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THE PAPER REVIEWS THE STATIC EQUILIBRIUM of a micropolar porous elastic mate-
rial. We assume that the body under consideration is an elastic Cosserat media with
voids, however, it can also be considered as an elastic microstretch solid, since the
basic differential equations and mathematical formulations of boundary value prob-
lems in these two cases are actually identical. As regards the three-dimensional case,
the existence and uniqueness of a weak solution of some boundary value problems are
proved. The two-dimensional system of equations corresponding to a plane deforma-
tion case is written in a complex form and its general solution is presented with the
use of two analytic functions of a complex variable and two solutions of the Helmholtz
equations. On the basis of the constructed general representation, specific boundary
value problems are solved for a circle and an infinite plane with a circular hole.
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1. Introduction

ELASTIC MATERIALS WITH VOIDS ARE VERY COMMON IN PRACTICE. These in-
clude hard tissues of animals and the humans; rocks, which are used as building
materials; granular and some manufactured porous substances. In such a way,
the determination of the elastic equilibrium of solids with voids under various
boundary conditions facilitates practical applications. In many cases, it is also
important to calculate porous materials based on the theory of micropolar elas-
ticity [1-6]. This work makes it possible to apply effective methods of complex
analysis to construct analytical solutions to the corresponding plane boundary
value problems.

A linear model of elastic equilibrium of porous media with voids was originally
constructed in |7]. In this theory, the volume fraction of voids at each point of an
elastic body is considered as an independent function. Various questions of elastic
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equilibrium of porous bodies with empty pores in the case of a classical elastic
medium are further discussed in [8-15|. The problems of porous elasticity for
micropolar media with voids were considered in [16-19].

Noteworthy that the basic equations and mathematical formulations of bound-
ary value problems in the cases of a micropolar media with voids and microstretch
elastic solids coincide. The theory of microstretch has been introduced by ERIN-
GEN in |20, 21|. The material points of microstretch solids can stretch and con-
tract independently of their displacements and rotations and instead of the vol-
ume fraction function the microstretch function is introduced here. To the solu-
tion of various problems within the framework of theory of microstretch elastic
solids was dedicated to the multitude of scientific publications from which we
note the work [22-25].

The current work is dedicated to the study of a mixed three-dimensional
boundary value problem and the analytical solution of some plane boundary
value problems for a micropolar porous elastic body. In our opinion, such prob-
lems are along with theoretical and practical interest.

In Section 2, we prove the existence and uniqueness of a weak solution to the
three-dimensional mixed boundary value problem. From this proof the existence
and uniqueness of a weak solution of the Dirichlet-type problem follow. As for
the Neumann-type problem, we have indicated the quotient space, where the
only solution exists. In Section 3, we discuss the case of a plane deformed state
and write the corresponding two-dimensional system of equilibrium equations
in a complex form. In Section 4, we construct a general solution of the above-
mentioned system of equations using analytic functions of a complex variable
and solutions of the Helmholtz equations. The resulting analogs of the Kolosov—
Muskhelishvili formulas [26] make it possible to analytically solve plane boundary
value problems of poroelastic equilibrium of Cosserat media with voids. In Sec-
tion 5, the specific boundary value problem is solved analytically for a circle.
In Section 6, the boundary value problem is solved analytically for an infinite
domain with a circular hole.

2. Basic three-dimensional relations

Assume an elastic body with voids occupies the domain © € R3. Denote by
X = (x1,72,73) a point of the domain Q in the Cartesian coordinate system.
Assume the domain Q is filled with an elastic Cosserat media having voids.
Denote the volume of the macro point of x by V(x), and the volume of pores
at this point by V,(x). The value v(x), which is defined by the equality v(x) =
Vp(x)/V(x), is called the relative volume of pores. In general, as a result of
deformation of the body the relative volume of pores changes, too. The solid
body is characterized by the displacement vector u = (u1,u2,us), the rotation
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vector w = (wq,ws,ws3) and the change in volume fraction from the reference
volume fraction [7]

$(x) = v(x) = vr(x).

In this case, a system of static equilibrium equations is expressed as [5, 7, 21, 23|

— i03j(x) = pFy(x),
(2.1) (o) S () PG50, in
— aihi(x) — g(x) = pl(x),

where 0;; are stress tensor components; p is material density; I} are the compo-
nents of the mass force vectors; p;; are moment stress tensor components; €;j
is the Levi-Civita symbol; Gj are the components of the mass moment vectors;
h; is the equilibrated stress vector; g is the intrinsic equilibrated body force; [ is
the extrinsic equilibrated body force; 9; = 9/0x;.

In the above formulas, the Latin indices take the values 1, 2, 3 and it is
assumed that summation is carried out over the repeated indices. The same
is also assumed below.

Formulas that interrelate functions o3}, p155, hi, g to the functions u;,w; and
¢ have the form |5, 7, 21, 23|

oij = (Adivu+y9)di; + (1 + @)0suy + (p — @) Oju; — 2 €;4x W,
pij = o divwéi; + (v + 8)0iw; + (v — B)djwi,

hi = 60;9,

g=—§¢—~divu,

(2.2)

where A and p are the Lamé parameters; a, 3, v, o are the constants character-
izing the microstructure of the discussed elastic media; 4, &,y are the constants
characterizing the body porosity; d;; is the Kronecker delta.

The three-dimensional system of Egs. (2.1) and (2.2) describe the static equi-
librium of a porous elastic Cosserat media with voids. Substituting (2.2) into
(2.1), we obtain equilibrium equations with respect to the components of the
displacement and rotation vectors and function ¢

(pta) Auj+(A+p—a)0j(Okur) — 20 €45 Ojwi+70j¢ = —pFj,
(2.3)  (v+B)Awj+(0+v—03)0;(Orwi)+20 €55, Ojup—4aw; = —pGj, in Q,
(0A—=E)p—yOkuy, = —pl,

where A = 011 + 02 + 033 is the three-dimensional Laplace operator.

Let © be a bounded open connected subset of R? with a Lipshitz-continuous
boundary; I'g be a da-measurable subset of I' = 92 and area I'g > 0; 'y = I'—T;
1(11,12,13) is a unit outer normal along I';.
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We formulate a boundary value problem:

Let the functions (Fy, Fy, F3, G1,Go,G3,1) € (LS/5(Q))7 and (f1, fo, ..., f7)
€ (L*3(I'1))" be given; Find a solution w = (uy, ug, us, w1, ws, w3, ¢) € V(Q)
of a system of Eqs. (2.3) which in the sense of a trace satisfies the following
boundary condition

(2.4) u=0, w=0, =0 on [y
oij(W)li = f;
(2.5) i (W)l = fit3 on I'y,

5hl(W)lZ = f7
where
V(Q) = {v = (v1,v2,...,v7) € (H(Q))", v =0 da-a.e. on I'y}.

Below, we investigate the question of the existence and uniqueness of the
solution to the boundary value problem (2.3)—(2.5).

Using the Green formula and the Sobolev imbedding theorem and the conti-
nuity of the trace operator 27| we prove the following lemma.

LEMMA. Finding a solution w of the boundary value problem (2.3)—(2.5) is
equivalent to finding a solution w € V() of the equations

(2.6) B(w,v)=L(v) forallveV(Q),

where
(2.7) B(W,V) = /{(A@Zuz + ~y¢)8jvj + 0.5u(8iuj + 6jui)(8ivj + 6jvi)
Q

+ 0.504(8in — 8jul- + 2 €kji wk)(aivj — 8jvl- + 2 €kji Uk+3) + a@iwiaing
+ 0.51/((91'(4)]' + ajwi)(ainJrg + 8jvi+3) + 0.5ﬁ((9@-wj — 8jw¢)(6ivj+3 — 8jvi+3)
+ 80;00iv7 + Epur + YO;uivr } de,
7
(2.8) L(v):=p / (Fjv; + Gjvjys + lvg) do — / > frvrda.
[e) 1—\1 k=1
THEOREM. Let the constants

£>0, (BA+20)E>39% u>0, a>0,

(2.8)
6>0, 3c+2v>0 v>0, (B>0

be given. Then there is one and only one solution w € V() of Egs. (2.6).
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In addition

J(w) = \}Iel\f[ J(v), where J(v)= %B(V, v) — L(v).

Proof. 1t follows from formula (2.7) that the bilinear form B: V xV — R
is symmetric, i. e.
B(w,v) = B(v,w).

Continuity of the bilinear form B(w,v) with respect to the norm

7 1/2
Ve = { [ Yo+ o) da
Q

k=1

follows from the Cauchy—Schwarz inequality. Thus, there is a constant C; > 0
such that for all w,v € V,

B(w, v) < Ci|wllielviie-

Taking into account that for all real number k # 0 the following inequality holds

722

2’7(91"(}1'1}7 Z —k:2(8ivi)2 — EU%

from formula (2.7), after obvious transformations we obtain
2 2\ ~2 4 N N ~ 2
(2.10) B(v,v) > )\—I—g,u—k é(v)+ 3H [€11(V) — 0.5(é22(V) + é33(Vv))]
Q

+ (e22(v) — e33(v))? + 4p(ef5(v) + e13(v) + €33(v))
+ a[(@lvg — Oyuy — 21}6)2 + (611)3 — O3v1 + 21}5)2 + (82’03 — O3v9 — 2’[)4)]

+ (0’ + §V> é?,;(v) + %V[éll(v) — 0.5(622(V) + é33(V))]2
+v(Eaa(v) — E33(v))? + 4 (&fy(v) + E3(v) + é33(v))
+ B[(01v5 — Dova)* + (Orv — D3v4)* + (Oavs — O3v5)°]

,}/2
+ (581"1)7(91"1)7 + <§

— kQ)U%} dx  for all v.e V(),

where
éij(V) = 0.5(611)]' + ajvi), éij(v) = 0.5(aﬂ}j+3 + 8jvi+3).

Let £ > 0 and k? = 42/¢, then & —42/k? = 0. If in addition a > 0 and 3 > 0,
then from (2.10) it follows
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2
(211) B(v,v) > /{()\4—;“_7)égi(v)—i—;lu[éu(v) — 0.5(éas(v) + 35 (v))]?
Q
+ u(a2(v) — 33(v))? + 4p(Ef5(v) + €33(v) + é53(v))
+ <O’ + §I/> é?l-(v) + %l/[éll(v) — O.5(éQQ(V) + égg(V))]Q
+ v(Eaa(v) — E33(v))? + A&y (v) + E3(v) + é33(v))

+ 5&1}7&1}7} dx for all ve V(Q).

Further, let

2 2 2
Y
>\+§u—€>0, w >0, a+§u>0, vr>0, >0
and we note that
e11 + egn + es3 11 1 el
€11 — 0.5(622 + 633) = 1 -0.5 -0.5 € |,
e — €33 01 -1 €33

where transformation determinant is

1 1 1
det | 1 —0.5 —0.5 | =3.
0o 1 -1

Then the above inequality (2.11) implies that there exists a constant Cy > 0
such that

(2.12) B(V, V) > CQ{/ [éij (V)éij (V) + éij (V)éij (V) + 3,-11781-1}7] d.’L‘}
“ for all v € V(Q).

In formula (2.12) we use the Korn inequality [27]

1/2
HV’ 1,0 < 00{/ [éij(v)éij(v) + éij(v)éij(v)} da:} for all v € V(Q)

and the Friedrichs inequality

1/2
vzl < cl{/aiw@iw dx} for all vy € Hl(Q), v7 = 0 da-a.e. on I'.
Q
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Then there exists a constant ¢ > 0 such that
2
B(v,v) > c|lvlli o

Thus, following the conditions (2.9) satisfied, then the symmetric and continuous
bilinear form B : V x V — R is V-elliptic.

In addition, the Sobolev imbedding theorem and the continuity of the trace
operator imply that the linear form L is continuous on the space (H'(9))".

Thus the theorem is proved (please refer to Theorem 6.3-2 in [27| and Lax—
Milgram Lemma).

IfT" =Ty, the weak solution found in Theorem possesses additional regularity
if the data also possess regularity (Theorem 6.3-6) in [27]).

Now we find all real solutions of the equation B(v, v) = 0. By formula (2.7),
this equation is equivalent to the following system of equations

Oivj +0v; =0, 0Ojvji3 + 0jvip3 = 0,
811]2 — (921}1 — 2116 = O, 81’1)3 — (93’1)1 + 2’05 = 0, 821]3 — 63112 — 21}4 = 0,
612}5 - 821}4 = 0, 81’06 — 03’[)4 + 2’05, 821)6 — 53115 = 0, 81"07 = 0, vr = 0.

The general solution of this system of equations has the following form

v = —a3x2 + a3 + by,

vy = azx1 — a1x3 + bo,
(213) 2 341 143 2
v3 = —asxy + a1x2 + b3,

vy =b1, w5 =0be, wg=0b3, v7=0,

where a;, b; are arbitrary real numbers.

If the space of all vectors (v, ve,...,v7), whose components are expressed
using formulas (2.13) is denoted by W and instead of V we take the quotient
space (H'(Q))7\ W, then the above proved theorem is applicable to the case
Iy =T [28].

3. The plane deformation case

From the basic three-dimensional equations, we obtain the basic equations for
the case of plane deformation. Let €2 be a sufficiently long cylindrical body with
generatrix parallel to the Oxs-axis. Denote by D the cross-section of this cylindri-
cal body, thus D € R?. In the case of plane deformation u3z = 0, w1 = 0, wy = 0,
while the functions u1, uz,ws and ¢ do not depend on the coordinate 3 [26]. We
also assume

Uy, U, W3, qb S CQ(D) N CI(D)
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As follows from formula (2.2), in the case of plane deformation
0a3:01 U3a:0a Maﬁ:07 M33:07 h3207 0421,2, /8:172

Therefore the homogeneous system (F, = 0, G, =0, [ = 0) of equilibrium Egs.
(2.1) takes the form
01011 + 02091 = 0,
01012 + 02092 = 0,
(3.1) 1o e in D,
Oz + Oopgz + (012 — 091) = 0,
01h1 4+ Ooha + g =0,
where Ag = 011 + 092 is the two-dimensional Laplace operator.
Relations (2.2) are rewritten as

011 =Y¢ + A0 + 2udug,
022 = YP + A0 + 2udus,
o12 = (b + a)O1uz + (1 — a)Ouy — 2aws,
(3.2) 091 = (1 + a)Oous + (0 — a)Oruz + 2aws,
o33 =70+ N0, iz = (v+ [)0wws, p2z = (v+ 3)dws,
ps1 = (v — B)owws, pz2 = (v — B)0aws,
h1 =0601¢, he =000, g=—EP—0,
where 0 := O1u1 + Oqus.
If relations (3.2) are substituted into the system (3.1) then we obtain the

following system of equilibrium equations with respect to the functions uq, uo, ws

and ¢

(1 + a)Aquy + (A + p — )00 + 2a0ws + v016 = 0,
(1 + @)Aqug + (A + p — @)D — 2a01w3 + Y02 = 0,
(v + B)Agws + 2a(01ug — Ooup) — daws = 0,

On the plane Oxx9, we introduce the complex variable z = z1 + izy = re'®
(i? = —1) and the operators 9, = 0.5(9; — i02), 05 = 0.5(0 +i02), Z = 21 —ix9;
Aoy = 40,05.

To write system (3.1) in the complex form, the second equation of this system
is multiplied by ¢ and summed up with the first equation

(3.3) in D.

0:(011 — 022 + (012 + 021)) + 0z(011 + 022 + i(012 — 021)) = 0,
(3.4)  0x(p13 +ip23) + 0z(p1g — ipo3) + 012 — 021 =0, in D,
0;(h1 + ihg) + 0z(h1 — ih2) + g =0,
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where by formulas (3.2)

o11 — 022 +i(o12 + 021) = 4pdsu,

o11 + 022 +i(0o12 — 021) = 2(A + p — @) — daiws + 27 + 4ad,u,
pa3 +ipgz = 2(v + B)0zws,

p31 +ipze = 2(v — B)0zws,

hi +ihg = 260z ¢;

Uy = uq + Tug, Ug = uy — iug, 0 = 0,uq + Ozt.

(3.5)

If relations (3.5) are substituted into system (3.4), then system (3.3) is written
in the complex form

2(p 4 @)0.05us + (A + p— @)0z0 — 20idsws + v0z¢ = 0,
(3.6) 2(v + ()0,0:ws + ai(f — 20,uy) — 20wz = 0, in D.
(400,0; — &)¢ — 40 =0,

If we take v = 0 in the system of Egs. (3.6), then it splits into the system of
equations of the plane moment theory of elasticity and the Helmholtz equation
with respect to the function ¢.

4. The general solution of system of equations (3.6)

In this section, we construct the analogues of the Kolosov—-Muskhelishvili
formulas [26] (see also [29-31]) for the system (3.6).

We take the operator 0z out of the brackets in the left-hand part of the first
equation of the system (3.6)

(4.1) 0z 2(p + @) Oug + (AN + p — ) — 20diws + v¢] = 0.
Since (4.1) is a system of Cauchy-Riemann equations, we have

(4.2) 2(u + @)0us + (A + p— )l — 2aiws +vd = (k + 1)¢'(2),
where ¢(z) is an arbitrary analytic function of z;

A+ 3u
A+

K =

A conjugate equation to (4.2) has the form

(43)  2(p+ @)dsis + (A + p— @) + 2aiwy + ¢ = (k + 1)@ ().
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Summing up Egs. (4.2) and (4.3) and taking into account that
0= 82U+ + 8gﬂ+,

we obtain

0% 1
=— +
)\—1—2,u¢ A p

(4.4) (¢'(2) + ¢'(2)).

If from Eq. (4.2) we subtract Eq. (4.3) and write the expression i(9,u4 — 0zu)
then we have

K+1 2c
4.5 (Ouy — Ostiy) = —i(p'(2) — ¢/ — .
(4.5) i(Ouy Uy 2(,“4’04)2(%0 (2) — ¢'(2)) u+aw3
The second equation of the system (3.6) is written as
2a 4o
4. 40,0503 — —2 i(Douy — Doiiy) — —0.
(4.6) 0,0zw3 V+ﬁz(8 Uy — Ozlig) y+ﬁw3 0

Substituting formula (4.5) into formula (4.6) we obtain the equation

B a(k+1) (D2 — T
(4.7) Agws — §12W3 = ml(ﬁﬂ (2) — ¢'(2)),
where "
2 _ a
RN (R

The general solution of Eq. (4.7) is written in the form

L) - P ),

(4.8) w3 = Iffﬁx(z, z) —

where x(z, Z) is a general solution of the Helmholtz equation
(4.9) Agx —s¥x = 0.

The multiplier 4u/v + 3 has been introduced for convenience in writing our
subsequent formulas.
Substituting formulas (4.4) into the last equation of the system (3.6) we have

(4.10) 820 =G = s () + ),

(A+n

where ()\ )5 )
P +2p)8 —
=" > (.
2T 02
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The general solution of Eq. (4.10) is written in the form

(A +2u)€ =+
o

(411)  ¢= e 2) — ¢ Y (¢'(2)+ 7)),

A+ 11)0s3

where 7(z, Z) is a general solution of the Helmholtz equation
(4.12) Agn — ¢an = 0.

Substituting formulas (4.8) and (4.11) into Eq. (4.2) we obtain

(413)  2p0:uy = (5 + r0)@'(2) = (1 = Ko)¢'(2) +4i0:0:x (2, 2) — 470:0z1)(2, 2),

where )
YT

A+ (N +2m)€ —~2)

As a result of integration (4.13), we obtain

Ko =

(4.14)  2puy = (K + Ko)p(2) — (1 — Ko)2¢/ (2) — (2) +40:(ix(2, 2) — (2, 2)),

where 1(z) is an arbitrary analytic function of z.

Thus, the general solution of the system of Egs. (3.6) is represented us-
ing formulas (4.8), (4.11), (4.14). These formulas include two arbitrary analytic
functions of a complex variable ¢(z),1(z) and two arbitrary solutions of the
Helmholtz Egs. (4.9) and (4.12), respectively x(z, Z) and n(z, 2).

From (4.1) we have

2N+ p — )b — daiws + 270 = 2(k + 1)’ (2) — 4(n + @)D, uy .
Substituting these formulas into the second equation of (3.5) we obtain
011 + 092 + (012 — 091) = 2(k + 1)¢'(2) — dud,uy.

From the last formula, taking into account (4.13), we deduce

(4.15) 011 + 022 + i(012 — 021)
=2(1 = o) (¢'(2) + ¢'(2)) — 267ix(2, 2) + 2vs3n(=, 2).
Substituting the formula (4.14) into the first equation of (3.5) we obtain

(4.16) o1 — o2 +i(o12 + 021)
= —2(1 — ko)2¢"(2) — 29/'(2) + 80:0:(ix(z, ) — yn(z, 2)).
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Substituting the formula (4.8) into the third and fourth equations of (3.5),
we obtain

(r+ D@ +0B) ——

(4.17) w13 +ipas = 40:x(z, ) + o i"(2),
A=), o D)= B)
(4.18) H31 + 132 = W@X(Z’ zZ) + 21 i (2).

Substituting the formulas (4.4) and (4.11) into the fifth equation of (3.2) we
obtain the formula for o33

A+ 2p)662 — 2u~? 2(\ 4 2u)€ — 2+2

4.19 = "(2) + ¢'(2)) + L Z).
From the last formula (3.5), taking into account (4.11), we have
. 2~y 2(\ + 2u)€ — 272 _
4.20 hy 4 ihy = ——— 1 () + 8n(z, 7).
420) il = 2 (=2)

Thus, the general solution of a two-dimensional system of differential equa-
tions that describes the static equilibrium of a Cosserat elastic media with voids
is represented by means of two analytic functions of a complex variable and two
solutions of the Helmholtz equation. By appropriate choice of these functions,
we can satisfy four independent classical boundary conditions.

Assume that mutually perpendicular unit vectors 1 and s be such that

I xs=es,

where eg is the unit vector directed along the x3-axis. The vector 1 forms the angle
« with the positive direction of the xi-axis. Then the displacement components
uy=1u-1l, us = u-s, as well as the stress and moment stress components acting
on an area of arbitrary orientation are expressed by the formulas

w+iug = e Yu,

ou+0ss+i(015—045) = o011+ 022 +i(012—021),

o1 —0ss+i(015+0g) = [011 — 02 +i(o19+091)]e 2,

(4.21) . . » o
outioy = 0.5[011 +0ooe+i(o12—021)+ (011 —02+i(o12+091))e” 2]

s = 0.5[(p13+ipoz)e” "+ (13 —ipasz)e™],
h; = 0.5[(h1 +ih2)6_ia+(h1—ih2)6ia].

Y

Using formulas obtained in this section, we can analytically solve the class
of plane boundary value problems for both, finite and infinite, domains.
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5. Boundary value problem for a circle

Let us consider the elastic circle, consisting of Cosserat media with voids
bounded by the circumference of radius R (Fig. 1). The origin of coordinates is
at the center of the circle.

Fic. 1. The elastic circle.

On the circumference, we consider the following boundary value problem
(51) Opp — 10rq = No — 11y, pir3 = Mo, ¢ =Fy onr=R,

where Ny, Ty, My and Fy are constants.
Substituting the formulas (4.15)—(4.17) into (4.21) we have

(5.2)  op —iora = (1 — ko) (¢'(2) + ¢ (2)) + stix(z, 2) + vs5(2, 2)
— ¥ [(1 = ko) 20" (2) + ¢/ (2) + 40.0.(ix(2, 2) + y1(2, 2)) ]

(5.3)  pe3 = Re(wup”(z)em + 40zx(z, z)em>.

The analytic functions ¢'(2), 1'(z) and the metaharmonic functions x(z,2),
n(z, z) are represented as the following series

(5.4) Pz) = anz", P(2) =) b2"
n=0 n=0
+00 . +00 A
(55)  x(2:2) =Y anlu(ar)e™,  n(z,2) =Y Bula(cr)e™,

where I,(¢17) and I,,(cor) are the modified Bessel function of the first kind of
n-th order.

Substituting (5.4), (5.5) in (5.2), (5.3), (4.11), taking into account the bound-
ary conditions (5.1) and assuming that the series converge on the circum-
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ference r = R, one finds

+00 +00
(5.6) (1 — /40) Z R"((l _ n)aneina + (_Ine_ma) . Z Rnbnei(n+2)a
n=0 n=0
2 X
T R2 (“ — 1)(qtIn-1(s1R)icv, + sovIn—1(s2R)By)e™ = Ny — iy,

(5.7) 2 Z I’ (¢1R)aye™

“+oo
1 . .
+ (H + Z)lg/ + ﬁ) 2 :Rn_lni(@ne_ma _ anemcx) = My,
n=0

+o00o
(5.8) LF2WE=T 2“ 5 L ZI (2R) ™

RTL zna ’LTLOC — F .
7@\4‘/15%2 (ane™ + ane ) 0

As a conclusion of the previous relations, we used the following well-known
formulas

Toa(@) = () = 2 he), Tua(@) + Lo () = 205 (2).

Oicx

Comparing in (5.6)—(5.8) the coefficients of e
agp is a real value [26])

we have (it is also assumed that

2
(5.9) 2(1 — ko)ag + %§211(§2R)/30 = No,
2 A+ 2u)€ — 2
(5.10) e 6§2a0+( M= () = Fo
2
R 1
(5.11) ap = —

Ty = M,
20hi(@R)"" T 2alh(@R)
In order for the problem to have a solution, the following condition must be met

RIO(gl R)

Mo =
0 I (1 R)

————=T5.

From Egs. (5.9), (5.10) we determine the coefficients ag and [

A As

(512) ag = K7 /80 = K7
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where

200+ 2u) (A + )€ =) Io(2R) | 47*L1(2R)
(A + p)pd (A + p)ds R’

A+ 2u)€ — o 2
A = (Z;é,yfo(ggR)No - %QII(QR)FO?

A:

2y

WNO + 2(]. — K/O)FO

Ay =

All other coefficients in series (5.4), (5.5) are equal to zero. Thus
(513) 901(2) = aop, T/JI(Z) = 07 X(Z7 2) = a0I0(§1T)7 77(2:7 2) == 60.[()((27"),

where ayg, ap, fp are determined using formulas (5.11), (5.12).

Substituting (5.13) into (4.15)—(4.18), (4.11) and using formulas (4.21), we
find the polar components of the stresses and moment stresses, as well as the
function ¢

orr = 2(1 = Ko)ao + 5vBollo(s2r) — Ia(s2r)],
Tao = 2(1 = Ko)ao + 3 v0o[lo(s2r) + Ia(sar)],
0ra = stap[Ia(s1r) — Io(sim)],
Oar = stap[Ia(s17) + To(sir)],

2
(5.14) trs = 2c1a0ly (1),
2(v—p0)
=~ “‘qapli(gr
U3r = —|—ﬁ 1¢0 1( 1 )
A+ 2u)€ — 2 2ya0
b= (()Sﬁofo(@”) YA
L ()\ + /L>5§2
1101 T
Lo / _0.86°
08 / ~0.88
1.041 ~0.90
135 -0.921
0.9 oo
0.96 ~0.96
0.94 et S ~0.98
0 02 04 06 08 1

r -1.00°
[—=o—"c]

Fia. 2. P.1. Graphs of functions o, and 04a. FI1G. 3. P.1. Graph of function o,4.
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Since the problem under consideration is axisymmetric, the solution depends
only on r. As it can be seen from the obtained formulas, the stresses o, 0aa
and function ¢ depend on the elastic constants and constants characterizing the
porosity of the body. Stresses 0., 0or and moment stresses pi,3, p3, depend only
on elastic constants. When v = 0, then kg = 0 and o, = 04q = Np.

Figures 2-6 show graphs of the mentioned functions o, 0aa, ra, Tar, r3,
w3y and ¢, that are designed on the basis of the obtained solutions (5.14). The
radius of the circle is taken equal to R = 1 unit, and the constants Ny, Ty, My

13 1

0.6 /
1.11 /
. 0.4 a

0.91

0 02 04 06 08 1 02 04 06 08 1

F ¥
==

Fic. 4. P.1. Graph of function o4 Fic. 5. P.1. Graphs of functions p,3 and ps,.

0.50
0.481
0.46
0.44
0.42
0.40
0.38
0.36
0.34
[}32- T T T T 1

0 02 04 06 08 1

,

Fic. 6. P.1. Graph of function ¢.
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and Fj in relative units are accepted as follows
No=1, To=-1, My=1, Fy=0.5.

Elastic constants and constants characterizing the porosity of the body were
taken in such a way as to satisfy conditions (2.9).

As it can be seen from the graphs, the solution of the problem (5.14) satisfies
the boundary conditions (5.1). Since the mentioned solution was obtained on the
basis of the general solution that we constructed in Section 3, it also satisfies the
equilibrium equations inside the domain under consideration.

The procedure of solving a boundary value problem remains the same when
stresses, moment stresses, and change in volume fraction on the domain boundary
are given arbitrarily, but the condition that the principal vector and the principal
moment of external forces are equal to zero is fulfilled.

6. The problem for the infinite plane with a circular hole

Now let we have an infinite plane with a circular hole (Fig. 7). Assume that
the origin of coordinates is at the center of the hole of radius R.

Fi1G. 7. The infinite plane with a circular hole.

On the circle we consider the following boundary value problem
(6.1) Opp —40pqa = N —1T, p3=M, ¢=F onr=R,

where N, T, M and F are sufficiently smooth functions.
Conditions at infinity

62) ¥ =81, o) =%, o) =0l =8,
Wy =) =0, ¢ =54

where Sy, S5, S3, Sy are the constants.
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In this case the analytic functions ¢'(z), ¢'(z) and the metaharmonic func-
tions x(z, 2), n(z, Z) are represented as a series |26, 30|

(6'3> 90/(2) = Zanzinv W(z) = anzin;
(6.4)  x(z Zan (c1r)e™, Zﬁn (ar)e™,

where K,,(¢17) and K, (cor) are the modified Bessel function of the second kind
of n-th order.

Substituting (6.3), (6.4) in (5.2), (5.3), (4.11), taking into account the bound-
ary conditions (6.1) and assuming that the series to converge on the circumfer-
ence r = R, one finds

“+o0

1 . ) by .
(65) (1 - HO) nz;) Rn ((]_ + n)ane no + anelna) o b0€2la . Egeza
2 2 <X '
_ Z R’Z:_Q e—ina | - Z(n — (1 Kn_1(s1R)icey, + ovKn—1(s2R) B )e™

—N—

+0o0
(6.6) 2¢ Z K! (¢1R)a,e™

/{4—1 v+ =
= 2y
n=1

etna —ina
+ ape ")

[
=

RnJrl an€

(A +20)€ — 7

(6.7) P ZK (2R)Bne™

—ina —  _ina
n€ + ape*) = F.

T O+ 5<22Rn “

As a conclusion of the previous relations, we used the following well-known for-
mulas

(6.8) Kn_1(x) — Kpyi(z) = —%”Kn(a:), Knp—1(2) + Knt1(z) = —2K; (2).

Expand the function N —¢T', M and F, given on r = R, in a complex Fourier
series

00 . 00 ‘ 00 ‘
(6.9) N—iT =) A, M=) B, F=Y Cpe"
—0oQ —00 —00
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Due to the fact that x, n, M and F' are real functions, we have
n=0_n, Bn=p0n B,=B., C,=C_,.

It is known that [29]

(6.10) ap=T, by=T,

where T, T/ are known quantities, specifying the stress distribution at infinity
(It is also assumed that ag is a real value [26]). As follows from formulas (4.11),
(4.15), (4.16) and conditions (6.2)

2
Rel — Sl+52 :()\+/L)5§2547 Rer/

ImI/ = Ss.
4(1 — ro) 2 mI" = 5

S — 51
2 )

We use the condition of single-valuedness of the displacements which in the
present case is expressed as

(6.11) kay +bp = 0.
After introducing (6.8) into (6.5)-(6.7), and comparing the coefficients of e,

we have

b 2161 2762

201 — _ 2 g (@R)ag — 22K (@R)fy = A
(6.12) (1 = Ko)ao 2 R 1(s1R)a 7 1(s2R)Bo = Ao,
261 K{)(s1R)ag = By;
1 — ko 1
6.13 a; — —=b Ax;
( ) R ai R 1= 415
1-— R0
14 ———as — b —K 7K Ay:
(6.14) 7 0+ 7 1(s1R)ag + 7 1(2R)f2 = As;
1-— 21
0+ 2 (0= 1)Ky 1 (51 R)
R e R
+ 22 (= DKn1(@R)Bn = Any 123,
(6.15) (k+1)(v+ B)ni _
2§1K;L<§1R)an - 4MRn+l anp = B,, n2>1,
(X +2u)§ — v _
= Ku(@R)B, — ———5—a, = Cp, > 0.
/M; (§2 )ﬂ ()\+M)5§22Rna n
For e~ (n > 1) gives
(1 —ko)(1+mn) 1 2i61
(616) Rn Ay — W n+2 — R (n + 1)Kn+]_ (g]_R)Oé_n
_ 27¢

R ( + 1) n—1(§2R)6—n = A—n-
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From (6.10) and (6.12) one finds

ay = __Bo
6.17) " 2K (i R)’
' o = 16Cy 1 2yul

+ :
(A +20)§ =72 Ko(22R) (A + p) (A +20)€ —7%)s3
(6.18) by = 2(1 — ko) R’T" — 2i1 RK 1 (1 R)ag — 2762 RK 1 (2 R) Gy — R*Aj.

From (6.11) and (6.13) one finds

o = Rz‘_h . /iRAl
Y kot 1l YT kKot 1
Bl (li + 1)(V + ﬂ)ZAl
a1 = 7 + /
26 K (a1 R) 8uRs K (s1R)
o vA1 )
= Ch + .
¢ «X+%K—W%Kﬂ9m< PO (s — ko + 1067

From (6.10) and (6.14)—(6.16) one finds

_ As+ T/ —k12By — kG

as = )
(6.19) 2 (1 —ko)R™2 — k3o + ka2
. i — Ay — k1nBp — k2,C, n> 2
" (1—I€0)R_n—k3n+k4n’ ’
1 (k+1)(v+ B)ni _
0200 = KGR ( T e !
10 Yan
6.21 , = Cot 5 ), n=>2;
(6.21) o (A +2p)¢ =73 Kn(22R) ( A+ u)5<§>

(6.22) buso = (1 — ko)(n + 1) R?%a, — 2(n+ 1)iqt R" 1 K11 (1 R) o,
—2(n+ )vR" M K1 (2R)B, — R"2A,, n >0,

where

(n—1)iK,—1(a1R) 2(n — 1)soyud Kp—1(s2R)

k: n — s k‘ n = ,
! RK},(<\R) 7 RN+ 20)€ — 1)K, (R)
— n(n—1)(k+1)(v + B)Kn-1(c1R)
o A4uR"2K) (4 R) ’
- 2(n — 1)y pk,-1(2R)

QR 4 1) (A 4 2p)€ — 7?3 Kn(@R)

It is easy to prove the absolute and uniform convergence of the series obtained in
the infinite plane with a circular hole (including the contours) when the functions
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set on the boundaries have sufficient smoothness. Let the functions N, T, M
and F' have second order derivatives satyisfing the Dirichlet condition. In this
case [26],

C
(6.23)  (|4nl, |Bnl, |Cnl) < w3’ (|A—nl, | B-nl,1C-n]) <

C
E (n=1,2,...),

where C' is some positive constant.
We show that under the above condition the series (6.3) and (6.4), as well as
the series for ¢"(z)

[
S0//(2:) — _ Z nanz—n—l
n=1

will have absolutely and uniformly convergence on circle r = R, and hence also
off circle r < R.

To prove the convergence of these series on the circle r = R, consider the
series, formed by the moduli of the terms of the former when |z| = R

> lanlR7" Y nfan RV (bR,
> lanlKn(GR), Y |BulKn(G2R).

Using inequality (6.23), on the basis of formulas (6.19)-(6.22) and taking into
acaunt formulas (6.8), we conclude that

(6.24)

c/ c// cll!

lan| A" < =5, mlag|RT"N < =5, |ba|RTM < =,
n n n

C

’Otn|Kn(<1R) < $7 ‘ﬁn‘Kn(CQR) <

where C/, C//, C/!/, C, C are some other constants. This directly implies the
convergence of the series (6.24), and therefore the uniform and absolute conver-
gence of the series for ¢, ", ¢’ x, n. The series for d,x, 0,70, 9.0.x and 9,0,n
will also be absolutely and uniformly convergent

+oo “+o0
S o G Lo
0.x = —51 Z.o K1 (qr)e™m e gy = —52 Z;ﬁnKn_l(ggr)e’(" De,

CQ +o00 . CQ 400 A
azazX = Zl ; anan2(§1r)€Z(n_2)aa azazn = ZQ ; ﬁnKn72(§27‘)eZ(n_2)a-

Thus, the problem is solved. Substituting the found functions in formulas
(4.15)-(4.19), we can find all components of stresses and moment stresses at
each point of the considered domain.
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Let us now consider the simplest particular case when the edge of the hole is
subject only to uniform normal pressure P. The constant value ¢q of the function
¢ is also set on the hole contour. At infinity, the stresses, moment stresses, and
also the value of the function ¢ are equal to zero. Then we have

N=-P, T=0, M=0, F=¢y,, I'=I/=0.
In formulas (6.9) we have
Ag=—P, Cy=do, Ap=Cr=0, k#0.
In accordance with this on the basis of formulas (6.17), (6.18), we obtain then

By = TN 1 by — _ 2yp6dos2 RK1 (2 R)
(A+2u)¢ =72

(A +2p)§ — 7% Ko(@R)’
and that all other coefficients of the expansions for ¢, ¢/, x and 7 are equal to
zero. Thus

+ PR?

o) =0, W)= 2, o) =-2,

x(2,2) =0, n(z,2) = PoKo(sr) .-
Afterwards on the basis of formulas (4.14)-(4.21), we obtain

b
Opr = —T% — 763 Bo(Ka(sar) — Ko(sar)),

b
R r—g + 75 Bo(Ka(sor) + Ko(sar)),

(625) Ora = Oar = 07 Hr3 = U3r = 07
%o
= —Ko(sr),
¢ Ko(R) 0(sar)
_ b

Up

5 + zczﬂoKl(Cz?“), Uy =0, w3 =0.
pr

Stress component o33 is also present in the body

_ 2my¢0
A4 2p

033 Ko(sor),

which is necessary to maintain a plane deformed state. As it can be seen from

formulas (6.25), the solution depends only on r. The corresponding graphs are

shown in Figs. 8-11. The following values were taken as R =1, P =1, ¢g = 0.5.
The obtained analytical solutions of boundary value problems can be used

as a test for numerical algorithms [32, 33].
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& 78 910

Fic. 8. P.2. Graph of function o,.. Fic. 9. P.2. Graph of function cq4qa.

0.5

0.06
0.4 0.05
0.3 0.041
0.031
0.2
0.021
0.1 0.01"
0
1 23 45678 910
¥
Fic. 10. P.2. Graph of function ¢. FiG. 11. P.2. Graph of function wu,..

7. Conclusion

As it is well known, to study the elastic properties of materials, it is very
important to construct explicit solutions of the corresponding boundary value
problems. These solutions are especially valuable when the elastic media has
a complex internal structure and is characterized by porosity. In this paper, we
discussed the static equilibrium of elastic materials with voids in the case of
an asymmetric Cosserat media. As regards the three-dimensional case, the exis-
tence and uniqueness of a weak solution of the mixed boundary value problem is
proved. For the case of plane deformation, the method of the theory of functions
of a complex variable is first applied to the corresponding system of differential
equations. The obtained analogs of the Kolosov—Muskhelishvili formulas allow
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one to obtain an analytical solution of a rather wide class of the corresponding
boundary value problems. There analytical solutions of problems are also impor-
tant in that they can be used as a test for numerical algorithms. In our opinion,
the problems of poroelasticity for an asymmetric elastic media with voids have
theoretical and practical interest.

References

1. E. CossERAT, F. COSSERAT, Theorie des Corps Deformables, Hermann, Paris, 1909.

2. C. TrUESDELL, R.A. TouPIN, The Classical Field Theories, Handbuch der Physik,
S. Fliigge [ed.], Bd. III/1, Springer, Berlin-Gottingen-Heidelberg, 1960.

3. A.E. GREEN, P.M. NAGHDI, Linear theory of an elastic Cosserat plate, Proceedings of the
Cambridge Philosophical Society, 63, 2, 537-550, 1967.

4. W. Nowackli, On the completeness of stress functions in asymmetric elasticity, Bulletin
of the Polish Academy of Sciences, Technical Sciences, 16, 7, 1968.

5. V.D. KupraDzE, T.G. GEGELIA, M.O. BASHELEISHVILI, T.V. BURCHULADZE, Three-
dimensional Problems of the Mathematical Theory of Elasticity and Thermoelasticity,
North-Holland Publishing Company, Amsterdam, 1979.

6. W. Nowackl, Theory of Asymmetric Elasticity, Polish Scientific Publishers, Warsaw,
1986.

7. S.C. CowiIn, J.W. NuNziaTO, Linear elastic materials with voids, Journal of Elasticity,
13, 2, 125-147, 1983.

8. S.C. Cowin, P. Purl, The classical pressure vessel problems for linear elastic materials
with voids, Journal of Elasticity, 13, 2, 157-163, 1983.

9. D. IESAN, Some theorems in the theory of elastic materials with voids, Journal of Elasticity:
the Physical and Mathematical Science of Solids, 15, 2, 215-224, 1985.

10. P. Purl, S.C. CowiN, Plane waves in linear elastic materials with voids, Journal of Elas-
ticity, 15, 2, 167-183, 1985.

11. D. IEsAN, A theory of thermoelastic materials with voids, Acta Mechanica, 60, 1-2, 67-89,
1986.

12. D.S. CHANDRASEKHARAIAH, Complete solutions in the theory of elastic materials with
voids, The Quarterly Journal of Mechanics and Applied Mathematics, 40, 3, 401414,
1987.

13. A. PoMmPEIL, A. SCALIA, On the steady vibrations of elastic materials with voids, Journal
of Elasticity: the Physical and Mathematical Science of Solids, 36, 1, 1-26, 1994.

14. 1. TSAGARELI, Ezxplicit solution of elastostatic boundary value problems for the elastic
circle with voids, Advances in Mathematical Physics, Article ID 6275432, 6 pages, 2018,
https://doi.org/10.1155/2018 /6275432.

15. B. Gurua, R. JANJGAVA, On construction of general solutions of equations of elastostatic
problems for the elastic bodies with voids, PAMM Journal, 18, 1, 2018, 18(1):201800306,
DOI: 10.1002/pamm.201800306.

16. G. Rusu, Ezistence theorems in elastostatics of materials with voids, Scientific Annals of
the Alexandru Ioan Cuza University of Iagi Mathematics, 30, 193-204, 1985.



SOME BOUNDARY VALUE PROBLEMS. .. 509

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

E. SCARPETTA, On the fundamental solutions in micropolar elasticity with voids, Acta
Mechanica, 82, 3—4, 151-158, 1990.

M. CIARLETTA, A. SCALIA, M. SVANADZE, Fundamental solution in the theory of micropo-

lar thermoelasticity for materials with voids, Journal of Thermal Stresses, 30, 3, 213-229,
2007.

R. KuMAR, T. KaANsAL, Fundamental solution in the theory of micropolar thermoelastic
diffusion with voids, Computational and Applied Mathematics, 31, 1, 169-189, 2012.

A.C. ERINGEN, Micropolar elastic solids with stretch, in: Prof. Dr. Mustafa Inan Anisina,
Ari Kitabevi Matbaasi, Istanbul, 1-18, 1971.

A.C. ERINGEN, Theory of thermo-microstretch elastic solids, International Journal of En-
gineering Science, 28, 12, 1291-1301, 1990.

A.C. ERINGEN, Electromagnetic theory of microstretch elasticity and bone modeling, In-
ternational Journal of Engineering Science, 42, 231-242, 2004.

M. CIARLETTA, On the bending of microstretch elastic plates, International Journal of
Engineering Science, 37, 1309-1318, 1999.

M. CIARLETTA, A. ScALIA, Some results in linear theory of thermomicrostretch, Mecca-
nica, 39, 91-206, 2004.

M. CiaARLETTA, M. SvANADZE, L. BUONANNO, Plane waves and vibrations in the theory
of micropolar thermoelasticity for materials with voids, European Journal of Mechanics
A /Solids, 28, 4, 897-903, 2009.

N.I. MUSKHELISHVILI, Some Basic Problems of the Mathematical Theory of Elasticity,
Noordhoff, Groningen, Holland, 1953.

P.G. CIARLET, Mathematical Elasticity, I. Three-Dimensional Mathematical Elasticity,
North-Holland, Amsterdam, 1988.

G. Duvaur, J.L. LioNs, Inequalities in Mechanics and Physics, Springer, Berlin, 1976.
I.N. VEKUA, Shell Theory: General Methods of Construction, Pitman Advanced Publishing
Program, Boston-London-Melbourne, 1985.

T.V. MEUNARGIA, Development of a Method of I. N. Vekua for Problems of the Three-
dimensional Moment Theory FElasticity, Publisher TSU, Thilisi, 1987 [in Russian].

R. JaNJGAVA, Elastic equilibrium of porous Cosserat media with double porosity, Ad-
vances in Mathematical Physics, Article ID 4792148, 9 pages, 2016, http://dx.doi.org
/10.1155/2016/4792148.

R. JANJGAVA, The approzimate solution of some plane boundary value problems of the mo-
ment theory of elasticity, Advances in Mathematical Physics, Article ID3845362, 12 pages,
2016, http://dx.doi.org/10.1155/2016 /3845362.

R. JANJGAVA, approzimate solution of some plane boundary value problems for perforated
Cosserat elastic bodies, Advances in Applied Mathematics and Mechanics, 11, 10641083,
DOTI: 2019.10.4208/aamm.0OA-2018-0019.

Received March 13, 2020; revised version September 30, 2020.
Published online December 17, 2020.






