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USING THE STROH QUARTIC FORMALISM, we prove that the internal electroelastic
field is unconditionally uniform inside a three-phase anisotropic piezoelectric ellipti-
cal inhomogeneity with two confocal elliptical interfaces when the surrounding matrix
is subjected to uniform remote anti-plane mechanical and in-plane electrical load-
ing. The inhomogeneity and the matrix comprise monoclinic piezoelectric materials
with symmetry plane at x3 = 0 and with poling in the zs-direction; the intermedi-
ate interphase layer is a transversely isotropic piezoelectric material with poling in
the xs-direction. Moreover, we obtain the internal uniform electroelastic field inside
the elliptical inhomogeneity and the non-uniform electroelastic field in the interphase
layer in real-form in terms of the fundamental piezoelectricity matrices for both the
inhomogeneity and the matrix and the generalized Barnett—Lothe tensors for both
the interphase layer and the matrix.
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1. Introduction

ESHELBY’S UNIFORMITY PROPERTY REGARDING STRESSES AND STRAINS inside
a three-dimensional ellipsoidal or a two-dimensional elliptical elastic inhomo-
geneity when the matrix is subjected to a uniform loading at infinity is well estab-
lished [1-3]. When an intermediate coating of finite thickness is inserted between
the internal circular elastic inhomogeneity and the surrounding unbounded ma-
trix, however, the field inside the inhomogeneity is intrinsically non-uniform [4].
The uniformity property inside the inhomogeneity continues to remain valid
when confocal elliptical interfaces are used in the fibrous composite [5-8].
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In this paper, we study the electroelastic field of a three-phase anisotropic
piezoelectric composite with two confocal elliptical interfaces subjected to uni-
form remote anti-plane mechanical and in-plane electrical loading. The three-
phase piezoelectric composite is composed of an inner piezoelectric elliptical
inhomogeneity, an intermediate piezoelectric interphase layer and an outer in-
finite piezoelectric matrix. Both the inhomogeneity and the matrix comprise
monoclinic piezoelectric materials with symmetry plane at x3 = 0 and with pol-
ing in the x3-direction, while the interphase layer is composed of a transversely
isotropic piezoelectric material with poling in the x3-direction. The complexity
of the problem lies in the fact that as many as 23 electroelastic constants are
involved in the analysis (10 for the inhomogeneity, 3 for the interphase layer and
10 for the matrix). Intuitively, we would expect that the ensuing analysis and
resulting solution structure would be considerably complicated. On the contrary,
the problem is solved quite elegantly using the Stroh quartic formalism. In this
respect, we prove that the internal electroelastic field of stresses, strains, electric
displacements and electric fields inside the elliptical inhomogeneity continues to
remain uniform. The uniformity of the internal electroelastic field is attributed
to the confocal character of the two elliptical interfaces and the transversely
isotropic property of the intermediate piezoelectric interphase layer. The internal
uniform electroelastic field inside the elliptical inhomogeneity is unconditional
since there is no other restriction on the remote loading except the required
constitutive relationship. Using the identities developed in the Stroh quartic
formalism, the internal uniform electroelastic field inside the elliptical inhomo-
geneity and the non-uniform electroelastic field within the interphase layer are
obtained in real-form in terms of the fundamental piezoelectricity matrices for
the inhomogeneity and the matrix and the generalized Barnett—Lothe tensors for
the interphase layer and the matrix. It is expected that the present solution can
be applied in the generalized self-consistent method [4, 9] to predict the effective
properties of piezoelectric composites.

2. Stroh quartic formalism

For the anti-plane shear deformations of monoclinic piezoelectric materials
with symmetry plane at x3 = 0 and with poling in the x3-direction, the consti-
tutive equations and balance laws are given by

[031] _ [055 e1s } [2&731] n [045 €25 ] [2832}
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2e31 = w1, 2e3=wgz, Ei=-9¢1, FEy=—¢3,
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where 031 and o039 are anti-plane shear stresses, D and Dy are in-plane electric
displacements, €31 and €35 are anti-plane strains, F; and E5 are in-plane electric
fields, w is the anti-plane displacement, ¢ is the electric potential, Cyq, Cys5, Css
are three elastic constants, eis, ess, €14, eaq are four piezoelectric constants and
€11, €12, €92 are three dielectric constants.

Within the framework of the Stroh formalism [10], the general solution can
be expressed in the form

(2.3)

where

A:[alag], B:[ble]a

(2.4) £(z) = [filz1) falz2) ],
2 =21 +prze,  Im{pr} >0 (k=1,2),

with
ag | ay _
| N1 N2
(2.6) N = [Ng NlT] ,
(2.7) N, =-T'R”, N,=T"', N3y=RT 'R’ - Q,
and
(2.8) Q= [055 e1s ] R — [045 €25 ] T — [044 €24 ]
' elrs —€11 |’ ey —€12 ]’ e —€2 |’

In view of the fact that both the generalized displacement vector u and the
generalized stress function vector @ are two-dimensional, the foregoing general
solution is referred to as the Stroh quartic formalism. Furthermore, the explicit
expressions of the three 2 x 2 real matrices N1, Ny, N3 comprising the 4 x 4
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fundamental piezoelectricity matrix N are given by

Cy5€22 + ea4€25 E€22€14 — €12€24

Nl = — C~Y44€22 6*44 €99
Cyseas — Cageas Cya€12 + €14€24
C44€22 044622
1 €24
N, = NI = Cu  Cu €
€24 Cuyy ’
(2.9) Cys€22  Cuy€a
(N3)u1 = €22(CF5 — O55Cua) + 2Cusease25 — Caac3s <0
Cya€20 ;
(N3)12 = (N3)21
_ e14(Cas €22 +easeas) + €12(Cuaers — Cusean) — 644622615
Cus€20 )
(N3)22 = €a2(e?y + Cuq €11) — 2€12€14e24 — Cy€3, >0
Cyyq €99 )
where
2
A e
(2.10) ST
€22

The generalized stress function vector ¢ is defined, in terms of the anti-plane
stresses and in-plane electric displacements, as follows

031 = —P12, 032 = Y11,

(2.11)
Dy = —p22, D2=p21.
The two matrices A and B satisfy the following orthogonality relations [10]

B"A+A"™B=1=B"A + A"B,

2.12 _ _ _ _
(2.12) B"A+ATB=0=B"A + A"B,

so that we can introduce the following three real generalized Barnett-Lothe
tensors S, H and L [10],

(2.13) S=i2ABT —1), H=2AAT L=-2iBB".
The generalized Barnett—Lothe tensors S, H and L are related by

(2.14) HL - SS =1
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In addition, the two matrices H and L are symmetric and but not positive defi-
nite. More precisely H and L are matrices of type T [10]. The explicit expressions
of the three generalized Barnett—Lothe tensors S, H and L for the anti-plane
shear deformations of a monoclinic piezoelectric material have recently been ob-
tained by WANG and SCHIAVONE [11]. For a transversely isotropic piezoelectric
material with poling in the x3-direction, we have:

Cu ers }

(2.15) S=0, L=H'!= [
els —€11

The following identities can be proved following the idea by TING [10]:

(2.16)

] - %(xlI + 25N (I — iN),

where n is a non-negative integer, (zI') = diag [z{‘ zé‘] and

(2.17) N = [_SL S}H , N2=-L

3. Three-phase anisotropic piezoelectric elliptical inhomogeneity

As shown in Fig. 1, we consider a three-phase anisotropic piezoelectric ellipti-
cal inhomogeneity with two confocal elliptical interfaces. Let €2, © and ¥ denote
the piezoelectric elliptical inhomogeneity, the piezoelectric interphase layer and

Monoclinic piezoelectric
b, matrix ¥

Monoclinic
elliptical inH

Transversely isdtropic piezoelectric
interphase layer| ©

Fi1G. 1. A three-phase anisotropic piezoelectric elliptical inhomogeneity with two confocal
elliptical interfaces under uniform remote anti-plane mechanical and in-plane electrical
loading.
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the infinite piezoelectric matrix, respectively, all of which are perfectly bonded
through two confocal elliptical interfaces II: 23/a2 + x3/b = 1 (with a1 and by
representing, respectively, the semi-major and semi-minor axes of the ellipse II)
and T: 2%/a3 + 23/b3 = 1 (az and by are, respectively, the semi-major and
semi-minor axes of the ellipse I'). The following condition ensures the confocal
character of the two elliptical interfaces: a? — b} = a3 — b3. The inhomogene-
ity and the matrix are both monoclinic piezoelectric materials with symmetry
plane at x5 = 0 and with poling in the x3-direction, while the interphase layer
is composed of a transversely isotropic piezoelectric material with poling in the
xs-direction. The matrix is subjected to uniform remote anti-plane mechanical
loading in both stresses and strains: 057, 055, €557, €55 and in-plane electrical load-
ing in electric displacements and electric fields: D{°, Ds°, ET°, ES°. It is shown in
the subsequent analysis that the remote stresses, strains, electric displacements
and electric fields are not independent and must satisfy a particular relationship.
In what follows, the superscripts €2 and © refer to the elliptical inhomogeneity
and the intermediate interphase layer, respectively, while quantities associated
with the matrix have no attached superscript.
We first consider the following conformal mapping function:

z=w(@) =RE+me"), 1< <p V2
(3.1) ) 2tV ImR?

-y
where z = x1 + izs, and
ay + by Car—bi (a1 +b1)? (a2 —by)?

(3.2) R= 0<p<1).

2 " aj + by’ P= (ag +b9)2 (a1 — by)?
As shown in Fig. 2, using the mapping function in Eq. (3.1), the interphase layer
in the z-plane is mapped onto the annulus 1 < |£] < p_1/2 in the &-plane, the
inner elliptical interface II is mapped onto the unit circle in the &-plane and
the outer confocal elliptical interface I' is mapped onto the circle |£] = p~1/2 in
the &-plane.

We then consider the following mapping functions:

ag — ipgbs as + lpkbz
5 Skt &Ll > 1,

A + \/z,g (a2 + pkb2)

a — ipgbo

= wi(&k) =

(3.3)

& = wk_ , k=12.

Using the mapping functions in Eq. (3.3), the outer elliptical interface I' is
mapped onto the unit circle in the &x-plane, and the region outside the ellip-
tical interface I' is mapped onto the exterior of the unit circle in the &-plane.
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Am¢

Fia. 2. The image &-plane.

Solutions in the three phases of the elliptical inhomogeneity, the interphase
layer and the matrix can be constructed as follows:

Q7 Q Q
u € €
3.4 :$1|:1:|—|—a72|: 2:|, z €€,
3 [(PQ t5' —t{
u@_

35 | oo | -Tele b,

18 [ et o
a0 [g] - [F] =[5
Az AT M), e,

}, z € 0O,

where 8?, 5%2, t?, tgz, hi, g1, ha, go, hs, g3 are ten unknown two-dimensional

real constant vectors to be determined, and

239 2e%5 os® o3
oo __ 31 oo __ 32 oo __ 31 oo __ 32
n = | 2] a=ZR] w= 3R] e =[]

It can be proved quite easily by using the identity in Eq. (2.16) with n = 1 that

Q Q [ee) [ee)
& | _~Nal & € _ €]
(38) Celewln) ][]
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which provide a relationship among the uniform stresses, strains, electric dis-
placements and electric fields within the piezoelectric inhomogeneity and also
provide a relationship among the uniform remote stresses, strains, electric dis-
placements and electric fields applied in the matrix. The relationships in Eq. (3.8)
are equivalent to the constitutive equations in Eq. (2.1) for the inhomogeneity
and the matrix.

In writing Eq. (3.5) for the interphase layer, we have utilized the identity
in Eq. (2.16) with n = 0. In addition, the 4 x 4 matrix N© for the interphase
layer composed of a transversely isotropic piezoelectric material has the following
explicit expression

o | 0 (L97! o  qrov-1_ | Co €
39 N _{_L@ o | LO=m)T=|d T

At the elliptical boundaries II and I', we have:

. 1 = a1COS1Y, X9 =01SINY, :e., B :e*. , zell
(3.10) ” bising, €=e?, 1ol il
(3.11) £=p 2V Tl = pl% ey
(3.12) T1 = aCco8, T = bysiny, 51_1 = 52_1 = e*iw, zel.

Making use of the identity in Eq. (16) with n=0, Eqgs. (3.4)—(3.6) on the two
confocal elliptical interfaces II and I' have the following expressions:

(3.13) i | o 15 foysing |
. = a1 COS S1n
(P% 1 tg 1 —t? )

[ 19 ] h o [h h o[ h
314) | 0 —cosy | [ —singNO | O | feosyp | 2| +singNO | 2|

kil g1 g2 g2

[ uf | h <o [h
3.15 L1 = p'%cos [ 1]— /2 gin NG[ 1}
( ) _(pIQ_ p (0 ) p (0 g

—i—p*l/QCosw [h2] —I—pfl/Qsinz/JNG [hﬂ ,
g2 g2

ur E(fo . 880 :| |:h3:| . x |:h3:|
3.16 = apcos s | +b2sin - | Tcos —siny NN .
(3.16) {(PF] ’ d)[% ] ? ¢[_t1 v g3 4 g3

The continuity conditions of traction, displacement, normal electric displacement
and electric potential across the two confocal elliptical interfaces IT and I" require
that

[C) Q
(3.17) R
P P
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][]

@r @P

By substituting Eqgs. (3.13) and (3.14) into Eq. (3.17) and equating coefficients
of cos ) and sin v, substituting Eqgs. (3.15) and (3.16) into Eq. (3.18) and again
equating coefficients of cos and sin ), we arrive at the following relationships

(3.19) ;
L] 8 o = S
g2 g1 —t¢ ]’
and
/2 [h1:| 412 [hQ] — [E;f:] n [h:a] ’
(3.20) g1 g9 ts g3

<o | h <o | h €3° -~ | h
,1/2N@ 2 1/2N® 1 _ b { 2 ] N [ 3] )
P [ 82 } P [ g1 ] 2 —t5e 83
All the ten real constant vectors s?, eg, t?, tg, hy, g1, ho, g2, h3, g3 can be
uniquely determined from Egs. (3.19) and (3.20) together with the relationships

in Eq. (3.8) as follows:

5? az 1/2 < TO\—1 /T N ©

(321) || =0 [I—p(N+N) (N-N )}
2 ai

-6 b -6 b - = o "

x [N@+1N9+p <N®—1NQ> (N+N@)—1(N—N@)]
aq aq

~ b - - - b o0

X <N@—1NQ> (N4+N©)~1 (N+2N> {ego]

al a2 t3

- - b o0
+ 22 /(N NO) ! <N+2N> [séo} ,
al a2 t3

Q Q
& | _no &
S]]

0
1
h; 12| e, b0 G0 o) L | e -1 o]
(322) | 21| = azp/? | NO+ LN p NO— 2N ) (R4N©) 7 (N-N©)

a

(o= e ) ey (84 2 5.
al az t3
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[hQ] = 4! 2(N+RO) ! (m%) [8‘1"’}

g2 as t5°
3 . -
—agp2 (N+N®)"1(N-N®)

-1
« [N@+ZIN9+,O<N@_"1NQ) (N+N@)‘1(N—N@)]
1

ai
~ b - - - b o0
X <N9—1NQ> (N4+N©)~! <N+2N> [Ego] ,
al a2 t3
(3.23) [23] = 2a9p(N+N©)~IN®
3
o b o b . = o] "
x [N@+1N9+p<N@—1NQ> (N+N@)—1(N—N@)]
al al
go Do) ey (W, b2 er’
x ([ N®— =N ) (N4N®) 1 (N+=N) | L
a a2 t5

N ~@—1<b2 ~e>[5fo}
+a2(N+N7) N-N o |-
a2 2
We can see that all ten real constant vectors 6?, sg, t?, tg, h;, g1, ho, go,
h3, g3 have been determined in real-form in terms of the four 4x4 real matrices
N* for the elliptical inhomogeneity, N€ for the interphase layer and N, N for
the matrix. The explicit expressions of the fundamental piezoelectricity matrices
N and N can be readily obtained from Eq. (2.9), the explicit expression of N©
is given by Eq. (3.9), and the explicit expression of N can be found in WANG

and SCHIAVONE [11]. For example, if the piezoelectric matrix is orthotropic, we
have [11]

J_| 0 H oyl A A
o e LH] wena i A,
where
€ oe
Ajp = 11+ 222 . >0,
V20(s +1)(Cua€2z + €3,)(Cs5€11 + ;)
e15 + degy
3.25 A1z = ;
(3:29) V20(s +1)(Caa€22 + €3,)(Css€11 + €f5)
C oC
Aoy = 55 + 0044 >0,

V/26(s + 1)(Cua€22 + €3,)(Cs5€11 + €35)
with

(3.26) &= Cs5€11 + €24 s Cysa€11 + Cs5€22 + 2e15e04 51
|| Caa€az + €3, 21/(Cs5€11 + €35)(Cua€aa + €3,)
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It is further seen from the above analysis the internal electroelastic field of
stresses, strains, electric displacements and electric fields characterized by the
four real vectors £f, e}, t$, t$ in Eq. (3.4) is uniform inside the elliptical inho-
mogeneity. The internal uniform electroelastic field inside the elliptical inhomo-
geneity is unconditional since there is no other restriction on the remote loading
except the required constitutive relationship in Eq. (3.8)2. The unconditional
uniformity, which stems from the fact that the transversely isotropic piezoelec-
tric material occupying the interphase layer is mathematically non-degenerate
[12], is different from the conditional uniformity of the internal stresses in plane
isotropic elasticity [5] and in generalized plane strain deformations for anisotropic
elastic materials [8]. In addition, the internal uniform electroelastic field inside
the elliptical inhomogeneity and the non-uniform electroelastic field everywhere
in the interphase layer characterized by the four real vectors hi, g1, hs, g2 in
Eq. (3.5)~ are obtained in real-form in terms of the four real matrices N, N©,

N and N. More specifically, the internal uniform electroelastic field inside the
elliptical inhomogeneity is given explicitly by

2631 | @ 2632 | @ 031 _ .0 032 | .0
(327) |:_E1:|—81, |:_E2:|—82, Dl _t17 D2 —t2, ZEQ,

and the non-uniform electroelastic field in the interphase layer is explicitly de-
termined by

2(631 — 1832)

—E +iEy 1 7O <2[h2} [h})
3.28 . - - I-iN _ . zeo.
(3.28) 039 + 1031 R(& — m)( iINT) | € g2 g1 ‘

Dy +1Dq

In particular, it is deduced from Eq. (3.28) with the aid of Egs. (3.9) and (3.19)
that

[2(e31 —ies2) | _ roy-1.0 .0
_E1+iE2 _(L ) tl — 1&g,
(3.29a) - L
032 T1031 | _ y0_Q |, :2Q B .
_D2+iD1]_L ey +ity" at z = +a; and z € ©;
[2(es1 —ie32) | _ 0 . pey-1,0
B i, | 8 L),
(3.29Db) - )
032 +1031| _ .0, .70.0 .
_D2+iD1]_t2+lL e at z==+ib and z € 6.

It is clearly seen from Egs. (3.29a) and (3.29b) that the continuity conditions
of traction, displacement, normal electric displacement and electric potential
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have indeed been satisfied when crossing the interface II at the four points:
z = ta;, *iby.

When both the inhomogeneity and the matrix are orthotropic, it is deduced
from Eq. (3.21) that

(3.30) e =Y 150, e = NPV 0, tff = —-NPY e, t = Yot
where the two 2 x 2 real matrices Y; and Yy are defined by

a
Yi= S p(H L) L - H )

b b !
X [—L@ +N$+p (L@ + 1N§,}> H1+L%)1(1Le - Hl)]
aq al
X (L@ + blN?) (H'4+1L9)7! <b2N3 —H_1>
al a2

+@pl/Q(H—1+L®)—1 <H_1—62N3> ’

ai ag
(831)
2 17— _
Yo = p! 214 p[H+ (L)1 (L) — H]]
—1
@04 NG | (09) - g [h 1)) - 9
1 1
X [(LG)‘l—blNg} [H+(L@)—1]‘1 <H+b2Nz>
al a2
+%p1/2 [H_F(L@)fl] -1 <H+ b2N2) ,
ai a2
and
1 e&
0L el Q0
(3.32) N — é‘l 44 32 N9 = — {05525 615Q ] .
esy Cii €15 —C11

CHheh Ched
When the matrix is transversely isotropic and has the same electroelastic
constants as the interphase layer, it is deduced from Eq. (3.21) that

Q -1 0
81 - b (9} =~ bl 31
= [N+ —N N+ —N
[tg} [ T ] ( T )[tgo]

(3.33) _ (1+bl> [Neran]_lN[ﬁi"’]’
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where N is determined by Eq. (2.9) with the electroelastic constants pertaining
to the inhomogeneity, and

~ -~ -1
(3.3) N=N=N°®=N°= 0 L  L=H'= Cu e15 .
-L 0 els —€11

Within the framework of the Stroh formalism, Eq. (3.33); is found to be consis-
tent with Eqgs. (10.7-8) and (10.7-9) in TING [10].

4. Conclusions

We have proved the uniformity of the electroelastic field inside a monoclinic
piezoelectric elliptical inhomogeneity bonded to a monoclinic piezoelectric matrix
through a transversely isotropic piezoelectric interphase layer with two confocal
elliptical boundaries subjected to uniform remote anti-plane and in-plane elec-
trical loading. Using the identities in the Stroh formalism, the internal uniform
electroelastic field in the elliptical inhomogeneity and the non-uniform electroe-
lastic field in the interphase layer are obtained in real-form in terms of the four
real matrices N, N@, N and N. The uniformity property continues to hold when
an arbitrary number of transversely isotropic piezoelectric interphase layers with
confocal elliptical interfaces are inserted between the elliptical inhomogeneity
and the matrix, both of which remain monoclinic piezoelectric materials.
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