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1. Introduction

The antiplane shear (strain) is a special state of strain in a body. This state
is achieved when the displacements in the body are zero in the plane of interest
but nonzero in the direction perpendicular to the plane. If the plane Oxixs of
the rectangular Cartesian frame Oxqxox3 is the plane of interest, then

Ua (21,22, 23) =0, a=1,2;
(L.1) “
uz(w1,v2,73) = uz(r1,22),  (T1,72) € w,

where u;, j = 1,2,3, are the displacements, w is a projection of the prismatic
shell-like body {2 on the plane Oxixs, correspondingly dw is a projection of
the lateral boundary S of (2. The relations (1.1) mean that all the sections of
the body parallel to the plane of interest Ox1xo will be bent as its section by
the plane Oxixe. {2 may have either Lipschitz (see Figs. 1-4) or non-Lipschitz
boundary (see Fig. 5), w has Lipschitz boundary (see Figs. 6, 7). Below Einstein’s
summation convention is used. A bar under one of the repeated indices means
that this convention is not used.
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Fig. 1. A non-homogeneous elastic cylinder. Fig. 2. 2 with a Lipschitz boundary.
Fia. 3. 2 with a smooth boundary. Fic. 4. 2 with a Lipschitz boundary.
(aa))g,
(aw)l
n
(6&))2
Fi1G. 5. 2 with a non-Lipschitz boundary. Fi1G. 6. General case of w.

For an orthotropic linear elastic material the strain ej; and stress Xj;,
k,j =1,2,3, tensors resulting from a state of antiplane shear can be expressed as

(1.2) eqp=0, «,0=1,2; e33=0; €a3 = %u&a(xl,:vg) Z0, a=12,

where the comma after the index means differentiation with respect to the vari-
able corresponding to the index indicated after the comma, and
Xop=0, a,f=12 X33 =0;

(1.3)
X3a = Xa3 = pa(x1, 2)us 0 (21, 72), a=1,2,
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since for non-homogeneous body with the shear moduli uq(z1,z2), @ = 1,2,
Hooke’s law is expressed in the following way

(1.4) Xo3 = 2l €03 = pa(x1, 2)us o (21, T2), a=1,2.

From (1.3), (1.4) it follows that at any point x := (x1, z2, x3) the stress vector
components are

(15) Xna = AjaNlj = X3an3 = HUaqU3,a13, o = 1’ 2)
2
(1.6) Xng = ngnj = Xa3Na = Z HaU3,aMa,
a=1

where n is the unit normal of a surface element passing through .
The equilibrium equations are reduced to

(1.7) Poy=0, a=12 Xuza+®3=0,

where &;, j =1, 2,3, are the components of the volume force.
Let ug € C?(w), u € Cl(w), and @3 € C(w). Substituting (1.3) into (1.7) we
get only one governing equation

2
(1.8) Z(,ua(xl, 22)Uu3,0 (21, 22)) .0 + P3(x1,22) =0, (r1,22) € w.

a=1
In the dynamical case we have

2
(1.9) D (pal@1, 22)us o(21,22,1)) o + P3(z1, 22, 1)

a=1

= plig(z1, 22,1), (w1, 22) €w, t > to.

The aim of the present paper is to investigate static and dynamical prob-
lems for the symmetric prismatic shell-like body 2 (see [1, 2|), in particular, of
constant thickness (which (body) may also be infinite) when the shear moduli
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Fic. 7. A finite w.
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may vanish either on a part or on the entire boundary of the projection w on
the plane of interest Ozx2 (see Figs. 6, 7).

In [3] antiplane strain (shear) of an isotropic prismatic shell-like body is
considered when the shear modulus depending on the body projection variables
vanishes either on a part or on the entire boundary of the projection. The depen-
dence of well-posedeness of boundary conditions on the character of vanishing of
the shear modulus is studied. When the above-mentioned domain is either the
half-plane or the half-disk and the shear modulus is a power function with respect
to the variable along the perpendicular to the linear boundary, the basic bound-
ary value problems are solved explicitly in quadratures. In [4] the dynamical
problem of antiplane strain (shear) of an isotropic non-homogeneous prismatic
shell-like body is considered.

2. Investigation of BVPs. General case

In this section the antiplane deformation of an orthotropic non-homogeneous
elastic cylinders and prismatic shell-like bodies (see Figs. 1-5, for other examples
see [2]) are studied.

Evidently (see (1.5), (1.6)), on the lateral boundary S of the cylinder (2

2
(2'1) Xna =0, a=1,2, Xp3 = Z HaU3,aNa;
a=1

where n is the outward normal to S.
If the cylinder is finite, on the upper and lower bases of the cylinder 2 (see

(15). (16))
X(ﬁ) = X3Oé = NQUB,OU a = ]-7 27 Xn3 - X33 - O)
(0%

and
Xy =—Xsa = —HaU3a, a=12, Xp3 = —X33=0,

respectively (in the case of prismatic shell-like bodies they are given by formulas
(1.5), (1.6) on the face surfaces).

Let the shear moduli p, € CH(©\(Ow)2) N C(@), @ = 1,2, as has already
been assumed, be independent of x3 and pq (21, 22) > 0 in w U (Ow)s (see Figure
6), pta(z1,22) = 0 on (Ow)p, where the boundary (0w)g is divided in (Ow); and
(Ow)a, ie., Ow = (dw); U (Ow), U (dw)s (correspondingly S = S1 U So U S3). If,
moreover, fio(T1,22) = pi (1, x2), pf = const > 0, and

ou B
(22) % (8w)2 - +OO,
(2.3) Op

onl@w, =
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then (compare with [3]): if (Qw); # 0, a solution uz of equation (1.8) is de-
termined uniquely by its values prescribed only on (Ow)2 U (Ow)s (Problem E:
uz € C2(w)NC(@\ (Ow)1)NCP(w), C*(w) means a class of bounded functions); if
(Ow)1 = 0, for unique solvability of the BVP the values of u3 should be prescribed
on the whole boundary dw (Problem D: uz € C?(2) N C($2)).

The criteria (2.2) and (2.3) can be replaced by the equivalent criteria in the
integral form (see [5], formulas (13), (14)).

If X,,3 = ¢ is prescribed on OJw, then on (Jw)y we have to consider the
weighted boundary condition (BC) (Problem W: uz € C2(2), 3.2_, pati3.aMa

€ C($2))

2
(2.4) B e ; Jalisala = §.

The above mentioned problems are well-posed under some restrictions on
classes of functions, where solutions are sought (for classical solutions see below;
for H-weak solutions [6, 7] of Problems D and E see Appendix 1 in [5] which can
be reformulated for our case; see also [8-10]).

As it is seen in the case of Problem D on the cylindrical boundary S de-
flections wugs(x1,x2) are prescribed, while in the case of Problem E deflections
us(x1,z2) should be prescribed only on So U S3. BC (2.4) means that at S shear
stresses Xqa3(x1,22), @ = 1,2, are applied. In all the cases at face surfaces one
should apply stresses calculated by formulas (1.5), (1.6) in order to maintain the
antiplane state in the body. Note that if the thickness of the prismatic shell-like
body vanishes on a part of dw or on the entire Jw, then by the antiplane shear
the character of the thickness vanishing does not affect well-posedness of BVPs
at cusped edges. This is in contrast to cusped prismatic shells for which it is the
case and depends (see [2]) on the sharpening geometry.

Let

(2.5)  pa(z1,22) = pgas®, p =const >0, ke >0, a=1,2, (z1,72) € w.
In this case equation (1.8) has the form
(2.6) ppas iz 11 + pgrh us o0 + Kopdast lugy = —Bs(x1, 22).

The partial differential operator in the left-hand side of equation (1.8) de-
generates on the zi-axis, provided at least one of k1 and ko is not zero.
If ul = pd =: po, then (2.6) can be rewritten as follows

)

K K Ko—1
(2.7) x21U3711 + x22U3722 + m2x22 ugo = —;@3(331, 372).
0
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If k1 = k9 =: K, then
(2.8) zo(pous,i1 + fgus22) + Kpguse = —zy " P3(x1, 2).
Problem D and Problem E are uniquely solvable for equation (2.7) for ko < 1

and kg > 1, correspondingly. This follows from the following theorem (see [11]).
THEOREM 2.1. If the coefficients a,, o = 1,2 and c of the equation

5% U +0a (21, T2)U,q +c(21, 2)u = 0, c<0, ke =const >0, a«=1,2,
are analytic in @ bounded by a sufficiently smooth arc (0w \ wp) lying in the half
plane x2 > 0 and by a segment wq of the xq-axis, then

(i) if either kg < 1, or Ko > 1,

Kko—1

(2.9) as(x1,22) < 45
in Is for some § = const > 0, where
I5 .= {(.TUl,:EQ) Ew:0< e < (5},

the Dirichlet problem is well-posed;
(i) if ko > 1,

(2.10) as(x1,wa) > mgrl

in I5 and a;(z1,22) = O(x§'), 2 — 04 (O is the Landau symbol), the Keldysh
problem is well-posed.

REMARK. If 1 < k2 < 2, as(z,0) <0, the Dirichlet problem is correct.

Using the method applied in [12] (see pages 58, 68-74), it is not difficult to
verify that the theorem is also true for Holder continuous ¢ and a., a = 1,2,
on w, provided:

(i) lim ;13%7”2(12(;81,;162) = ag = const < 1 for (21,0) € wy when 0 < kg < 1;
+

x9—0
(i) if ag(x?,0) = 0 for a fixed (2,0) € wp when 1 < n < 2, then there exists
such a & = const > 0 that ag(2), z2) = k(z,22) - 2 with bounded (), z2) for
0< a9 < 0.
Here wy is a part of dw lying on the x1-axis.
Indeed, for (2.7) the conditions (2.9) and (2.10) mean

1 -1 .
Rowy? " < axy? T, le., kg <1,

and
/121:52_1 > azgrl, ie., ko > 1,

respectively.
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3. Harmonic vibration

Let us consider the case (2.5) for k1 = ke =: k < 1.
In the case of harmonic vibration

ug(xy, 22,t) = e V(w1 10), P3(w1,0,t) = e VB (xy, 29),

i2 = —1, ¥ = const > 0,

from equation (1.9) we get

(3.1)  poxhva (w1, w2) + pgwhv 0o(x, 22) + rpgalva(wr, wa) + B(w1, 22)

= —p0v(z1,22),
(x1,22) €Ew, 0 < xg <1, | = const > 0.
Let
v,v* € C3Hw)NCl(w), &€ Cw),
Green'’s formula
(3.2) /Av ~vtdw = J(v,0%) — /Tnv -0 dOw = /@ ~v*dw,
w Ow w

where

0? 02 0
A= —gF 17 2Y ) 2 k-1 Y
= —q <,u0 = + 1 :U%) Ky Ty '

(3.3)  J(w,v") = /[,ulv,l 0, 41120, v, — pd*ov*|dw

w

= /4[u1613(0)613(v*) + pgeas(v)eas(v*) — pd?vv*]dw

w

- /[X?’oceoc?)(v*) - pﬁzvv*]dw,

w
n := (n1,n2) is the inward normal to dw:
Ty == Xp3 = X3a0Ma,

is valid.
If we consider BVPs for equation (3.1) with a homogeneous boundary con-
dition

(3.4) v=0 on Jw
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for which the curvilinear integral along dw in (3.2) disappears, we obtain

J(v,v") :/@-v*dw.

w

Note that throughout the paper, for smooth classical solutions, equation (3.1)
and boundary condition (3.4) are understood in the classical point-wise sense,
while for generalized weak solution equation (3.1) is understood in the distribu-
tional sense and the boundary condition (3.4) is understood in the usual trace
sense (|13], [14]).

Denote by D(w) a space of infinitely differentiable functions with compact
support in w. The bilinear form and norm are introduced by the following for-
mulas:

(v,0%) xx := /:Ug[ulvfl + v 207 dw
w

and

ol = / 2502 +0.3 ] dw.

w

The last is the norm because of the well-known Hardy-type inequality (see [15],
p. 69; [16]). So, X" is a Hilbert space.

The classical and weak setting of the homogeneous Dirichlet problem can be
formulated as follows:

PrROBLEM 3.1. Find v € C%(w) N C'(w) satisfying equation (3.1) in w and
the homogeneous Dirichlet boundary condition (3.4).

PROBLEM 3.2. Find v € X" satisfying the equality
(3.5) J(v,v%) = (D, v") for all v* € X%,

here @ belongs to the adjoint space [X"]*, and (-,-) denotes duality brackets
between the spaces [X*]* and X".

LEMMA 3.3. The bilinear form J(-,-) is bounded and strictly coercive in the
space X"(w), i.e., there are positive constant Cp and C; such that

(3.6) |J(v,0")| < CrlJolxx[lv*]lxx,
(3.7) J(v,v) > Collv|| %=
for all v,v* € X7, if
12
(3.8) ¥ < L0

4pl271~c ’
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Proof. (3.7) immediately follows from (3.3) and Hardy’s inequality (see [15,
p. 69]; [16]), namely,

Tw.0) = [lsbod +1dvd) - poe?) do

w

> / @5 (i3 Hdvd) — 4p9%a?0 3] dw

w

v

/ 25 (ibv3 1303 4020 ) du
w

(taking into account of (3.8) uZ — 4p9%12~% > 0)

> Co/wé’”(v,? +0.3) = Collvlke,  Co:=min{ug, pf — 4p0?1*7"}.

w

Now, we have to prove (3.6). From (3.3) we get

*\12 Kk, 1 * 2 *\ 2 * 2
T, 02 = | [ [ (o, v +13v,20.3) — pdPov”] dw
w

2

2
= ’/x’g(,u(l)v,l v+t v dol + ‘/pﬁ%v* dw
w w

+2| [ astubon v +udvavs) d| [ ptoniad
w w

2 2
< Cof [0 0 +vavs) do +‘ [ oot
w w
+2Cs /acg(v,l v,] +v,2v,§)de/pﬁ2yv* dw‘
w w
= Il +12a

where

Cy = maX{(M(l))2> (:U‘(%)Q}a Cs = maX{M(l)a ,u%}’

2
/Jfg(’l),l U;(l( TU,2 ’U,;)dw /pﬁ%v* dw
w w

_l’_
/x'ﬁ(v,l v,] +v,20,5) dw‘ ' /p292vv* dw‘.
w w

2
Il = CQ

9

Iy := 2C
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Taking into account Hardy’s inequality (see [15, p. 69]; [16]), we have (all the
norms bellow are of the space X*)

I < CollolPof| + 165°0" [ ahad o do [ afad (o) e

w w

< Colloll2 0|2 + 16520442 / 250 dw / 2505 ) dw

w w

< Goflwl*[lv*|* + 1602194l“”/$5(v3 +v,§)dw/x§[(v§ )2+ (v.))?]dw
w w
= Collol*[lv*|[* + 160> 1 ||v*|[v*[|* < Cullol*|lv*]%,

_ 2 K * * 2 * 211/2
Iy = 2C3p0 x5 (v,10,] +0,20,5 )dw vv*dw
w w

1/2
< 2Cypi? [nvn?nv*n? / 25203 dw / xgx%%,;)?dw}
w w

< 203p0* < [[[oPlo* P[0 P 10**]*2 = Cslloll?[lo*]>

The last two inequalities prove (3.6). O
REMARK 3.4. If J(v,v) =0, then v = 0 by (3.7).

THEOREM 3.5. Let @ be a bounded linear functional from [X*]*. Then the
variational problem (3.5) has a unique solution v € X* for an arbitrary value of
the parameter x and

1
Jolles < G 1@l

Proof. Taking into account Lemma 3.3, the proof immediately follows from
the Lax-Milgram theorem. O

REMARK 3.6. It can be easily shown that if ¢ € L(w) and supp® N7, = 0,
then @ € [X"]* and

(P, v") = /@(w) v*(x) dw,

w

since v* € H'(w.), where ¢ is sufficiently small positive number such that
supp® C w. = w N {xzy > e}. Therefore,

(@, v*)| = ] [ ot dw\ < 18l s 10 2o

< NPl Lo 10711 (o) < Cell @l Loy [[07 |
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In this case, we obtain the estimate

C
o]l x~ < 5; 121l £ (w)-

REMARK 3.7. The space X" is the weighted Sobolev space.
COROLLARY 3.8. v has the zero trace on Jw if k < 1.
Proof. It follows directly from the trace theorems (see [15] and [16]).
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