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1. Introduction

THE CLASSICAL THEORY OF THERMOELASTICITY assumes that when an elastic
solid is subjected to a thermal disturbance, the effect is felt at a location far
from the source, instantaneously. It means that the thermal waves propagate
with infinite speed which is impossible from the physical point of view. In [1],
LORD and SHULMAN introduced a new theory of thermoelasticity, known as
generalized thermoelasticity, by incorporating a flux-rate term into Fourier’s law
of heat conduction which gives a hyperbolic heat transport equation admitting
finite speed for thermal signals. This theory was further extended by DHALIWAL
and SHERIEF [2] to include the anisotropic case.

Diffusion can be defined as the transfer of mass of a substance from the
high concentration regions to low concentration regions. There is now a great
deal of interest in the study of this phenomenon due to its widespread appli-
cations in the domains of geophysics, microelectronics, environmental mechan-
ics, biomedical engineering, and so on. NOWACKI [3—-6] proposed the classical
diffusion-thermoelasticity to describe the coupled mechanical behaviour among
temperature, concentration, and strain fields in elastic solids. SHERIEF et al. [7],
AouAabI [8] and KANSAL and KUMAR [9] established the different theories of
generalized diffusion-thermoelasticity to eliminate the shortcomings of classical
diffusion-thermoelasticity.
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The study of the interaction of elastic waves with fluid-loaded solids has been
recognized as a viable means for non-destructive evaluation of solid structures.
The theory of linear elastic materials with voids is one of the most important
generalizations of the classical theory of elasticity. This theory has a practical use
for investigating various types of geological and biological materials for which
the elastic theory is inadequate. This theory is concerned with elastic materials
consisting of a distribution of small pores (voids), in which the voids volume is
included among the kinematics variables and in the limiting case of volume tend-
ing to zero, the theory reduces to the classical theory of elasticity. GOODMAN
and COwIN [10] established a continuum theory for granular materials, whose
matrix material (or skeletal) is elastic and interstices are voids. They formulated
this theory from the formal arguments of continuum mechanics and introduced
the concept of distributed body, which represents a continuum model for gran-
ular materials (sand, grain, powder, etc.) as well as porous materials (rock, soil,
sponge, pressed powder, cork etc.). The basic concept underlying this theory is
that the bulk density of the material is written as the product of two fields, the
density field of the matrix material and the volume fraction field (the ratio of
the volume occupied by grains to the bulk volume at a point of the material).
This representation was employed by NUNzIATO and COWIN [11] to develop
a nonlinear theory of elastic material with voids. COWIN and NUNZIATO [12]
presented a linear theory of elastic material with voids for the mathematical
study of the mechanical behaviour of porous solids. They considered several
applications of the linear theory by investigating the response of the materials
to homogeneous deformations, pure bending of beams and small amplitudes of
acoustic waves. IESAN [13]| proved the uniqueness, reciprocity and variational
theorems for the basic governing equations of elastic materials with voids and
also studied the propagation of acceleration waves in such materials. IESAN [14]
extended the linear theory of elastic materials with voids to include the ther-
mal effect. AOUADI [15] developed a theory of thermoelastic diffusion materials
with voids and derived the uniqueness, reciprocity, continuous dependence and
existence theorems.

BioT [16] presented the first model for single porosity deformable solid by
using the classical Darcy’s law. BARENBLATT et al. [17] and WARREN and ROOT
[18] extended this law to describe fluid flow through undeformable double poros-
ity materials. The double porosity model represents a double porous structure,
one is macro porosity which is connected to pores and other is micro poros-
ity which is connected to fissures. WILSON and AIFANTIS [19] developed the
theory for deformable materials with double porosity. This theory unifies the
earlier proposed models of BARENBLATT et al. [17] for porous media with dou-
ble porosity and BIOT [16] for porous media with single porosity. BAI et al. [20],
MoOUTSOPOULOS et al. [21] and STRAUGHAN [22] presented various mathemati-
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cal models of elasticity and thermoelasticity with multiple porosity by using the
extended Darcy’s law. In these models, the dependent variables are the displace-
ment vector, the pressures in the pore networks and the variation of temperature.
IESAN and QUINTANILLA [23] derived a non-linear theory of thermoelastic solids
with double porosity structure based upon Nunziato—Cowin theory of materi-
als with voids. This theory was not based upon Darcy’s law. Various authors
[24-34] discussed different types of problems on elastic solids, viscoelastic solids
and thermoelastic solids with double porosity.

In the present article, the constitutive relations, field equations, variational
principle, uniqueness and reciprocity theorems for anisotropic generalized ther-
moelasticity with mass diffusion and double porosity based upon the Lord-
Shulman model [1] are derived.

2. Basic equations

The law of conservation of energy for an arbitrary material volume V' bounded
by a surface A at time t can be written as

(2.1) /p[umi + kyin i + kotrnin 4+ UldV
\%

= /p[Flul + gy + ll)g]dv + /[fzuz + 2;n;01 + xanilo — qini]dA,
1% A

where U is the internal energy per unit mass, p is the density, ¢; are the com-
ponents of heat flux vector q, F; are the components of the external forces per
unit mass, u; are the components of the displacement vector u, f; are the com-
ponents of the surface traction vector f occurring on the surface A, v; and 1»
are the volume fraction fields corresponding to pores and fissures respectively, kq
and ko are coefficients of equilibrated inertia, g and [ are, respectively, extrinsic
equilibrated body forces per unit mass associated to macro pores and fissures,
£2;, x; are the components of equilibrated stress vectors corresponding to v, v
measured per unit area of the surface A respectively, n; are the components of
outward unit normal vector m to the surface A.
The components f; are connected to the stress vector by the relation

(2.2) fi = ojiny,

where 0;(= 0;;) are the components of the stress tensor.
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Using Eq. (2.2) in Eq. (2.1) and applying the divergence theorem, we obtain

(2.3) /p[uzuz + k1v1iq + kotoig + U]dV
1%
= /p[FZuZ + g + ln]dV
J
+ /[Uji,jiéi + 0jitts j + $25501 + $201 5 + Xaile + Xilo, — GiildV.
1%

Equation (2.3) is valid for every part of the body. Therefore, we obtain the local
form of conservation of energy

(2.4)  plugii; + kyinin + koining + U
= plFit; + gin + o] 4 0i U + 0jittij + 825500 + 2i01; + Xai2 + Xit2,i — Gii-
Let us consider a second motion which differs from the given motion only by
a constant superposed rigid body translational velocity. Let us assume that k1,
ko, U, g, 1, p, §2;, Xi, i, Fi, 0j; are not changed by such superposed rigid body
velocity. The above equation is also true when w; is replaced by u; + s;, where
s; are arbitrary constants, all other terms being unchanged. Therefore, from
Eq. (2.4), we have
(2.5)  pl(t 4 si)ili + k1inin + kainin + U]

= p[Fi(ﬂi + Si) + gl)l + lf/g] + O'ji,j(ui + Si) + O'jﬂli,j

+ 82, 501 + 2501 + Xiiv2 + X2 — Gii-

Subtracting Eq. (2.4) from Eq. (2.5), we get
(2.6) Si[O'jm‘ + pF; — ,OUZ] =0.

Since the quantities in the square brackets are independent of s;, therefore from
the above equation, we obtain

(2.7) 0jij + pF; = pi;.

Taking into account Eq. (2.7), we get a simplified law of energy balance from
Eq. (2.4), namely

(2.8) pU = 05 j + Q5013 + Xavo; — ii — E01 — (i,
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where £ and ( satisfy the relations
(2.9) $2ii + &+ pg =k, Xii+ ¢+ pl = kavo.

The balance of entropy [35] can be written as

(2.10) !}Qﬂﬁ+!<?)m¢4—z<f?>nﬂA

Qi P; P
— [ v [ Tiav e [ v

\%4 \%4

where S, P, are entropy and chemical potential per unit mass respectively, 7; is

the mass diffusion flux vector n, T is the absolute temperature.
Equation (2.10) can be represented in the form

AL P g P; P
2.11 S = | — =2ty T
211) p+<TL (T)i T2 T i

) )

The right hand side of the above equation is the entropy source

; P; P
R = _%T,i_ T’277i+ﬁmT,¢ > 0.

In view of the above equation, Eq. (2.11) can be written in the form of an

inequality called Clausius—Duhem inequality

. i 4 P R P

(2.12) pS + ; - T*ZQT,z‘ — i — ?Zm +ili 2 0.
The equation of conservation of mass is

(2.13) ni; = —C,

where C' is the concentration of the diffusion material in the elastic body.

Equation (2.12) with the help of Eq. (2.8) and (2.13) becomes

(2.14) pTS — pU + 0ijéij + i + Xiva — &0 — (i

) . P
R opm Pini + =niT; > 0,

T )

where €ij = %(um + ujyi) are components of strain tensor.
Helmholtz free energy function I is defined as

(2.15) r=uU-TS.
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Using Eq. (2.15) in Eq. (2.14), we get
(2.16) — p[F + TS] + O'ijéij + Qiﬂl,i + Xi7)2,i — & — (o
. . P

— BT+ PC = P+ il > 0.
The function I" can be expressed in terms of independent variables e;;, v1, v1 4,02,
vo4, T, T;,C and C;. Therefore, we have
or . +8F,+8F- +8F,+8F,
—éi+—+—=—11;+ —1 Vo
86,‘]‘ K oy ! al/u 1 Ovs 2 28

or . oI . or . or

Introducing Eq. (2.17) into Eq. (2.16), we get
or. or . or .
(2.18) [“” -7 8@] Al [Q of aum] it [X’ of am] v
or | . or | . or| .. ory] .
- [§+Payl]V1 - [CJr,OaW]Vz ,0[5+ (‘9T]T+ [P'OOC]C

— T — L4
Par, i~ Pac,

2.1 I = =
(2.17) Dvas

P
i~ oL = Pani + 70l 2 0.

The inequality should be satisfied for all rates é;;, U1, 1, U2, T, T, TI7 C
and C;. Hence the coefficients of above variables must vanish, that is

(2.19) oij = pa”
(2.20) 2= 8‘”
(2.21) Xi = pai;,
(2.22) £= o,
(2.23) C= g,
(2.24) S = —a‘%;,
(2.25) ; ~rge
(2.26) aT, ~ ac, 0,

; P
(2.27) ~Lip, Pini + TniT,i > 0.
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Let us introduce the notations

(2.28) ¢ =v1 — (v1)o, h = vy — (12)o, 0 =T —Tp,

where T is the reference temperature of the body chosen such that |Ti0‘ < 1,
(v1)0 and (v2)g are the volume fraction fields in the reference configuration.

The independent variables in the linear theory are e;;, ¢, ¢, ¥, ¥ ;, 6 and C.
We assume that the undeformed body is free from stresses and has zero intrinsic
equilibrated body forces and entropy. If the body has a centre of symmetry, then
we have

(2.29)  2pI" = cijueijen + 2pijei;d + 2vijei ¥ — 2ai5ei50 — 2bijei;C
+4ij 05 + 200jd g + fighi g + &6+ f? + 200
pC.0?
0

— 29100 — 206C — 2y91p0 — 2mapC — — 2a6C + bC?.

Using the above equation in Egs. (2.19)—(2.25), we obtain the following consti-
tutive equations

(2.30) 0ij = Cijkier + Pij¢ + vij¥ — a6 — b C,
(2.31) 2; = qij¢7j + aijwm
(2.32) Xi = 595 + fij¥
(233) f = —Dij€ij — d*qb — 0511/) + ’}/10 + UC,
(2.34) ¢ = —vijeij — 19 — f + b + mC,
C.0
(2.35) pS = a;je;; + 19 + Yop + P + aC,
0
(2.36) P= —bijeij — U(Z) - mw —af +bC.

Equations (2.7) and (2.9) with the aid of Egs. (2.30)—(2.34) become

(2.37) Cijki€klj + Pij®5 + Vi — aijbl; — biyCj + pFi = pis,
(2.38) —pijeij + Qijdij — d* P+ ijhii — 1) + 710 +vC + pg = k1o,
(2.39) —vijeij + aijdi — a1d + fijhij — Fb + 20 +mC + pl = ko).

The linearized form of Eq. (2.11) is

(2.40) pToS = —qi;.
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Using Eq. (2.35) in Eq. (2.40), we get

(2.41) a;;Toé;; + Y1 Tod + 12Tot) + pCed + aTpC = —ii-
The generalized Fourier’s law of a heat conduction equation is
(2.42) i + 10Gi = —Ki;0 5,

where Kj; are coefficients of thermal conductivity tensor, 79 is the thermal re-
laxation time which ensures that the heat conduction equation predicts finite
speeds of heat propagation.

The above equation with the help of Eq. (2.41) becomes

(243)  aiTo(éij + 10éis) + NTo(d + 106) + 2 To (¢ + T01))

+ pCe(f + 100) + aTo(C + 10C) = Kij0;.
Similar to Eq. (2.42), the generalized Fick’s law of mass diffusion is
(2.44) i+ 700 = —dij P,
where d;; are coefficients of diffusion tensor, 70 is the diffusion relaxation time
which ensures that the equation satisfied by the concentration will also predict

finite speeds of propagation of matter from one medium to the other.
Using Egs. (2.13) and (2.36) in Eq. (2.44), we get
(2.45) —dz‘j [bklekl,ij -+ Ugﬁ’ij + ml/)yij + aﬂ?ij - bC’Z‘j] =C -+ C.
In the upcoming sections, the chemical potential is used as a state variable
instead of the concentration.

Using Eq. (2.36) in Egs. (2.30), (2.33)—(2.35), (2.37)—(2.39), (2.43) and (2.44),

we get

(2.46) 0ij = dijkier + 9ij® + hijp — si50 — 1i; P,

(2.47) &= —gijei; — dip — B + k16 + wP,

(2.48) ¢ = —hijeij — B1o — fiy + ka0 + VP,

(2.49) pS = sijeij + K19 + ko) + 20 + sP,

(2.50) dijkierlj + 9ij ¢, + hij; — sij0; — i Pj + pFy = pii,
(2.51)  —gijeij + qijbij — did + gt — Bitp + K16 + wP + pg = k1,
(252)  —hgjeyj + qijdi; — b+ figths — frd + raf + v P + pl = kai).
(2.53) (gt + Toaa;)To[Sijeij + K10 + Kotp + 20 + sP| = K0 5,

0 0?
(2.54) <8t + T08752> [lijeij + weo + v + s6 + nP] = dinij?



(GENERALIZED THEORY OF THERMOELASTIC DIFFUSION. . . 249

where
1
n= g lij =nbij, gij = pij — vlij, sij = aij + alij, hij = 7ij — mlij,
dijrl = Cijkt — lijbrr, s =an, w=ovn, v=mn, di = d* —vw, B = a1 — v,
pCe

(2.55) k1= +wvs, fi=[f—mv, kKo ="2+ms, 2= T
0

+ as.

3. Variational principle

The principle of virtual work with variation of displacements for the elastic
deformable body with double porosity is written as

(3.1) /@aa—mwm+uw+5—k@w¢+uﬂ+<—@¢wMMf
1%
+ / fiSus + 256 + xO]dA = / (0i0us; + 2365 + xi60]dV.
A 1%

On the left hand side, we have the virtual work of body forces Fj;, inertial forces
pii;, k1, kotp, surface forces f; = ojing, 2 = n;,x = xin;, whereas on the
right hand side, we have the virtual work of internal forces.

Using the symmetry of the stress tensor and the definition of the strain tensor,
the Eq. (3.1) can be rewritten as

(3.2) / [p(F; — iig)du; + (pg + & — k1$)6p + (pl + ¢ — kotp)d]dV
Vv

+ /[fi5uz- + 204 + x0Y|dA = /[Uz’j56ij + 0200 ; + x:09;]dV.
A e

Using Egs. (2.31)—(2.32) and (2.46) in the above equation, we get

(3:3) / [o(F; — ii)6u; + (pg + & — k19)36 + (pl + ¢ — kah)5¢]dV

v
+ [Ufdus + 266 + xovlaa
A
=(W+R+X+Y)+ /gij¢5€ijdv + /hiﬂ/}&@z‘jdv

\%4 14

—/sij%eijdV—/lijPéeijdV.
\4 Vv
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where
1 1
W = 3 /dijkleijekld‘/a R= ) /Qij¢7i¢ajdu
v v
1
X = 2/fij¢,i¢,jdV, Y = /aijﬁb,iwd’dv'
7 v

Since we are taking the coupling of the deformation field with the temperature,
chemical potential, pores and fissures, therefore two additional relations are nec-
essary which characterize the phenomena of the thermal conductivity and mass
diffusion.

We define a vector J [36] connected with the entropy through the relation

(34) ,OS = —me‘.

Combining Egs. (2.40), (2.42), (2.49) and (3.4), we obtain

(d &
(3'5> TOKij it + TO@ Ji + 973' =0,
(36) _Ji,i = Sjj€ij -+ H,lqb + Iﬁg’gb + 20 + SP,

where K;j, the resistivity matrix, is the inverse of the thermal conductivity Kj;.
Multiplying both sides of Eq. (3.5) by dJ; and integrating over the region of
the body, we get

. (dJ; d%J;
Now
(3.8) / 0;0J;dV = / (06.J;) jdV — / 06.J; ;dV.
1% \% \%

Applying the divergence theorem defined by,

(3.9) /(e(st)’jdV = /(05Jj)njdA,

|4 A

in Eq. (3.8), we obtain

(3.10) / 0 ;0.0;dV = / (06, n,dA — / 05.J; ;dV.
\% A \%
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Substituting Eq. (3.10) in Eq. (3.7), we obtain

42 J;
(3.11) /(oaj ynjdA — /05J”dV+T0/ ( o )wjdvzo.
A

Making use of Eq. (3.6) in Eq. (3.11), we obtain the second variational equation

(3.12) /(96Jj)njdA—|—/sij06eijdV+m/05gde
A 14

+m/06¢dV+s/95PdV+5(E+H) =0,

where the function of thermal potential F is defined by

(3.13) E= g / 024V,  6E =z / 0504V,

and the function of thermal dissipation H is defined by

To dJi d2J
== [ K d
/ ) Jav,

(3.14)

L&
0H =Ty / 305V

In order to obtain the last of the variational equations, we now introduce the
vector function N defined as follows

(3.15) C=—N,.

Combining Egs. (2.13), (2.36), (2.44) and (3.15), we obtain

d d?
(3.16) d (dt+T dtz)Ni-i-Rj—O,
(3.17) —N;; = lijel-j 4+ we¢ + vy 4+ s + nP,

where d;‘j is the inverse of the diffusion tensor d;;.
Multiplying Eq. (3.16) by é/N; and integrating over the region of the body,
we obtain

AN; o d2®N;
(3.18) /[d* ( 70 > + P,]} SN;dV =0,
\%

dt dt?
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Consider
(3.19) /RjédeV: /(PéNj)JdV—/P(FNMdV.
1% 1% 14
We know that
(3.20) / (PON;) 1AV = / (PSN)nsdA.
Vv A

Thus, Eq. (3.19) becomes

(3.21) /PJ(SdeV: /(P(SNj)n]‘dA—/P(SNdeV
|4 A \%

Making use of Eq. (3.21) in Eq. (3.18) yields

. (dN; d2N;
(3.22) /(P&Nj)njdA/PéNdeVwL/dij( dt +7’0 dt2 )5deV:O.
A |4 |4

Substituting the value of N;; from Eq. (3.17) in the above equation, we obtain
the third variational equation

A Vv 14

+V/P5de+s/P60dV+6(G+F):0,
1% 1%

where, the function of diffusion potential G is defined by

(3.24) G = g / P2V, G =n / PSPAV,
1% 1%

and the function of diffusion dissipation F' is defined by

1 dN; d?N;
F=_|[d L0 ) Njav,

2/”<dt T dt2> 3
\%

dN; d*N;
0F = / d;; ( +7° )5dev.
|4

(3.25)

dt dt?
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Eliminating integrals [, s;j0de;;dV and [, l;;Pde;;dV from Eqgs. (3.3), (3.12),
(3.23) and using Egs. (2.47) and (2.48), we obtain the variational principle in
the following form

(3.26) 6{W+R+X+Y+E+H+G+F+L+K+M+Z

+s V/ POV + B V/ mz)dv}

= /[P(Fz‘ — i) 0u; + (pg — k16)6¢ + (pl — kip)ep]dV
v
+ / [fi6us + 0266 + xS0]dA — / (06.7:)n;d A — / (PN )nsd A.

A A A

where

L= /gwgbede K = / hijei;dV,

d1 /¢2dV Z = J;l/zp?dv.

On the right-hand side of the above equation, we find all the causes, the body
forces, inertial forces, the surface forces, the heating and the chemical potential
on the surface A bounding the body.

4. Uniqueness theorem

We assume that the virtual displacements du;, the virtual increment of the
temperature 06, etc. correspond to the increments occurring in the body. Then

Nir —ioat. 00 =t —jar. et
ot ot

and Eq. (3.26) reduces to the following relation

(4.1) (5u2 =

(4.2) jt|:W+R+X+Y+E+H+G+F+L+K+M+Z
+s [ POAV + ¢wdv}
Jrowen]
= /[P(Fz‘ — i)l + (pg — k1) + (pl — kot))P]dV
v

A
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Now

. ON

(4.3) l/pmuﬂvzzaﬁ
\%4
where N = % [ ptiiw;dV, is the kinetic energy of the body enclosed by the vol-
%
ume V. We also have
1
(4.4) E+G+s / POV = 5 / (267 +nP? + 2sP0)dV.
14 14

Using Egs. (4.3) and (4.4) in Eq. (4.2), we obtain
d
(4.5) dJW+R+X+Y+H+N+F+L+K+M+Z
1
+= / (26% 4 nP% 4 2sP0)dV + 3 / <;5de}
\%

2
\%4

=i/wﬂur+vw—%m@¢+Oﬂ—kwb¢WV
J

A
Let
k . k .
(4.6) G* = 21/¢>2dv, H* = ;/deV,
v Vv
so that

dG* dH* .
< _kl/wdv, = —kg/wwdv.
Vv Vv

Also, we have

@n Mz [ovdv = [0+ ft+ 2800V
1%

\%

With the help of above two equations, Eq. (4.5) becomes

d
(4.8) dJW+R+X+Y+H+N+F+L+K+GWJF

+% / (260% + nP? 4+ 2sPO)dV + % / (di¢” + f19” + 261¢9)dV
e \%
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-~ / plFii; + g¢ + 1]dV + / [fit + 026 + xi)]dA
\% A
- / (0 ynsd A — / (PN;)nidA.
A A
To prove the uniqueness theorem, following results need to be proved:

THEOREM 1. If Kz*j and d;kj satisfy the symmetry relations

(4.9) K3 = Kj;, di; = dj;,
then

dH T .
4.10 @t T0 Kj 0 d;dv + OTO K*JinV ,

dt word
and

dF d [0
411 = = [ NNav 45N N dV
(4.11) i / T [ / }
1% Vv

Proof. From Egs. (3.14) and (4.1), we get

d2J dJ;
4.12 i) :
(412) 0/ ( e ) il

Now using Eq. (4.9)1,

d
dt(

Substituting last equation in Eq. (4.12), we arrive at Eq. (4.10). Similarly using
Eq. (4.9)2, Eq. (4.11) can be proved.

THEOREM 2. If z,s,n and dy, f1, 81 are constants satisfying the inequalities

(4.13) K5 J;J;) = 2K5JJ;.

(4.14) 0< 8% < zn,
(4.15) 0< ﬂ% <difi

respectively, then
(4.16) 267 + nP? + 2sP0 > 0,
and

(4.17) 16 + f1v? + 28160 > 0.
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Proof. Proofs of this theorem are obvious because proofs of positive definite-
ness of second degree polynomials in # and ¢ are obvious.

Using theorems 1 and 2, now we prove the uniqueness theorem

THEOREM. There is only one solution of the problem of generalized thermoe-
lastic diffusion with double porosity, subject to the boundary conditions on the
surface A

fi=oyn;=fa, ¢=¢1, v=11, 0=0,, P=Dn,

and the initial conditions at t =0
wp =, i =i, $=¢° ¢ =9¢° =49 0=0°0=6" P=P and P = ",

where f;1, 01, P, u, 1?0, ¢°, <z50, 0, ¢0, 6°, 0, PO and P° are known functions.
We assume that the material parameters satisfy the inequalities

(4.18) Ty >0, 10>0, Co>0, p>0, 7°>0, k >0, ko >0,
the constitutive coefficients satisfy the symmetry relations

dijri = drij, Sij = Sjis lig = ljs, 95 = 95>
(419)  hy = hji, @i = i, fij = fji, uj = ogi, K=K, di = dj;,

dijet, K35, &3, @ij, fij, 9ij, hij and os5 are positive definite and 0 < 52 < zn,

0< B2 <difs.

Proof. Let u(”, ¢!, 41, 60, PO, and ul?, ¢2, 42, 63, PO be two
solutions sets of Egs. (2.7),(2.46) and (2.51)—(2.54). Let us take
U; = ’LL(I) - u§2), QZ) = ¢(1) - ¢(2)a Q;Z) = ¢(1) - ¢(2)7

(]

42
(420 0 =00 -9 and p=pH — p?),

The functions w;, ¢, ¥, 6, and P satisfy the governing equations with zero
body forces, homogeneous initial and boundary conditions. Thus, these func-
tions satisfy an equation similar to the equation (4.8) with zero right hand side,
that is,

d
(4.21) dt[W+R+X+Y+H+N+F+L+K+G*+H*

45 [+ np? L 252000V + 3 [ (@16 + 110 + 260)av | =0,
\%4 \%4
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Substituting Eqs. (4.10) and (4.11) in Eq. (4.21), we obtain

d T .
(4.22) dt[W+R+X~I—Y+N+L+K+G*+H*+02TO K} JiJ;dv

14
0

T B 1
+5 / diNiN;dV + 3 / (26% + nP? + 2sP)dV
14 14

1 .. .
+5 /(d1¢2 + frp? + 2ﬂl¢¢)dv] + TO/K;‘jJZ-deV + /d;‘jNideV =0.
1% Vv \%4
Using the inequalities (4.18) and (4.19) in Eq. (4.22), we obtain

123) LW R X4V aRA L4 K+ G+ B+ 7 [ g gy
) 17 J
1%

at
0 - 1 1
+5 /d;‘jNideV—i—Q /(292+nP2—|—25P9)dV+2 /(d1¢2+ f1¢2+251¢¢)dv} <.
1% |4 |4
Thus

T ..
(4.24) W+R+X+Y+N+L+K+G*+H*+OTTO K} JiJ;dv

|4

70

o 1 1
+2/d;‘jNideV—kZ/(292+nP2+25P9)dV+2/(d1¢2+f11/12+251¢1/1)dV
\%4 \%4 \%4

is a decreasing function of time.

Since
0< s?<zn, 0 < 32 <dif,
therefore
/[z92 +nP? +2sP0)dV > 0, /[d1¢2 + fi? 4 2B19]dV > 0.
v v

Thus, the expression (4.24) vanishes for ¢ = 0, due to the homogeneous initial
conditions, and it must be always non-positive for ¢ > 0.

Using Eq. (4.19), it follows immediately that the expression (4.24) must be
identically zero for ¢ > 0. We thus have

This proves the uniqueness of the solution to the complete system of field
equations subjected to the displacement-temperature-chemical potential-pores-
fissures initial and boundary conditions.
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5. Reciprocity theorem

Let us consider a homogeneous anisotropic generalized thermoelastic diffusion
body with double porosity occupying the region V' and bounded by the surface A.
We assume that the stresses 0;; and the strains e;; are continuous together with
their first derivatives whereas the displacements u;, temperature #, concentration
C, chemical potential P and volume fraction fields ¢, ¢) are continuous and have
continuous derivatives up to the second order, for x ¢ V + A, t > 0. We denote

q= Kb ni,  p=dizPini, 9= qid n,
(5.1) h= fij jn, Y = Qi ing, T = @ in;.

To the system of field equations, we must adjoin boundary conditions and initial
conditions. We consider the following boundary conditions:

ui(x,t) = Ui(x,t), o(x,t) =P(x,t), P(x,t)=V(x,t),
(5.2) 0(x,t) =w(x,t), P(x,t)=c¢(x,1),

for all x € A, t > 0; and the homogeneous initial conditions

ui(x,0) = i(x,0) = 0, $(x,0) = §(x,0) = P(x,0) = 9(x,0) =0,
(5.3) 0(x,0) = 6(x,0) =0,  P(x,0) = P(x,0) =0,
forallx e V,t=0.

We derive the dynamic reciprocity relationship for a generalized thermoelastic
diffusion bounded body V' with double porosity, which satisfies Egs. (2.7),(2.46)
and (2.51)-(2.54), the boundary conditions (5.2) and the homogeneous initial
conditions (5.3).

We define the Laplace transform as
(5.4) Flar) = £(70x,0) = [ Flxit)e "
0

Applying the Laplace transform defined by Eq. (5.4) on Egs. (2.7),(2.46) and

(2.51)—(2.54) and omitting the bars for simplicity, we obtain

(5.5) 0ijj + pFy = priu;,

(5.6) 0ij = dijrier + 9ij® + hijh — si0 — li; P,

(5.7)  —gijeij + qijdij — d1d + aijibij — By + K10 + wP + pg = k1’9,
(5.8) —hijeij + ijdi; — B1o + fijig — L + kel + VP + pl = kar®y,
(5.9) (r + 1or?)To[sijes; + k19 + Kotp + 20 + sP] = K50 45,

(5.10) (r+ 701 [lijes; + wo + vip + s0 + nP) = di; Py;.
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We now consider two problems where applied body forces, chemical potential,
the surface temperature and volume fraction fields are specified differently. Let
the variables involved in these two problems be distinguished by superscripts
1) M US), oM, M 9 pO) - for the

AR Y I
first problem and ug ), 62(]2-), aﬁ), #2292 PR for the second problem.

Each set of variables satisfies Eqgs. (2.7), (2.46) and (2.51)—(2.54).
Using the assumption o;; = 0j;, we obtain

eay  [oPelav = [olulav = [@u),av - [ ulav.

\4 \4 |4 Vv

in parentheses. Thus, we have u,

Using the divergence theorem in the first term of the right hand side of
eq. (5.11) yields

1) (2 1) (2
(5.12) /U(j)el(-j)dV: /( Z(]) ())anA /al(])]ul( Jav.
A 14
Equation (5.12) with the use of Egs. (2.2) and (5.5) gives

(5.13) /U Vv = /f DdA -~ p/?“ utul® )dVer/F(l)qu)dV.
\%4 \%4 \%
A similar expression is obtained for the integral [ agf)eg;)dV, from which together
\%

with Eq. (5.13), it follows that

(5.14) / 0@ _ o@Dy

LY LY

= [ i p [l v
A \%

Now multiplying Eq. (5.6) by el(.j) and eZ(J) for the first and second problems

respectively, subtracting and integrating over the region V', we obtain

/ oD@ _ @01y

) () 1] 1]
14
- / (el e — el av + / (0 Ve = 6Delav + [ his(wVel?
|4
— @M )qv — / sij(OWel?) — 02 elDyay — / Lij(PWel?) — PPe)av.

v
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Using the symmetry properties of d;;x;, we obtain

tj g 1] 1]

14

- / iy (6 Vel = 9Pel))av + / s el2) — p@DeD)av

|4

—/sij(em 2 —g@e)av — /z (PWe — P@eM)ay.
\% 1%

Equating Egs. (5.14) and (5.15), we get the first part of the reciprocity theorem

2

(5.16) / 2 N0+ p [EOU — FOuD iy

A 14
= [ o560 — 6@ av + [y el?
|4 14
— p@eDyay / sij (0Dl — 0D elDyay — / Lij(PWel?) — PPe)av.
\% \%

To derive the second part, multiply Eq. (5.7) by ¢(® and ¢() for the first and
second problems respectively, subtracting and integrating over V', we get

610 [aulglo® —oelav + [ayluo® —yflelav

v 1%
— [ ate) 6 = o0y - gy [ 06 — p@0ay
v |4
+’“/[‘9(1)¢(2)—9(2)¢(”]d‘/+w/[P(”¢(2)—P(2)¢(1)]dv+pg/[¢<2>_¢<1>]dv o
v 3 J

Now
(5.18) ¢ 6@ = (¢16®); — W @M = (6B, D)
and

(5.19) w,(ilj)¢>(2) - (@bfj)gb(?)),i _¢7(]1)¢7(i2)’ ¢§?¢<1) — (¢7(j2>¢(1))ﬂ. _¢f]2)¢le>
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Equation (5.17) with the help of equations (5.1), (5.2), (5.18), (5.19) and diver-

gence theorem gives

(5.20) / (M@ — o@PpM)aA + / Do — y@g1)g4

A A
— [ale 6 - 260y - 5y [ 06—y
14 14
Ttk / 00 6@ @ Mgy 14y / [PD g _ p@) gy 4 pg / 6 —pM)av = 0.
\% \% \%

For the derivation of the third part, multiply Eq. (5.8) by 1) and () for the
first and second problems respectively, subtracting and integrating over V', we
get

v 14
— /hij [6511-%(2) — egf.)zp(l)]dv - A /[qﬁ(l)w(?) _ ¢(2)1/1(1)]dV

\%4 \%4

g / 00 @ _g@ Mgy 1y / [Py _ p@yMgy 1 pl / @ —pM)av = 0.
14 14 |4

Now
(5.22)  YHp@ = @ W@, — Wy @0 = (B0 ; —y®y®,
and
(5:23) @ )v® = (65w, - 0GP, oDy = (¢Pum),; - ¢PuL.

Equation (5.21) with the aid of Egs. (5.1), (5.2), (5.22), (5.23) and divergence
theorem gives

(5.24) / ROw@ — r@w W14 + / M@ — 2 Ag)gA

A A
= [ e s - DuWlav — gy 16002 — 6 play
\% 1%

g / 0D @ _g@ Mgy 1y / [P @ _ p@yMgy 1 pl / @ —pM)av = o,
14 |4 |4
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To derive the fourth part, multiplying Eq. (5.9) by 0 and M for the first and
second problems respectively, subtracting and integrating over V', we get

1 2
(5.25) / Ki;101)0@ — 6%6W1av
14

= (r + 7or) Tolrn / 60D _ 6@y 4 1, / DR _ @]
\%4 \%4
+ / sijlet) 0@ — eDoWay + s / (PWe@ — pRgMiqy),
|4 14
Now

0002 = (050), —000?,  and

) 52

j
(5.26) ,97(5,)9(1) - (97(]?)9(1))71. _ 9(]2)9(1).

) 50

Equation (5.25) with the help of Egs. (5.1), (5.2), (5.26) and the divergence
theorem can be written as

(5.27) / [(Vw® — (@m]ga
A

= (r + 10r°)Ty[K1 /[¢(1)9(2) _ ¢(2)9(1)]dV + Ko /Wj(l)g(?) _ ¢(2)9(1)}
v v

4 / sile0® — PgWay 4 s / (P2 pgMay).

|4 \4

To derive the last part, multiplying Eq. (5.10) by P® and PO for the first and
second problems respectively, subtracting and integrating over V', we obtain

(5.28) / dig[P)P? — P pWay

14
= (r+702)[ / lijlel P — el POV + w / (6P — 4 p))gy
14 \4
e / W PR _ @ pLigy 1 g / 0 P@ _ @ pM)gy].
14 14

Consider

P%)P(z) _ (R(jl)P(z)),i _ P,S‘I)P,(z‘g)’ and

2 p(1) _ (p@ p)y . _ p@ pD)
(5.29) PP = (P pW); — PP

J
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Equation (5.28) with the aid of Egs. (5.1), (5.2), (5.29) and the divergence the-
orem Yyields

(5.30) / (pDe® _ p@c1)y4

A
= (r + 702)[ / lijlel) P® — e POV + w / (6P — ¢ pM))gy
14 14
e / W P@ _ @ pM)gy 4 s / 00 P _ g pO1gy].
14 14

Eliminating the integrals fvgz )<Z> h_ el)gb Jav, fv il (Q)z,b (l)w(Z)]dV,
Jyy sisle00—eDo@av, [, e <2 P <)P(2 1V, s [,] P(2>9> PWYDay,

k1 [y o (2)0(1) - d)(l 2)dV and Hgf 6 — MRV from Egs. (5.16),
(5.20), (5.24), (5.27) and (5.30), we obtain

(3 3

(5.31)  r(L+7or)(1+ 77Ty [/[ff”u@ — 1uMaa

#o [ IO~ FPPav - [lo(62 - 60) 4102 - g0y

1% v

— (14 7%) /(q(l)w@) — ¢PoM)dA — (1 + 7r) Ty /[p(1)§(2) —p@cMda
A

A
+r(1+1or)(1+70r)T) [/[(@(1) +y 1) — (p@ 4 y@)pM)
A

+ (MY 4 2M)yp® — (rD + 2@y M]d4] = 0.

This is the general reciprocity theorem in the Laplace transform domain.
For applying the inverse Laplace transform on Egs. (5.16), (5.20), (5.24),
(5.27), (5.30) and (5.31), we shall use the convolution theorem

t t
(5.32) £7HYF(r) / ft—v)g(v /g(t — ) f(v)dv
0 0
and the symbolic notations
o) Ad=1enlE gyt
: 0f (x,v) 02 f (x,v)
(534) F3 =1+ (TO + TO) v + TOTOW'
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Equations (5.16), (5.20), (5.24), (5.27) and (5.30) with the aid of Eq. (5.32) yield
the first, second, third, fourth and fifth parts of the reciprocity theorem in the
final form

t t
(5.35) //fi(l)(x,t—v)u.z X, v dvdA+p//FZ x, t—v)u? (x, v)dvdV
0
//gmf)m x,t—v)e;:’ (x,v)dvdV — // hijp™W (x, t— v) (x v)dvdV

//3”9( ) (x,t—v) ( )(X v dvdV+//lUP(1 X, t—v)e; (2 )(x v)dvdV = S22,

t
(5.36) // (x, t—v)+yW (x, t—0)]| 8P (x, v)dvd A
0

t

+//gw<b x, t—v)el (x, U)dvdV—f—ﬁl//qﬁ (x, t—v)y® (x, v)dvdV

o

—k1

¢ t
/¢ x,t—v)0% (x, v)dvdV — w//qb(l) x, t—v)P? (x, v)dvdV
0 0

—pPg ¢()(X t)dV = 5217

S T—

¢
(5.37) / (x, t—v)42M (x, t—0) ] T @ (x, v)dvd A
0

-

+

t
//huw X t—v)e@-)(x v)dvdV—l—ﬁl//w(l)(x,t—v)qS(Q)(x,v)dvdV

0

t t
/1/1 x, t—0)0?) (x, v)dvdV — V//’l/) x, t—v) P@ (x, v)dvdV
0 0

¢(1) (Xv t)dv 5217
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(5.38) // (x, t—v)w® (x, v)dvd A

(2)
+/~€1TO//0(1) X, t—v) (§¢ )(X,U)dvdV

2)
+/<52T0//0(1) x,t— U)aFla(w)(x, v)dvdV

v

aF ( (2 ))
—G—T(]//S” (x,t—v)————(x,v)dvdV

t
i (P(2)
+8T0//9(1)(x7t—v)wlé()P)(x,v)dvdV Saz,
v

Vv 0

t
(5.39) //p(l)(x,tU)g(Z)(x,v)dvdA
A 0

t
OFy(¢*)

+w PU(x, t—U)Qi(x, v)dvdV

[
t
OFy (@)
+v PO (x, t—v) =2 (x, v)dvdV
v/ 0/

t 3F2< (2)>
—I—//lijP(l)(x,t—v)aU](x v)dvdV
v

t
2, (9(2)
+3//P(l)(x,t—v)aF%(H)(x,v)dvdV Saz
v
0

Here S3? indicates the same expression as on the left-hand side except that the
superscripts (1) and (2) are interchanged.

Finally, Eq. (5.31) with the aid of Eq. (5.32) gives the general reciprocity
theorem in the ﬁnal form

(2)
(5.40) / / P (x, OF(u; )(x v)dvdA

ov
t
£ (02
//FZ (x,t —v) Fggzl )(X v)dvdV
vV 0
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t
—//WWJﬂMWWWMMMA
A 0

PV (x,t — 0)Fy () (x,v)dvd A

OF3(0?)

[0 (xt = v) + 5 e, t — v)]
v

(x,v)dvdA

M(x, v)dvdA

0 0 0?
_ U al PPRCY)
09 <1+7’ ><8t+7—08t2>¢ (x,t)dV

2
— pl (1 + Toa) (a + roa>¢<1>(x,t)dv = 512,

/
/
jWUQJ—m+xm@¢—m]
0
/
/

6. Conclusions

The following results are obtained in the current paper:

1) The linear theory of thermoelastic diffusion with double porosity has de-
rived without using Darcy’s law. This theory can be useful for finding funda-

mental solutions, studying the wave phenomenon etc.

2) The variational principle and uniqueness theorems have been proved on

the basis of Biot’s principle [36].

3) The reciprocity theorem has been derived with the help of Laplace and

inverse Laplace transforms.
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