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For the first time, simultaneous influences of porosities, tangential con-
straints of boundary edges, surrounding elastic media and elevated temperature on the
buckling and postbuckling behaviors of a functionally graded toroidal shell segment
are investigated in this paper. Porosities exist in the functionally graded material
(FGM) according to even and uneven distributions. Properties of constituent mate-
rials are assumed to be temperature dependent and effective properties of the porous
FGM are determined using a modified rule of mixture. Governing equations are based
on the classical shell theory taking into account geometrical nonlinearity and inter-
active pressure from surrounding elastic medium. Multi-term analytical solutions are
assumed to satisfy simply supported boundary conditions and the Galerkin method
is adopted to derive nonlinear load – deflection relations and buckling loads. Para-
metric studies are carried out to analyze the effects of porosity, shell geometry, degree
of tangential edge constraint, elevated temperature and elastic media on the buck-
ling resistance and postbuckling strength of toroidal shell segments under a torsional
load. The study reveals that tangential edge restraints have considerably beneficial
and detrimental influences on the nonlinear stability of torsion-loaded FGM shells
at room and elevated temperatures, respectively. The results also find out that the
shear layer and the elastic layer of surrounding medium significantly enhances and
alleviates the buckling resistance capacity and severity of the snap-through response
of the torsion-loaded porous FGM toroidal shell segment, respectively.
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1. Introduction

Due to advanced properties, the functionally graded material
(FGM) is widely used in many various fields, especially in structural compo-
nents. Shen [1, 2] used the classical shell theory (CST) and asymptotic solu-
tions to investigate the postbuckling behavior of the circular cylindrical shell
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(CCS) made of FGM and subjected to axial compression and external pressure
in thermal environments. The buckling problem of thin FGM CCSs under ther-
mal loads was dealt with by Wan and Li [3] employing the CST and shooting
methods. Basing on an analytical approach and the CST, Tung and Hieu [4, 5]
studied the buckling and postbuckling of FGM CCSs loaded by axial compres-
sion, external pressure and a uniform temperature rise. Thermal buckling and
postbuckling analyses of FGM plates and cylindrical shells have been performed
by Trabelsi et al. [6, 7] making use of a modified version of the first order
shear deformation theory (FSDT) and the finite element method. Employing
the higher order shear deformation theory (HSDT) and an adjacent equilibrium
criterion, Bagherizadeh et al. [8] carried out a linear buckling analysis for FGM
CCSs surrounded by an elastic medium and subjected to combined mechanical
loads. The effects of surrounding elastic media on postbuckling of axially loaded
FGM CCSs are analyzed in work of Shen [9] using the HSDT and asymptotic
solutions. Foroutan and Dai [10] presented a semi-analytical investigation on
thermal post-buckling of imperfect sigmoid functionally graded shells in thermal
environment.

Pores can exist in the FGM in the manufacturing process and influence the
properties of this composite. Accordingly, the assessment of effects of porosity
on the response of FGM structures should be addressed. Linear and nonlin-
ear vibration analyses of FGM beams with porosity and elastically restrained
ends were performed in work [11] using the differential transformation method.
The influence of porosity on the linear stability of FGM plates was examined
by Gupta and Talha [12] utilizing a numerical approach. Using an analytical
solution, Cong et al. [13] explored the postbuckling behavior of porous FGM
plates under axial compression in thermal environments. Trinh et al. [14] em-
ployed a semi-analytical approach for a stochastic buckling analysis of FGM
plates with porosities. Based on HSDT and isogeometric approaches, Cuong
et al. [15] dealt with a nonlinear stability problem of FGM microplates with
porosities under thermal loads. Analytical investigations on nonlinear stability
of FGM CCSs, circular plates and spherical caps with porosities and elastically
restrained edges have been performed by Long and Tung [16–18].

The stability of CCSs under torsional loads is a problem of considerable
importance. Studies on buckling of laminated composite and orthotropic CCSs
under torsion were addressed in works [19, 20] employing shear deformation
theories. The influences of imperfection on buckling and postbuckling of isotropic
CCSs under a torsional load are analyzed in work of Zhang and Han [21].
Using an analytical approach, Sofiyev and coworkers [22, 23] presented results
for vibrational and buckling analyses of the FGM, orthotropic and sandwich
CCSs surrounded by an elastic medium and subjected to torsion. Making use of
the HSDT and a singular perturbation technique, Shen [24, 25] investigated the
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buckling and postbuckling behaviors of the FGM and carbon nanotube reinforced
composite (CNTRC) CCSs subjected to torsional loads in thermal environments.
Basing on CST, Huang and Han [26] explored the buckling and postbuckling
of thin FGM CCSs under torsion. A buckling analysis of FGM CCSs under
the combined action of external pressure, axial compression and torsion has
been carried out by Huang et al. [27] using the Ritz energy and finite element
methods. The effects of eccentric stiffeners and surrounding elastic media on
torsional buckling and postbuckling of FGM CCSs were addressed in works of
Dung and Hoa [28, 29] and Nam et al. [30, 31].

The toroidal shell segment (TSS) is a circumferentially closed and doubly
curved shell widely used in many fields, especially in aerospace structures and
pressure vessels. Nevertheless, due to complexity of shell geometry, investiga-
tions on these shells are much fewer than studies on beams, plates and panels.
Some studies on buckling and postbuckling of isotropic TSSs under mechanical
loads have been addressed in works [32–34] using analytical solutions. Ninh and
Bich [35] used the CST and an analytical approach to dealt with the buckling
and postbuckling behaviors of eccentrically stiffened thin FGM TSSs surrounded
by an elastic medium and subjected to torsional loads. Using the HSDT and two-
term deflection solution, Long and Tung [36, 37] studied the buckling behavior
of thick FGM TSSs with porosities under axial compression, external pressure
and elevated temperature. The influences of surrounding elastic medium and tan-
gential constraints of edges on the stability of thin and moderately thick carbon
nanotube reinforced composite TSSs under external pressure and thermal load
have been assessed in works of Hieu and Tung [38, 39]. Recently, Trang and
Tung have investigated the postbuckling behavior of functionally graded porous
TSSs with tangentially restrained edges under a uniform temperature rise [41]
and with movable edges under the combined action of external pressure and axial
compression [42]. Previous studies [37–40] indicated that elasticity of tangential
edge constraints dramatically affect the buckling and postbuckling behaviors of
the porous FGM and nanocomposite TSSs subjected to elevated temperature,
lateral pressure and the combined action of lateral pressure and axial compres-
sion. Nevertheless, the postbuckling problem of porous FGM TSSs surrounded
by an elastic medium, exposed to a thermal environment and subjected to tor-
sional load has not been addressed. This evident deficiency motivates the present
work.

Two expected trends of nonlinear stability behavior of closed shells are that
critical loads are large and snapping jumps are benign. In other words, it is
expected that buckling loads and postbuckling equilibrium paths of the shell
are high and stable, respectively. It is essential to assess numerous effects on
the nonlinear stability of FGM TSSs with porosity under torsion. In the present
paper, for the first time, simultaneous influences of porosity, tangential edge con-
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straints, surrounding elastic medium and elevated temperature on the buckling
and postbuckling behaviors of FGM TSSs under torsional load are investigated.
The porosities are distributed in FGM according to even and uneven patterns
and effective properties of FGM are determined using a modified rule of mixture.
Governing equations for a nonlinear stability problem are established within the
framework of the classical shell theory taking into consideration geometrical non-
linearity and interactive pressure from surrounding elastic medium. Multi-term
analytical solutions are assumed to satisfy simply supported boundary condi-
tions and the Galerkin method is used to derive nonlinear relation between load
and deflection. Parametric studies are carried out and the novel findings are
obtained.

2. Material and structural models

The structural model of the present study is a toroidal shell segment (TSS) of
thickness h, length L and curvature radii in the circumferential and meridional
directions R and a, respectively, as shown in Fig. 1. The TSS is surrounded by
an elastic medium modelled as a two-parameter foundation. The TSS is defined
in a coordinate system xyz, the origin of which is located on the middle surface,
x and y are meridional and circumferential coordinates, respectively, and z is in
the direction of inward normal to the mid-plane of the shell. The TSS is assumed
to be very shallow in the meridional direction and, thus, R/a ratio is much
smaller than unity. As a special case, TSS returns to a circular cylindrical shell
when a tends to infinity.

Fig. 1. Configuration and coordinate system of a toroidal shell segment (TSS) surrounded
by an elastic medium.

In this study, TSS is made of ceramic-metal functionally graded material
(FGM) with porosity. The volume fraction V of each constituent in FGM is
assumed to vary across the thickness according to a power law function as [1, 2]
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(2.1) Vm =

(
1

2
+
z

h

)N
, Vc = 1− Vm,

where N ≥ 0 is the volume fraction index and subscripts c and m represent
ceramic and metal constituents, respectively. According to Eq. 2.1, inner and
outer surfaces of the TSS are metal-rich and ceramic-rich, respectively. Due to
existence of pores, the effective properties Peff of FGM are evaluated using
a modified rule of mixture as [11]:

(2.2) Peff = Pm

(
Vm −

ξ

2

)
+ Pc

(
Vc −

ξ

2

)
,

where 0 ≤ ξ � 1 is a very small value representing the volume fraction of
porosity and P stands for a specific property of constituents. When ξ tends to
zero, the FGM is without porosity and is referred to as a perfect FGM.

Fig. 2. Even and uneven types of porosity distribution within the shell.

In this work, porosities are assumed to distribute within the FGM according
to even and uneven patterns. In even distribution pattern, porosity density at
any point in the FGM is uniform. In an uneven distribution type, porosities
concentrate more at region near the middle surface of the TSS, as illustrated in
Fig. 2. By using Eq. (2.1) into Eq. (2.2), effective elastic modulus E and thermal
expansion coefficient α of the porous FGM are determined as [11]:

E(z, T ) = [Em(T )− Ec(T )]

(
1

2
+
z

h

)N
(2.3a)

+ Ec −
ξ

2
[Em(T ) + Ec(T )]

(
1− 2χ

|z|
h

)
,

α(z, T ) = [αm(T )− αc(T )]

(
1

2
+
z

h

)N
(2.3b)

+ αc −
ξ

2
[αm(T ) + αc(T )]

(
1− 2χ

|z|
h

)
,

where χ = 0 and χ = 1 correspond to even and uneven distributions, respec-
tively, and dependence on temperature T of materials is included. Due to weak
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dependence on temperature and position, the Poisson ratio ν of the FGM is
assumed to be constant.

3. Governing equations

This study considers a specific class of TSSs that are thin and geometrically
perfect TSSs. For these TSSs, transverse shear deformation is negligibly small
and the classical shell theory (CST) along with the Stein–McElman assump-
tion [32] are used for establishing basic equations. On the basis of the CST,
strains at a point in the shell are expressed as follows [32, 35]:

(3.1)

 εx

εy

γxy

 =

 ε0x
ε0y
γ0xy

+ z

 kx

ky

kxy

,
where

(3.2)

 ε0x
ε0y
γ0xy

 =

 u,x − w/a+ w2
,x/2

v,y − w/R+ w2
,y/2

u,y + v,x + w,xw,y

,
 kx
ky
kxy

 = −

 w,xx
w,yy
2w,xy

,
where u, v are in-plane displacements in x, y directions, respectively, and w is
lateral displacement (i.e. deflection) of a point on the mid-surface. As usual,
a subscript comma indicates a partial derivative with respect to the followed
variable, for example w,x = ∂w/∂x.

Stress-strain relations accounting for temperature effects are written as [1, 2]:

(3.3)
(σx, σy) =

E

1− ν2
[(εx, εy) + ν(εy, εx)− (1 + ν)(1, 1)α∆T ],

σxy =
E

2(1 + ν)
γxy,

where ∆T = T − T0 is the uniform temperature rise from a room temperature
T0 = 300K at which the TSS is assumed to be free from thermal stresses.

Force and moment resultants per a unit length are computed through the
stresses as [1, 2]:

(3.4)

(Nx, Ny, Nxy) =

h/2∫
−h/2

(σx, σy, σxy) dz,

(Mx,My,Mxy) =

h/2∫
−h/2

(σx, σy, σxy)z dz.
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By substituting Eqs. (3.1) and (3.3) into Eq. (3.4), force and moment resultants
are rewritten in the form:

(3.5)

(Nx,Mx) =
1

1− ν2
[(E1, E2)(ε

0
x + νε0y) + (E2, E3)(kx + νky)]

− 1

1− ν
(Φ0,Φ1),

(Ny,My) =
1

1− ν2
[(E1, E2)(ε

0
y + νε0x) + (E2, E3)(ky + νkx)]

− 1

1− ν
(Φ0,Φ1),

(Nxy,Mxy) =
1

2(1 + ν)
(E1, E2)γ

0
xy +

1

2(1 + ν)
(E2, E3)kxy,

where

(3.6) (E1, E2, E3) =

h/2∫
−h/2

E(1, z, z2) dz, (Φ0,Φ1) =

h/2∫
−h/2

Eα∆T (1, z) dz.

Interactive pressure from surrounding elastic medium is represented accord-
ing to the Winkler–Pasternak model as:

(3.7) qf = k1w − k2(w,xx + w,yy),

where k1 and k2 are stiffness parameters of the Winkler elastic layer and the
Pasternak shear layer, respectively. By introducing a stress function f(x, y) de-
fined as Nx = f,yy, Ny = f,xx, Nxy = −f,xy, nonlinear equilibrium equation of
a FGM TSS surrounded by an elastic medium is expressed in the following form:

(3.8) D∇4w − f,yyw,xx + 2f,xyw,xy − f,xxw,yy

− f,xx
R
− f,yy

a
+ k1w − k2(w,xx + w,yy) = 0

in which∇2 andD denote the Laplace operator and flexural rigidity, respectively,
as follows:

(3.9) ∇2 =
∂2

∂x2
+

∂2

∂y2
, D =

E1E3 − E2
2

E1(1− ν2)
.

From Eqs. (3.2) and (3.5), the strain compatibility equation of a thin porous
FGM TSS is written in terms of the deflection and stress function as follows
[40, 41]

(3.10) ∇4f − E1

(
w2
,xy − w,xxw,yy −

w,xx
R
− w,yy

a

)
= 0.
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Two boundary edges of TSS are assumed to be simply supported and elasti-
cally restrained in tangential displacement. Associated boundary conditions are
written as follows [24]:

(3.11) w = 0, Mx = 0, Nx = Nx0,
1

2πRh

2πR∫
0

Nxy dy = τ at x = 0, L,

where τ is uniform shear stress and Nx0 is fictitious compressive force resultant
related to average end-shortening displacement as the following [5, 38]:

(3.12) Nx0 = − c

2πRL

2πR∫
0

L∫
0

∂u

∂x
dx dy

in which c is an average tangential stiffness parameter at two boundary edges.
The values of c = 0, c → ∞ and 0 < c < ∞ represent movable, immovable and
partially movable edges, respectively.

The condition on circumferentially closed displacement of a TSS is fulfilled
in an average sense as [1, 2]

(3.13)
2πR∫
0

L∫
0

∂v

∂y
dx dy = 0.

4. Solution procedure

As discussed in the work of Shen [24], it is very difficult to obtain exact so-
lutions describing the behavior of torsion-loaded CCS and TSS. Hence, approx-
imate solutions may provide reasonable predictions for a preliminary design.
In the present work, approximate solutions of the deflection w and the stress
function f are assumed to be in the form [26, 28, 35]:

w = W0 +W1 sinβx sin δ(y − γx) +W2 sin2 βx,(4.1a)

f = A1 cos 2βx+A2 cos 2δ(y − γx) +A3 cos δ

[
y +

(
β

δ
− γ
)
x

]
(4.1b)

+A4 cos δ

[
y −

(
β

δ
+ γ

)
x

]
+A5 cos δ

[
y −

(
3
β

δ
+ γ

)
x

]
+A6 cos δ

[
y +

(
3
β

δ
− γ
)
x

]
− τhxy +

1

2
Nx0y

2,

where W0, W1 and W2 are amplitudes of deflection at prebuckling, linear buck-
ling and nonlinear buckling states, respectively, β = mπ/L, δ = n/R withm and
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n are numbers of half and full waves in the meridional and circumferential direc-
tions, respectively. Additionally, γ is the tangent of an angle between the wave
shape and the x axis and Ak (k = 1, . . . , 6) are coefficients to be determined. It
is noted that the last term in the stress function, i.e. Nx0y

2/2, is the novel devel-
opment of the present work in comparison with previous works [26, 28, 30, 35]
neglecting the tangential constraints of edges.

By introducing solutions Eqs. (4.1) into the compatibility equation Eq. (3.10),
we can determine the coefficients Ak (k = 1, . . . , 6) in the stress function as:

(4.2)

A1 =
E1

8β2

(
δ2

4
W 2

1 −
W2

R

)
, A2 =

E1β
2

32δ2(1 + γ2)2
W 2

1 ,

A3 =
E1W1

2[(β − δγ)2 + δ2]2

[
β2δ2W2 −

1

R
(β − δγ)2 − δ2

a

]
,

A4 =
E1W1

2[(β + δγ)2 + δ2]2

[
1

R
(β + δγ)2 +

δ2

a
− β2δ2W2

]
,

A5 =
E1β

2δ2W1W2

2[(3β + δγ)2 + δ2]2
, A6 = − E1β

2δ2W1W2

2[(3β − δγ)2 + δ2]2
.

By substituting solutions Eqs. (4.1) into the equilibrium equation Eq. (3.8)
and applying the Galerkin method on the whole region of the shell (0 ≤ x ≤ L,
0 ≤ y ≤ 2πR) to the obtained equation, we receive the following results:

g11 + g21W̄
2
1 + g31W̄

2
2 − g41W̄2 + g51N̄x0 − 2τγ

n2

R2
h

= 0,(4.3a)

g02W̄0 + g12W̄
2
1 − g22W̄2 − g32W̄ 2

1 W̄2 +

(
Ra
Rh
− g42W̄2

)
N̄x0 = 0,(4.3b)

where

(4.4) (W̄1, W̄2, N̄x0, Rh) =
1

h
(W1,W2, Nx0, R), Ra =

R

a
,

and coefficients gi1 (i = 1, . . . , 5), gj2 (j = 0, . . . , 4) will are displayed in Eqs.
(A.1) and (A.2) in Appendix.

Next, specific expressions of W̄0 and N̄x0 will be determined. From Eqs. (3.2)
and (3.5), we can obtain the following relations:

∂u

∂x
=

1

E1
(f,yy − νf,xx) +

E2

E1
w,xx −

1

2
w2
,x +

w

a
+

Φ0

E1
,(4.5a)

∂v

∂y
=

1

E1
(f,xx − νf,yy) +

E2

E1
w,yy −

1

2
w2
,y +

w

R
+

Φ0

E1
.(4.5b)
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Using the solutions Eqs. (4.1) into the above relations and putting the ob-
tained expressions into Eqs. (3.12) and (3.13) yield the following results:

N̄x0 = λ

[
g13W̄

2
1 + g23W̄

2
2 −

Ē1Ra
2Rh

(2W̄0 + W̄2)−G∆T

]
,(4.6a)

− ν

Ē1
N̄x0 −

n2

8R2
h

W̄ 2
1 +

1

2Rh
(2W̄0 + W̄2) +

G

Ē1
∆T = 0,(4.6b)

where

(4.7)

λ =
c

E1 + c
, g13 =

Ē1

8R2
hL

2
R

(m2π2 + γ2n2L2
R),

g23 =
Ē1m

2π2

4R2
hL

2
R

, G =
1

h

h/2∫
−h/2

Eαdz.

Solving Eqs. (4.6) for W̄0 and N̄x0, we receive:

W̄0 = −W̄2

2
+ d11W̄

2
1 + d21W̄

2
2 − d31∆T,(4.8a)

N̄x0 = λ(d12W̄
2
1 + d22W̄

2
2 − d32∆T ),(4.8b)

where coefficients dij (i = 1, . . . , 3, j = 1, 2) are displayed in Eq. (A.4), in
Appendix.

Substituting W̄0 and N̄x0 from Eq. (4.8) into Eq. (4.3a) leads to

(4.9) τ =
R2
h

2γn2
[g11 + (g21 + λg51d12)W̄

2
1

+ (g31 + λg51d22)W̄
2
2 − g41W̄2 − λg51d32∆T ].

Similarly, placing W̄0 and N̄x0 from Eq. (4.8) into Eq. (4.3b) gives

(4.10) W̄ 2
1 =

1

d13 − d23W̄2
[d33W̄2 − d43W̄ 2

2 + d53W̄
3
2 + (d63 − d73W̄2)∆T ]

in which coefficients dk3 (k = 1, . . . , 7) can be found in Eq. (A.5) in Appendix.
Now, introduction of W̄ 2

1 from Eq. (4.10) into Eq. (4.9) yields the following
relation

(4.11) τ =
R2
h

2γn2

×
{
g11 +

g21 + λg51d12
d13 − d23W̄2

[d33W̄2 − d43W̄ 2
2 + d53W̄

3
2 + (d63 − d73W̄2)∆T ]

+ (g31 + λg51d22)W̄
2
2 − g41W̄2 − λg51d32∆T

}
.
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By setting W̄2 → 0, we obtain the expression of buckling torsional load as

(4.12) τb =
R2
h

2γn2

{
g11 +

d63
d13

(g21 + λg51d12)∆T − λg51d32∆T
}
.

The critical buckling torsional load τcr is obtained by minimizing the buckling
load τb with respect to the buckling mode (m,n, γ). It is evident from Eq. (4.1a)
that maximum deflection of the TSS is

(4.13) Wmax = W0 +W1 +W2.

Combination of Eqs. (4.8a), (4.10) and (4.13) leads to the following expression
of non-dimensional maximum deflection

(4.14) W̄max =
Wmax

h

= W̄0 + W̄1 + W̄2 =
W̄2

2
+ d11W̄

2
1 + d21W̄

2
2 − d31∆T

+
1√

d13 − d23W̄2

[d33W̄2 − d43W̄ 2
2 + d53W̄

3
2 + (d63 − d73W̄2)∆T ]1/2.

Equations (4.11) and (4.14) are used for the load–deflection response analysis
of porous FGM TSSs under torsion in a thermal environment. For torsion-loaded
shells, the relation between the torsional load and the twist angle is a significant
piece of information. The expression of the twist angle is as follows [24]

(4.15) ϕ =
1

2πRL

2πR∫
0

L∫
0

(
∂u

∂y
+
∂v

∂x

)
dx dy.

From Eqs. (3.2) and (3.5) it is deduced that

(4.16)
∂u

∂y
+
∂v

∂x
= 2

E2

E1
w,xy − w,xw,y −

2

E1
(1 + ν)f,xy.

After putting solutions Eqs. (4.1) into Eq. (4.16) and placing the resulting
expression into Eq. (4.15), we have

ϕ =

(
γn2

4R2
h

)
W̄ 2

1 +
2

Ē1
(1 + ν)τ(4.17)

=

(
γn2

4R2
h

)
g22 + λg42(g23W̄

2
2 −G∆T )

g12 − (g32 + λg42g13)W̄2
W̄2 +

2

Ē1
(1 + ν)τ.

This relation, in combination with Eq. (4.11), is used for the load–rotation
response analysis of porous FGM TSSs under torsion in a thermal environment.
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5. Results and discussion

Numerical results are presented in this section for simply supported FGM
TSSs made of silicon nitride and stainless steel referred to as Si3N4 and SUS304,
respectively. The properties of constituents are assumed to be nonlinear functions
of temperature as [42]

(5.1) P = P0(P−1T
−1 + 1 + P1T + P2T

2 + P3T
3),

where T = T0 + ∆T with T0 = 300K (room temperature) and coefficients
P−1, P0, P1, P2 and P3 are unique for each material. The specific values of these
coefficients for Si3N4 and SUS304 are given in Table 1. In numerical calculations,
the Poisson ratios of constituents and FGM are assumed to be ν = 0.28.

Table 1. Temperature-dependent properties of materials, from Reddy and Chin [43].

Material Property P0 P−1 P1 P2 P3

Si3N4
Ec [Pa] 348.43e+9 0 −3.070e−4 2.160e−7 −8.946e−11
αc 5.8723e−6 0 9.095e−4 0 0

SUS304
Em [Pa] 201.04e+9 0 3.079e−4 −6.534e−7 0

αm 12.330e−6 0 8.086e−4 0 0

Table 2. Comparison of critical buckling torsional loads τcr [MPa] of very thin
Si3N4/SUS304 cylindrical shells without porosities and with movable edges

[R/h = 500, L/R = 2, T = 300K].

Reference
N∗

0 0.2 0.5 1 2 5 10
Huang et al. [27] 74.224 69.044 64.381 60.404 57.139 53.978 51.950
Present ∗∗ 74.069 68.937 64.296 60.307 56.996 53.714 51.691

∗∗The buckling mode (m,n, γ) = (1, 13, 0.24) for N∗ = 0, 0.2, 0.5, 1, 2 and
(m,n, γ) = (1, 12, 0.22) for N∗ = 5, 10.

5.1. Verification

There are no previous studies on torsional stability of FGM TSSs with porosi-
ties and elastically restrained edges. Therefore, to verify the proposed work,
comparative studies are carried out for special cases of geometry and in-plane
boundary conditions. Specifically, a buckling problem of a FGM circular cylin-
drical shell (CCS) with movable edges and without porosities and surrounding
elastic medium (i.e. a → ∞, ξ = 0, c = 0, k1 = k2 = 0) is considered. Critical
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Table 3. Comparison of critical buckling torsional loads τcr [MPa] of thin Si3N4/SUS304
cylindrical shells without porosities and with movable edges

[R/h = 100, L2/Rh = 300, T = 300K, (m,n) = (1, 8)].

Reference
N

0 0.2 0.5 1 2 5
Shen [24] 385.331 426.363 458.291 484.561 507.646 536.192
Present∗ 385.941 425.199 458.556 487.552 514.525 545.345

∗γ = 0.36 for N = 0, 0.2, 0.5, 1 and γ = 0.35 for N = 2, 5.

buckling torsional loads of very thin (R/h = 500) and thin (R/h = 100) CCSs
are computed using Eq. (4.12) and given in Tables 2 and 3 in comparison with
result of Huang et al. [27] making use of the Ritz energy method and with re-
sult of Shen [24] using a singular perturbation technique, respectively. In the
Table 2, N∗ is the volume fraction index for the case of FGM CCS with the cera-
mic-rich inner surface and metal-rich outer surface, i.e. Vc = (1/2 + z/h)N

∗ . It
is evident that a very good agreement is obtained in these comparisons.

In subsequent subsections, numerical results for buckling and postbuckling
analyses are presented. In these numerical results, the degree of tangential edge
constraint is measured by the non-dimensional tangential stiffness parameter λ
defined as Eq. (4.7). Based on this definition, cases of movable (c = 0), immovable
(c → ∞) and partially movable (0 < c < ∞) edges are characterized by values
of λ = 0, λ = 1 and 0 < λ < 1, respectively. Furthermore, influences of elastic
media are evaluated by non-dimensional stiffness parameters K1, K2 as defined
in Eq. (A.3), in Appendix. For the sake of brevity, TSSs are assumed to be
placed at room temperature (T0 = 300K) and without foundation interaction
(K1 = K2 = 0), unless otherwise specified.

5.2. Buckling analysis

First, the effects of the volume fraction index N , the porosity volume frac-
tion ξ and the type of porosity distribution on critical buckling loads of FGM
TSSs with movable edges under torsion are indicated in Table 4. As can be seen,
due to an increase in the volume percentage of the ceramic constituent, critical
loads are significantly higher when the N index becomes larger. Critical torsional
loads are evidently reduced as the porosity volume fraction is increased. Fur-
thermore, the buckling resistance capacity of FGM TSS with evenly distributed
porosities is weaker than that of FGM TSS with unevenly distributed porosities.
Subsequently, Table 5 and Fig. 3 consider the effects of the geometry ratio L/R,
the edge restraint parameter λ and the thermal environment T on the critical
buckling loads of FGM TSS with evenly distributed porosities under torsion. It is
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clear from Table 5 that critical loads are pronouncedly decreased when the L/R
ratio is larger. It is very interesting to note that the tangential constraints of
edges have no effect on critical loads at room temperature and have detrimental
influence on critical loads at elevated temperatures. Specifically, it is recognized
that the critical torsional loads are quickly lowered when edges are more rig-
orously restrained and environment temperature is more elevated. Obviously,
thermally induced compressive forces at restrained edges make the TSS buckle
sooner under torsion.

Table 4. Effects of porosities on critical torsional loads τcr[MPa] of FGM TSSs with
movable edges [R/h = 100, L/R = 1.5, λ = 0, T = 300K, R/a = 0.05, K1 = K2 = 0,

(m,n) = (1, 9)]; i, j, k correspond to γ = 0.41, 0.42, 0.43, respectively.

Porosity ξ
N

0 0.5 1 2 5

Even

0 461.740 (j) 548.598 (j) 583.325 (i) 615.673 (i) 652.620 (i)

0.1 402.846 (j) 489.239 (j) 523.803 (i) 556.236 (i) 593.483 (i)

0.2 343.952 (j) 429.752 (j) 464.125 (i) 496.676 (i) 534.296 (i)

0.3 285.058 (j) 370.077 (j) 404.223 (i) 436.943 (i) 475.039 (i)

Uneven

0 461.740 (j) 548.598 (j) 583.325 (i) 615.673 (i) 652.620 (i)

0.1 441.262 (j) 527.900 (j) 562.591 (j) 595.024 (i) 632.114 (i)

0.2 420.784 (j) 507.177 (j) 541.787 (j) 574.315 (j) 611.596 (i)

0.3 400.286 (k) 486.421 (j) 520.944 (j) 553.526 (j) 590.996 (j)

Table 5. Effects of λ, T and L/R ratio on critical torsional loads τcr[MPa] of FGM TSSs
with evenly distributed porosities [R/h = 100, N = 2, ξ = 0.15, R/a = 0.05,

K1 = K2 = 0, m = 1]; numbers in parentheses indicate the buckling mode (n, γ).

λ T [K]
L/R

1 1.5 2 2.5

0

300 635.248 (10, 0.49) 526.474 (9, 0.41) 473.007 (8, 0.35) 436.885 (8, 0.34)
400 623.455 (10, 0.49) 516.685 (9, 0.41) 464.193 (8, 0.35) 428.758 (9, 0.34)
500 610.183 (10, 0.49) 505.709 (9, 0.41) 454.361 (8, 0.35) 419.656 (8, 0.34)

1

300 635.248 (10, 0.49) 526.474 (9, 0.41) 473.007 (8, 0.35) 436.885 (8, 0.34)
400 565.926 (10, 0.52) 474.657 (9, 0.44) 431.830 (8, 0.38) 401.386 (8, 0.37)
500 487.599 (10, 0.56) 414.774 (9, 0.48) 382.388 (9, 0.46) 358.986 (8, 0.40)

Ultimate numerical results in this subsection are shown in Table 6 examining
the effects of geometry ratios R/a, R/h and non-dimensional stiffness param-
eters K1, K2 of surrounding elastic media on critical torsional loads of FGM
CCSs and TSSs with evenly distributed porosities and partially movable edges
(λ = 0.5) under torsion in a thermal environment (T = 400K). As expected,
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Fig. 3. Effects of tangential edge constraints and thermal environments on critical torsional
loads of FGM TSSs with evenly distributed porosities.

buckling resistance capability of FGM TSS become remarkably weaker when the
R/h ratio is increased. In contrast, an increase in the ratio of curvature radii
R/a leads to obvious increase in critical torsional loads of TSSs. For example,
in case of R/h = 100 and (K1,K2) = (0, 0), the critical torsional load τcr is

Table 6. Effects of geometry and elastic foundation on critical torsional loads τcr [MPa] of
FGM TSSs with evenly distributed porosities [L/R = 1.5, N = 2, ξ = 0.15, λ = 0.5,

T = 400, m = 1]; numbers in parentheses indicate the buckling mode (n, γ).

R/a (K1,K2)
R/h

100 150 200 250

0
(0, 0) 439.55 (9, 0.42) 253.75 (10, 0.37) 170.96 (11, 0.35) 125.07 (12, 0.34)
(300, 0) 518.44 (9, 0.48) 284.86 (11, 0.44) 186.58 (11, 0.37) 133.49 (12, 0.36)
(300, 5) 652.36 (10, 0.55) 347.66 (11, 0.48) 223.88 (12, 0.44) 159.05 (13, 0.42)

0.05
(0, 0) 495.71 (9, 0.43) 301.51 (11, 0.42) 210.63 (12, 0.40) 159.78 (13, 0.49)
(300, 0) 567.42 (10, 0.50) 325.13 (11, 0.44) 222.21 (12, 0.41) 166.11 (13, 0.40)
(300, 5) 697.94 (10, 0.55) 387.43 (11, 0.48) 258.88 (12, 0.45) 190.18 (13, 0.43)

0.1
(0, 0) 562.25 (9, 0.45) 349.07 (11, 0.44) 250.97 (13, 0.44) 194.35 (14, 0.44)
(300, 0) 620.24 (10, 0.51) 370.00 (12, 0.48) 259.69 (13, 0.46) 199.14 (14, 0.44)
(300, 5) 748.93 (10, 0.56) 429.18 (12, 0.52) 294.07 (13, 0.49) 221.52 (14, 0.47)
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increased about 28 percent when the R/a ratio increases only 10 percent (from 0
to 0.1). This fact demonstrates that TSSs have the advantage over CCSs in
a torsional buckling resistance. Results in Table 6 also indicate that the pres-
ence of surrounding elastic media significantly improve the buckling resistance
capacity of torsion-loaded FGM TSSs. More specifically, critical loads are obvi-
ously enhanced when foundation stiffness parameters, especially the stiffness of
Pasternak shear layer, are increased.

5.3. Postbuckling analysis

As a first example of this subsection, the effects of the porosity volume frac-
tion ξ on the postbuckling behavior of FGM TSSs with evenly distributed porosi-
ties and movable edges (λ = 0) under torsion are depicted in Figs. 4 and 5 for
load–deflection and load–rotation responses, respectively. As can be observed,
the existence of porosity has negative influence on the postbuckling behavior of
torsion–loaded FGM TSSs. Both the postbuckling deflection and the twist angle
of the shell are considerably increased due to an increase in the volume frac-
tion of porosity. Nevertheless, it is realized that intensity of the snap-through
response in the postbuckling region of the TSS is reduced when the volume
percentage of porosity is higher. It seems that the presence of pores renders the

Fig. 4. Effects of porosity volume fraction on torsional load–deflection response of FGM
TSSs with evenly distributed porosities under torsion.
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Fig. 5. Effects of porosity volume fraction on torsional load–rotation response of FGM TSSs
with evenly distributed porosities under torsion.

Fig. 6. Effects of volume fraction index and type of porosity distribution on torsional
postbuckling curves of FGM TSSs with movable edges.
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Fig. 7. Effects of thermal environments on torsional load–deflection response of FGM TSSs
with partially movable edges and evenly distributed porosities.

Fig. 8. Effects of thermal environments on torsional load–rotation response of FGM TSSs
with partially movable edges and evenly distributed porosities.
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FGM softer, buckling resistance capacity of TSS weaker and snapping jump more
benign. Next, the effects of the volume fraction index N and the type of poros-
ity distribution on the postbuckling load–deflection response of FGM TSSs with
movable edges under the torsional load are examined in Fig. 6. Evidently, the
equilibrium path is higher when the N index is larger and/or porosities are un-
evenly distributed in the FGM shell. It is also recognized that the snap-through
response is more intense when the volume percentage of the ceramic constituent
is higher.

Next examples are shown in Figs. 7 and 8 considering the effects of envi-
ronment temperature T on the postbuckling load–deflection and load–rotation
responses of FGM TSSs with evenly distributed porosities and partially mov-
able edges (λ = 0.5) under torsion, respectively. Obviously, when edges are
restrained, the enhancement of temperature T leads to substantial decrease in
load carrying capability of torsion-loaded FGM TSSs. In contrast, Figs. 7 and 8
demonstrate that the twist angle becomes larger with higher values of environ-
ment temperature. Subsequently, the effects of the ratio of curvature radii R/a
on the postbuckling behavior of porous FGM TSSs with movable edges sur-
rounded by the Pasternak elastic foundation (K1 = 100, K2 = 1) and subjected
to torsion are analyzed in Figs. 9 and 10 for load–deflection and load–rotation re-
sponses, respectively. It is clear that critical buckling loads and initial postbuck-
ling equilibrium paths are considerably enhanced as the R/a ratio is increased.
However, the intensity of the snap-through response is also increased when the
TSS becomes more curved in the meridional direction. In another expression,
the buckling resistance capacity of the TSS is stronger while the snap-through
response in the postbuckling region is more intense in comparison with CCS
(R/a = 0).

In the next numerical results, Figs. 11 and 12, plotted with five different
values of the parameter λ, show the effects of tangential edge constraints on
the postbuckling behavior of FGM TSSs with unevenly distributed porosities
surrounded by the Winkler elastic foundation (K1 = 200, K2 = 0) under a tor-
sional load at room temperature. As can be seen, the tangential constraints
of boundary edges have pronouncedly beneficial influences on the postbuckling
load carrying capability of FGM TSSs at reference temperature. Specifically,
although buckling loads are unchanged, postbuckling equilibrium paths are sig-
nificantly higher and more stable when edges are more severely restrained. This
fact suggests that harmful snap-through instability in the postbuckling region of
torsionally loaded porous TSSs can be avoided by restraining edges from the tan-
gential displacement. In another situation, effects of tangential edge constraints
on the postbuckling behavior of FGM TSSs with unevenly distributed porosi-
ties subjected to torsion at elevated temperature (T = 500K) are analyzed in
Figs. 13 and 14 for load–deflection and load–rotation responses, respectively. As
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Fig. 9. Effects of R/a ratio on torsional load–deflection response of FGM TSSs with evenly
distributed porosities and movable edges.

Fig. 10. Effects of R/a ratio on torsional load–rotation response of FGM TSSs with evenly
distributed porosities and movable edges.
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Fig. 11. Effects of tangential edge constraints on torsional load–deflection response of FGM
TSSs with unevenly distributed porosities at reference temperature.

Fig. 12. Effects of tangential edge constraints on torsional load–rotation response of FGM
TSSs with unevenly distributed porosities at reference temperature.
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Fig. 13. Effects of tangential edge constraints on torsional load–deflection response of FGM
TSSs with unevenly distributed porosities at elevated temperature.

Fig. 14. Effects of tangential edge constraints on torsional load–rotation response of FGM
TSSs with unevenly distributed porosities at elevated temperature.
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Fig. 15. Effects of elastic media on torsional load–deflection response of FGM TSSs with
evenly distributed porosities and movable edges.

Fig. 16. Effects of length-to-radius ratio on torsional load–deflection response of FGM TSSs
with unevenly distributed porosities and partially movable edges.
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can be observed, unlike a case of reference temperature, buckling loads and ini-
tial postbuckling equilibrium paths of TSSs are remarkably lowered when the
λ parameter is increased. Nevertheless, tangential constraints of edges still yield
positive effects on the load bearing capability of porous TSSs at deep region
of the deflection. Concretely, when the deflection exceeds a definite value, the
postbuckling strength of the porous TSS is higher when the edges are more rig-
orously restrained. It is also found from Figs. 13 and 14 that the twist angle is
substantially larger as the restraint stiffness parameter λ is increased. It may be
explained that thermally induced compressive forces at restrained edges render
the overall rigidity of the TSS reduced and, as a result, the torque resistance
capability is weaker.

The influences of surrounding elastic media on the torsional postbuckling
behavior of porous FGM TSSs with movable edges are illustrated in Fig. 15.
Generally, elastic foundations beneficially influence the buckling resistance ca-
pacity and postbuckling load carrying capability of porous FGM TSSs. More
concretely, it seems that the Winkler-type foundation improves the stability in
the postbuckling region of the TSS and alleviates the intensity of the snap-
through phenomenon, whereas the Pasternak shear layer enhances the buckling
resistance capability of the porous FGM TSSs under torsion. Finally, the effects
of the L/R ratio on the postbuckling behavior of porous FGM TSSs with al-
most movable edges (λ = 0.2), exposed to a thermal environment (T = 400K),
surrounded by the Pasternak foundation (K1 = 50, K2 = 1) and subjected
to torsional load are examined in Fig. 16. As shown, the behavior tendency of
the TSS is significantly changed due to variation of the L/R ratio. Specifically,
buckling loads and postbuckling paths are rapidly dropped when the L/R ratio
is increased from 1 to 1.5 and then are gradually lowered as the L/R ratio varies
from 1.5 to 2.5. Moreover, it is recognized that the snap-through response is
more intense when the TSS becomes longer.

6. Concluding remarks

The buckling and postbuckling behaviors of FGM TSSs with porosities, sur-
rounding elastic media and tangentially restrained edges subjected to torsion
in a thermal environment have been investigated. The combined influences of
porosity, tangential edge constraints, elevated temperature and surrounding elas-
tic media on the nonlinear stability of torsionally loaded FGM TSSs have been
analyzed. From the above results, the following remarks are reached:

(i) Critical loads and postbuckling equilibrium paths of torsionlly loaded
FGM TSSs are significantly dropped due to the presence of pores. However, the
severity of the unexpected snap-through phenomenon is more benign when the
porosity volume fraction is increased.
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(ii) Critical torsional loads are unchanged and considerably decreased when
the edges are tangentially restrained at reference and elevated temperatures,
respectively.

(iii) Tangential edge constraints have beneficial influences on the postbuckling
behavior of torsion-loaded porous FGM TSSs at reference temperature. Specif-
ically, postbuckling load–deflection and load–rotation curves are considerably
enhanced while the intensity of the snap-though response is pronouncedly re-
duced when edges are more rigorously restrained.

(iv) In general, surrounding elastic media beneficially influence the nonlinear
stability of torsion-loaded porous FGM TSSs. In particular, the Pasternak shear
layer and the Winkler elastic layer render the buckling torsional load larger
and the snap-through response in the postbuckling region more benign, respec-
tively.

Appendix

The coefficients gi1 (i = 1, . . . , 5), gj2 (j = 0, . . . , 4) in the Eq. (4.3) are the
following:
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Ē1

4R4
h

(mnπ)4
{

1

[(mπ−γnLR)2+n2L2
R]2

+
1

[(mπ+γnLR)2+n2L2
R]2

+
1

[(3mπ+γnLR)2+n2L2
R]2

+
1

[(3mπ−γnLR)2+n2L2
R]2

}
,

g42 =

(
mπ

RhLR

)2

,

where

(A.3) Ē1 =
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in which E0
m is value of Em computed at room temperature T0 = 300K.

The details of coefficients dij (i = 1, . . . , 3, j = 1, 2) in Eqs. (4.8) are:
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Ra
Rh

.

The coefficients dk3 (k = 1, . . . , 7) in Eq. (4.10) are defined as follows:
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