44

∂2U(i)

∂Z2
+ (c(i)13 + c(i)44)

∂2W(i)

∂X∂Z
(2.9c)

+ (e(i)15 + e(i)31)
∂2Φ(i)

∂X∂Z
+ (f(i)15 + f(i)31)

∂2Ψ(i)

∂X∂Z
= 0,

i = M + 2, . . . , N +M + 1,
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(c(i)13 + c(i)44)
∂2U(i)

∂X∂Z
+ c(i)44(1− λ2(i))

∂2W(i)

∂X2
+ c(i)33

∂2W(i)

∂Z2
(2.9d)

+ e(i)15
∂2Φ(i)

∂X2
+ e(i)33

∂2Φ(i)

∂Z2
+ f(i)15

∂2Ψ(i)

∂X2
+ f(i)33

∂2Ψ(i)

∂Z2
= 0,

i = M + 2, . . . , N +M + 1,

(e(i)15 + e(i)31)
∂2U(i)

∂X∂Z
+ e(i)15

∂2W(i)

∂X2
+ e(i)33

∂2W(i)

∂Z2
− β(i)11

∂2Φ(i)

∂X2
(2.9e)

− β(i)33
∂2Φ(i)

∂Z2
− g(i)11

∂2Ψ(i)

∂X2
− g(i)33

∂2Ψ(i)

∂Z2
= 0,

i = M + 2, . . . , N +M + 1,

(f(i)15 + f(i)31)
∂2U(i)

∂X∂Z
+ f(i)15

∂2W(i)

∂X2
+ f(i)33

∂2W(i)

∂Z2
− g(i)11

∂2Φ(i)

∂X2
(2.9f)

− g(i)33
∂2Φ(i)

∂Z2
− µ(i)11

∂2Ψ(i)

∂X2
− µ(i)33

∂2Ψ(i)

∂Z2
= 0,

i = M + 2, . . . , N +M + 1,

where λ(i) is dimensionless punch speed relative to layer i defined by

(2.10) λ(i) =
V√

c(i)44/ρ(i)

, i = 1, . . . , N +M + 1.

The problems depicted in Fig. 1 are to be solved under continuity, boundary,
and equilibrium conditions. Outside the contact zone, the surface, Z = 0, is
stress-free, and in the contact region normal stress is unknown and shear stress
is given by Coulomb’s law. Furthermore, the surface is assumed to be electro-
magnetically insulated. These conditions are expressed as follows:

σ(N+M+1)ZZ(X, 0) =

{
S(X), 0 < X < b,

0, X < 0, b < X,
(2.11a)

σ(N+M+1)XZ(X, 0) =

{
ηS(X), 0 < X < b,

0, X < 0, b < X,
(2.11b)

D(N+M+1)Z(X, 0) = 0, B(N+M+1)Z(X, 0) = 0, −∞ < X <∞.(2.11c)

The function, S(X), in Eq. (2.11a, b) designates the unknown contact stress.
Continuity requirements at the interfaces are of the forms:

U(i)(X, d(i)) = U(i+1)(X, d(i)), i = 1, . . . , N+M, −∞ < X <∞,(2.12a)

W(i)(X, d(i)) = W(i+1)(X, d(i)), i = 1, . . . , N+M, −∞ < X <∞,(2.12b)

σ(i)ZZ(X, d(i)) = σ(i+1)ZZ(X, d(i)), i = 1, . . . , N+M, −∞ < X <∞,(2.12c)
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σ(i)XZ(X, d(i)) = σ(i+1)XZ(X, d(i)),(2.12d)

i = 1, . . . , N+M, −∞ < X <∞,
Φ(i)(X, d(i)) = Φ(i+1)(X, d(i)),(2.12e)

i = M+2, . . . , N+M, −∞ < X <∞,
Ψ(i)(X, d(i)) = Ψ(i+1)(X, d(i)),(2.12f)

i = M+2, . . . , N+M, −∞ < X <∞,
D(i)Z(X, d(i)) = D(i+1)Z(X, d(i)),(2.12g)

i = M+2, . . . , N+M, −∞ < X <∞,
B(i)Z(X, d(i)) = B(i+1)Z(X, d(i)),(2.12h)

i = M+2, . . . , N+M, −∞ < X <∞,
where

(2.13) d(i) =

N+M+1∑
j=i+1

hj ,

are the Z-coordinates of the interfaces. Elastic interlayers do not display electro-
magnetic behavior. For this reason, electric displacement and magnetic induction
have to be zero at the interface, Z = hc, which implies

(2.14) D(M+2)Z(X,hc) = 0, B(M+2)Z(X,hc) = 0, −∞ < X <∞.

The displacement derivative in the contact area is prescribed in accordance with
the punch profile, and the punch itself is in equilibrium. The equalities:

∂W(N+M+1)(X, 0)

∂X
(2.15a)

=

{
0 for the flat punch,
− tan(θ) for the triangular punch,

0 < X < b,

b∫
0

S(t) dt = −P,(2.15b)

represent these two conditions. Additionally, regularity conditions require that
all field quantities be bounded as

√
X2 + Z2 →∞.

Applying the Fourier transformation in X-direction to the governing PDEs
given by Eq. (2.9), the general solutions:

U(i)(X,Z) =
1

2π

∞∫
−∞

k∑
j=1

G(i)je
(s(i)jZ+IζX)dζ, −∞ < X <∞,(2.16a)

i = 1, k = 2, i = 2, . . . ,M + 1, k = 4, i = M + 2, . . . , N +M + 1, k = 8,
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W(i)(X,Z) =
1

2π

∞∫
−∞

k∑
j=1

G(i)jF(i)je
(s(i)jZ+IζX) dζ, −∞ < X <∞,(2.16b)

i = 1, k = 2, i = 2, . . . ,M + 1, k = 4, i = M + 2, . . . , N +M + 1, k = 8,

Φ(i)(X,Z) =
1

2π

∞∫
−∞

k∑
j=1

G(i)jR(i)je
(s(i)jZ+IζX) dζ, −∞ < X <∞,(2.16c)

i = M + 2, . . . , N +M + 1, k = 8,

Ψ(i)(X,Z) =
1

2π

∞∫
−∞

k∑
j=1

G(i)jY(i)je
(s(i)jZ+IζX) dζ, −∞ < X <∞,(2.16d)

i = M + 2, . . . , N +M + 1, k = 8,

are derived. In these expressions, s(i)j , is the jth root of the characteristic equa-
tion of layer i, I is the imaginary unit, and G(i)j are unknown functions. The
roots for i = 1, . . . ,M + 1, are written as:

s(1)1 = −
√

2

2

√
φ(1)1 +

√
φ(1)2

φ(1)3
|ζ|, s(1)2 = −

√
2

2

√
φ(1)1 −

√
φ(1)2

φ(1)3
|ζ|,(2.17a)

Re(s(1)1) < 0, Re(s(1)2) < 0,

s(i)1 =

√
2

2

√
φ(i)1 +

√
φ(i)2

φ(i)3
|ζ|, s(i)2 = −

√
2

2

√
φ(i)1 +

√
φ(i)2

φ(i)3
|ζ|,(2.17b)

i = 2, . . . ,M + 1,

s(i)3 =

√
2

2

√
φ(i)1 −

√
φ(i)2

φ(i)3
|ζ|, s(i)4 = −

√
2

2

√
φ(i)1 −

√
φ(i)2

φ(i)3
|ζ|,(2.17c)

i = 2, . . . ,M + 1,

φ(i)1 = −λ2(i)c(i)33c(i)44 − λ
2
(i)c

2
(i)44 + c(i)11c(i)33 − c2(i)13 − 2c(i)13c(i)44,(2.17d)

i = 1, . . . ,M + 1,

φ(i)2 = λ4(i)c
2
(i)33c

2
(i)44 − 2λ4(i)c(i)33c

3
(i)44 + λ4(i)c

4
(i)44(2.17e)

− 2λ2(i)c(i)11c
2
(i)33c(i)44 + 2λ2(i)c(i)11c(i)33c

2
(i)44 + 4c2(i)13c

2
(i)44

+ 2λ2(i)c
2
(i)13c(i)33c(i)44 + 2λ2(i)c

2
(i)13c

2
(i)44

+ 4λ2(i)c(i)13c(i)33c
2
(i)44 + 4λ2(i)c(i)13c

3
(i)44 + 4λ2(i)c(i)33c

3
(i)44

+ c2(i)11c
2
i33 − 2c(i)11c

2
(i)13c(i)33 − 4c(i)11c(i)13c(i)33c(i)44

− 4c(i)11c(i)33c
2
(i)44 + c4(i)13 + 4c3(i)13c(i)44, i = 1, . . . ,M + 1,

φ(i)3 =
√
c(i)33c(i)44, i = 1, . . . ,M + 1,(2.17f)
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where Re denotes the real part. The roots for the half-plane given by Eq. (2.17a)
have negative real parts due to the regularity conditions. For the MEE layers,
for which i = M + 2, . . . , N + M + 1, the roots are evaluated by solving the
equation:

(2.18)∣∣∣∣∣∣∣∣∣
−ζ2(c(i)11 − λ2(i)c(i)44) + s2(i)c(i)44 Iζs(i)(c(i)13 + c(i)44) Iζs(i)(e(i)15 + e(i)31) Iζs(i)(f(i)15 + f(i)31)

Iζs(i)(c(i)13 + c(i)44) −ζ2c(i)44(1− λ2(i)) + s2(i)c(i)33 −ζ
2e(i)15 + s2(i)e(i)33 −ζ

2f(i)15 + s2(i)f(i)33
Iζs(i)(e(i)15 + e(i)31) −ζ2e(i)15 + s2(i)e(i)33 ζ2β(i)11 − s2(i)β(i)33 ζ2g(i)11 − s2(i)g(i)33
Iζs(i)(f(i)15 + f(i)31) −ζ2f(i)15 + s2(i)f(i)33 ζ2g(i)11 − s2(i)g(i)33 ζ2µ(i)11 − s2(i)µ(i)33

∣∣∣∣∣∣∣∣∣
= 0.

The functions, F(i)j , R(i)j , and Y(i)j , are of the forms:

F(1)j = −
Iζs(1)j(c(1)13 + c(1)44)

−ζ2c(1)44(1− λ2(1)) + s2(1)jc(1)33
, j = 1, 2,(2.19a)

F(i)j = −
Iζs(i)j(c(i)13 + c(i)44)

−ζ2c(i)44(1− λ2(i)) + s2(i)jc(i)33
,(2.19b)

i = 2, . . . ,M + 1, j = 1, . . . , 4,
F(i)j

R(i)j

Y(i)j

 =(2.19c)

−

−ζ
2c(i)44(1− λ2(i)) + s2(i)jc(i)33 −ζ

2e(i)15 + s2(i)je(i)33 −ζ
2f(i)15 + s2(i)jf(i)33

−ζ2e(i)15 + s2(i)je(i)33 ζ2β(i)11 − s2(i)jβ(i)33 ζ2g(i)11 − s2(i)jg(i)33
−ζ2f(i)15 + s2(i)jf(i)33 ζ2g(i)11 − s2(i)jg(i)33 ζ2µ(i)11 − s2(i)jµ(i)33


−1

×


Iζs(i)j(c(i)13 + c(i)44)

Iζs(i)j(e(i)15 + e(i)31)

Iζs(i)j(f(i)15 + f(i)31)

 ,

i = M + 2, . . . , N +M + 1, j = 1, . . . , 8.

Note that there are a total of 2 roots for the elastic substrate, i = 1; 4 roots
for each of the elastic layers, i = 2, . . . ,M + 1; and 8 roots for each of the MEE
layers, i = M + 2, . . . , N + M + 1. The number of unknown functions, G(i)j ,
is 8N + 4M + 2. These functions are determined by using the interface and
boundary conditions given in Eqs. (2.11)–(2.14).

The integral equation for each of the flat and triangular punch problems is de-
rived by imposing the displacement derivative condition expressed by Eq. (2.15a).
After a rather lengthy procedure involving asymptotic analyses of the integrands
of the Fredholm kernels; displacement derivative, normal stress in X-direction,
electric displacement, and magnetic induction, at the surface of the uppermost
layer, i = N +M + 1, i.e., at Z = 0, are obtained as follows:
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∂W(N+M+1)(X, 0)

∂X
(2.20a)

=
p1
π

b∫
0

S(ξ)

ξ −X
dξ + p2ηS(X) +

1

π

b∫
0

[k11(ξ,X) + ηk12(ξ,X)]S(ξ) dξ,

−∞ < X <∞,

σ(N+M+1)XX(X, 0) =
p3p10η

π

b∫
0

S(ξ)

ξ −X
dξ + (p9 + p4p10)S(X)(2.20b)

+
p10
π

b∫
0

[ηk21(ξ,X) + k22(ξ,X)]S(ξ) dξ, −∞ < X <∞,

D(N+M+1)X(X, 0) = −(p12p5 + p13p7)

π

b∫
0

S(ξ)

ξ −X
dξ(2.20c)

+ η(p11 − p12p6 − p13p8)S(X)

− p12
π

b∫
0

[k31(ξ,X) + ηk32(ξ,X)]S(ξ) dξ

− p13
π

b∫
0

[k41(ξ,X) + ηk42(ξ,X)]S(ξ) dξ, −∞ < X <∞,

B(N+M+1)X(X, 0) = −(p13p5 + p15p7)

π

b∫
0

S(ξ)

ξ −X
dξ(2.20d)

+ η(p14 − p13p6 − p15p8)S(X)

− p13
π

b∫
0

[k31(ξ,X) + ηk32(ξ,X)]S(ξ) dξ

− p15
π

b∫
0

[k41(ξ,X) + ηk42(ξ,X)]S(ξ) dξ, −∞ < X <∞,

where the Fredholm kernels, kij , are expressed as:

k11(ξ,X) =

∞∫
0

(h11(ζ)− p1) sin(ζ(ξ −X)) dζ,(2.21a)

k12(ξ,X) =

∞∫
0

(h12(ζ)− p2) cos(ζ(ξ −X)) dζ,(2.21b)
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k21(ξ,X) =

∞∫
0

(h21(ζ)− p3) sin(ζ(ξ −X)) dζ,(2.21c)

k22(ξ,X) =

∞∫
0

(h22(ζ)− p4) cos(ζ(ξ −X)) dζ,(2.21d)

k31(ξ,X) =

∞∫
0

(h31(ζ)− p5) sin(ζ(ξ −X)) dζ,(2.21e)

k32(ξ,X) =

∞∫
0

(h32(ζ)− p6) cos(ζ(ξ −X)) dζ,(2.21f)

k41(ξ,X) =

∞∫
0

(h41(ζ)− p7) sin(ζ(ξ −X)) dζ,(2.21g)

k42(ξ,X) =

∞∫
0

(h42(ζ)− p8) cos(ζ(ξ −X)) dζ.(2.21h)

The integrand functions, hij , and the constants, pi, i = 9, . . . , 15, are provided
in the Appendix. The coefficients, pi, i = 1, . . . , 8, are calculated by numerical
asymptotic analyses of the integrands.

3. Integral equations and numerical solution procedures

In this section, we outline the numerical solution procedures for the flat and
triangular punch problems depicted in Fig. 1. The singular integral equation for
each case is derived by equating the displacement derivative given by Eq. (2.20a)
to the derivative dictated by the rigid punch profile. An expansion-collocation
technique in which the contact stress is expanded into a series of Jacobi polyno-
mials is developed so as to compute the unknown quantities.

3.1. Flat punch

We first introduce the variables, r and s, and the substitutions:

ξ =
b

2
r +

b

2
, X =

b

2
s+

b

2
, kij(ξ,X) =

2

b
Kij(r, s),(3.1a)

i = 1, . . . , 4, j = 1, 2, 0 < (ξ,X) < b, −1 < (r, s) < 1,

S(X)

P/b
=
S
(
b
2s+ b

2

)
P/b

= SZZ(s),(3.1b)
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to be able to express the integral equation and the unknown functions in the
dimensionless interval (−1, 1). Such a mapping from (0, b) to (−1, 1) is required
in the implementation of the expansion-collocation technique, in which the in-
terval (−1, 1) is the domain for both the weight function and the orthogonal
polynomials.

The function SZZ(s) in Eq. (3.1b) is the dimensionless contact stress. Con-
sidering the fact that the displacement derivative, ∂W (X, 0)/∂X, is zero in the
contact zone for the flat punch, and using Eq. (2.20a), the singular integral
equation

(3.2)
p1
π

1∫
−1

SZZ(r)

r − s
dr + ηp2SZZ(s)

+
1

π

1∫
−1

[K11(r, s) + ηK12(r, s)]SZZ(r) dr = 0, −1 < s < 1,

is obtained. Furthermore, from the punch equilibrium condition given by
Eq. (2.15b), it follows that,

(3.3)
1∫
−1

SZZ(r) dr = −2.

The unknown contact stress is expanded into a series,

SZZ(s) = w(s)

∞∑
n=0

AnP
(α1,α2)
n (s), −1 < s < 1,(3.4a)

w(s) = (1− s)α1(1 + s)α2 ,(3.4b)

where w(s) is the weight function; α1 and α2 are strengths of singularity at
the ends; An’s are unknown coefficients of the expansion; and P (α1,α2)

n (s) is the
Jacobi polynomial of order n. Applying the function-theoretic method [37], α1

and α2 are found as follows:

(3.5) α1 =
1

π
arc cot

(
−ηp2
p1

)
, α2 =

1

π
arc cot

(
ηp2
p1

)
.

For the flat punch, −1 < (α1, α2) < 0 and α1 + α2 = −1. Substitution of the
series form into the integral equation and regularization of the singular integrals
by means of the orthogonality properties of Jacobi polynomials leads to:

∞∑
n=0

An

{
− p1

2 sin(πα1)
P

(−α1,−α2)
n−1 (s) +

1

π
[Z1n(s) + Z2n(s)]

}
= 0,(3.6a)

− 1 < s < 1,
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Z1n(s) =

1∫
−1

K11(r, s)w(r)P (α1,α2)
n (r) dr,(3.6b)

Z2n(s) = η

1∫
−1

K12(r, s)w(r)P (α1,α2)
n (r) dr.(3.6c)

Using the equilibrium condition given by Eq. (3.3), A0 is obtained in the following
form

(3.7) A0 = −2 sin(π(1 + α1))

π
.

Truncation of the infinite series in Eq. (3.6a) at n = Nt results in an Nt × Nt

linear system, which is solved by the use of the collocation points

(3.8) si = cos

(
(2i− 1)π

2Nt

)
, i = 1, . . . , Nt.

Once the singular integral equation is solved and expansion coefficients are
determined, mode I stress intensity factors at ends of the flat punch and all field
quantities can also be calculated. Mode I stress intensity factors are defined by:

kI(0) = lim
X→0

−σ(N+M+1)ZZ(X, 0)

2α1Xα2
,(3.9a)

kI(b) = lim
X→b

−σ(N+M+1)ZZ(X, 0)

2α2(b−X)α1
.(3.9b)

Normalized SIFs are then written as

KI(−1) =
(b/2)α2

2(P/b)
kI(0) = −1

2

Nt∑
n=0

AnP
(α1,α2)
n (−1),(3.10a)

KI(1) =
(b/2)α1

2(P/b)
kI(b) = −1

2

Nt∑
n=0

AnP
(α1,α2)
n (1).(3.10b)

Dimensionless stress, electric displacement, and magnetic induction in X-direc-
tion are of the forms:

SXX(s) =
σ(N+M+1)XX(X, 0)

P/b
(3.11a)

=
p3p10η

π

1∫
−1

SZZ(r)

r − s
dr + (p9 + p4p10)SZZ(s)

+
p10
π

1∫
−1

[ηK21(r, s) +K22(r, s)]SZZ(r) dr, −∞ < s <∞,
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ΩX(s) =
D(N+M+1)X(X, 0)

P/(p16b)
(3.11b)

= −(p12p5 + p13p7)p16
π

1∫
−1

SZZ(r)

r − s
dr

+ ηp16(p11 − p12p6 − p13p8)SZZ(s)

− p12p16
π

1∫
−1

[K31(r, s) + ηK32(r, s)]SZZ(r) dr

− p13p16
π

1∫
−1

[K41(r, s) + ηK42(r, s)]SZZ(r) dr, −∞ < s <∞,

ΓX(s) =
B(N+M+1)X(X, 0)

P/(p17b)
(3.11c)

= −(p13p5 + p15p7)p17
π

×
1∫
−1

SZZ(r)

r − s
dr + ηp17t(p14 − p13p6 − p15p8)SZZ(s)

− p13p17
π

1∫
−1

[K31(r, s) + ηK32(r, s)]SZZ(r) dr

− p15p17
π

1∫
−1

[K41(r, s) + ηK42(r, s)]SZZ(r) dr, −∞ < s <∞.

The constants p16 and p17 are provided in the Appendix.

3.2. Triangular punch

The moving triangular punch problem examined is shown in Fig. 1(b). The
substitutions used are given by Eq. (3.1a). The normalized stress in this case is
defined as

(3.12)
S(X)

c44(0) tan(θ)
=

S
(
b
2s+ b

2

)
c44(0) tan(θ)

= SZZ(s),

where c44(0) stands for the value of the shear modulus at Z = 0, and θ is the
punch inclination angle. The singular integral equation and the complementary
equilibrium condition then take the forms:
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p1
π

1∫
−1

SZZ(r)

r − s
dr + ηp2SZZ(s)(3.13a)

+
1

π

1∫
−1

[K11(r, s) + ηK12(r, s)]SZZ(r) dr = − 1

c44(0)
, −1 < s < 1,

1∫
−1

SZZ(r) dr = − 2P

c44(0) tan(θ)b
.(3.13b)

SZZ(s) expression for the triangular punch is exactly the same as that given by
Eq. (3.4). However, in this case, 0 < α1 < 1, −1 < α2 < 0, and α1+α2 = 0. Upon
substituting the series representation of SZZ(s) into Eq. (3.13a), the functional
equation

(3.14)
∞∑
n=0

An

{
− p1

sin(πα1)
P (−α1,−α2)
n (s) +

1

π
[Z1n(s) + Z2n(s)]

}
= − 1

c44(0)
, −1 < s < 1,

is obtained. The integrals Z1n(s) and Z2n(s) are expressed by Eq. (3.6b). Trun-
cating the infinite series at n = Nt, and using the collocation points

(3.15) si = cos

(
(2i− 1)π

2(Nt + 1)

)
, i = 1, . . . , Nt + 1,

an (Nt + 1)× (Nt + 1) system of linear equations is generated for the unknown
coefficients. The required contact force is derived by considering Eq. (3.13b), and
written as

(3.16)
P

c44(0) tan(θ)b
=

A0πα1

sin(π(1 + α1))
.

Mode I stress intensity factor at the sharp end, X = 0, is defined by

(3.17) kI(0) = lim
X→0

(−Xα1σ(N+M+1)ZZ(X, 0)),

which leads to

(3.18) KI(−1) =
kI(0)

c44(0) tan(θ)bα1
= −

Nt∑
n=0

AnP
(α1,α2)
n (−1).

The other functions representing the contact response of the multiferroic het-
erostructure, i.e., dimensionless stress, electric displacement, and magnetic in-
duction in X-direction are expressed in dimensionless forms as follows:
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SXX(s) =
σ(N+M+1)XX(X, 0)

c44(0) tan(θ)
(3.19a)

=
p3p10η

π

1∫
−1

SZZ(r)

r − s
dr + (p9 + p4p10)SZZ(s)

+
p10
π

1∫
−1

[ηK21(r, s) +K22(r, s)]SZZ(r) dr, −∞ < s <∞,

ΩX(s) =
D(N+M+1)X(X, 0)

c44(0) tan(θ)/p16
(3.19b)

= −(p12p5 + p13p7)p16
π

1∫
−1

SZZ(r)

r − s
dr

+ ηp16(p11 − p12p6 − p13p8)SZZ(s)

− p12p16
π

1∫
−1

[K31(r, s) + ηK32(r, s)]SZZ(r) dr

− p13p16
π

1∫
−1

[K41(r, s) + ηK42(r, s)]SZZ(r) dr, −∞ < s <∞,

ΓX(s) =
B(N+M+1)X(X, 0)

c44(0) tan(θ)/p17
(3.19c)

= −(p13p5 + p15p7)p17
π

1∫
−1

SZZ(r)

r − s
dr

+ ηp17(p14 − p13p6 − p15p8)SZZ(s)

− p13p17
π

1∫
−1

[K31(r, s) + ηK32(r, s)]SZZ(r) dr

− p15p17
π

1∫
−1

[K41(r, s) + ηK42(r, s)]SZZ(r) dr, −∞ < s <∞.

4. Numerical results

The contact problem geometries considered in the parametric analyses are
shown in Fig. 1. A rigid punch of a flat or a triangular profile slides with a ve-
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locity V over the surface of a multi-layer structure, which is in a state of plane
strain. The FGM MEE coating is of thickness, hc, and assumed to be 100% bar-
ium titanate (BaTiO3) – cobalt ferrite (CoFe2O4) composite at Z = 0, and 100%
lanthanum nickel oxide (LaNiO3) at the interface Z = hc. The volume fraction
of each component in the barium titanate-cobalt ferrite composite is specified
as 50%. Barium titanate acts as the piezoelectric constituent, whereas cobalt
ferrite possesses magnetostrictive characteristics. The half-plane material is as-
sumed to be silicon. The interlayers between the half-plane and the FGM MEE
coating are yttria-stabilized zirconia (YSZ), ceric oxide (CeO2), and LaNiO3,
which are identified by the layer numbers i = 2, 3, and 4.M is therefore set as 3.
The properties of all materials are provided in Table 1. Note that Silicon, YSZ,
and CeO2 are isotropic; LaNiO3 is cubic; and the BaTiO3–CoFe2O4 composite
is transversely isotropic. The FGM MEE coating is modelled by N homogeneous
MEE layers, and the value of N is determined through convergence analysis as
described in Section 4.2. The general configuration for the multi-layer system is
discussed by Scigaj et al. [34].

Previous solutions on contact mechanics of functionally graded magneto-
electro-elastic materials are developed for elastostatic loading. In most of the
studies, the spatial variations are represented by proportional exponential func-
tions. The exponents of the functions are taken equal to be able to formulate the
problem in terms of the constant coefficient PDEs. The multi-layer modelling
approach depicted in Fig. 1 however allows consideration of nonproportional
spatial variations in all material properties. Additionally, the model is capable of
accounting for the multi-layer configurations encountered in applications. Thus,
the methods introduced allow accurate computation of contact stresses induced
in multiferroic heterostructures due to moving contacts.

Through-the-thickness variation of any of the properties of the functionally
graded MEE coating is expressed in terms of a power function in the form,

(4.1) χ(Z) = χ0 + (χh − χ0)(Z/hc)
γ , 0 < Z < hc,

where χ is a generic property, hc is the thickness of the coating, the subscripts 0
and h, respectively, indicate properties computed at Z = 0 and hc, and γ is the
power function exponent. Note that at the interface, Z = hc, χ is equal to χh,
which designates the generic property of LaNiO3. The power function represen-
tation assures the continuity of all required parameters at the interface. Since
LaNiO3 does not display multiferroic behavior, its electromagnetic properties
are all zero. Thus, the electromagnetic properties of the MEE coating are also
zero at Z = hc.

Material parameters of each layer in the FGM MEE coating are computed
at the centroid in accordance with the general through-the-thickness variations
specified by Eq. (4.1). In parametric analyses, we consider three different FGM
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Table 1. Material properties used in the parametric analyses [32, 38–43].

Property Silicon YSZ CeO2 LaNiO3 BaTiO3-CoFe2O4

c11 [GPa] 188.37 284.14 286.93 405.5 226
c13 [GPa] 53.13 127.66 128.91 119.2 124
c33 [GPa] 188.37 284.14 286.93 405.5 216
c44 [GPa] 67.62 78.24 79.01 103.6 44
e15 [C/m2] 5.8
e31 [C/m2] −2.2
e33 [C/m2] 9.3
f15 [N/Am] 275
f31 [N/Am] 290.2
f33 [N/Am] 350
β11 [10−9 C2/Nm2] 5.64
β33 [10−9 C2/Nm2] 6.35
µ11 [10−6 Ns2/C2] 297
µ33 [10−6 Ns2/C2] 83.5
ρ [kg/m3] 2330 6090 7215 7200 5550
g11 [10−12 Ns/VC] 5.367
g33 [10−12]Ns/VC] 2737.5

Table 2. Exponent values used in the parametric analyses.

Property Exponent FGM1 FGM2 FGM3
c11 γ1 1 1.5 3.0
c13 γ2 1 1.5 3.0
c33 γ3 1 1.5 3.0
c44 γ4 1 1.5 3.0
e15 γ5 1 1.5 3.0
e31 γ6 1 1.5 3.0
e33 γ7 1 1.5 3.0
f15 γ8 1 1.6 3.2
f31 γ9 1 1.6 3.2
f33 γ10 1 1.6 3.2
β11 γ11 1 1.6 3.2
β33 γ12 1 1.6 3.2
µ11 γ13 1 1.8 3.6
µ33 γ14 1 1.8 3.6
ρ γ15 1 2.0 4.0
g11 γ16 1 2.0 4.0
g33 γ17 1 2.0 4.0
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coatings (FGM1, FGM2, FGM3) and a homogeneous coating (H). Table 2 tabu-
lates the exponents of the power functions for FGMs and their numerical values.
FGM1 is the linear variation coating for which all exponents are unity. FGM2 and
FGM3 are barium titanate – cobalt ferrite rich and their exponents are greater
than one. The parameters of the homogeneous MEE coating, H, are equal to
those of the barium titanate – cobalt ferrite composite given in Table 1.

4.1. Verification

Developed procedures are verified by comparisons to the numerical results
provided by Zhou and Lee [32]. The problem solved in [32] is that of a homo-
geneous magneto-electro-elastic half-plane in contact with a frictionless moving
flat punch of velocity V , which can be defined as a special case of the general
problem depicted in Fig. 1(a). The half-plane is assumed to be a barium titanate
(BaTiO3) – cobalt ferrite (CoFe2O4) composite, and in a state of plane strain.
Homogenized properties of the MEE half-plane are the same as those of the bar-
ium titanate – cobalt ferrite composite provided in Table 1. The model depicted
in Fig. 1(a) allows the calculation of the contact stresses for the homogeneous
half-plane, provided that a single homogeneous MEE layer with a sufficiently
large thickness, hc, is considered. For this reason, in the computations, N andM
are respectively assigned the values 1 and 3, and the relative thickness, hc/b, is
set as 10.

Figure 2 shows comparisons of the contact stresses for a frictionless flat punch
computed by considering four different values of λ, which is the dimensionless
punch velocity relative to the homogeneous MEE half-plane and defined by

Fig. 2. Comparisons of contact stresses for an MEE half-plane loaded by the moving flat
punch: (a) normal stress; (b) normal stress in X-direction. η = 0, h2/b = 0.5, h3/b = 0.25,

h4/b = 0.4375, hc/b = 10.
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(4.2) λ =
V√
c44/ρ

,

where c44 and ρ are shear modulus and density of barium titanate-cobalt ferrite
composite. Normalized contact stresses, |SZZ(s)|/(2/π) and SXX(s)/(2/π), are
plotted for four different values of the dimensionless punch velocity. Note that
normalized contact stress, SZZ(s), is always negative whereas SXX(s) takes on
positive and negative values. In order to be able more clearly illustrate the vari-
ations in the magnitude of SZZ(s), its absolute value is plotted in all figures.
The function SXX(s) itself is plotted so as to present the changes in its sign.

Zhou and Lee [32] based the formulation of the frictionless moving contact
problem on the elastodynamic theory. The contact stresses we generated are in
excellent agreement with their results, which is a verification of the developed
procedures. Both findings indicate that normalized contact stress, SZZ(s)/(2/π),
is the same for elastostatic and elastodynamic cases. This stress is not affected by
the dimensionless punch velocity, λ. Furthermore, dimensionless normal stress
in X-direction, SXX(s)/(2/π), is zero outside the contact zone for all λ val-
ues. Within the contact zone however, λ has an impact on the variation of
SXX(s)/(2/π), and there are differences between elastostatic and elastodynamic
results. Although SZZ(s)/(2π) is independent of the punch velocity for the homo-
geneous MEE half-plane problem considered, our parametric analyses presented
in Sections 4.3 and 4.4 indicate that in the case of moving contacts of FGM MEE
coatings, both contact stresses are functions of the punch velocity.

4.2. Convergence analysis

A convergence analysis is carried out to determine the number of layers, N ,
to be used in the modelling of FGM multiferroic coatings. The configuration
defined for the moving flat punch, depicted in Fig. 1(a), is considered for this
purpose. The analysis is performed for the MEE coating FGM2; and kinetic
friction coefficient, η, and relative punch speed, λ(1), are both set as 0.3. The
results are provided in Table 3. Normalized contact stresses, SZZ and SXX , and

Table 3. Number of layers, stresses, electric displacement, magnetic induction and percent
approximate error computed at s = 0 for the FGM2 coating loaded by the moving flat punch.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3, λ(1) = 0.3.

N SZZ(0) εa SXX(0) εa ΩX(0) εa ΓX(0) εa

10 −0.7272 – −0.7611 – −0.1834 – −0.3901 –
50 −0.7276 0.05 −0.7588 0.30 −0.1934 5.17 −0.4036 3.34
100 −0.7277 0.01 −0.7587 0.01 −0.1941 0.36 −0.4045 0.22
150 −0.7277 0.00 −0.7587 0.00 −0.1943 0.10 −0.4047 0.05
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electric displacement and magnetic induction in X-direction, ΩX and ΓX , at the
mid-point of the contact zone s = 0, and respective percent approximate errors
are computed by successively increasing the number of layers, N . The percent
approximate error, εa, is defined by

(4.3) εa =

∣∣∣∣current value− previous value
current value

∣∣∣∣× 100.

The approximate error drops significantly as the number of layers is increased,
and all percent errors are less than 0.5% for N = 100. This value is thus used in
the parametric analyses.

4.3. Flat punch

The results generated for a flat punch in moving contact with a multiferroic
heterostructure are provided in Figs. 3–8 and Tables 4–6. The problem definition
is depicted in Fig. 1(a). Figures 3 and 4 present the numerical results calculated
for four different types of magneto-electro-elastic coatings, which are FGM1,
FGM2, FGM3, and H. The dimensionless punch speed, λ(1), and the friction
coefficient are both 0.3. Figure 3(a) shows that in the central region of the contact
zone, magnitude of the contact stress, SZZ , computed for the homogeneous MEE
coating is smaller than those evaluated for the FGM coatings. The results given in
Table 4 however point out that stress intensity factors at the end points, KI(−1)
and KI(1), are larger for the homogeneous MEE coating. Lowest stress intensity
values are evaluated for the linear variation coating FGM1. Figure 3(b) displays
the normalized contact stress in X-direction, SXX , which is known to possess
a strong influence on the crack formation behavior at the surface. The tensile

Fig. 3. Normalized contact stresses computed for different MEE coatings loaded by the
moving flat punch: (a) normal stress; (b) normal stress in X-direction. h2/b = 0.5,

h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3, λ(1) = 0.3.
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Fig. 4. Normalized electric displacement and magnetic induction computed for different
MEE coatings loaded by the moving flat punch: (a) electric displacement; (b) magnetic

induction. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3, λ(1) = 0.3.

Fig. 5. Normalized contact stresses as functions of λ(1) computed for the FGM2 coating
loaded by the moving flat punch: (a) normal stress; (b) normal stress in X-direction.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3.

stress generated in the wake of the contact zone near s = −1, is largest in the
homogeneous coating and smallest in FGM1. The effect of coating type on the
normalized electric displacement and the magnetic induction in X-direction, i.e.,
on ΩX and ΓX , is examined in Fig. 4. For |s| > 1, the largest electric displacement
and magnetic induction magnitudes are generated in the homogeneous coating.
The linear variation coating FGM1 again leads to lowest magnitudes.

The impact of the dimensionless punch speed, λ(1), is illustrated in Figs. 5
and 6 and Table 5. Figure 5 shows that in the neighborhood of the mid-point
of the contact zone, magnitudes of both of the normalized contact stresses,
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Fig. 6. Normalized electric displacement and magnetic induction as functions of λ(1)

computed for the FGM2 coating loaded by the moving flat punch: (a) electric displacement;
(b) magnetic induction. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3.

Fig. 7. Normalized contact stresses as functions of hc/b computed for the FGM2 coating
loaded by the moving flat punch: (a) normal stress; (b) normal stress in X-direction.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, η = 0.3, λ(1) = 0.3.

SZZ and SXX , tend to become larger as λ(1) is increased from 0 to 0.4. Table 5
indicates that mode I stress intensity factors lessen as the dimensionless punch
speed increases. Electric displacement and magnetic induction are not that sen-
sitive to the changes in the dimensionless punch speed but for |s| > 1 magnitudes
of both functions increase as λ(1) gets larger. Especially, the elastic response is
affected by the punch speed, and a dynamic model based on the wave equations
is therefore imperative for accurate analysis.

Another factor that has a bearing on the behavior of the composite medium
is the relative thickness of the MEE coating, hc/b. Figure 7 depicts the influence
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Table 4. Normalized stress intensity factors computed for different MEE coatings loaded by
the moving flat punch. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3, λ(1) = 0.3.

FGM1 FGM2 FGM3 H
KI(−1) 0.2475 0.2538 0.2664 0.2867
KI(1) 0.2481 0.2577 0.2746 0.2980

Table 5. Normalized stress intensity factors computed for different values of λ(1) by
considering the FGM2 coating in contact with the moving flat punch. h2/b = 0.5,

h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3.

λ(1)

0.00 0.20 0.30 0.40
KI(−1) 0.2699 0.2639 0.2538 0.2305
KI(1) 0.2695 0.2651 0.2577 0.2401

Table 6. Normalized stress intensity factors computed for different values of hc/b by
considering the FGM2 coating in contact with the moving flat punch. h2/b = 0.5,

h3/b = 0.25, h4/b = 0.4375, η = 0.3, λ(1) = 0.3.

hc/b

0.5 0.6 0.8 1.0
KI(−1) 0.2443 0.2458 0.2496 0.2538
KI(1) 0.2412 0.2443 0.2511 0.2577

Fig. 8. Normalized electric displacement and magnetic induction as functions of hc/b
computed for the FGM2 coating loaded by the moving flat punch: (a) electric displacement;

(b) magnetic induction. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, η = 0.3, λ(1) = 0.3.
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of hc/b on dimensionless contact stresses in the FGM2 coating. Near the center
of the contact zone, s = 0, the amplitude of the contact stress, SZZ , increases
whereas that of SXX decreases as hc/b is increased. Results in Table 6 imply that
both of the normalized stress intensity factors are increasing functions of hc/b.
The coupling between the relative thickness and the electromagnetic behavior
is found to be significant. Figure 8 shows that outside the contact region, the
magnitudes of both electric displacement and magnetic induction become larger
with a corresponding increase in the relative thickness.

4.4. Triangular punch

The triangular punch sliding over the MEE multi-layer system is depicted
in Fig. 1(b). The pertaining numerical results are provided in Figs. 9–14 and
Tables 7–9. Figure 9 examines the effect of the coating type on the contact
stresses. The sharp edge of the triangular punch causes a singularity in SZZ
at s = −1. At the other end, the contact is smooth, and the normal stress is
zero. The contact stress in the lateral direction, SXX , spikes near the trailing
end of the contact zone. The contact problem of the triangular punch is incom-
plete, and as a result contact force P is a function of the contact zone size b.
Dimensionless contact force and normalized stress intensity factor at the sharp
corner, s = −1, are provided in Table 7. Lesser force and SIF values are gener-
ated in the homogeneous coating. Among the FGM coatings, lowest magnitudes
are calculated for FGM3, for which barium titanate-cobalt ferrite volume frac-
tion is larger throughout the thickness. Normalized electric displacement and
magnetic induction in X-direction for different coating types are presented in
Fig. 10. Both possess singularities in the neighborhood of the end point, s = −1,

Fig. 9. Normalized contact stresses computed for different MEE coatings loaded by the
moving triangular punch: (a) normal stress; (b) normal stress in X-direction. h2/b = 0.5,

h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3, λ(1) = 0.3.
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Fig. 10. Normalized electric displacement and magnetic induction computed for different
MEE coatings loaded by the moving triangular punch: (a) electric displacement; (b) magnetic

induction. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3, λ(1) = 0.3.

Table 7. Normalized stress intensity factor and contact force computed for different MEE
coatings loaded by the moving triangular punch. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375,

hc/b = 1, η = 0.3, λ(1) = 0.3.

FGM1 FGM2 FGM3 H
KI(−1) 1.7536 1.6754 1.5713 1.4481

P/(c44(0) tan(θ)b) 3.8019 3.5235 3.1171 2.6415

Table 8. Normalized stress intensity factor and contact force computed for different values
of λ(1) by considering the FGM2 coating in contact with the moving triangular punch.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3.

λ(1)

0.00 0.20 0.30 0.40
KI(−1) 2.0882 1.9142 1.6754 1.2844

P/(c44(0) tan(θ)b) 4.1003 3.8555 3.5235 2.9932

and go through a maximum at s = 1. Largest normalized electric displacement
and magnetic induction peaks are calculated, respectively, for the H and FGM3
coatings.

Figures 11 and 12, and Table 8 illustrate the impact of the dimensionless
punch speed, λ(1), for the coating FGM2. An increase in λ(1) lowers the magni-
tude of SZZ , as can be seen in Fig. 11(a). Table 8 points out to similar drops
in the normalized stress intensity factor and the contact force. Figure 12 shows
that electric displacement and magnetic induction peaks at s = 1 are affected
by the variation in λ(1). In both cases, the maximums become smaller as the
dimensionless punch speed is increased from 0 to 0.4.
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Fig. 11. Normalized contact stresses as functions of λ(1) computed for the FGM2 coating
loaded by the moving triangular punch: (a) normal stress; (b) normal stress in X-direction.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1, η = 0.3.

Fig. 12. Normalized electric displacement and magnetic induction as functions of
λ(1)computed for the FGM2 coating loaded by the moving triangular punch: (a) electric
displacement; (b) magnetic induction. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, hc/b = 1,

η = 0.3.

Table 9. Normalized stress intensity factor and contact force computed for different values
of hc/b by considering the FGM2 coating in contact with the moving triangular punch.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, η = 0.3, λ(1) = 0.3.

hc/b

0.5 0.6 0.8 1.0
KI(−1) 1.7907 1.7681 1.7200 1.6754

P/(c44(0) tan(θ)b) 3.9714 3.8862 3.6988 3.5235
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Fig. 13. Normalized contact stresses as functions of hc/b computed for the FGM2 coating
loaded by the moving triangular punch: (a) normal stress; (b) normal stress in X-direction.

h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, η = 0.3, λ(1) = 0.3.

Fig. 14. Normalized electric displacement and magnetic induction as functions of hc/b
computed for the FGM2 coating loaded by the moving triangular punch: (a) electric
displacement; (b) magnetic induction. h2/b = 0.5, h3/b = 0.25, h4/b = 0.4375, η = 0.3,

λ(1) = 0.3.

The results regarding the influence of relative coating thickness, hc/b, are
presented in Figs. 13 and 14, and Table 9. The computations are carried out
for FGM2. Near the sharp end in the contact zone, magnitudes of both SZZ
and SXX tend to lessen with an increase in hc/b. Stress intensity factor and
normalized contact force are also decreasing functions of hc/b as displayed by
Table 9. Electric displacement and magnetic induction plotted in Fig. 14 are
both affected by the coating thickness. In particular, the peaks calculated at
s = 1 and the magnitudes computed for |s| > 1 increase as the relative thickness
varies from 0.5 to 1.0.
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5. Concluding remarks

In this article, we present new solution procedures for moving contact prob-
lems of functionally graded multiferroic coatings. A general model involving
magneto-electro-elastic layers, elastic interlayers, and an elastic half-plane sub-
strate is constructed. There are a total of four partial differential equations for
each MEE layer, whereas two PDE’s are to be considered for each of the elas-
tic layers and the half-plane. General solutions are derived by applying Fourier
and Galilean transformations. Flat and triangular punch profiles are considered,
and the problem is eventually reduced to a singular integral equation in both
cases. An expansion-collocation technique is introduced to numerically solve the
integral equations. Numerical results illustrate contact stresses, electric displace-
ment, magnetic induction, stress intensity factors, and required contact force as
functions of the problem parameters.

The distinguishing feature of the solution procedure for moving contact prob-
lems is the consideration of elastic wave equations in the formulation. Resulting
analytical framework allows inclusion of the punch velocity in the analysis of the
magneto-electro-elastic response. This effect is studied for two different punch
profiles, which result in fundamentally different stress distributions in the con-
tact zone. This is due to the fact that there are two points of singularity in the
case of the flat punch, whereas the triangular punch causes singularity at only
the trailing end. The strengths of singularity are quantified by the stress inten-
sity factors, which are shown to be dependent upon the punch velocity. Thus,
application of elastodynamic theory and wave equations is required for accurate
assessment of magneto-electro-elastic response under moving contact conditions.

In the multi-layer technique proposed, smooth spatial variations are ac-
counted for by considering a sufficiently large number of layers and calculat-
ing the properties at the centroids. As a consequence, functional form for each
property of the FGM MEE coating can be prescribed separately in the compu-
tations. For both flat and triangular punches, the parametric analyses point out
to a strong correlation between the FGM coating type and the response of the
MEE system. Electromagnetism displayed is also shown to be influenced by the
elastic coating thickness. Hence, modelling of independent property gradations
and development of a coupled multi-physics formulation are both imperative for
reliable prediction of the behavior of magneto-electro-elastic materials.

Our findings indicate that stress intensity factors calculated at the end points
of the flat punch for a homogeneous MEE coating are greater than those eval-
uated for FGM MEE coatings. Thus, in the presence of singularities at both
ends, introduction of gradation into the coating could lead to lower end-point
stresses and stress intensity factors. Outside the contact zone of the flat punch,
larger magneto-electric magnitudes are also obtained for the homogeneous coat-
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ing. The influence of punch speed is analyzed by considering the coating FGM2.
In the central region of the contact zone, |SZZ(s)| induced by the flat punch
becomes larger with a corresponding increase in punch velocity. For the triangu-
lar punch however, the dimensionless magnitude decreases as the punch velocity
is increased. Parametric analyses conducted to examine the impact of relative
coating thickness indicate that, in the vicinity of the mid-point of the contact
zone, smallest hc/b leads to lower |SZZ | values for a flat punch. This trend seems
to be again reversed in the case of the triangular punch, for which larger hc/b
causes smaller magnitude.

The methods we present are general in that they account for a wide range of
parameters and variables including numbers of magneto-electro-elastic layers and
elastic interlayers, nonproportional material property variation functions, speed
of the sliding punch, coefficient of kinetic friction, and coating thickness. Com-
putation of results with high accuracy requires the consideration of these factors
in the analytical formulation. The solution procedures detailed could therefore
prove useful in mechanical design and optimization of functionally graded mul-
tiferroics that are under the effect of moving contact loading.
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Appendix: Integrand functions of the Fredholm kernels and constants

The Fredholm kernels of the singular integral equation are defined by
Eq. (2.21). The integrand functions in these improper integrals are expressed
as follows:

(A.1) h11(ζ) =

coeff



G(N+M+1)(1)F(N+M+1)(1)e

s(N+M+1)(1)Z +G(N+M+1)(2)F(N+M+1)(2)e
s(N+M+1)(2)Z

+G(N+M+1)(3)F(N+M+1)(3)e
s(N+M+1)(3)Z +G(N+M+1)(4)F(N+M+1)(4)e

s(N+M+1)(4)Z

+G(N+M+1)(5)F(N+M+1)(5)e
s(N+M+1)(5)Z +G(N+M+1)(6)F(N+M+1)(6)e

s(N+M+1)(6)Z

+G(N+M+1)(7)F(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)F(N+M+1)(8)e

s(N+M+1)(8)Z

 , P

,
(A.2) h12(ζ) =

coeff



G(N+M+1)(1)F(N+M+1)(1)e

s(N+M+1)(1)Z +G(N+M+1)(2)F(N+M+1)(2)e
s(N+M+1)(2)Z

+G(N+M+1)(3)F(N+M+1)(3)e
s(N+M+1)(3)Z +G(N+M+1)(4)F(N+M+1)(4)e

s(N+M+1)(4)Z

+G(N+M+1)(5)F(N+M+1)(5)e
s(N+M+1)(5)Z +G(N+M+1)(6)F(N+M+1)(6)e

s(N+M+1)(6)Z

+G(N+M+1)(7)F(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)F(N+M+1)(8)e

s(N+M+1)(8)Z

 , Q

 ,
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(A.3) h21(ζ) =

coeff

G(N+M+1)(1)e
s(N+M+1)(1)Z +G(N+M+1)(2)e

s(N+M+1)(2)Z +G(N+M+1)(3)e
s(N+M+1)(3)Z

+G(N+M+1)(4)e
s(N+M+1)(4)Z +G(N+M+1)(5)e

s(N+M+1)(5)Z +G(N+M+1)(6)e
s(N+M+1)(6)Z

+G(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)e

s(N+M+1)(8)Z

 , Q

 ,

(A.4) h22(ζ) =

coeff

G(N+M+1)(1)e
s(N+M+1)(1)Z +G(N+M+1)(2)e

s(N+M+1)(2)Z +G(N+M+1)(3)e
s(N+M+1)(3)Z

+G(N+M+1)(4)e
s(N+M+1)(4)Z +G(N+M+1)(5)e

s(N+M+1)(5)Z +G(N+M+1)(6)e
s(N+M+1)(6)Z

+G(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)e

s(N+M+1)(8)Z

 , P

 ,

(A.5) h31(ζ) =

coeff



G(N+M+1)(1)R(N+M+1)(1)e

s(N+M+1)(1)Z +G(N+M+1)(2)R(N+M+1)(2)e
s(N+M+1)(2)Z

+G(N+M+1)(3)R(N+M+1)(3)e
s(N+M+1)(3)Z +G(N+M+1)(4)R(N+M+1)(4)e

s(N+M+1)(4)Z

+G(N+M+1)(5)R(N+M+1)(5)e
s(N+M+1)(5)Z +G(N+M+1)(6)R(N+M+1)(6)e

s(N+M+1)(6)Z

+G(N+M+1)(7)R(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)R(N+M+1)(8)e

s(N+M+1)(8)Z

 , P

 ,

(A.6) h32(ζ) =

coeff



G(N+M+1)(1)R(N+M+1)(1)e

s(N+M+1)(1)Z +G(N+M+1)(2)R(N+M+1)(2)e
s(N+M+1)(2)Z

+G(N+M+1)(3)R(N+M+1)(3)e
s(N+M+1)(3)Z +G(N+M+1)(4)R(N+M+1)(4)e

s(N+M+1)(4)Z

+G(N+M+1)(5)R(N+M+1)(5)e
s(N+M+1)(5)Z +G(N+M+1)(6)R(N+M+1)(6)e

s(N+M+1)(6)Z

+G(N+M+1)(7)R(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)R(N+M+1)(8)e

s(N+M+1)(8)Z

 , Q

 ,

(A.7) h41(ζ) =

coeff



G(N+M+1)(1)Y(N+M+1)(1)e

s(N+M+1)(1)Z +G(N+M+1)(2)Y(N+M+1)(2)e
s(N+M+1)(2)Z

+G(N+M+1)(3)Y(N+M+1)(3)e
s(N+M+1)(3)Z +G(N+M+1)(4)Y(N+M+1)(4)e

s(N+M+1)(4)Z

+G(N+M+1)(5)Y(N+M+1)(5)e
s(N+M+1)(5)Z +G(N+M+1)(6)Y(N+M+1)(6)e

s(N+M+1)(6)Z

+G(N+M+1)(7)Y(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)Y(N+M+1)(8)e

s(N+M+1)(8)Z

 , P

 ,

(A.8) h42(ζ) =

coeff



G(N+M+1)(1)Y(N+M+1)(1)e

s(N+M+1)(1)Z +G(N+M+1)(2)Y(N+M+1)(2)e
s(N+M+1)(2)Z

+G(N+M+1)(3)Y(N+M+1)(3)e
s(N+M+1)(3)Z +G(N+M+1)(4)Y(N+M+1)(4)e

s(N+M+1)(4)Z

+G(N+M+1)(5)Y(N+M+1)(5)e
s(N+M+1)(5)Z +G(N+M+1)(6)Y(N+M+1)(6)e

s(N+M+1)(6)Z

+G(N+M+1)(7)Y(N+M+1)(7)e
s(N+M+1)(7)Z +G(N+M+1)(8)Y(N+M+1)(8)e

s(N+M+1)(8)Z

 , Q

 ,

where coeff( , ) stands for the coefficient of the parameter following comma in
the entire expression in parentheses; and P and Q are, respectively, normal and
tangential forces transferred by the contact.

The constants used in Eqs. (2.20), (3.11), and (3.19) are of the forms

(A.9) p9 = c(N+M+1)13∆111 + e(N+M+1)31∆121 + f(N+M+1)31∆131,

(A.10) p10 = c(N+M+1)11−c(N+M+1)13∆21−e(N+M+1)31∆22−f(N+M+1)31∆23,

(A.11) p11 =
e(N+M+1)15

c(N+M+1)44
, p12 =

e2(N+M+1)15

c(N+M+1)44
+ β(N+M+1)11,

p13 =
e(N+M+1)15f(N+M+1)15

c(N+M+1)44
+ g(N+M+1)11,
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(A.12) p14 =
f(N+M+1)15

c(N+M+1)44
, p15 =

f2(N+M+1)15

c(N+M+1)44
+ µ(N+M+1)11,

p16 =
c33(0)

e33(0)
, p17 =

c33(0)

f33(0)
,

(A.13)

∆111 ∆112 ∆113

∆121 ∆122 ∆123

∆131 ∆132 ∆133

 =

 c(N+M+1)33 e(N+M+1)33 f(N+M+1)33

e(N+M+1)33 −β(N+M+1)33 −g(N+M+1)33

f(N+M+1)33 −g(N+M+1)33 −µ(N+M+1)33

−1,
(A.14)


∆21

∆22

∆23

 =

 c(N+M+1)33 e(N+M+1)33 f(N+M+1)33

e(N+M+1)33 −β(N+M+1)33 −g(N+M+1)33

f(N+M+1)33 −g(N+M+1)33 −µ(N+M+1)33

−1
c(N+M+1)13

e(N+M+1)31

f(N+M+1)31

 .
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