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Stokes flow in lid-driven cavity under inclined magnetic field
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Stokes flow in a lid-driven cavity under the effect of an inclined magnetic
field is studied. The radial basis function (RBF) approximation is employed to the
magnetohydrodynamic (MHD) equations which include Navier–Stokes equations of
fluid dynamics and Maxwell’s equations of electromagnetics through Ohm’s law with
the Stokes approximation. Numerical results are obtained for the moderate Hartmann
number (0 ≤M ≤ 80) and different angles of a magnetic field (0 ≤ α ≤ π). It is found
that the increase in the Hartmann number causes the development of new vortices
under the main flow due to the impact of a magnetic field. However, the type of the
inclination angle (acute or obtuse) determines the location of the vortices.
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1. Introduction

Magnetohydrodynamics (MHD) deals with the flow of electrically con-
ducting fluids under an applied magnetic field. MHD has wide range of industrial
applications such as nuclear fusion, MHD pump, MHD generators [1] so that
many researchers have used numerical methods to MHD flow problems. The
boundary element method (BEM) [2–4] has been applied to MHD flow equa-
tions for moderate Hartman number values to analyze the effect of a magnetic
field on the flow behaviour. In addition, the impact of the inclined magnetic
field on MHD duct flow is analyzed by many researchers since the orienta-
tion of the magnetic field significantly influences the flow rates and pressure
drops [5, 6]. Xiao and Kim [6] utilized the comercial code CFX to find the so-
lution of MHD duct flow for the inclination angles α = 0, π/6, π/4, π/3. They
found that as the angle of a magnetic field increases, the mass flux goes up sig-
nificantly. Hua and Walker [7] examined the effect of an inclined magnetic
field on liquid metal in a rectangular duct. They solved MHD equations in terms
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of pressure and electric potential for different values of the inclination angle.
Jeyanthi and Ganesh [8] employed the radial basis function generating the
finite difference method (RBF-FD) to MHD duct flow with an obstacle. The
numerical results were obtained for different values of the Hartmann number
(M = 10, 100) and the inclination angle of the magnetic field (0 ≤ θ ≤ π/2).
They found that the increase in the Hartmann number decreases the magnitude
of the velocity.

MHD flow in a lid-driven problem has attracted great attention due to its ap-
plications including crystal growth, solidification processing and so on.Kefayati
et al. [9] employed the lattice Boltzmann method to MHD equations for differ-
ent values of the Hartmann number and the Richardson number. They reported
that heat transfer reduces as the Hartmann number increases. Jin et al. [10]
studied three-dimensional flow in a driven-cavity subjected to magnetic field.
They found that the magnetic field affects the circulation of the cavity. More-
over, the impact of an inclined magnetic field on the mixed convection flow has
been analyzed by Yu et al. [11]. Heat transfer was shown to be influenced by
the orientation of the magnetic field. Hussain et al. [12] implemented the finite
element method to convection flow under an inclined magnetic field. They ob-
served that the average Nusselt number decreases with an increasing Hartmann
number. Cho [13] numerically simulated the effects of the inclined magnetic
field on convection flow by taking the Hartmann number up to 50 and the in-
clination angle up to 2π. Hussain et al. [14] examined the impacts of fins and
inclined magnetic field on convection flow in a lid-driven cavity. They observed
that the average Nusselt number values are dropped by increasing the number
of adiabatic fins.

Stokes flow is highly viscous so that the governing equations are obtained
from the Navier–Stokes equations neglecting the convection terms. Many re-
searchers have analyzed the Stokes flow behaviour in cavities by using several
techniques. Young et al. [15] and Chen et al. [16] applied the method of fun-
damental solutions (MFS) to Stokes flow. In [17], MFS has been developed for
2D and 3D Stokes problems to find velocity components and pressure. Eldho
and Young [18] implemented the dual reciprocity boundary element method
(DRBEM) to Navier–Stokes equations by taking the small Reynolds number.
They showed that DRBEM provides accurate results. Bustamante et al. [19]
considered Stokes flow in a lid-driven cavity and the backward facing step chan-
nel. They obtained numerical results by using a method of the approximate
particular solution for different values of shape parameters. Deliceoğlu and
Aydın [20] and Çelik et al. [21] investigated the flow patterns by using an an-
alytical solution of the biharmonic equation (∇4ψ = 0) of Stokes flow and ana-
lyzed the structures in view of topological aspects in an L-shaped and a Z-shaped
cavity, respectively.
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The effect of the uniform magnetic field on Stokes flow can be used to design
MHD-based microfluidic devices such as micro-pumps, microcoolers, etc. [22].
Yosinobu and Kakutani [23] studied MHD Stokes flow and obtained expan-
sion formula in terms of the Hartmann number.Gürbüz andTezer-Sezgin [24]
implemented radial basis function approximation to MHD convection flow equa-
tions by taking Re = 0.6 (Stokes approximation). They analyzed the influ-
ence of the viscous dissipation, buoyancy force and horizontally applied mag-
netic field on Stokes flow. Türk [25] investigated the solution of the eigen-
value problem for MHD Stokes flow by using a spectral collocation method.
Flattening tendency for velocity profiles was observed as the Hartmann num-
ber increases. Prasad and Bucha [26] examined the magnetic effect on creep-
ing flow in a permeable spheroid with a solid core. They found that the drag
force acting on permeable and semipermeable spheroids with an impermeable
core under the MHD effect is higher as compared to the case without magnetic
forces.

Based on the above literature survey and authors’ knowledge, the impact of
the inclined magnetic field on Stokes flow has never been studied. The main aim
of this paper is to analyze the effect of the Hartmann number and orientation
angle of the magnetic field on Stokes flow in a lid-driven cavity. The MHD Stokes
flow equations are solved by the radial basis function (RBF) approximation which
is the popular meshless method for the researches due to less computational cost.
Also, the velocity disribution is used to handle the corner singularities and to
obtain smooth eddies at the corners. Numerical results are depicted in terms
of streamlines for several values of the Hartmann number (0 ≤ M ≤ 80) and
inclination angle (0 ≤ α ≤ π). It is found that both strength and the direction of
the magnetic field control the behaviour of the Stokes flow. Moreover, a stream
function magnitude decreases with the augmentation of an acute angle. While
the increment of an obtuse angle α causes the magnitude of the stream function
to increase.

2. Governing equations

The steady, fully developed flow of a viscous, incompressible and electrically
conducting fluid is considered in a square cavity with a movement of the top wall.
The uniform magnetic field is applied with an inclination angle α according
to x-axis. MHD equations are governed by the Navier–Stokes equations and
Maxwell’s equations [23]. The non-dimensional equations in terms of velocity
(u, v) and pressure p are:

∂u

∂x
+
∂v

∂y
= 0,(2.1)
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∇2u = Re

(
u
∂u

∂x
+ v

∂u

∂y

)
+
∂p

∂x
−M2(−u sin2 α+ v sinα cosα),(2.2)

∇2v = Re

(
u
∂v

∂x
+ v

∂v

∂y

)
+
∂p

∂y
−M2(−v cos2 α+ u sinα cosα).(2.3)

The above equations are obtained by using non-dimensional variables x → xl,
y → yl, u → uul, v → vul, p → pρνul/l. The non-dimensional parameters are
the Hartmann number M= lµHl(σ/ρν)1/2 and the Reynolds number Re= lul/ν
where l, ul, Hl, µ, σ, ρ and ν are characteristic length, characteristic velocity,
externally applied magnetic field intensity, magnetic permeability, electric con-
ductivity, density and kinematic viscosity of the fluid, respectively.

The stream function ψ and the vorticity ω are defined as:

u =
∂ψ

∂y
, v = −∂ψ

∂x
, ω =

∂v

∂x
− ∂u

∂y
,

respectively [27]. We obtain the stream function equation ∇2ψ = −ω. The vor-
ticity equation is derived from the cross-differentiation of Eqs. (2.2) and (2.3) by
neglecting the convection terms due to Stokes approximation (Re � 1). Thus,
the MHD Stokes flow equations are:

∇2ψ = −ω,(2.4)

∇2ω = M2

(
−∂u
∂y

sin2 α+

(
∂v

∂y
− ∂u

∂x

)
sinα cosα+

∂v

∂x
cos2 α

)
(2.5)

with the given boundary conditions in Fig. 1. The unknown vorticity boundary
conditions are found by using the method explained in Section 3.

Fig. 1. Problem domain in 2-D (Lid-driven cavity).
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3. RBF approximation

In the radial basis function (RBF) approximation method [28], the right
hand side function f in the differential equation Lu(x, y) = f(x, y) and the
approximate solution u are approximated by RBFs φ and Ψ as:

f(x, y) '
n∑
i=1

βiφi(r), (x, y) ∈ Ω,(3.1)

u(x, y) =

n∑
i=1

βiΨi(r),(3.2)

respectively, where L is a differential operator such that

LΨi(r) = φi(r), r =
√

(x− xi)2 + (y − yi)2

is the Euclidean distance, βi’s are the unknown coefficients and n is the number
of points. Since the approximate solution u satisfies the boundary condition
Bu = g with the boundary operator B and we get

(3.3)
n∑
i=1

βiBΨi(r) = g(x, y), (x, y) ∈ ∂Ω,

where ∂Ω is the boundary of the domain Ω. N boundary points and L inte-
rior points satisfy Eqs. (3.3) and (3.1), respectively. Thus, the linear system is
obtained

(3.4) Aβ = B,

where

A =



BΨ1(r1) BΨ2(r1) · · · BΨn(r1)
...

...
. . .

...
BΨ1(rN ) BΨ2(rN ) · · · BΨn(rN )
φ1(rN+1) φ2(rN+1) · · · φn(rN+1)

...
...

. . .
...

φ1(rn) φ2(rn) · · · φn(rn)


n×n

, β =

β1
...
βn


n×1

,

B =



g(x1, y1)
...

g(xN , yN )
f(xN+1, yN+1)

...
f(xn, yn)


n×1

.
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The solution u given in (3.2) is obtained as u = UA−1B since β = A−1B
where Uij = Ψj(ri), 1 ≤ i, j ≤ n and it can be reconstructed as u = Gu + DF
where F = {fi}, 1 ≤ i ≤ n,Gu = G1ub andD = [ 0

n×N
G2
n×L

]. Here,G1 andG2 are

the submatrices of UA−1 as UA−1 = [ G1
n×N

G2
n×L

], and ub represents the boundary

values of the solution u.
In the literature, there are different types of radial basis functions such as

Gaussian φ(r) = exp (c2r2), multiquadric (MQ) φ(r) =
√
r2 + c2 and inverse

quadratic φ(r) = 1/
√
r2 + c2, where c is the shape parameter. Some studies show

that the use of multiquadric RBF gives better results than the others [29–32].
It is observed that the accuracy of the numerical solution depends on the value
of the shape parameter. However, a special algorithm is required to determine
the optimum value of the shape parameter. In this study, we compared the min-
imum stream function values for different Hartmann numbers obtained by mul-
tiquadric and polynomial radial basis functions in Table 1. The shape parameter
is taken as c = 0.6d/

√
n, where d is area of the flow domain and n is total node

number [33, 34]. The comparison showed that polynomial results are similar to
the results obtained by MQ. Thus, the rest of the computations in this study is
carried with the linear polynomial RBF φ(r) = 1 + r, and Ψ(r) = r2/4 + r3/9
which is obtained from the back substitution ∇2φ = Ψ.

Table 1. Iteration numbers and minimum values of ψ for different Hartmann
number with α = 0.

φ(r) = 1 + r φ(r) =
√
r2 + c2

Hartmann Num. Iter. Num. ψmin Iter. Num. ψmin

M = 0 1486 −1.006414× 10−1 1484 −1.003471× 10−1

M = 10 1487 −7.763441× 10−2 1484 −7.730504× 10−2

M = 30 1489 −5.092238× 10−2 1491 −5.055574× 10−2

M = 50 1492 −4.056662× 10−2 1497 −4.017458× 10−2

The coupled MHD Stokes equations (2.4)–(2.5) are solved with an iterative
procedure.
• ∇2ψ = −ω is solved by using an initial estimate for the vorticity.
• The vorticity boundary condition ω0 is obtained by using the finite differ-

ence method [35]

ω0 = −
(
a0ψ0 + a1ψp + a2ψq + a3ψn

∣∣
0

)
,

where ψ0 is the boundary value, ψn is the normal derivative of ψ, ψp
and ψq are interior values of stream function at p and q which are ph
and qh distances away from the boundary and the coefficients are:
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a0 =
−2(p3 − q3)

h2p2q2(p− q)
, a1 =

−2q

h2p2(p− q)
,

a2 =
2p

h2q2(p− q)
, a3 =

−2(p+ q)

hpq
.

• The new vorticity value is obtained from Eq. (2.5) with the use of the new
values of velocity components which are evaluated from u = ψy, v = −ψx.
• The iteration process is terminated when a preassigned tolerance ε is

reached between two successive iterations

‖ωm+1 − ωm‖∞
‖ωm+1‖∞

≤ ε.

The derivatives of unknowns are obtained by using the coordinate matrix φ
(φij =1 + rij) as ∂K

∂x = ∂φ
∂xφ

−1K, ∂K∂y = ∂φ
∂yφ

−1K, where K denotes ω, ψ, u and v.

3.1. Computational procedure for the corner data

The flow in a square cavity is driven by the motion of the top-lid at a speed of
u = 1 while the other walls are stationary u = 0. In order to eliminate the corner
singularities, velocity distribution on the top lid of the cavity is applied [36]. Let
the boundary value function u(x) be defined by

(3.5) u(x) =


0.5(1 + sin(π(x− δ0/2)/δ0)) 0 ≤ x ≤ δ0,

1 δ0 < x < δ1,

0.5(1 + cos(π(x− δ1)/δ0)) δ1 ≤ x ≤ 1,

where δ0 is a constant and δ1 = 1− δ0. In this approximation, u(x) is equal to 1
for x ∈ [δ0, δ1], and it decreases smoothly at x ∈ [0, δ0] for the left-upper corner,
at x ∈ [δ1, 1] for the right-upper corner and is equal to 0 on the vertical walls.

The effect of the velocity distribution on streamlines is checked with the
corner eddies. Moffatt [37] showed the existence of an infinite sequence of
loops in decreasing a size for anti-symmetrical Stokes flow between two stationary
walls. He also stated that when the fluid is electrically conducting, the reverse
flow and eddies form. Figure 2 depicts the streamline patterns and the corner
eddies are obtained by using 51×51 uniformly distributed points. Smooth corner
eddies are obtained by taking δ0 = 0.05 comparing the results obtained without
velocity distribution. In this study, δ0 = 0.05 is determined by trial and error.
On the other hand, it is also observed that this approximation requires less
computational time and the iteration number.



556 M. Gürbüz-Çaldağ, E. Çelik

a) b)

Fig. 2. Streamlines at the corner with enlarged portion for M = 50 and α = 3π/4 a) with
δ0 = 0.05, 1488 iterations and 63.394 s CPU time; b) without velocity distribution (3.5), 1605

iterations and 66.593 s CPU time.

4. Numerical results

The present iterative RBF approximation has been applied to the lid-driven
square cavity problem under the effect of a uniform applied magnetic field with
an angle. Numerical computations are carried out for several values of the mod-
erate Hartmann number (M ≤ 80) and the inclination angle of magnetic field
(0 ≤ α ≤ π). The boundary of the square cavity is discretized with N = 204
points and L = 2500 uniformly distributed interior points are taken, so the
number of total points is n = N + L = 2704. The preassigned tolerance ε is
given 10−9. The numerical results are presented in terms of contour plots of
a stream function to analyze the behaviour of the Stokes flow.

Firstly, the proposed method is validated by taking M = 0, which means
that the magnetic field effect on the Stokes flow is neglected. The minimum
value of the stream function is found to be −0.1006 which is similar to the result

M = 0 M = 10 M = 30

Fig. 3. Streamlines for M = 0, 10, 30 and α = 0.
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ψmin = −0.1001 obtained by Shankar [36]. Also, streamlines are obtained for
M = 0, 10, 30 in the case of α = 0. Streamlines in Fig. 3 are in good agreement
with the ones in [35].

Numerical results shown in Figs. 4–6 are obtained for several values of M
and α to analyze the effects of intensity and the direction of the magnetic field on
the Stokes flow. In Fig. 4, it is observed that for M = 10, there is no significant
change in the streamlines as α increases since the electromagnetic influence on
the flow is small. In the case of α = 0, asM increases, the center of the main vor-
tex of the flow is close to the top wall due to the impacts of the direction of the
magnetic field and the movement of the lid. The retardation effect of the mag-
netic force causes the formation of new counter rotating vortices under the main
vortex. It is shown that as the inclination angle increases, the symmetric distri-
bution of streamlines at x = 0.5 is deformed. Vortices are formed at the lower
right corner.

M=10 M=30 M=50 M=80

Fig. 4. Streamlines for M = 10, 30, 50, 80 and α = 0, π/6, π/4.

Figure 5 depicts the results obtained by taking α ≥ π/3 and M ≥ 10.
An increase in the inclination angle diminishes the size and the number of the
vortices. As the angle increases to π/2, streamlines attain symmetric distribution
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at x = 0.5 and the vortices at the right lower corner disappear. The reason is
that the magnetic force (Lorentz force) suppresses the velocity in the direction
perpendicular to the magnetic filed.

M=10 M=30 M=50 M=80

Fig. 5. Streamlines for M = 10, 30, 50, 80 and α = π/3, 5π/12, π/2.

The stream function contours are obtained for the obtuse angles of the mag-
netic field (7π/12 ≤ α ≤ π) in Fig. 6. When α reaches to 2π/3, secondary vortex
occurs at the lower left corner. The number of vortices increases with an increase
in the inclination angle. The center of the main vortex moves to left upper cor-
ner which shows that inclination angle diminishes the effect of the movement
of the lid. When α reaches to π, the same flow structure is obtained as in the
case of α = 0. When we compare Fig. 5 and Fig. 6, the effect of the inclination
angle of the magnetic field on the flow is the same because these angles are the
supplementary angles. Only difference is observed for the location of vortices.
Acute angles cause the formation of the secondary vortex at the right corner.
On the other hand, the secondary vortex occurs at the left corner when α > π/2.
It is deduced that flow structure depends on the strength and the orientation of
the magnetic field.
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M=10 M=30 M=50 M=80

Fig. 6. Streamlines for M = 10, 30, 50, 80 and α = 7π/12, 2π/3, 3π/4, 5π/6, π.

In Fig. 7a, the maximum value of |ψ| is plotted for several values 0 ≤M ≤ 80
and 0 ≤ α ≤ π/2. It is found that asM increases, the magnitude of stream func-
tion decreases which is the retardation effect of MHD flow. For a fixed Hartmann
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a) b)

Fig. 7. Maximum value of |ψ| for M = 0, 10, 30, 50, 80 with
a) α = 0, π/6, π/4, π/3, 5π/12, π/2; b) α = 7π/12, 2π/3, 3π/4, 5π/6, π.

a)

b)

Fig. 8. Hartmann effects on velocity profiles along mid-points in the cavity with 50× 50 grid
size; a) inclination angle α = 0, b) inclination angle α = π/4.
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number, an increase in the inclination angle decreases the magnitude of a stream
function. It is deduced that an inclination angle accelerates the decrease in the
values of a stream function.

Figure 7b shows the maximum value of the stream function for different values
ofM and the obtuse angle α. As the inclination angle increases, the magnitude of
the stream function increases. Comparing to the results in Fig. 7a, it is observed
that stream function takes the same maximum value at α and π − α for a fixed
Hartmann number since the magnetic force is the same for the supplementary
angles.

Figure 8 indicates the impact of the Hartmann number on the centerline
velocities for α = 0 and α = π/4. In both cases, an increase in M decreases
the velocity values. As the strength of the horizontal magnetic field increases,
v-velocity profile is flattened. Since the magnetic force produces resistance in the
opposite direction to the velocity perpendicular to the magnetic field. However,
the inclination angle weakens the flattening tendency on v-profile.

a)

b)

Fig. 9. Inclination angle effects on velocity profiles along mid-points in the cavity with
50× 50 grid size; a) M = 10, b) M = 50.
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In Fig. 9, velocity profiles along mid-points are shown for different orientation
of the magnetic field and M = 10, 50. It is also found that v-centerline velocity
attains a minimum value at α = π/2 regardless of the Hartmann number values.
For M = 50, the values of u-velocity component are almost zero at the mid-
section of the cavity with an increase in α due to the deceleration effect of the
magnetic field. The effect of the movement of the lid is observed regardless of
the direction of the magnetic field. As the inclination angle increases, v-velocity
profiles fluctuate. However, the velocity component in the y-direction is flattened
at the center of the cavity for α ≥ 5π/12.

5. Conclusion

The Stokes flow in a lid-driven cavity is simulated in the presence of an ap-
plied uniform magnetic field with an inclination angle for the first time in this
paper. RBF approximation is employed to MHD Stokes flow equations for dif-
ferent values of the Hartmann number and the inclination angle of the magnetic
field. In order to obtain smooth corner eddies, velocity distribution is used for the
moving top lid. We observed that an increase in the Hartmann number decreases
the magnitude of a stream function regardless of the direction of the magnetic
field. As the inclination angle increases in the range [0, π/2], the magnitude of
the stream function decreases. However, the increase in α, which is in the range
[π/2, π], increases the magnitude of ψ. The formation of the vortices depends on
α and M which indicates that both the inclination angle and the strength of the
magnetic field control the structure of the flow.
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