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IN THE PRESENT PAPER THE COUPLED LINEAR THEORY of double-porosity viscoelastic
materials is considered and the basic boundary value problems (BVPs) of steady
vibrations are investigated. Indeed, in the beginning, the systems of equations of
motion and steady vibrations are presented. Then, Green’s identities are established
and the uniqueness theorems for classical solutions of the BVPs of steady vibrations
are proved. The fundamental solution of the system of steady vibration equations is
constructed and the basic properties of the potentials (surface and volume) are given.
Finally, the existence theorems for classical solutions of the above mentioned BVPs
are proved by using the potential method (the boundary integral equations method)
and the theory of singular integral equations.
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1. Introduction

VISCOELASTIC EFFECTS ARE DESCRIBED FOR A WIDE VARIETY of materials
including biopolymers, amorphous and semicrystalline polymers, metals, high
damping alloys, rock, piezoelectric materials, cellular solids, dense composite ma-
terials, and biological materials (see, e.g., BRINSON and BRINSON [1], LAKES [2]).
Viscoelastic materials can be modeled in order to determine their stress or strain
interactions as well as their temporal dependencies. Various theories of viscoelas-
tic materials have been proposed and studied in the series of works (for details,
see TRUESDELL and NOLL [3], AMENDOLA et al. [4], FABRI1ZIO and MORRO |[5]
and the references therein).

It is noteworthy that the prediction of the physical properties of porous
media has been one of hot topics of continuum mechanics (see, DE BOER |[6],
BEAR |7], CHENG [8], CoussY |9, ICHIKAWA and SELVADURALI [10], WANG [11]).
In the last two decades, there has been interest in formulation of the theories
of viscoelasticity of differential type for porous materials. In this connection,
a theory of thermoviscoelasticity for a composite as a mixture of porous elastic
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solid and Kelvin-Voigt material is presented by IESAN [12]. The theory of porous
thermoviscoelastic mixtures is developed by IESAN and QUINTANILLA [13|. The
steady vibrations problems in the theory of thermoviscoelastic porous mixtures
studied by SVANADZE [14].

Nowadays, mathematical models for porous media are mostly based on one of
the following two phenomena: (i) the concept of Darcy’s classical law and (ii) the
concept of volume fraction.

Indeed, in the pioneering work [15], Biot firstly introduced the hydraulic and
mechanical coupling phenomenon and the 3D consolidation theory of isotropic
porous solids based on Darcy’s law was presented. Then, this classical theory
of poroelasticity is developed by using several coupling processes. The cou-
pled thermo-hydro-mechanical models based on Darcy’s law are introduced by
many investigators (see, e.g., BOOKER and SAVVIDOU [16], DERSKI and KOWAL-
SKI [17], NGUYEN and SELVADURAI [18], SCHIFFMAN [19], etc.). Much of the
theoretical progress in the above mentioned theories for porous materials based
on Darcy’s law are discussed in the books by SELVADURAI and SUVOROV [20],
STRAUGHAN [21, 22|, SVANADZE [23|. Plane waves and problems of quasi-statics
and steady vibrations in the theory of viscoelasticity for Kelvin-Voigt materials
with double porosity are studied by SVANADZE [24, 25].

On the other hand, considerable progress has been made in the study of the
mathematical theories of porous materials based on the volume fraction concept.
In particular, in the papers [26] and [27], on the basis of this concept Nunziato
and Cowin introduced an alternative linear and nonlinear theory of elasticity
for deformable porous materials (also called materials with voids). Then, this
mathematical model is extended and the linear theory of thermoelastic materi-
als with voids is presented by IESAN [28]. More general models of elasticity and
thermoelasticity for materials with voids based on the volume fraction concept
are introduced and studied by several research groups. Basic results in this sub-
ject of investigation may be found in the books by CIARLETTA and IESAN [29],
IESAN [30], STRAUGHAN |21, 22, 31].

In addition, on the basis of the volume fraction concept, the theory of thermo-
viscoelasticity for Kelvin-Voigt materials with voids are established by IESAN [32].
Then, this theory is extended and the basic results for single and double porosity
materials are obtained in the series of papers (see, e.g., IESAN [33|, CHIRITA [34],
CHIRITA and DANESCU [35], D’APICE and CHIRITA [36], JAIANI [37|, KUMAR
and KUMAR (38|, TOMAR [39], BUCUR [40], SVANADZE [41, 42]).

Moreover, we encounter various new coupled processes in mechanics of vis-
coelastic porous media and therefore, it is required to consider several coupled
mechanical concepts simultaneously. In [43], a mathematical model of viscoelas-
tic single-porosity materials is presented, in which the coupled phenomenon of
the concepts of Darcy’s law and the volume fraction of pore network is con-
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sidered and then, steady vibrations problems of this model are investigated. In
the present paper, on the basis of this coupled phenomenon of above mentioned
two concepts a mathematical model of viscoelastic double-porosity materials is
developed and the basic BVPs of steady vibration of this model are investigated.

Note that the linear models of elasticity and thermoelasticity for single-
porosity materials are proposed by SVANADZE [44, 45| in which the coupled
phenomenon of the concepts of Darcy’s law and the volume fraction of pore net-
work is introduced. The basic BVPs of steady vibrations in the quasi-static case
of these models are studied by BITSADZE [46, 47| and MIKELASHVILI [48, 49].
Recently, this coupled phenomenon has been extended for double-porosity elastic
materials in [50].

This work is articulated as follows. In Section 2, the basic equations of motion
and steady vibrations in the coupled linear theory of viscoelasticity for double-
porosity materials are presented. The system of governing equations is expressed
in terms of the displacement vector field, the changes of volume fractions of
pores and fissures, and the changes of the fluid pressures in pore and fissure
networks. In Section 3, the basic BVPs of steady vibrations are formulated and
Green’s first identity is established. In Section 4, the uniqueness theorems for the
regular (classical) solutions of the above mentioned BVPs are proved. Then, in
Section 5, the fundamental solution of the system of steady vibration equations is
constructed explicitly by means of elementary functions and its basic properties
are established. In Section 6, Green’s second and third identities of the considered
theory are obtained. In Section 7, the surface (single-layer and double-layer)
and volume potentials are constructed and their basic properties are given. In
addition, in this section, the symbolic determinants and indexes of some useful
singular integral operators are calculated. Finally, in Section 8, the existence
theorems for classical solutions of the BVPs of steady vibrations are proved by
means of the potential method and the theory of singular integral equations.

2. Basic equations

In what follows we consider a material with double porosity in which the
skeleton is an isotropic and homogeneous viscoelastic Kelvin-Voigt solid with
pores on the macro scale and pores on a much smaller meso or micro (also called
fissures) scale. Let x = (x1, x2, x3) be a point of the Euclidean three-dimensional
space R3, let t denote the time variable, ¢t > 0 and the dot denotes differentiation
with respect to t. Repeated Latin and Greek indices are summed over the ranges
(1,2,3) and (1,2), respectively.

Let u(x,t) be the three-component displacement vector field for the skeleton
of a porous material, & = (U1, U2, U3); p1(x,t) and pa(x,t) are the changes of
the pore and fissure fluid pressures, respectively; ¢1(x,t) and @a(x,t) are the
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changes of the volume fractions from the reference configuration for the pore
and fissure networks, respectively.

Following the concepts of the deformation of a solid and the volume fraction,
the basic equations of motion in the linear coupled theory of double-porosity
viscoelastic materials we can write as

2 P (1), ¢ % .
tjj = p( — F), O-]("j) + &0 = p1py — pdy,

(2.1) . .
H LD by — pis, 121,23,

where #;; is the component of total stress tensor f" = (FY, F3, F3) is the body

. (1) 2
force per unit mass; UJ(. ), €M 51, p1 and 0 , § , §2, p2 are the component

of the equilibrated stress, the intrinsic equlhbrated body force, the extrinsic
equilibrated body force, the coefficients of the equilibrated inertia associated to
the pore and fissure networks, respectively; p is the reference mass density, p > 0,
p1 > 07 p2 > Ov

€W = —biépr — (1P1 — G2 + mupy +mapa — Vi érr — (T 01 — Gida,
<22) F(2) ~ N ~ ~ ~ * A * A * A
§ = —bobrr — (301 — Q22 + mapP1 + map2 — Yabrr — (191 — (392,

€1j is the component of strain tensor and given by

. L, . .
(2.3) by =5y +a5),  Lj=123
Here the constitutive equations have the following form

Ltlj = 2,Uélj + )\érrélj + (baﬁﬁa - Baﬁa)dlj

+ 20 é15 4+ N ey 4 (Di 1 + bya) iy,

g;>

=11, + 3P+ a19011 + 043902 ls
= a3§b1,l + O‘2¢2,l + a3¢1,l + O‘2¢2,l7 lv] = 17 27 3a

where d;; is Kronecker’s delta.
Meanwhile, the equations of fluid mass conservation and Darcy’s extended
law can be expressed as follows

( )

(2 5) + a1p1 + a3p2 + Blerr + m1<p1 + m3§02 + ’70(101 ) 0,
](]) + agp1 + aspa + oy + madr + m2902 —0(p1 —p2) =0
and
. Rl . K3 o A A
v = —ZVpy — Vs — pass,
I Ju
(2.6)

N K3
v = v — sz — P48y,
7 "
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respectively, where v(1) = (@gl), @gl), @:(,’1)) and v(2) = (2752), 2752), @§2)) are the fluid
flux vectors associated to the pore and fissure networks, respectively; g is the
internal transport coefficient, vo > 0, ©” is the fluid viscosity, ps,$3 and p4, 84 are
the density of fluid, the external force (such as gravity) for the pore and fissure
networks, respectively; V is the gradient operator, the values A, u, by, 5, a;, o,
¢j>mj, k; are the constitutive coefficients associated to the elasticity and porosity
of materials, but the values \*, %, b/, 7/, af, (7 (Il =1,2, j = 1,2,3) are the
viscosity constitutive coeflicients.

Substituting Eqgs. (2.2)—(2.4) and (2.6) into (2.1) and (2.5) we obtain the fol-
lowing system of equations of motion in the linear coupled theory of viscoelastic
double-porosity materials expressed in terms of the displacement vector 1, the
changes of the volume fractions (1, ¢2 and the pressures pi1, pr:

AAG+ (A + 1) Vdiva+b,V@a — BaVia = pla—F'),
a1A@1 +a3Aps — (11 — 32 — A1 div a+mypy +mape = p1g1 — péi,
a3AP1 + a2 AGs — (3p1 — (oo — Y2 div G +mapy +mops = papa — péa,
k1 Ap1 4 k3Apy — aypy — azpa — Bi div i —my @1 —mada

—Y0(p1 —p2) = —p3 div 83,
k3Apy + ko Aps — agpy — agps — B div it — map1 —maps

+70(P1 —p2) = —padivsy,

(2.7)

where A is the Laplacian operator, k; = x;/u” and

0 0 . 0 0
A=A+ T = L A A
+ at R=ptia, =btbig, & =atajg,

- 0
o =4y =, 1=1.2 j=1.23.
C] Cj Cata Y 1 %875’ y 4y ] ) <y

If o, F', ¢, p1, 8 and Si+2 (I = 1,2) are postulated to have a harmonic time
variation, that is,

fiwt]

{ﬁa Fl? @hﬁh §lv él+2}(x7 t) = Re[{u7 F/7 @1, PLs St SH_Q}(X)E

then from (2.7) we obtain the following system of equations of steady vibrations
in the linear coupled theory of viscoelasticity for materials with double porosity
WA+ pw?hu+ (X + p)Vdiva + b, Voo — BaVpa = —pF,
a1 A+ c1)pr + (A — (32 — 71 divu+ mapy + maps = —psi,

ky p1+ (k3A + az)ps + B1 divu + mi@r + myps = —p3 divss,

(

( )

(2.8)  (a3A — (3)¢1 + (A + c2)@2 — Yo divu + mapy + mopy = —psa,
(k1A +dh)

(k3A + az)p1 + (k2A + ag)pz + By divu + mipr +myps = —padivsy,
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where w is the oscillation frequency, w > 0,
N=X—w)\ ' =p—iwp*, b =0b —iwb, o = pw? -,
(29) v =b—iwy, a =iwa -y, a3=iwa -+, (=7 —iwd],
. .

b= a; —iwaj, B = iwpy, m/ =iwmj, [=1,2, j=1,2,3.

@ J

For later convenience we introduce the following second order matrix differ-
ential operator

2
A(Dy) = (A;j(Dx))gyrs Ay = (1A + pw?)oy; + (N + 1) ,
(%clébcj
0 0
A~7~ :bli, A‘T = —Pr=, AT’ J= — ,7’
bres = g Lir+5 B B2) 4331 " 5
A=A+, Ags=Ass=a3A+ (5, Ass = ahA+ e,
0
AT+3;6 =mzi, Ar+3;7 = A56 = ms, Ar+5;l = ,8/ —_— A64 = mll,

"ox;’
Ags = Ary =ml,  Ars =mh, Ags = k1A +aj,
Agr = Az = ksA +afy, A7z = koA + ab,

o o0 0
Di=(—,—,=— ], Lj=1,23 r=12.
<al‘1 81‘2 (91‘3) J "

Now we can rewrite the system (2.8) into the following
(2.10) A(Dx)U(x) = F(x),

where U = (u, @1, p2, p1,p2) and F = (—pF’, —ps1, —psa, —p3 div sz, —py div sy)
are seven-component vector functions, x € R3.

The purpose of this paper is to prove the existence and uniqueness theorems
for the classical solutions of the basic BVPs of steady vibrations in the lin-
ear coupled theory of viscoelastic double-porosity materials using the potential
method.

In particular, for prove the uniqueness theorems of classical solutions we
need Green’s first identity. Moreover, the proof of the existence theorems by
the potential method requires: (i) the fundamental solution of the system (2.8),
(ii) Green’s third identity, (iii) the basic properties of the surface and volume
potentials. After obtaining these results, we are able to reduce the basic BVPs
to the equivalent singular integral equations for which Fredholm’s theorems will
be valid.

3. Boundary value problems and Green’s first identity

_ Let S be the smooth closed surface surrounding the finite domain OF in R3,
QFf =Qtus, Q- =R3\QF, QO = Q- US. We denote by n(z) the external (with
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respect to Q1) unit normal vector to S at z. The scalar product of two vectors
U= (Uy,Uy,...,U;)and V = (V1, Vs, ..., V7) is denoted by U-V = 2]7-:1 U;Vj,
where VJ is the complex conjugate of V;.

DEFINITION 1. A vector function U = (Uy, Us, ..., Ur) is called regular in 2~
(or QF) if

i)  U;eC*(Q)nclQ™) (or U; € C3(QF)nCHOQT)),

(ii)
(3.1) Uj(x) = O(Ix|™"),  Uju(x) =o(|x|™") for [x] > 1,
where j=1,...,7,1=1,2,3.

In the sequel, we use the matrix differential operator

P(Dx, n) = (Plj(Dx, n))?x?:

where
Pj(Dy,n) = i'é 4—;/12-——1—)\?2i P (Dx,n) =b,_3n
lj X lj o ]a lal'j’ lr X r—370,
0
Pl;T+2(DX7 n) - _BT—3nl7 P44(DX7 n) = O/laina
0
Py5(Dx = P54(Dx,n) = af—,
45(Dx,n) = P54(Dx, n) Az
Ps5(D n)—o/2 Pss(D n)—k3
55 X - 28n7 66 X - lana
0 0
Ps7(Dx,n) = Prg(Dx,n) = k3 Pr7(Dy,n) = ky——

on’ on’
st(DX7 n) = Pr;m(DX7 n) = Pmr(D)m Il) =0,

1,j=1,23, r=4,5, m=6,7, s=4,5,6,7.

0/0n is the derivative along the vector n.
The basic internal and external BVPs of steady vibrations in the coupled
linear theory of double-porosity viscoelastic materials are formulated as follows.
Find a regular (classical) solution U = (u, ¢1, 2, p1, p2) to system (2.10) for
x € QT satisfying the boundary condition

lim U(x)={U(z)}" =f(2)

Qt>x—zeS

in the internal Problem (I) ¢,

lim P(Dx,n(z))U(x) = {P(D,,n(z))U(z)}" = f(2)

Qto>x—zesS
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in the internal Problem (II )Ef’ where F and f are known seven-component
smooth vector functions.

Find a regular (classical) solution U = (u, ¢1, 2, p1, p2) to system (2.10) for
x € 2~ satisfying the boundary condition

lim Ux)={U(z)} =1(2)

O~ 35x—z€eS

in the external Problem (I)g ¢,

lim P(Dyg,n(z))U(x) = {P(D.,n(z))U(z)}” =f{(z)

Q—35x—z€eS

in the external Problem (II)g¢, where F and f are known seven-component
smooth vector functions, supp F is a finite domain in Q.

In what follows, we assume that the constitutive coefficients satisfy the con-
ditions

1 1
O 0, BN 20T >0, S (BN 200G > S (] + 1),
1 * * X % *2
5(3)‘ +20)(¢1¢ — ¢G5 )
1
> 7 [GOF + 1) = 2G5 (67 + 1) (05 +95) + G (b3 +73)%],

2
of >0, ofay—a >0, k>0, kiky—k2>0,

(3.2)

a1 >0, ajas — a§ > 0.

REMARK 1. Obviously, we may derive from (3.2) the following useful inequal-
ities
N2t >0, (>0, G>00 (G-G >0,

1
3 BN+ 217G > 5432 ab >0, k>0, ag>0.

1
1t
Let U = (U, ¢}, ¥5, ), ph) be a seven-component smooth vector function,

u’ = (u), ub, us). We introduce the notation

WO (u,u') = %(3X +24/) div udiv o’
3 wa i
© Quj | Ou\ (U5 Ou
(3.3) * 2 _Z (83:1 * Oz ) \ Oz * Oz,

] o
P (D Ougy (Oup Oy
3 8.%[ a%j 8:61 al‘j
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(33) [cont.]

WU, ) = WO (u,u) — p?u-u + (b0 — Bapa) div,
WA (U, ¢)) = (&} V1 + a4 Vi) - Vi)

+ ['yi divu — c191 + C;l),th — mip1 — m3P2]<P/17
WU, ¢h) = (asVep1 + a5 Vi) - Vigh

+ [va divu + (51 — capa — mapr — mapa)@h,
WO (U, p,) = (k1 Vp1 + ksVps) - V1,

— (B} divu + mip1 + mhps + dip1 + aspa)p],
WO (U, ph) = (ksVp1 + kaVps) - Vil

— (ﬁé divu + mégol + m/2g02 + agpl + a’2p2)172,

W(U,U) = WU, ) + WU, ) + WE (U, ¢h)
+ WD, ph) + WO (U, ph).

In our further analysis we need the following matrix differential operators:

AOD,) = (AP (D)sxr, AV(D,) = 4,(Dy),
AM(Dy) = (AT (D)) 1x7, AT(Dy) = Ao (D),

PO(D,,n) = (P(Dy,n))sx7, PV (Dy,n) = P,(Dy, n),

where |l =1,2,3, m=2,3,4,5andr=1,...,7.
It is not very difficult to prove the following result.

LEMMA 1. If U = (u, 1, p2,p1,p2) is a reqular vector in QF, uj, ), p) €
CHOHYNCo@Qtr), j=1,2,3,1=1,2, then

(3.4)

/ AD(D,) Ux) - '(x) + WO (U, )] dx
O+
_ / PO(D,, n)U(z) - u'(2) d, S,
S
AP D) U0 + WU ) dx

O+

_ [ 01 + agpr)
- [N I s,
S
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A D) U0 + WO (U ) dx

O+
. (a1 + 04/2@2),7
- [ LRI s,
S
/ A (Dy) Ux)p,(x) + WO(U, p))] dx
(3'4)[cont.] ot
[ O(k1p1 + k3p2)—
— [ AR R s
S
/ AG) (Dy) U ) + WO (U, pb)] dx
O+

[ O(k3p1 + kap2)—
—/ o ph(z) dgS.

S

Combining the relations of (3.4), we can obtain the following.

THEOREM 1. If U = (u, 1, p2,p1, p2) is a reqular vector in QT uj, o), P €
CHQH)NnC@r), j =1,2,3,1=1,2, then

(3.5) /[A(DX) U(x) U'(x) + W(U,U")]dx = /P(Dz, n)U(z) - U'(z) d,S,
Qt S
where W(U,U’) is defined by (3.3).
Theorem 1 and the condition (3.1) lead to the following consequence.

THEOREM 2. If U and U’ are seven-component reqular vectors in 1, then

(3.6) / (A(Dy) U(x) - U'(x) + W(U, U")] dx
" _ / P(D,,n)U(z) - U'(z) dyS.
S

The formulas (3.5) and (3.6) are Green’s first identities in the coupled lin-
ear theory of double-porosity viscoelastic materials for domains Q7 and Q~,
respectively.

4. Uniqueness theorems

In this section the uniqueness theorems for classical solutions of the BVPs
(I )% ¢ and (II)f ; are proved. We have the following results.
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THEOREM 3. The internal BVP (K )Ff has one regular solution, where
K=11I.
Proof. We suppose there are two regular solutions of problem (K)g .. Then

their difference U is a regular solution of the internal homogeneous BVP (K )ar 0
Therefore, U is a regular solution of the homogeneous system of equations

(4.1) AD,)U(x)=0, xcQF
satisfying the homogeneous boundary condition
(4.2) {U(z)}" =0, zeS
for K =1, and
(4.3) {P(D,,n(z))U(z)}" =0, zcS
for K = 1II.
On the basis of the Eqs. (4.1)—(4.3), from (3.4) we may deduce that
/W(l)(U u /W H)(U, ¢)dx
(4.4) ar
/W(l+3)(U,pl)dx =0, 1=1,2
Ot

With the help of the relations (3.3) we obtain

1
WO (u,u) = g(3x + 2 |div ul?

/ 3 2 ;3 2
W auj oy A Oouy B Ou;
+ 2 Z 8@ Ox;j + 3 Z Ox;  Oxj
Lj=1;1 Lj=1

W(l)(Uv u) =W (uv u) - pwz‘u‘z + (b/aSOoz — Baba) div,
W& (U, p1) = (24 V1 + a4Vis) - Vi
(4.5) + [v) divu — 101 4 (302 — mipr — m3pa]Pi,
WE(U, p2) = (05Vep1 + a5 Vip) - Vipa
+ [vadivu + (51 — capa — map1 — maps] P2,
WU, p1) = (k1Vp1 + k3Vp2) - Vi
— (81 divu + myp1 4+ myps + ajp1 + azp2)pi,
WO (U, pg) = (ksVp1 + kaVpa) - Vo
— (By divu+ mbpr + mbps + aspr + ayp2)P2
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In view of the relations of (2.9) we can easily verify that

1 1
— —Im WO (u,u) = S (3" +21) |divul?

w
A N Y T o T
2 Lj=T; £ aTl 833j 3 1 8.73[ 81Uj
— —Im WM (U, u)
w

= —% Im WO (u,u) + %ba Im(div upy) + b}, Re(div ugy)

- iﬁa T (div upa), _5 (W@ (U, ¢1) + WE (U, )]
= af|Ver[? 4 205 Re(Vpr - Vipa) + a5 Vipa|?

+ 92 Re(divupg) — b Tm(div ugs) + Gl

+ 203 Re(173) + 3|2l

- %[ml Im(p1p1) + ms Im(p1pz + @2p1) + ma Im(p2p3)],

Re[WW (U, p1) + WO(U, ps)]
= k1|Vp1|? + 2ks Re(Vpy - Vpg) + k2| Vp2|? + wfa Im(div upy)
+ wlmy Im(p1p1) + m3 Im(p1P2 + 2P1) + ma Im(p2p2)] + Y0[p1 — P2/

Combining these relations, by virtue of inequalities (3.2) we can obtain

[Im W (U, u) + WE(U, 1) + WE(U, 0s)]

1
w
1
+ —5 Re[WW (U, p1) + WO (U, )]
1
= §(3A* + 2p*) |divul® 4 (b5 + ~*) Re(div ugy)

+ Crlerl” + 2G5 Re(1%2) + G3lpal”
+ 25lp1 = p2 + af|Ver + 205 Re(Vipr - Vi) + 5[ Vepaf

1
+ 3 [k1|Vp1|? + 2ks Re(Vpy - Vpa) + k2| Vpa|?]

3
W
3 2

Lj=1; 1

2 * 3

W
+3ZZ

J=1

2
>0

ou; Oy

Oxr;  Oxj

Oui_ Ou
Oxr; Oz

and from (4.4) it follows that
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1

(3 +207) |div ul? + (b}, +74) Re(div upy)

+ Ctlerl® + 265 Re(p182) + G2l = 0,
(4.6) a;|Ver|* + 205 Re(Vipr - Vo) + 3| Vipa|* = 0,
k1|Vp1|? + 2k3 Re(Vpy - Vo) + ko|Vpa|? = 0,

3 3
> -0y
)=

Lj=1; 1]
Then, using again the inequalities (3.2) from (4.6) we get the following

8’LLj aul 2

aﬂfl al‘j

up =0 o T g, Zu_ZaE
Vpi(x) =Vpe(x) =0, [,j=1,2,3

and

(4.8) p1(x) = p2(x) =0

for x € Q.

On the other hand, based on the Eqs. (4.5) and (4.7) we have the following
relation

WO(U,u) = pw’[u(x)]* =0
and we obtain
(4.9) u(x)=0 forxeOt.
Quite similarly, from (4.5) and (4.7) it follows that
WO (U, p1) + WO(U, po) = iw[ar|p1]* + 2a3 Re(p1p2) + az|p2|*] = 0
and we get
(4.10) p1(x) =p2(x) =0 forx e Q.

Finally, upon combining the relations (4.8)—(4.10) we obtain the desired result
U(x)=0forxe Q. 1
Using the condition (3.1) the next theorem can be proved similarly.

THEOREM 4. The external BVP (K)g ¢ has one reqular solution, where
K=11I.

Hence, each of the basic BVPs (I)g ¢ and (IT)} ¢ in the class of regular vectors
has the unique classical solution.



378 M. M. SVANADZE

5. Fundamental solution

In this section the fundamental solution of the system (2.8) is constructed
and its basic properties are established.
Let us now suppose that B(A) = (Bj;(A)sxs is the following matrix

HoA +pw® =Y A=A BIA L BHA

b ofAte ofA-G omi m

B(A) = by  asA—( abA4cy  mh m, ,
—01 mq ms kA + a’l ksA + ag
—/32 ms mo k:gA + ag kQA + CL/2 5%5

where pf = XN + 2i/. Let A2,)3,..., A2 be the roots of algebraic equation
Ai (=€) = 0 (with respect to &), where

5
1
A (A) = det B(A A+ )2),
H8) = gy detB(a) = [ (2 +)
ofy = ooy — (a)?, ko = k1ko — k3. We assume that the values A2, A3, ..., A2 are

distinct and ImA; >0 (j =1,...,6), where = pu? /.
Let us introduce the following notation:

(i)
1 0
M(Dx) = (Mij(Dx))7,7,  Mij(Dx) = EAl(A) oy + n“(A)amlaxj’
(5.1) 0 0
M'r Dx: rAia Mr'szrAia
Lr+2(Dx) = nar( )(%l +2:1(Dx) = nya ( )8331
MT+2;S+2(DX) = nTS(A)? l7] = 17 273a r,s= 2> 3747 57
where
A)=——T"——[(XN "B (A) —~. B A ' B} A
nll( ) u’u6a6k0 [( + IU’) ll( ) Yo l,a+1( ) + Ba l,a+3( )}7
1
(A) = —B/:\(A I=1,... =2,3,4
nl]( ) anko lj( ) ) 757 J 737 75
and B is the cofactor of the element B;; of matrix B.
lj J
(ii)
U(x) = (Vir(x)757,  Vii(x) = Uaa(x) = ¥s3(x Z??zﬂ
(5.2)
Wy (x) = Us5(x) = Wgp(x) = Urr(x Zmﬂ
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where

iAj]x|

G (x) — &
(53) 1900 =~
and
5 6
me= J[ W= )" my= ] OF -7
I=1,1#r =1, 1#]

It is now easy to prove the following equality
(5.4) A(Dx)M(Dx) = A(A),

where

Furthermore, by direct calculation we may see that ¥(x) is the fundamental
matrix of the operator A(A), i.e.,

(5.5) A(A)T(x) = §(x)d,

where §(x) is the Dirac delta, J = (;;)7x7 is the unit matrix and x € R3.
Let us introduce the matrix I'(x) by

(5.6) I'(x) = M(Dyx)¥(x),

where M(Dy) and ¥(x) are defined by (5.1) and (5.2) respectively. In view of
the relations (5.4) and (5.5), we can write

A(D)D(x) = §(x)J.

Hence, the following theorem is valid.

THEOREM 5. The matriz I'(x) = (I'j(x))7x7 defined by (5.6) is the funda-
mental solution of system (2.8).

REMARK 2. Thus, the matrix I'(x) is constructed explicitly by means of six
elementary functions %) (j =1,...,6) (see (5.3)).
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We introduce the notation:

(i)
ADy) = (A4y(Dy) . Ay(Dy) = Wby + (X + ) 5 o
Ap(Dy) = 4 A, Ags(Dy) = Ags(Dy) = 044, Ass(Dy) = abhA,
Ags(Dy) = k1A, Ag7(Dy) = A76(Dy) = k3A,  Ar(Dy) = koA,

Apy(Dy) = Ag(Dy) = Apypia(Dy) = Apyiayr (Dy) = 0.

2

0 0 N3 0y N+ e
rO(x) = (1'% (x)) I (x) = ~Sm W Smdg P

0 o 0 0 o
00 = 2700, T =I{ () = — 9O x).
0 0

o k
0 (x) = 1O (x), T (x) = 21O (x),

046 k‘o
©) oy _ 1Oy k3 (0 ©,\_ k10
| e (x) = I'76 (x) = _?7 (%), Iy (x) = kj’Y (%),
0 0
1
T 60 =T 60 = T4 = Tiha, () =0, 100) =~

where [,7 =1,2,3, m,r =4,5and s =4,5,6,7.
Theorem 5 leads to the following basic properties of the fundamental solu-
tion I'(x).
THEOREM 6.
(i) Each column of the matriz T'(x) is a solution of homogeneous equation
A(Dy)T'(x) = 0 at every point x € R? except the origin of R3.
(ii) The relations
Lyj(x) = O(Ix|™1),  Trp(x) = O(x|™1),  Tipairra(x) = O(|x| ™),
[is(x) =0(1), Ta(x)=0(1), Tmypia(x)=0(1),
Fptor(x)=0Q1), 1,j=1,2,3, m,r=4,5 s=4,5,6,7
hold in the neighborhood of the origin of R3.

~ (iil) The matriz ' (x) is the fundamental solution of differential operator
A (Dx) and the following relations

r'%x) = 0(x|""), THHx) = O(lx|™),

0 _ .
T\ o) = O(x|™Y),  1Lj=1,23, mr=4,5

hold in the neighborhood of the origin of R3.
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(iv) The relations
(5.7) I'y(x) — Fl(?)(x) =const + O(|x[), L,j=1,....,7
hold in the neighborhood of the origin of R3.

Thus, on the basis of Theorem 6, the matrix I'(¥) (x) is the singular part of
the fundamental solution T' (x) in the neighborhood of the origin of R3.

6. Green’s second and third identities

Now we introduce the following matrix differential operators:
(i) A(Dy) = AT(—Dy), where the superscript T denotes transposition and
(i)

P(Dy,n) = (P;(Dx,n))7x7,  Fjj(Dx,n) = P;(Dx,n),

(6 1) ﬁl;m—i—?)(DXa l’l) = ’Y;nnlv F)l;m+5(Dx7 n) = _B;nnb
psr(Dm n) = Psr(Dx; n)7

Lji=1,23r=1,....,7, m=1,2, s =4,5,6,T.

_ Let U = (u,¢1,p2,p1,p2), the vector fjj is the j-th column of the matrix
U = (Uj;)7x7. By direct calculation we get the following results.

THEOREM 7. If U and ij (j=1,...,7) are reqular vectors in O, then

(6.2) / {A(Dy)U(y)]TU(y) - [0(y)]TA(Dy)U(y)} dy

S

The formula (6.2) is Green’s second identity in the considered theory for
domain QF.

Let T'(x) is the fundamental matrix of operator A(Dy). Clearly, the matrix
I'(x) satisfies the following condition

(6.3) I(x) =T (-x),

where I'(x) is the fundamental solution of the system (2.9). Pick ¢ > 0 such
that B(x,e) C QF, where B(x,¢) is the (open) ball of radius & and center x and
x € QF. Applying the formula (6.2) in the domain QT\B(x,¢) with U(y) =
I'(y — x) and letting ¢ — 0. Then, using Eq. (6.3) we get the following results.
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THEOREM 8. If U is a regular vector in Q% then

(6.4) /{ (D, n)T" (x — 2)]'U(z) — I'(x — 2)P(D,,n)U(z) } d,S

+ / I'(x—y)ADy)U(y)dy for xe Q.
O+

THEOREM 9. If U is a reqular vector in 2, then
(6.5) /{ (D, )T (x—2)]TU(z)~T(x—2)P(Dy, n)U(z) } d,S
+ / I'(x—y)A(Dy)U(y)dy forxe Q.
G-

The formulas (6.4) and (6.5) are Green’s third identities (integral represen-
tations of a regular vector) in the coupled linear theory of double-porosity vis-
coelastic materials for domains QO and Q~, respectively.

7. Potentials and singular integral operators

We introduce the following notation:

(i) Z = [4T( (y) dyS is the single-layer potential,
(il) fS Dy, n ))I‘T (x —y)]"g(y) dyS is the double-layer po-
tential,

(iii) Z®) (x,h, QF) = Jor T(x — y)h(y) dy is the volume potential, where g
and h are seven-component vector functions, I'(x) is the fundamental matrix of
the operator A(Dy) and defined by (5.6) and P(Dy, n(y)) is given by (6.1).

In the next four theorems, by virtue of the results of Theorems 5 and 6 the
basic properties of these potentials are established.
THEOREM 10. If S € C??, g € CYP'(S), 0 < p' < p < 1, then:

(a) ZO(-,g) € CO (R3) N C*P (QF) N C®(QF);
(b) A(Dx) ZV(x,8) = 0;

(c) P(Dg,n(z)) Z(l)(z, g) is a singular integral;
(d)

(7.1) {P(D,,n(2))Z2"(z,8)}* = F1g(z) + P(D,,n(z)) 2" (z,g),

where x € OF and z € S.
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THEOREM 11. If S € C??, g e CYW'(S), 0 < p/ < p < 1, then:
(a) Z?)(-,g) e W (Qi)mcoomi)

(b) A( «) Z%(x,8) =0,
(c
(d

Z2)(z,g) is a singular integral,

(7.2) {2?(2,8)}* = +ig(z) + Z?)(z,g),

() {P(Dy,n(2)) Z?(z,8)}" = {P(D,,n(2) 2% (z,8)}~, where x € OF
and z € S.

THEOREM 12. If S € C'P, h e CO" (QF), 0 < P <p<1, then:

(a) ZO) (-, h, Q1) € CYWP'(R3) N C2(QH) N C27'(Q),

(b) A(Dy) Z® (x,h, QF) = h(x), where x € QF, QF is a domain in R® and
QF cat.

THEOREM 13. If S € C'* supph=Q Cc Q , he CO"(Q), 0<p <p <1,
then: L

(a) ZO(, h,Q7) € CH(R?) NC*(Q7) N C>P(Q),

(QA(DX) yAS (x,h,Q7) = h(x), where x € Q~, Q is a finite domain in R3
and 2y C 1.

Let us introduce the integral operators by

KVg(s) = | g(z) + 205, 8).
KPg(z) = ~ g(z) + P(D,,n() 2" (s, g).
(73) KOg(z) = — &(x) + 20z g),
KWg(s) =  g(2) + P(D,,n(2) 205, g),
Kegle) = 5 8(2) + 2 (n,8)

for z € S, where ¢ is a complex parameter. Taking into account Theorems 10
and 11, K (j =1,2,3,4) and K. are singular integral operators.

Let ol) = (O'l(rjn))7><7 be the symbol (symbolic matrix) of the singular integral
operator KU) (j =1,2,3,4). On the basis of Theorem 6, the relations (3.2), (5.7)
and (7.3) for det oU) we obtain

W'+ p)(N +3u)

m_ _ ()R ®3) — 4 — _
(74) deto det o deto det o 28V 1 20)?

In view of the inequalities of (3.2) from (7.4) we get det o) # 0 which proves
that the singular integral operator XU) is of the normal type, where j = 1,2, 3, 4.
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Furthermore, let o and ind K¢ be the symbol and the index of the opera-
tor K¢, respectively. It may be easily shown that

(A" + i) (N + 35u))
128(N + 24/)?

deto. = —

and det o vanishes only at two points

N N
1 = _E7 S2 = _TNI
of the complex plane. By virtue of (7.4) and deto; = deto™ we get ¢ # 1
(I =1,2) and we obtain
ind K = ind K1 = 0.

The relation ind 2 = 0 is proved in a quite similar manner. Clearly, the
operators £ and K@ are the adjoint operators for K2 and K(), respectively.
Hence,

indK® = —indk® =0, indk® = —indk® = 0.

Thus, the singular integral operator ) (j = 1,2,3,4) is of the normal type
with an index equal to zero and consequently, Fredholm’s theorems are valid

for KU,

REMARK 3. The definitions of a normal type singular integral operator, the
symbol and the index of this operator are given in the book by KUPRADZE
et al. [51].

8. Existence theorems

We are now in a position to prove the existence theorems for regular (classical)
solutions of the BVPs of steady vibrations in the coupled linear theory of double-
porosity viscoelastic materials using the potential method.

It is noteworthy that the volume potential Z(®) (x,F, Q%) is a partial reg-
ular solution of nonhomogeneous Eq. (2.10) (see Theorems 12 and 13), where
FeC(QF), 0 < p <1 and suppF is a finite domain in Q. Therefore,
further we consider the problem (K )ﬁf for K =1,1I.

PROBLEM (1) ;. We seek a regular solution to problem (I){ ¢ in the form of
double-layer potential

(8.1) V(x) =72 (x,g) forxeQt,

where g is the required seven-component vector function. By Theorem 11 the
vector function V is a solution of the homogeneous equation

(8.2) A(Dx)V(x,g) =0,
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for x € Q7. Keeping in mind the boundary condition and the identity (7.2),
from (8.1) we have, for determining the unknown vector g, a singular integral
equation

(8.3) KWg(z) =f(z), zeS

for which the Fredholm’s theorems are valid. We prove that (8.3) is always solv-
able for an arbitrary vector f. Let us consider the adjoint homogeneous equation

(8.4) KWhy(z) =0 forze S,

where hy is the required seven-component vector function. It is sufficient to show
that the integral equation (8.4) has only the trivial solution.

Indeed, let hy be a solution of the homogeneous equation (8.4). On the basis
of Theorem 10 and Eq. (8.4) the vector function R(x) = Z()(x, hy) is a regular
solution of problem (II)q o. In view of Theorem 4, the problem (II)q o has only
the trivial solution, i.e.,

(8.5) R(x)=0 forxeQ .
Furthermore, by using Theorem 10 and (8.5) we can write
{R(z)}" ={R(z)} =0 forzecS,

i.e., the vector R(x) is a regular solution of problem (1)3,0' Now in view of
Theorem 3, the problem (I )aio has only the trivial solution, that is

(8.6) R(x)=0 forxeQT.
By virtue of (8.5), (8.6) and the identity (7.1) we obtain
ho(z) = {P(Dg,n)R(z)}” — {P(D,,n)R(z)}" =0 forzeS.

Thus, the homogeneous equation (8.4) has only the trivial solution and therefore
(8.3) is always solvable for an arbitrary vector f. We have thereby proved the
following theorem.

THEOREM 14. If S € C?P, f € CY7'(9), 0 < p/ < p < 1, then a regular
solution of problem (I)('{f exists, is unique and is represented by double-layer
potential (8.2), where g is a solution of the singular integral equation (8.3) which
is always solvable for an arbitrary vector f.

PROBLEM (/). Now we are looking for a regular solution to problem
(II)y ¢ in the form of single-layer potential

(8.7) Vx)=ZW(x,h) forxeQ,
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where h is the required seven-component vector function. Clearly, by Theorem 10
the vector function V is a solution of (8.2) for x € Q. Keeping in mind the
boundary condition and using (7.1), from (8.7) we obtain, for determining the
unknown vector h, a singular integral equation

(8.8) KWh(z) =f(z) forzeS.

It has been proved above that the corresponding homogeneous equation (8.4) has
only the trivial solution. Hence, on the basis of Fredholm’s theorems it follows
that (8.8) is always solvable. We have thereby proved the following consequence.

THEOREM 15. If S € C?P, f € CO7'(S), 0 < p/ < p < 1, then a regular
solution of problem (II)y ¢ exists, is unique and is represented by single-layer
potential (8.7), where h is a solution of the singular integral equation (8.8) which
s always solvable for an arbitrary vector f.

Quite similarly, we can prove the following results.

THEOREM 16. If S € C?P, f € CO%'(S), 0 < p/ < p < 1, then a regular
solution of problem (H)gf exists, is unique and is represented by single-layer

potential
V(x)=2ZW(x,g) for x € QF,

where g is a solution of the singular integral equation
KPg(z)=f(z) forzeS

which is always solvable for an arbitrary vector f.

THEOREM 17. If S € C??, f € CY'(S), 0 < p/ < p < 1, then a reqular
solution of problem (I)g¢ ewists, is unique and is represented by double-layer

potential
V(x) =Z?(x,h) forxeQ,

where h is a solution of the singular integral equation
K®h(z) =f(z) forzesS

which is always solvable for an arbitrary vector f.

9. Concluding remarks

1. In this paper the coupled linear theory of double-porosity viscoelastic ma-
terials is considered and the basic BVPs of steady vibrations of this theory are
investigated by using the potential method. Indeed, the following results are
obtained:
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(i) The basic systems of equations of motion and steady vibrations are es-
tablished.

(ii) Green’s identities are obtained for bounded and unbounded domains.

(iii) Then, the uniqueness theorems for classical solutions of the basic internal
and external BVPs of steady vibrations are proved.

(iv) The fundamental solution of the system of steady vibration equations
is constructed explicitly by elementary functions and its basic properties are
established.

(v) The surface (single-layer and double-layer) and volume potentials are
introduced and their properties are given.

(vi) Some useful singular integral operators are studied for which Fredholm’s
theorems are valid.

(vii) Finally, the existence theorems for classical solutions of the above men-
tioned basic BVPs are proved by using the potential method and the theory of
singular integral equations.

2. On the basis of results of this paper are possible:

(1) To present the basic equations of the coupled linear theory of thermovis-
coelasticity for materials with double porosity.

(ii) To investigate the nonclassical BVPs of steady vibrations of this theory
by using the potential method.
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