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The paper reviews the static equilibrium of a micropolar porous elastic mate-
rial. We assume that the body under consideration is an elastic Cosserat media with
voids, however, it can also be considered as an elastic microstretch solid, since the
basic differential equations and mathematical formulations of boundary value prob-
lems in these two cases are actually identical. As regards the three-dimensional case,
the existence and uniqueness of a weak solution of some boundary value problems are
proved. The two-dimensional system of equations corresponding to a plane deforma-
tion case is written in a complex form and its general solution is presented with the
use of two analytic functions of a complex variable and two solutions of the Helmholtz
equations. On the basis of the constructed general representation, specific boundary
value problems are solved for a circle and an infinite plane with a circular hole.
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1. Introduction

Elastic materials with voids are very common in practice. These in-
clude hard tissues of animals and the humans; rocks, which are used as building
materials; granular and some manufactured porous substances. In such a way,
the determination of the elastic equilibrium of solids with voids under various
boundary conditions facilitates practical applications. In many cases, it is also
important to calculate porous materials based on the theory of micropolar elas-
ticity [1–6]. This work makes it possible to apply effective methods of complex
analysis to construct analytical solutions to the corresponding plane boundary
value problems.

A linear model of elastic equilibrium of porous media with voids was originally
constructed in [7]. In this theory, the volume fraction of voids at each point of an
elastic body is considered as an independent function. Various questions of elastic
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equilibrium of porous bodies with empty pores in the case of a classical elastic
medium are further discussed in [8–15]. The problems of porous elasticity for
micropolar media with voids were considered in [16–19].

Noteworthy that the basic equations and mathematical formulations of bound-
ary value problems in the cases of a micropolar media with voids and microstretch
elastic solids coincide. The theory of microstretch has been introduced by Erin-

gen in [20, 21]. The material points of microstretch solids can stretch and con-
tract independently of their displacements and rotations and instead of the vol-
ume fraction function the microstretch function is introduced here. To the solu-
tion of various problems within the framework of theory of microstretch elastic
solids was dedicated to the multitude of scientific publications from which we
note the work [22–25].

The current work is dedicated to the study of a mixed three-dimensional
boundary value problem and the analytical solution of some plane boundary
value problems for a micropolar porous elastic body. In our opinion, such prob-
lems are along with theoretical and practical interest.

In Section 2, we prove the existence and uniqueness of a weak solution to the
three-dimensional mixed boundary value problem. From this proof the existence
and uniqueness of a weak solution of the Dirichlet-type problem follow. As for
the Neumann-type problem, we have indicated the quotient space, where the
only solution exists. In Section 3, we discuss the case of a plane deformed state
and write the corresponding two-dimensional system of equilibrium equations
in a complex form. In Section 4, we construct a general solution of the above-
mentioned system of equations using analytic functions of a complex variable
and solutions of the Helmholtz equations. The resulting analogs of the Kolosov–
Muskhelishvili formulas [26] make it possible to analytically solve plane boundary
value problems of poroelastic equilibrium of Cosserat media with voids. In Sec-
tion 5, the specific boundary value problem is solved analytically for a circle.
In Section 6, the boundary value problem is solved analytically for an infinite
domain with a circular hole.

2. Basic three-dimensional relations

Assume an elastic body with voids occupies the domain Ω̄ ∈ R
3. Denote by

x = (x1, x2, x3) a point of the domain Ω̄ in the Cartesian coordinate system.
Assume the domain Ω̄ is filled with an elastic Cosserat media having voids.
Denote the volume of the macro point of x by V (x), and the volume of pores
at this point by Vp(x). The value v(x), which is defined by the equality v(x) =
Vp(x)/V (x), is called the relative volume of pores. In general, as a result of
deformation of the body the relative volume of pores changes, too. The solid
body is characterized by the displacement vector u = (u1, u2, u3), the rotation
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vector ω = (ω1, ω2, ω3) and the change in volume fraction from the reference
volume fraction [7]

φ(x) = v(x) − vR(x) .

In this case, a system of static equilibrium equations is expressed as [5, 7, 21, 23]

(2.1)

− ∂iσij(x) = ρFj(x),

− ∂iµij(x)− ∈jik σik(x) = ρGj(x), in Ω,

− ∂ihi(x) − g(x) = ρl(x),

where σij are stress tensor components; ρ is material density; Fj are the compo-
nents of the mass force vectors; µij are moment stress tensor components; ∈ijk

is the Levi–Civita symbol; Gj are the components of the mass moment vectors;
hi is the equilibrated stress vector; g is the intrinsic equilibrated body force; l is
the extrinsic equilibrated body force; ∂i ≡ ∂/∂xi.

In the above formulas, the Latin indices take the values 1, 2, 3 and it is
assumed that summation is carried out over the repeated indices. The same
is also assumed below.

Formulas that interrelate functions σij , µij , hi, g to the functions uj , ωj and
φ have the form [5, 7, 21, 23]

(2.2)

σij = (λ div u + γϕ)δij + (µ+ α)∂iuj + (µ− α)∂jui − 2α ∈ijk ωk,

µij = σ div ωδij + (ν + β)∂iωj + (ν − β)∂jωi,

hi = δ∂iφ,

g = −ξφ− γ div u,

where λ and µ are the Lamé parameters; α, β, ν, σ are the constants character-
izing the microstructure of the discussed elastic media; δ, ξ, γ are the constants
characterizing the body porosity; δij is the Kronecker delta.

The three-dimensional system of Eqs. (2.1) and (2.2) describe the static equi-
librium of a porous elastic Cosserat media with voids. Substituting (2.2) into
(2.1), we obtain equilibrium equations with respect to the components of the
displacement and rotation vectors and function φ

(2.3)

(µ+α)∆uj+(λ+µ−α)∂j(∂kuk)−2α ∈ijk ∂iωk+γ∂jφ = −ρFj ,

(ν+β)∆ωj+(σ+ν−β)∂j(∂kωk)+2α ∈jik ∂iuk−4αωj = −ρGj , in Ω,

(δ∆−ξ)φ−γ∂kuk = −ρl,

where ∆ ≡ ∂11 + ∂22 + ∂33 is the three-dimensional Laplace operator.
Let Ω be a bounded open connected subset of R

3 with a Lipshitz-continuous
boundary; Γ0 be a da-measurable subset of Γ = ∂Ω and area Γ0 > 0; Γ1 = Γ−Γ0;
l(l1, l2, l3) is a unit outer normal along Γ1.
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We formulate a boundary value problem:

Let the functions (F1, F2, F3, G1, G2, G3, l) ∈ (L6/5(Ω))7 and (f1, f2, . . . , f7)
∈ (L4/3(Γ1))

7 be given; Find a solution w = (u1, u2, u3, ω1, ω2, ω3, φ) ∈ V(Ω)
of a system of Eqs. (2.3) which in the sense of a trace satisfies the following
boundary condition

u = 0, ω = 0, φ = 0 on Γ0;(2.4)

σij(w)li = fj

µij(w)li = fj+3

δhi(w)li = f7



 on Γ1,(2.5)

where

V(Ω) = {v = (v1, v2, . . . , v7) ∈ (H1(Ω))7, v = 0 da-a.e. on Γ0}.

Below, we investigate the question of the existence and uniqueness of the
solution to the boundary value problem (2.3)–(2.5).

Using the Green formula and the Sobolev imbedding theorem and the conti-
nuity of the trace operator [27] we prove the following lemma.

Lemma. Finding a solution w of the boundary value problem (2.3)–(2.5) is
equivalent to finding a solution w ∈ V(Ω) of the equations

(2.6) B(w, v) = L(v) for all v ∈ V(Ω),

where

(2.7) B(w,v) :=

∫

Ω

{(λ∂iui + γφ)∂jvj + 0.5µ(∂iuj + ∂jui)(∂ivj + ∂jvi)

+ 0.5α(∂iuj − ∂jui + 2 ∈kji ωk)(∂ivj − ∂jvi + 2 ∈kji vk+3) + σ∂iωi∂ivi+3

+ 0.5ν(∂iωj + ∂jωi)(∂ivj+3 + ∂jvi+3) + 0.5β(∂iωj − ∂jωi)(∂ivj+3 − ∂jvi+3)

+ δ∂iφ∂iv7 + ξφv7 + γ∂iuiv7} dx,

(2.8) L(v) := ρ

∫

Ω

(Fjvj +Gjvj+3 + lv7) dx−
∫

Γ1

7∑

k=1

fkvk da.

Theorem. Let the constants

(2.8)
ξ > 0, (3λ+ 2µ)ξ > 3γ2, µ > 0, α > 0,

δ > 0, 3σ + 2ν > 0, ν > 0, β > 0

be given. Then there is one and only one solution w ∈ V(Ω) of Eqs. (2.6).
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In addition

J(w) = inf
v∈V

J(v), where J(v) =
1

2
B(v, v) − L(v).

Proof. It follows from formula (2.7) that the bilinear form B : V × V → R

is symmetric, i. e.

B(w,v) = B(v,w).

Continuity of the bilinear form B(w,v) with respect to the norm

‖v‖1,Ω =

{∫

Ω

7∑

k=1

(vkvk + ∂ivk∂ivk) dx

}1/2

follows from the Cauchy–Schwarz inequality. Thus, there is a constant C1 > 0
such that for all w,v ∈ V,

B(w, v) ≤ C1‖w‖1,Ω‖v‖1,Ω.

Taking into account that for all real number k 6= 0 the following inequality holds

2γ∂iviv7 ≥ −k2(∂ivi)
2 − γ2

k2
v2
7,

from formula (2.7), after obvious transformations we obtain

(2.10) B(v, v) ≥
∫

Ω

{(
λ+

2

3
µ−k2

)
ê2ii(v)+

4

3
µ [ê11(v) − 0.5(ê22(v) + ê33(v))]2

+ µ(ê22(v) − ê33(v))2 + 4µ(ê212(v) + ê213(v) + ê223(v))

+ α[(∂1v2 − ∂2v1 − 2v6)
2 + (∂1v3 − ∂3v1 + 2v5)

2 + (∂2v3 − ∂3v2 − 2v4)]

+

(
σ +

2

3
ν

)
ẽ2ii(v) +

4

3
ν[ẽ11(v) − 0.5(ẽ22(v) + ẽ33(v))]2

+ ν(ẽ22(v) − ẽ33(v))2 + 4ν(ẽ212(v) + ẽ213(v) + ẽ223(v))

+ β[(∂1v5 − ∂2v4)
2 + (∂1v6 − ∂3v4)

2 + (∂2v6 − ∂3v5)
2]

+ δ∂iv7∂iv7 +

(
ξ − γ2

k2

)
v2
7

}
dx for all v ∈ V(Ω),

where

êij(v) = 0.5(∂ivj + ∂jvi), ẽij(v) = 0.5(∂ivj+3 + ∂jvi+3).

Let ξ > 0 and k2 = γ2/ξ, then ξ − γ2/k2 = 0. If in addition α > 0 and β > 0,
then from (2.10) it follows
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(2.11) B(v,v) ≥
∫

Ω

{(
λ+

2

3
µ− γ2

ξ

)
ê2ii(v)+

4

3
µ [ê11(v) − 0.5(ê22(v) + ê33(v))]2

+ µ(ê22(v) − ê33(v))2 + 4µ(ê212(v) + ê213(v) + ê223(v))

+

(
σ +

2

3
ν

)
ẽ2ii(v) +

4

3
ν[ẽ11(v) − 0.5(ẽ22(v) + ẽ33(v))]2

+ ν(ẽ22(v) − ẽ33(v))2 + 4ν(ẽ212(v) + ẽ213(v) + ẽ223(v))

+ δ∂iv7∂iv7

}
dx for all v ∈ V(Ω).

Further, let

λ+
2

3
µ− γ2

ξ
> 0, µ > 0, σ +

2

3
ν > 0, ν > 0, δ > 0

and we note that



e11 + e22 + e33
e11 − 0.5(e22 + e33)

e22 − e33


 =




1 1 1
1 −0.5 −0.5
0 1 −1






e11
e22
e33


 ,

where transformation determinant is

det




1 1 1
1 −0.5 −0.5
0 1 −1


 = 3.

Then the above inequality (2.11) implies that there exists a constant C2 > 0
such that

(2.12) B(v,v) ≥ C2

{∫

Ω

[êij(v)êij(v) + ẽij(v)ẽij(v) + ∂iv7∂iv7] dx

}

for all v ∈ V(Ω).

In formula (2.12) we use the Korn inequality [27]

‖v‖1,Ω ≤ c0

{∫

Ω

[êij(v)êij(v) + ẽij(v)ẽij(v)] dx

}1/2

for all v ∈ V(Ω)

and the Friedrichs inequality

‖v7‖1,Ω ≤ c1

{∫

Ω

∂iv7∂iv7 dx

}1/2

for all v7 ∈ H1(Ω), v7 = 0 da-a.e. on Γ0.
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Then there exists a constant c > 0 such that

B(v, v) ≥ c‖v‖2
1,Ω.

Thus, following the conditions (2.9) satisfied, then the symmetric and continuous
bilinear form B : V × V → R is V-elliptic.

In addition, the Sobolev imbedding theorem and the continuity of the trace
operator imply that the linear form L is continuous on the space (H1(Ω))7.

Thus the theorem is proved (please refer to Theorem 6.3-2 in [27] and Lax–
Milgram Lemma).

If Γ = Γ0, the weak solution found in Theorem possesses additional regularity
if the data also possess regularity (Theorem 6.3-6) in [27]).

Now we find all real solutions of the equation B(v, v) = 0. By formula (2.7),
this equation is equivalent to the following system of equations

∂ivj + ∂jvi = 0, ∂ivj+3 + ∂jvi+3 = 0,

∂1v2 − ∂2v1 − 2v6 = 0, ∂1v3 − ∂3v1 + 2v5 = 0, ∂2v3 − ∂3v2 − 2v4 = 0,

∂1v5 − ∂2v4 = 0, ∂1v6 − ∂3v4 + 2v5, ∂2v6 − ∂3v5 = 0, ∂iv7 = 0, v7 = 0.

The general solution of this system of equations has the following form

(2.13)

v1 = −a3x2 + a2x3 + b1,

v2 = a3x1 − a1x3 + b2,

v3 = −a2x1 + a1x2 + b3,

v4 = b1, v5 = b2, v6 = b3, v7 = 0,

where aj , bj are arbitrary real numbers.
If the space of all vectors (v1, v2, . . . , v7), whose components are expressed

using formulas (2.13) is denoted by W and instead of V we take the quotient
space (H1(Ω))7 \ W, then the above proved theorem is applicable to the case
Γ1 = Γ [28].

3. The plane deformation case

From the basic three-dimensional equations, we obtain the basic equations for
the case of plane deformation. Let Ω be a sufficiently long cylindrical body with
generatrix parallel to the Ox3-axis. Denote byD the cross-section of this cylindri-
cal body, thus D ∈ R

2. In the case of plane deformation u3 = 0, ω1 = 0, ω2 = 0,
while the functions u1, u2, ω3 and φ do not depend on the coordinate x3 [26]. We
also assume

u1, u2, ω3, φ ∈ C2(D) ∩ C1(D̄).
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As follows from formula (2.2), in the case of plane deformation

σα3 = 0, σ3α = 0, µαβ = 0, µ33 = 0, h3 = 0; α = 1, 2, β = 1, 2.

Therefore the homogeneous system (Fα = 0, Gα = 0, l = 0) of equilibrium Eqs.
(2.1) takes the form

(3.1)

∂1σ11 + ∂2σ21 = 0,

∂1σ12 + ∂2σ22 = 0,

∂1µ13 + ∂2µ23 + (σ12 − σ21) = 0,

∂1h1 + ∂2h2 + g = 0,

in D,

where ∆2 ≡ ∂11 + ∂22 is the two-dimensional Laplace operator.
Relations (2.2) are rewritten as

(3.2)

σ11 = γφ+ λθ + 2µ∂1u1,

σ22 = γφ+ λθ + 2µ∂2u2,

σ12 = (µ+ α)∂1u2 + (µ− α)∂2u1 − 2αω3,

σ21 = (µ+ α)∂2u1 + (µ− α)∂1u2 + 2αω3,

σ33 = γφ+ λθ, µ13 = (ν + β)∂1ω3, µ23 = (ν + β)∂2ω3,

µ31 = (ν − β)∂1ω3, µ32 = (ν − β)∂2ω3,

h1 = δ∂1φ, h2 = δ∂2φ, g = −ξφ− γθ,

where θ := ∂1u1 + ∂2u2.
If relations (3.2) are substituted into the system (3.1) then we obtain the

following system of equilibrium equations with respect to the functions u1, u2, ω3

and φ

(3.3)

(µ+ α)∆2u1 + (λ+ µ− α)∂1θ + 2α∂2ω3 + γ∂1φ = 0,

(µ+ α)∆2u2 + (λ+ µ− α)∂2θ − 2α∂1ω3 + γ∂2φ = 0,

(ν + β)∆2ω3 + 2α(∂1u2 − ∂2u1) − 4αω3 = 0,

(δ∆2 − ξ)φ− γθ = 0,

in D.

On the plane Ox1x2, we introduce the complex variable z = x1 + ix2 = reiα

(i2 = −1) and the operators ∂z = 0.5(∂1 − i∂2), ∂z̄ = 0.5(∂1 + i∂2), z̄ = x1−ix2;
∆2 = 4∂z∂z̄.

To write system (3.1) in the complex form, the second equation of this system
is multiplied by i and summed up with the first equation

(3.4)

∂z(σ11 − σ22 + i(σ12 + σ21)) + ∂z̄(σ11 + σ22 + i(σ12 − σ21)) = 0,

∂z(µ13 + iµ23) + ∂z̄(µ13 − iµ23) + σ12 − σ21 = 0,

∂z(h1 + ih2) + ∂z̄(h1 − ih2) + g = 0,

in D,
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where by formulas (3.2)

(3.5)

σ11 − σ22 + i(σ12 + σ21) = 4µ∂z̄u+,

σ11 + σ22 + i(σ12 − σ21) = 2(λ+ µ− α)θ − 4αiω3 + 2γφ+ 4α∂zu+,

µ13 + iµ23 = 2(ν + β)∂z̄ω3,

µ31 + iµ32 = 2(ν − β)∂z̄ω3,

h1 + ih2 = 2δ∂z̄φ;

u+ := u1 + iu2, ū+ := u1 − iu2, θ = ∂zu+ + ∂z̄ū+.

If relations (3.5) are substituted into system (3.4), then system (3.3) is written
in the complex form

(3.6)

2(µ+ α)∂z∂z̄u+ + (λ+ µ− α)∂z̄θ − 2αi∂z̄ω3 + γ∂z̄φ = 0,

2(ν + β)∂z∂z̄ω3 + αi(θ − 2∂zu+) − 2αω3 = 0,

(4δ∂z∂z̄ − ξ)φ− γθ = 0,

in D.

If we take γ = 0 in the system of Eqs. (3.6), then it splits into the system of
equations of the plane moment theory of elasticity and the Helmholtz equation
with respect to the function φ.

4. The general solution of system of equations (3.6)

In this section, we construct the analogues of the Kolosov–Muskhelishvili
formulas [26] (see also [29–31]) for the system (3.6).

We take the operator ∂z̄ out of the brackets in the left-hand part of the first
equation of the system (3.6)

(4.1) ∂z̄ [2(µ+ α)∂zu+ + (λ+ µ− α)θ − 2αiω3 + γφ] = 0.

Since (4.1) is a system of Cauchy-Riemann equations, we have

(4.2) 2(µ+ α)∂zu+ + (λ+ µ− α)θ − 2αiω3 + γφ = (κ+ 1)ϕ′(z),

where ϕ(z) is an arbitrary analytic function of z;

κ =
λ+ 3µ

λ+ µ
.

A conjugate equation to (4.2) has the form

(4.3) 2(µ+ α)∂z̄ū+ + (λ+ µ− α)θ + 2αiω3 + γφ = (κ+ 1)ϕ′(z).
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Summing up Eqs. (4.2) and (4.3) and taking into account that

θ = ∂zu+ + ∂z̄ū+,

we obtain

(4.4) θ = − γ

λ+ 2µ
φ+

1

λ+ µ
(ϕ′(z) + ϕ′(z)).

If from Eq. (4.2) we subtract Eq. (4.3) and write the expression i(∂zu+ − ∂z̄ū+)
then we have

(4.5) i(∂zu+ − ∂z̄ū+) =
κ+ 1

2(µ+ α)
i(ϕ′(z) − ϕ′(z)) − 2α

µ+ α
ω3.

The second equation of the system (3.6) is written as

(4.6) 4∂z∂z̄ω3 −
2α

ν + β
i(∂zu+ − ∂z̄ū+) − 4α

ν + β
ω3 = 0.

Substituting formula (4.5) into formula (4.6) we obtain the equation

(4.7) ∆2ω3 − ς21ω3 =
α(κ+ 1)

(ν + β)(µ+ α)
i(ϕ′(z) − ϕ′(z)),

where

ς21 =
4µα

(ν + β)(µ+ α)
> 0.

The general solution of Eq. (4.7) is written in the form

(4.8) 2µω3 =
4µ

ν + β
χ(z, z̄) − κ+ 1

2
i(ϕ′(z) − ϕ ′(z)),

where χ(z, z̄) is a general solution of the Helmholtz equation

(4.9) ∆2χ− ς21χ = 0.

The multiplier 4µ/ν + β has been introduced for convenience in writing our
subsequent formulas.

Substituting formulas (4.4) into the last equation of the system (3.6) we have

(4.10) ∆2φ− ς22φ =
γ

(λ+ µ)δ
(ϕ′(z) + ϕ′(z)),

where

ς22 =
(λ+ 2µ)ξ − γ2

(λ+ 2µ)δ
> 0.
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The general solution of Eq. (4.10) is written in the form

(4.11) φ =
(λ+ 2µ)ξ − γ2

µδ
η(z, z̄) − γ

(λ+ µ)δς22
(ϕ′(z) + ϕ′(z)),

where η(z, z̄) is a general solution of the Helmholtz equation

(4.12) ∆2η − ς22η = 0.

Substituting formulas (4.8) and (4.11) into Eq. (4.2) we obtain

(4.13) 2µ∂zu+ = (κ+ κ0)ϕ
′(z)−(1 − κ0)ϕ′(z)+4i∂z∂z̄χ(z, z̄)−4γ∂z∂z̄η(z, z̄),

where

κ0 =
γ2µ

(λ+ µ)((λ+ 2µ)ξ − γ2)
.

As a result of integration (4.13), we obtain

(4.14) 2µu+ = (κ+ κ0)ϕ(z)− (1 − κ0)zϕ′(z)−ψ(z)+4∂z̄(iχ(z, z̄) − γη(z, z̄)),

where ψ(z) is an arbitrary analytic function of z .
Thus, the general solution of the system of Eqs. (3.6) is represented us-

ing formulas (4.8), (4.11), (4.14). These formulas include two arbitrary analytic
functions of a complex variable ϕ(z), ψ(z) and two arbitrary solutions of the
Helmholtz Eqs. (4.9) and (4.12), respectively χ(z, z̄) and η(z, z̄).

From (4.1) we have

2(λ+ µ− α)θ − 4αiω3 + 2γφ = 2(κ+ 1)ϕ′(z) − 4(µ+ α)∂zu+.

Substituting these formulas into the second equation of (3.5) we obtain

σ11 + σ22 + i(σ12 − σ21) = 2(κ+ 1)ϕ′(z) − 4µ∂zu+.

From the last formula, taking into account (4.13), we deduce

(4.15) σ11 + σ22 + i(σ12 − σ21)

= 2(1 − κ0)(ϕ
′(z) + ϕ′(z)) − 2ς21 iχ(z, z̄) + 2γς22η(z, z̄).

Substituting the formula (4.14) into the first equation of (3.5) we obtain

(4.16) σ11 − σ22 + i(σ12 + σ21)

= −2(1 − κ0)zϕ′′(z) − 2ψ′(z) + 8∂z̄∂z̄(iχ(z, z̄) − γη(z, z̄)).
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Substituting the formula (4.8) into the third and fourth equations of (3.5),
we obtain

µ13 + iµ23 = 4∂z̄χ(z, z̄) +
(κ+ 1)(ν + β)

2µ
iϕ′′(z),(4.17)

µ31 + iµ32 =
4(ν − β)

ν + β
∂z̄χ(z, z̄) +

(κ+ 1)(ν − β)

2µ
iϕ′′(z).(4.18)

Substituting the formulas (4.4) and (4.11) into the fifth equation of (3.2) we
obtain the formula for σ33

(4.19) σ33 =
λ(λ+ 2µ)δς22 − 2µγ2

(λ+ µ)(λ+ 2µ)δς22
(ϕ′(z) + ϕ′(z)) +

2(λ+ 2µ)ξ − 2γ2

(λ+ 2µ)δ
γη(z, z̄).

From the last formula (3.5), taking into account (4.11), we have

(4.20) h1 + ih2 = − 2γ

(λ+ µ)ς22
ϕ′′(z) +

2(λ+ 2µ)ξ − 2γ2

µ
∂z̄η(z, z̄).

Thus, the general solution of a two-dimensional system of differential equa-
tions that describes the static equilibrium of a Cosserat elastic media with voids
is represented by means of two analytic functions of a complex variable and two
solutions of the Helmholtz equation. By appropriate choice of these functions,
we can satisfy four independent classical boundary conditions.

Assume that mutually perpendicular unit vectors l and s be such that

l × s = e3,

where e3 is the unit vector directed along the x3-axis. The vector l forms the angle
α with the positive direction of the x1-axis. Then the displacement components
ul = u · l, us = u · s, as well as the stress and moment stress components acting
on an area of arbitrary orientation are expressed by the formulas

(4.21)

ul+ius = e−iαu+,

σll+σss+i(σls−σsl) = σ11+σ22+i(σ12−σ21),

σll−σss+i(σls+σsl) = [σ11−σ22+i(σ12+σ21)]e
−2iα,

σll+iσls = 0.5[σ11+σ22+i(σ12−σ21)+(σ11−σ22+i(σ12+σ21))e
−2iα],

µl3 = 0.5[(µ13+iµ23)e
−iα+(µ13−iµ23)e

iα],

hl = 0.5[(h1+ih2)e
−iα+(h1−ih2)e

iα].

Using formulas obtained in this section, we can analytically solve the class
of plane boundary value problems for both, finite and infinite, domains.
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5. Boundary value problem for a circle

Let us consider the elastic circle, consisting of Cosserat media with voids
bounded by the circumference of radius R (Fig. 1). The origin of coordinates is
at the center of the circle.

Fig. 1. The elastic circle.

On the circumference, we consider the following boundary value problem

(5.1) σrr − iσrα = N0 − iT0, µr3 = M0, φ = F0 on r = R,

where N0, T0,M0 and F0 are constants.
Substituting the formulas (4.15)–(4.17) into (4.21) we have

σrr − iσrα = (1 − κ0)(ϕ
′(z) + ϕ′(z)) + ς21 iχ(z, z̄) + γς22η(z, z̄)(5.2)

− e2iα
[
(1 − κ0)z̄ϕ

′′(z) + ψ′(z) + 4∂z∂z(iχ(z, z̄) + γη(z, z̄))
]
,

µr3 = Re

(
(κ+ 1)(ν + β)

2µ
iϕ′′(z)e−iα + 4∂z̄χ(z, z̄)e−iα

)
.(5.3)

The analytic functions ϕ′(z), ψ′(z) and the metaharmonic functions χ(z, z̄),
η(z, z̄) are represented as the following series

ϕ′(z) =
∞∑

n=0

anz
n, ψ′(z) =

∞∑

n=0

bnz
n;(5.4)

χ(z, z̄) =

+∞∑

−∞

αnIn(ς1r)e
inα, η(z, z̄) =

+∞∑

−∞

βnIn(ς2r)e
inα,(5.5)

where In(ς1r) and In(ς2r) are the modified Bessel function of the first kind of
n-th order.

Substituting (5.4), (5.5) in (5.2), (5.3), (4.11), taking into account the bound-
ary conditions (5.1) and assuming that the series converge on the circum-
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ference r = R, one finds

(5.6) (1 − κ0)
+∞∑

n=0

Rn((1 − n)ane
inα + āne

−inα) −
+∞∑

n=0

Rnbne
i(n+2)α

− 2

R

+∞∑

−∞

(n− 1)(ς1In−1(ς1R)iαn + ς2γIn−1(ς2R)βn)einα = N0 − iT0,

(5.7) 2ς1

+∞∑

−∞

I ′n(ς1R)αne
inα

+
(κ+ 1)(ν + β)

4µ

+∞∑

n=0

Rn−1ni(āne
−inα − ane

inα) = M0,

(5.8)
(λ+ 2µ)ξ − γ2

µδ

+∞∑

−∞

In(ς2R)βne
inα

− γ

(λ+ µ)δς22

+∞∑

n=0

Rn(ane
inα + āne

−inα) = F0.

As a conclusion of the previous relations, we used the following well-known
formulas

In−1(x) − In+1(x) =
2n

x
In(x), In−1(x) + In+1(x) = 2I ′n(x).

Comparing in (5.6)–(5.8) the coefficients of e0iα we have (it is also assumed that
a0 is a real value [26])

2(1 − κ0)a0 +
2γ

R
ς2I1(ς2R)β0 = N0,(5.9)

− 2γ

(λ+ µ)δς22
a0 +

(λ+ 2µ)ξ − γ2

µδ
I0(ς2R)β0 = F0,(5.10)

α0 = − R

2ς1I1(ς1R)
T0 =

1

2ς1I ′0(ς1R)
M0.(5.11)

In order for the problem to have a solution, the following condition must be met

M0 = −RI
′
0(ς1R)

I1(ς1R)
T0.

From Eqs. (5.9), (5.10) we determine the coefficients a0 and β0

(5.12) a0 =
∆1

∆
, β0 =

∆2

∆
,
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where

∆ =
2(λ+ 2µ)((λ+ µ)ξ − γ2)I0(ς2R)

(λ+ µ)µδ
+

4γ2I1(ς2R)

(λ+ µ)δς2R
,

∆1 =
(λ+ 2µ)ξ − γ2

µδ
I0(ς2R)N0 −

2γ

R
ς2I1(ς2R)F0,

∆2 =
2γ

(λ+ µ)δς22
N0 + 2(1 − κ0)F0.

All other coefficients in series (5.4), (5.5) are equal to zero. Thus

(5.13) ϕ′(z) = a0, ψ′(z) = 0, χ(z, z̄) = α0I0(ς1r), η(z, z̄) = β0I0(ς2r),

where α0, a0, β0 are determined using formulas (5.11), (5.12).
Substituting (5.13) into (4.15)–(4.18), (4.11) and using formulas (4.21), we

find the polar components of the stresses and moment stresses, as well as the
function φ

(5.14)

σrr = 2(1 − κ0)a0 + ς22γβ0[I0(ς2r) − I2(ς2r)],

σαα = 2(1 − κ0)a0 + ς22γβ0[I0(ς2r) + I2(ς2r)],

σrα = ς21α0[I2(ς1r) − I0(ς1r)],

σαr = ς21α0[I2(ς1r) + I0(ς1r)],

µr3 = 2ς1α0I1(ς1r),

µ3r =
2(ν − β)

ν + β
ς1α0I1(ς1r),

φ =
(λ+ 2µ)ξ − γ2

µδ
β0I0(ς2r) −

2γa0

(λ+ µ)δς22
.

Fig. 2. P.1. Graphs of functions σrr and σαα. Fig. 3. P.1. Graph of function σrα.
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Since the problem under consideration is axisymmetric, the solution depends
only on r. As it can be seen from the obtained formulas, the stresses σrr, σαα

and function φ depend on the elastic constants and constants characterizing the
porosity of the body. Stresses σrα, σαr and moment stresses µr3, µ3r depend only
on elastic constants. When γ = 0, then κ0 = 0 and σrr = σαα = N0.

Figures 2–6 show graphs of the mentioned functions σrr, σαα, σrα, σαr, µr3,
µ3r and φ, that are designed on the basis of the obtained solutions (5.14). The
radius of the circle is taken equal to R = 1 unit, and the constants N0, T0, M0

Fig. 4. P.1. Graph of function σαr. Fig. 5. P.1. Graphs of functions µr3 and µ3r.

Fig. 6. P.1. Graph of function φ.
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and F0 in relative units are accepted as follows

N0 = 1, T0 = −1, M0 = 1, F0 = 0.5.

Elastic constants and constants characterizing the porosity of the body were
taken in such a way as to satisfy conditions (2.9).

As it can be seen from the graphs, the solution of the problem (5.14) satisfies
the boundary conditions (5.1). Since the mentioned solution was obtained on the
basis of the general solution that we constructed in Section 3, it also satisfies the
equilibrium equations inside the domain under consideration.

The procedure of solving a boundary value problem remains the same when
stresses, moment stresses, and change in volume fraction on the domain boundary
are given arbitrarily, but the condition that the principal vector and the principal
moment of external forces are equal to zero is fulfilled.

6. The problem for the infinite plane with a circular hole

Now let we have an infinite plane with a circular hole (Fig. 7). Assume that
the origin of coordinates is at the center of the hole of radius R.

Fig. 7. The infinite plane with a circular hole.

On the circle we consider the following boundary value problem

(6.1) σrr − iσrα = N − iT, µr3 = M, φ = F on r = R,

where N , T , M and F are sufficiently smooth functions.
Conditions at infinity

(6.2)
σ

(∞)
11 = S1, σ

(∞)
22 = S2, σ

(∞)
12 = σ

(∞)
21 = S3,

µ
(∞)
13 = µ

(∞)
23 = 0; φ = S4,

where S1, S2, S3, S4 are the constants.
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In this case the analytic functions ϕ′(z), ψ′(z) and the metaharmonic func-
tions χ(z, z̄), η(z, z̄) are represented as a series [26, 30]

ϕ′(z) =
∞∑

n=0

anz
−n, ψ′(z) =

∞∑

n=0

bnz
−n;(6.3)

χ(z, z̄) =

+∞∑

−∞

αnKn(ς1r)e
inα, η(z, z̄) =

+∞∑

−∞

βnKn(ς2r)e
inα,(6.4)

where Kn(ς1r) and Kn(ς2r) are the modified Bessel function of the second kind
of n-th order.

Substituting (6.3), (6.4) in (5.2), (5.3), (4.11), taking into account the bound-
ary conditions (6.1) and assuming that the series to converge on the circumfer-
ence r = R, one finds

(6.5) (1 − κ0)

+∞∑

n=0

1

Rn
((1 + n)ane

−inα + āne
inα) − b0e

2iα − b1
R
eiα

−
+∞∑

n=0

bn+2

Rn+2
e−inα +

2

R

+∞∑

−∞

(n− 1)(ς1Kn−1(ς1R)iαn + ς2γKn−1(ς2R)βn)einα

= N − iT,

(6.6) 2ς1

+∞∑

−∞

K ′
n(ς1R)αne

inα

+
(κ+ 1)(ν + β)

4µ

+∞∑

n=1

ni

Rn+1
(−āne

inα + ane
−inα) = M,

(6.7)
(λ+ 2µ)ξ − γ2

µδ

+∞∑

−∞

Kn(ς2R)βne
inα

− γ

(λ+ µ)δς22

+∞∑

n=0

1

Rn
(ane

−inα + āne
inα) = F.

As a conclusion of the previous relations, we used the following well-known for-
mulas

(6.8) Kn−1(x) −Kn+1(x) = −2n

x
Kn(x), Kn−1(x) +Kn+1(x) = −2K ′

n(x).

Expand the function N − iT , M and F, given on r = R, in a complex Fourier
series

(6.9) N − iT =
+∞∑

−∞

Ane
inα, M =

+∞∑

−∞

Bne
inα, F =

+∞∑

−∞

Cne
inα.
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Due to the fact that χ, η, M and F are real functions, we have

αn = ᾱ−n, βn = β̄−n, Bn = B̄−n, Cn = C̄−n.

It is known that [29]

(6.10) a0 = Γ, b0 = Γ/,

where Γ, Γ/ are known quantities, specifying the stress distribution at infinity
(It is also assumed that a0 is a real value [26]). As follows from formulas (4.11),
(4.15), (4.16) and conditions (6.2)

Re Γ =
S1 + S2

4(1 − κ0)
=

(λ+ µ)δς22S4

2
, Re Γ/ =

S2 − S1

2
, Im Γ/ = S3.

We use the condition of single-valuedness of the displacements which in the
present case is expressed as

(6.11) κa1 + b̄1 = 0.

After introducing (6.8) into (6.5)–(6.7), and comparing the coefficients of einα,
we have





2(1 − κ0)a0 −
b2
R2

− 2iς1
R

K1(ς1R)α0 −
2γς2
R

K1(ς2R)β0 = A0,

2ς1K
′
0(ς1R)α0 = B0;

(6.12)

1 − κ0

R
ā1 −

1

R
b1 = A1;(6.13)

1 − κ0

R2
ā2 − b0 +

2iς1
R

K1(ς1R)α2 +
2γς2
R

K1(ς2R)β2 = A2;(6.14)





1 − κ0

R2
ān +

2iς1
R

(n− 1)Kn−1(ς1R)αn

+
2γς2
R

(n− 1)Kn−1(ς2R)βn = An, n ≥ 3,

2ς1K
′
n(ς1R)αn − (κ+ 1)(ν + β)ni

4µRn+1
ān = Bn, n ≥ 1,

(λ+ 2µ)ξ − γ2

µδ
Kn(ς2R)βn − γ

(λ+ µ)δς22R
n
ān = Cn, n ≥ 0.

(6.15)

For e−inα (n > 1) gives

(6.16)
(1 − κ0)(1 + n)

Rn
an − 1

Rn+2
bn+2 −

2iς1
R

(n+ 1)Kn+1(ς1R)α−n

− 2γς2
R

(n+ 1)Kn−1(ς2R)β−n = A−n.
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From (6.10) and (6.12) one finds

α0 =
B0

2ς1K ′
0(ς1R)

,

β0 =
µδC0

(λ+ 2µ)ξ − γ2

1

K0(ς2R)
+

2γµΓ

(λ+ µ)((λ+ 2µ)ξ − γ2)ς22
,

(6.17)

b2 = 2(1 − κ0)R
2Γ − 2iς1RK1(ς1R)α0 − 2γς2RK1(ς2R)β0 −R2A0.(6.18)

From (6.11) and (6.13) one finds

a1 =
RĀ1

κ− κ0 + 1
, b1 =

κRA1

κ− κ0 + 1
,

α1 =
B1

2ς1K ′
1(ς1R)

+
(κ+ 1)(ν + β)iA1

8µRς1K ′
1(ς1R)

,

β1 =
µδ

((λ+ 2µ)ξ − γ2)K1(ς2R)

(
C1 +

γA1

(λ+ µ)(κ− κ0 + 1)δς22

)
.

From (6.10) and (6.14)–(6.16) one finds

ā2 =
A2 + Γ/ − k12B2 − k22C2

(1 − κ0)R−2 − k32 + k42
,

ān =
An − k1nBn − k2nCn

(1 − κ0)R−n − k3n + k4n
, n > 2;

(6.19)

αn =
1

2ζ1K ′
n(ζ1R)

(
Bn +

(κ+ 1)(ν + β)ni

4µRn+1
ān

)
, n ≥ 2;(6.20)

βn =
µδ

((λ+ 2µ)ξ − γ2)Kn(ς2R)

(
Cn +

γān

(λ+ µ)δς22

)
, n ≥ 2;(6.21)

bn+2 = (1 − κ0)(n+ 1)R2an − 2(n+ 1)iς1R
n+1Kn+1(ς1R)αn(6.22)

− 2(n+ 1)γς2R
n+1Kn+1(ς2R)βn −Rn+2An, n > 0,

where

k1n =
(n− 1)iKn−1(ς1R)

RK ′
n(ς1R)

, k2n =
2(n− 1)ς2γµδKn−1(ς2R)

R((λ+ 2µ)ξ − γ2)Kn(ς2R)
,

k3n =
n(n− 1)(κ+ 1)(ν + β)Kn−1(ς1R)

4µRn+2K ′
n(ς1R)

,

k4n =
2(n− 1)γ2µKn−1(ς2R)

ς2Rn+1(λ+ µ)((λ+ 2µ)ξ − γ2)Kn(ς2R)
.

It is easy to prove the absolute and uniform convergence of the series obtained in
the infinite plane with a circular hole (including the contours) when the functions
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set on the boundaries have sufficient smoothness. Let the functions N , T , M
and F have second order derivatives satyisfing the Dirichlet condition. In this
case [26],

(6.23) (|An|, |Bn|, |Cn|) <
C

n3
, (|A−n|, |B−n|, |C−n|) <

C

n3
(n = 1, 2, . . .),

where C is some positive constant.
We show that under the above condition the series (6.3) and (6.4), as well as

the series for ϕ′′(z)

ϕ′′(z) = −
∞∑

n=1

nanz
−n−1

will have absolutely and uniformly convergence on circle r = R, and hence also
off circle r ≤ R.

To prove the convergence of these series on the circle r = R, consider the
series, formed by the moduli of the terms of the former when |z| = R

(6.24)

∑
|an|R−n,

∑
n|an|R−n−1,

∑
|bn|R−n,

∑
|αn|Kn(ζ1R),

∑
|βn|Kn(ζ2R).

Using inequality (6.23), on the basis of formulas (6.19)–(6.22) and taking into
acaunt formulas (6.8), we conclude that

|an|R−n <
C/

n3
, n|an|R−n−1 <

C//

n2
, |bn|R−n <

C///

n2
,

|αn|Kn(ζ1R) <
C̃

n3
, |βn|Kn(ζ2R) <

Ĉ

n3
,

where C/, C//, C///, C̃, Ĉ are some other constants. This directly implies the
convergence of the series (6.24), and therefore the uniform and absolute conver-
gence of the series for ϕ′, ϕ′′, ψ′, χ, η. The series for ∂zχ, ∂zη, ∂z∂zχ and ∂z∂zη
will also be absolutely and uniformly convergent

∂zχ = − ς1
2

+∞∑

−∞

αnKn−1(ς1r)e
i(n−1)α, ∂zη = − ς2

2

+∞∑

−∞

βnKn−1(ς2r)e
i(n−1)α,

∂z∂zχ =
ζ2
1

4

+∞∑

−∞

αnKn−2(ς1r)e
i(n−2)α, ∂z∂zη =

ζ2
2

4

+∞∑

−∞

βnKn−2(ς2r)e
i(n−2)α.

Thus, the problem is solved. Substituting the found functions in formulas
(4.15)–(4.19), we can find all components of stresses and moment stresses at
each point of the considered domain.
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Let us now consider the simplest particular case when the edge of the hole is
subject only to uniform normal pressure P. The constant value φ0 of the function
φ is also set on the hole contour. At infinity, the stresses, moment stresses, and
also the value of the function φ are equal to zero. Then we have

N = −P, T = 0, M = 0, F = φ0, Γ = Γ/ = 0.

In formulas (6.9) we have

A0 = −P, C0 = φ0, Ak = Ck = 0, k 6= 0.

In accordance with this on the basis of formulas (6.17), (6.18), we obtain then

β0 =
µδφ0

(λ+ 2µ)ξ − γ2

1

K0(ς2R)
, b2 = −2γµδφ0ς2RK1(ς2R)

(λ+ 2µ)ξ − γ2
+ PR2

and that all other coefficients of the expansions for ϕ′, ψ′, χ and η are equal to
zero. Thus

ϕ(z) = 0, ψ′(z) =
b2
z2
, ψ(z) = −b2

z
, χ(z, z̄) = 0, η(z, z̄) = β0K0(ς2r) .

Afterwards on the basis of formulas (4.14)-(4.21), we obtain

(6.25)

σrr = − b2
r2

− γς22β0(K2(ς2r) −K0(ς2r)),

σαα =
b2
r2

+ γς22β0(K2(ς2r) +K0(ς2r)),

σrα = σαr = 0, µr3 = µ3r = 0,

φ =
φ0

K0(ς2R)
K0(ς2r),

ur =
b2

2µr
+
γ

µ
ς2β0K1(ζ2r), uα = 0, ω3 = 0.

Stress component σ33 is also present in the body

σ33 =
2µγφ0

λ+ 2µ
K0(ς2r),

which is necessary to maintain a plane deformed state. As it can be seen from
formulas (6.25), the solution depends only on r. The corresponding graphs are
shown in Figs. 8–11. The following values were taken as R = 1, P = 1, φ0 = 0.5.

The obtained analytical solutions of boundary value problems can be used
as a test for numerical algorithms [32, 33].
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Fig. 8. P.2. Graph of function σrr. Fig. 9. P.2. Graph of function σαα.

Fig. 10. P.2. Graph of function φ. Fig. 11. P.2. Graph of function ur.

7. Conclusion

As it is well known, to study the elastic properties of materials, it is very
important to construct explicit solutions of the corresponding boundary value
problems. These solutions are especially valuable when the elastic media has
a complex internal structure and is characterized by porosity. In this paper, we
discussed the static equilibrium of elastic materials with voids in the case of
an asymmetric Cosserat media. As regards the three-dimensional case, the exis-
tence and uniqueness of a weak solution of the mixed boundary value problem is
proved. For the case of plane deformation, the method of the theory of functions
of a complex variable is first applied to the corresponding system of differential
equations. The obtained analogs of the Kolosov–Muskhelishvili formulas allow
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one to obtain an analytical solution of a rather wide class of the corresponding
boundary value problems. There analytical solutions of problems are also impor-
tant in that they can be used as a test for numerical algorithms. In our opinion,
the problems of poroelasticity for an asymmetric elastic media with voids have
theoretical and practical interest.
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