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We present a new nonlocal elasticity-based analysis method for free vibra-
tions of functionally graded rectangular nanoplates. The introduced method allows
taking into account spatial variation of the nonlocal parameter. Governing partial
differential equations and associated boundary conditions are derived by employing
the variational approach and applying Hamilton’s principle. Displacement field is ex-
pressed in a unified way to be able to produce numerical results pertaining to three
different plate theories, namely Kirchhoff, Mindlin, and third-order shear deformation
theories. The equations are solved numerically by means of the generalized differential
quadrature method. Numerical results are generated by considering simply-supported
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influences of factors such as dimensionless plate length, plate theory, power-law index,
and nonlocal parameter ratio upon vibration behavior.
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1. Introduction

Functionally graded materials (FGMs) are a special class of composites,
which possess smooth spatial variations in the volume fractions of the constituent
phases. FGMs find applications in a wide variety of technological fields includ-
ing thermal barrier coatings, solid oxide fuel cells, high performance cutting
tools, and biomedical materials. Deployment of functionally graded components
in small-scale systems has recently become feasible with advances in fabrica-
tion technologies such as magnetron sputtering [1], chemical vapor deposition
and plasma enhanced chemical vapor deposition [2], and modified soft lithogra-
phy [3]. These developments are accompanied by theoretical and computational
studies directed toward understanding the mechanical behavior of small-scale
FGM composite structures. Classical continuum theories fail to account for the
size effect observable at small-scales, whereas molecular dynamics-based simu-
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lations need to confront an immense computational effort. As a result, higher
order continuum theories have been used to examine the behavior of small-scale
FGM beams, plates, and shells. Among such theories, we can mention nonlocal
elasticity [4, 5], strain gradient elasticity [6–9], and couple stress theories [10–12].

The nonlocal elasticity theory has been widely used to investigate small-scale
effects on free vibrations, bending and buckling of functionally graded beams and
plates. Works on functionally graded nonlocal beams encompass free vibrations
[13, 14], buckling [15,16], nonlinear vibrations [17], surface effects [18], forced
vibrations [19], and thermomechanical vibrations [20]. Finite element analysis-
based solutions are presented by Eltaher et al. [21–23] and Reddy et al. [24].
Studies pertaining to nonlocal FGM plates consider free vibrations [25–28], buck-
ling [29, 30], effect of distributed nanoparticles [31] and the Winkler–Pasternak
elastic foundation [32]. Novel three-dimensional (3D) modelling and analysis
techniques are described by Salehipour et al. [33] and Ansari et al. [34].

Isogeometric analysis [35], which offers an exact geometry representation
through the CAD modelling tool called non-uniform rational B-splines (NURBS)
and is implemented in a finite element analysis setting, was also employed to
solve structural mechanics problems involving nonlocal FGM plates. Natara-

jan et al. [36] examined free vibrations of functionally graded nanoplates by
using isogeometric analysis in conjunction with finite element method. Nguyen

et al. [37] developed the isogeometric analysis-based quasi-3D solution strategies
for bending, vibration, and buckling of nonlocal graded plates. An application
involving buckling of graded nanoplates is presented by Ansari and Norouz-

zadeh [38]. Theory and implementation of the method for macro-scale analysis
of FGM components can be found in [39–41].

In a nonlocal elasticity-based formulation, in addition to the elastic prop-
erties, a material property called nonlocal parameter is required. The nonlocal
parameter depends on both internal characteristic length and the material, thus
it is essentially a material property [42]. In a functionally graded medium, all
material properties vary smoothly from one bounding surface to the other. Since
the nonlocal parameter is a material property, it should also possess a smooth
spatial variation throughout the functionally graded medium. However, in all
research work employing nonlocal elasticity cited in the foregoing paragraphs,
the nonlocal parameter is assumed to be a constant. There are research studies
accounting for the spatial variation of the length scale parameter of modified cou-
ple stress theory [12, 43, 44]. But, there is no nonlocal elasticity-based previous
work taking into account spatial variation of the nonlocal parameter. Nonlocal
elasticity and modified couple stress theory are built upon completely different
constitutive relationships and deformation measures. Nonlocal elasticity is ap-
plied for problems involving nanoscale structures, whereas modified couple stress
theory is employed for microscale problems. Thus, new developments considering
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spatial variation of the nonlocal parameter are needed for more realistic nonlocal
elasticity-based modeling of functionally graded small-scale structures. Further-
more, in the previous work on variable length scale parameter, beams [43] and
circular plates [12, 44] were examined. There is no investigation on the spatial
variation of length scale parameter or nonlocal parameter of rectangular plate
geometries.

The primary objective in the present study is to put forward a free vi-
bration analysis method capable of accounting for the spatial variation of the

nonlocal parameter. The novel aspects of the article are therefore consideration
of spatial variation of the nonlocal parameter in nonlocal elasticity of FGMs,
and treatment of a nanoscale FGM rectangular plate possessing this nonlocal
parameter variation. The presented numerical results could be useful as bench-
marks for future work on vibrations of nanoscale functionally graded rectangular
plates.

In the formulation, a set of governing partial differential equations and bound-
ary conditions are derived by employing the nonlocal elasticity theory and vari-
ational principles. All material properties, including the nonlocal parameter, are
assumed to be functions of the thickness coordinate. Displacement field is ex-
pressed in a unified way to be able to produce numerical results for three differ-
ent plate theories: Kirchhoff, Mindlin, and third-order plate theories. Simply-
supported and cantilever nanoplates are considered to specify the boundary
conditions. The equations are solved numerically by means of a generalized dif-
ferential quadrature method. Findings available in the literature for constant
nonlocal parameter are used to verify the developed procedures. The presented
numerical results illustrate in a clear way the impacts of nonlocal parameter vari-
ation and other related factors on free vibration behavior of rectangular FGM
nanoplates.

2. Formulation

Figure 1 depicts a functionally graded rectangular nanoplate. The plate is of
thickness h and assumed to possess material property variations in z-direction.
In the nonlocal elasticity theory, stress at a point is expressed as a function of
the strain field in the material domain as follows:

(2.1) σij =

∫∫∫

V

α(|x′ − x|, τ)tij(x
′) dV (x′),

where α is a nonlocal modulus or the kernel function, |x′ − x| represents dis-
tance, τ is a material property that depends on internal and external charac-
teristic lengths (such as lattice spacing and wavelength), and σij and tij stand



108 A. Alipour Ghassabi, S. Dag, E. Cigeroglu

Fig. 1. A functionally graded rectangular nanoplate.

for nonlocal and local stress tensors, respectively. Eringen [45] proposed an
equivalent differential form of the nonlocal constitutive equation in the form:

(2.2) (1 − µ∇2)σij = tij ,

µ in this equation is the nonlocal parameter defined by

(2.3) µ = (e0l)
2,

where l is an internal characteristic length and e0 is a material property found
through experimental characterization. Because of its dependence on l and e0,
µ is a material property. Thus, for a functionally graded small-scale plate, the
nonlocal parameter µ should be a function of the thickness coordinate z.

The relation between the local stress tensor tij and strain tensor εij is ex-
pressed by

(2.4)
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(2.5) Q11 = Q22 =
E(z)

1 − ν(z)2
, Q12 = Q21 =

E(z)υ(z)

1 − ν(z)2
, Q66 =

E(z)

2(1 + ν(z))
.
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E and ν are respectively modulus of elasticity and Poisson’s ratio. All mate-
rial properties including the nonlocal parameter are functions of the thickness
coordinate and their spatial variations are described by

E(z) = EcVc(z) + EmVm(z), ν(z) = νcVc(z) + νmVm(z),(2.6)

ρ(z) = ρcVc(z) + ρmVm(z), µ(z) = µcVc(z) + µmVm(z).(2.7)

The subscripts c and m stand for ceramic and metallic phases; Vc and Vm are
volume fractions; and ρ in Eq. (2.7) is mass density. Spatial variations of the
volume fractions are represented as follows:

(2.8) Vc(z) =

(

1

2
+

z

h

)n

, Vm(z) = 1 − Vc(z).

The power-law index n defines property distribution profiles. When n is less
than 1, the nanoplate is ceramic-rich, whereas if n is greater than unity, plate
has a metal-rich FGM profile.

Currently, an approach suggested in the literature to determine the nonlocal
parameter of a material is to carry out free vibration simulations by means of
nonlocal elasticity and molecular dynamics, and adjust the nonlocal parameter
to match the natural frequencies computed by these two methods [46–49]. For ex-
ample, Ansari et al. [49] carried out vibration analysis of single-layer graphene
sheets using nonlocal elasticity and molecular dynamics. The obtained natural
frequencies are matched to derive the appropriate values of the nonlocal param-
eter. Another way to determine the nonlocal parameter of a certain material is
to carry out experimental measurements on vibration behavior. Such measure-
ments for single- and multi-layer graphene resonators are presented respectively
by van der Zande et al. [50] and Yuasa et al. [51]. Once the separate nonlocal
parameters of the FGM constituent phases are determined by following either
of these methods, it will be necessary to characterize the spatial variation. This
variation depends on the power-law index n defined in Eq. (2.8). The value of n
can be adjusted by comparing natural frequencies obtained through the nonlocal
analysis to those found by molecular dynamics-based simulations or measured
via experimentation.

Displacement field of the nanoplate is expressed in a unified way as

u(x, y, z, t) = u0(x, y, t) − zw,x + f(z)(ϕx + w,x),(2.9)

v(x, y, z, t) = v0(x, y, t) − zw,y + f(z)(ϕy + w,y),(2.10)

w(x, y, z, t) = w0(x, y, t),(2.11)
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where

(2.12) f(z) =



















0 for Kirchhoff plate theory,

z for Mindlin plate theory,

z

(

1 − 4z2

3h2

)

for third-order shear deformation plate theory.

In this representation, u, v, and w are displacement components in x-, y-, and
z-directions, respectively; u0, v0, and w0 are displacements of a point on the
midplane z = 0; ϕx and ϕy are the rotations of a transverse normal about
y- and x-axes, respectively; and a comma stands for differentiation. Strain field
corresponding to these displacements is then found in the form:

εxx =
1

2

(

∂u

∂x
+

∂u

∂x

)

= u0,x − zw,xx + f(ϕx,x + w,xx),(2.13)

εyy =
1

2

(

∂v

∂y
+

∂v

∂y

)

= v0,y − zw,yy + f(ϕy,y + w,yy),(2.14)

εzz =
1

2

(

∂w

∂z
+

∂w

∂z

)

= 0,(2.15)

εxy =
1

2

(

∂u

∂y
+

∂v

∂x

)

(2.16)

=
1

2
{(u0,y + v0,x) − 2zw,xy + f(ϕx,y + 2w,xy + ϕy,x)},

εyz =
1

2

(

∂v

∂z
+

∂w

∂y

)

=
1

2
f ′(ϕy + w,y),(2.17)

εxz =
1

2

(

∂u

∂z
+

∂w

∂x

)

=
1

2
f ′(ϕx + w,x.(2.18)

For an FGM nanoplate undergoing free vibrations, Hamilton’s principle requires
that

(2.19) δ

t2
∫

t1

(K − U) dt = 0,

where U is strain energy and K is kinetic energy. Variations of the energy terms
are written as

δU =

∫∫∫

V

(σxxδεxx + σyyδεyy + 2σxyδεxy + 2σxzδεxz + 2σyzδεyz) dV,(2.20)

δK =

∫∫∫

V

ρ(z)(u̇δu̇ + v̇δv̇ + ẇδẇ) dV.(2.21)
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Using Eqs. (2.13)–(2.21) and variational principles, the governing partial differ-
ential equations are derived as follows:

(2.22)
∂Nxx

∂x
+

∂Nxy

∂y
=

{

I0
∂2u0

∂t2
−I1

∂3w

∂t2∂x
+I3

(

∂2ϕx

∂t2
+

∂3w

∂t2∂x

)}

−∇2

{

L0
∂2u0

∂t2
−L1

∂3w

∂t2∂x
+L3

(

∂2ϕx

∂t2
+

∂3w

∂t2∂x

)}

,

(2.23)
∂Nyy

∂y
+

∂Nxy

∂x
=

{

I0
∂2v0

∂t2
−I1

∂3w

∂t2∂y
+I3

(

∂2ϕy

∂t2
+

∂3w

∂t2∂y

)}

−∇2

{

L0
∂2v0

∂t2
−L1

∂3w

∂t2∂y
+L3

(

∂2ϕy

∂t2
+

∂3w

∂t2∂y

)}

,

(2.24)
∂2Mxx

∂x2
+

∂2Myy

∂y2
+2

∂2Mxy

∂x∂y
−∂2Pxx

∂x2
−∂2Pyy

∂y2
−2

∂2Pxy

∂x∂y
+

∂Ryz

∂y
+

∂Rxz

∂x

=

{

I0
∂2w

∂t2
+(I1−I3)

(

∂3u0

∂t2∂x
+

∂3v0

∂t2∂y

)

+(−I2+2I4−I5)

(

∂4w

∂t2∂x2
+

∂4w

∂t2∂y2

)

+(I4−I5)

(

∂3ϕx

∂t2∂x
+

∂3ϕy

∂t2∂y

)}

−∇2

{

L0
∂2w

∂t2
+(L1−L3)

(

∂3u0

∂t2∂x
+

∂3v0

∂t2∂y

)

+(−L2+2L4−L5)

(

∂4w

∂t2∂x2
+

∂4w

∂t2∂y2

)

+(L4−L5)

(

∂3ϕx

∂t2∂x
+

∂3ϕy

∂t2∂y

)}

,

(2.25)
∂Pxx

∂x
+

∂Pxy

∂y
−Rxz =

{

I3
∂2u0

∂t2
−I4

∂3w

∂t2∂x
+I5

(

∂2ϕx

∂t2
+

∂3w

∂t2∂x

)}

−∇2

{

L3
∂2u0

∂t2
−L4

∂3w

∂t2∂x
+L5

(

∂2ϕx

∂t2
+

∂3w

∂t2∂x

)}

,

(2.26)
∂Pyy

∂y
+

∂Pxy

∂x
−Ryz =

{

I3
∂2v0

∂t2
−I4

∂3w

∂t2∂y
+I5

(

∂2ϕy

∂t2
+

∂3w

∂t2∂y

)}

−∇2

{

L3
∂2v0

∂t2
−L4

∂3w

∂t2∂y
+L5

(

∂2ϕy

∂t2
+

∂3w

∂t2∂y

)}

.

The boundary conditions are obtained as

u0 = 0, or Nxxnx+Nxyny = 0,(2.27)

v0 = 0, or Nxynx+Nyyny = 0,(2.28)

ϕx = 0, or Pxxnx+Pxyny = 0,(2.29)

ϕy = 0, or Pxynx+Pyyny = 0,(2.30)

w = 0, or(2.31)
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(

∂Mxx

∂x
+

∂Mxy

∂y
−∂Pxx

∂x
−∂Pxy

∂y
+Rxz

)

nx

+

(

∂Myy

∂y
+

∂Mxy

∂x
−∂Pyy

∂y
−∂Pxy

∂x
+Ryz

)

ny

= (I1−I3)

(

∂2u0

∂t2
nx+

∂2v0

∂t2
ny

)

+(−I2+2I4−I5)

(

∂3w

∂x∂t2
nx+

∂3w

∂y∂t2
ny

)

+(I4−I5)

(

∂2ϕx

∂t2
nx+

∂2ϕy

∂t2
ny

)

−∇2

{

(L1−L3)

(

∂2u0

∂t2
nx+

∂2v0

∂t2
ny

)

+(−L2+2L4−L5)

(

∂3w

∂x∂t2
nx+

∂3w

∂y∂t2
ny

)

+(L4−L5)

(

∂2ϕx

∂t2
nx+

∂2ϕy

∂t2
ny

)}

,

∂w

∂x
= 0, or (Mxx−Pxx)nx+(Mxy−Pxy)ny = 0,(2.32)

∂w

∂y
= 0, or (Mxy−Pxy)nx+(Myy−Pyy)ny = 0,(2.33)

where nx and ny are the components of the unit outward normal vector.
Stress resultants and coefficient terms in the governing equations and bound-

ary conditions are defined by

(2.34)
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I0

I1

I2

I3

I4

I5































=

h/2
∫

−h/2

ρ(z)































1
z
z2

f
zf
f2































dz,































L0

L1

L2

L3

L4

L5































=

h/2
∫

−h/2

µ(z)ρ(z)































1
z
z2

f
zf
f2































dz.

3. Numerical solution

The generalized differential quadrature method (GDQM) [52] is used to
solve the equation system comprising governing partial differential equations and
boundary conditions. In the GDQM, nth derivative of a function f is expressed
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as follows:

(3.1)
∂nf(x, t)

∂xn
|x=xi

=
N

∑

j=1

c
(n)
ij f(xj , t), i = 1, . . . , N,

where c
(n)
ij are weighting coefficients [53] for the nth-order derivative and N is

the number of nodes. In parametric analyses, we consider two different types of
nanoplate configurations: a nanoplate simply-supported on all edges and a can-
tilever nanoplate fixed at x = 0. For both simply-supported and cantilever
nanoplates, nodal points are identified as Chebyshev–Gauss–Lobatto points,
which are given by

(3.2) xi =
1

2

{

1 − cos

(

π(i − 1)

N − 1

)}

, i = 1, . . . , N.

Series forms of the governing equations are derived by applying the representa-
tion in Eq. (3.1). These equations are provided in the Appendix.

For a simply-supported nanoplate, series forms of boundary conditions at
y = 0 and y = b read:

u0 = v0 = w = ϕx = 0,(3.3)

A3

Ny
∑

k=1

c
(1)
jk v0i,k

+ (A5 − A4)

Ny
∑

k=1

c
(2)
jk wi,k + A5

Ny
∑

k=1

c
(1)
jk ϕyi,k

= 0,(3.4)

A1

Ny
∑

k=1

c
(1)
jk v0i,k

+ (A4 − A2)

Ny
∑

k=1

c
(2)
jk wi,k + A4

Ny
∑

k=1

c
(1)
jk ϕyi,k

= 0,(3.5)

and at x = 0, x = a, we have

u0 = v0 = w = ϕy = 0,(3.6)

A3

Nx
∑

k=1

c
(1)
ik u0k,j

+ (A5 − A4)

Nx
∑

k=1

c
(2)
ik wk,j + A5

Nx
∑

k=1

c
(1)
ik ϕxk,j

= 0,(3.7)

A1

Nx
∑

k=1

c
(1)
ik u0k,j

+ (A4 − A2)

Nx
∑

k=1

c
(2)
ik wk,j + A4

Nx
∑

k=1

c
(1)
ik ϕxk,j

= 0.(3.8)

The coefficients in the governing equations and boundary conditions are given
by:
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(3.9)
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Series forms of the boundary conditions for the cantilever nanoplate are derived
in a similar manner, and not provided here for brevity.

For both simply-supported and cantilever nanoplates, governing equations
and boundary conditions are consolidated into the following matrix form:

(3.10) (K − Ω2
M)d∗ = 0,

where Ω is natural frequency, K is stiffness matrix, M is mass matrix and d
∗ is

mode shape vector expressed as

(3.11) d∗ = {{u∗

i }T , {v∗i }T , {w∗

i }T , {ϕ∗

xi
}T , {ϕ∗

yi
}T }T , i = 1, . . . , Nx × Ny.

4. Numerical results

In parametric analyses, we examine free vibrations of ceramic-metal func-
tionally graded nano-plates, whose constituents are silicon nitride (Si3N4) and
stainless steel. Properties for this material pair are given by

Ec = 348.43 GPa, νc = 0.3, ρc = 2370 kg/m3,(4.1)

Em = 201.04 GPa, νm = 0.3, ρm = 8166 kg/m3.(4.2)

The nonlocal parameter of the metallic phase is taken as µm = 2 nm2, which
is a reference value adopted in various studies in the literature [26, 28]. The
degree of variation in the nonlocal parameter is quantified by the ratio µc/µm.
When the nonlocal parameter is assumed to be constant µc/µm is equal to unity,
whereas when µ varies across the thickness µc/µm 6= 1. We set µc/µm as 2 in
a number of parametric analyses. In remaining cases, it is varied so as to assess
the influence of the nonlocal parameter variation.
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To be able to verify theoretical and computational developments, in Table
1 we provide comparisons to the results given by Zare et al. [25]. The article
by Zare et al. [25] presents solutions regarding free vibrations of functionally
graded rectangular nanoplates developed under the assumption of constant non-
local parameter. Material properties used in [25] are the same as those given
by Eqs. (4.1) and (4.2). The table tabulates first three dimensionless natural
frequencies of a simply-supported functionally graded nanoplate. Dimensionless
natural frequency is defined as

(4.3) ω = Ωh

√

2(1 + νc)ρc

Ec
.

Table 1. Comparisons of dimensionless first three natural frequencies calculated
for a simply-supported functionally graded nanoplate possessing a constant

nonlocal parameter µ: n = 5, a = 10 nm, a/h = 20.

a/b
µc = µm = µ

(in nm2)
ω1 ω2 ω3

1

0
Present study 0.0114 0.0285 0.0285

Zare et al. [25] 0.0114 0.0281 0.0281

1
Present study 0.0104 0.0233 0.0233

Zare et al. [25] 0.0104 0.0230 0.0230

4
Present study 0.0085 0.0165 0.0165

Zare et al. [25] 0.0085 0.0165 0.0165

2

0
Present study 0.0285 0.0454 0.0732

Zare et al. [25] 0.0281 0.0443 0.0704

1
Present study 0.0233 0.0340 0.0484

Zare et al. [25] 0.0230 0.0330 0.0466

4
Present study 0.0165 0.0223 0.0296

Zare et al. [25] 0.0165 0.0218 0.0286

Both our results and those given in [25] are generated by using Kirchhoff
plate theory. The excellent agreement between the natural frequencies is indica-
tive of the high degree of accuracy achieved by the application of the proposed
procedures.

In Figs. 2–10 and Tables 2 and 3, we provide parametric analyses for func-
tionally graded rectangular nanoplates possessing a spatially variable nonlocal
parameter. Figure 2 depicts dimensionless first natural frequencies of simply-
supported and cantilever nanoplates as a function of the dimensionless plate
length a/

√
µm. All three plate theories, i.e., the Kirchhoff plate theory (KPT),

the Mindlin plate theory (MPT), and the third-order shear deformation theory
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(TSDT) are considered. For both simply-supported and cantilever nanoplates, ω1

increases with a corresponding increase in a/
√

µm; and levels off around a con-
stant attained at larger values of dimensionless plate length. The constants are
the vibration frequencies of a classical macroscale plate, for which numerical re-
sults can be found by setting µc = µm = 0. Hence, as expected, size effect turns
out to be important, especially for relatively smaller values of the ratio a/

√
µm.

Curves generated by the KPT and MPT enclose that computed by using the
TSDT. The differences in Fig. 2b seem to be larger compared to those found in
Fig. 2a. However, when percent differences are evaluated by setting the KPT as
the reference, it can be seen that the percent differences calculated in Fig. 2a
are greater. The larger percent difference found in the simply-supported plate
is primarily due to a higher degree of constraint. Three of the edges of the can-
tilever plate are free, and all-around constraints for the simply-supported plate
lead to a larger shear effect. This causes a more significant difference between
the predictions of the plate theories. Let us note that in the KPT the transverse
shear strain is assumed to be zero, whereas in the Mindlin theory the transverse
shear is constant across the thickness. The TSDT presumes parabolic variation
of transverse shear strain. Larger differences are expected in cases where shear
deformations are more pronounced.

a) b)

Fig. 2. Dimensionless first natural frequency ω1 vs. a/
√

µm for three different plate theories:
a) simply-supported nanoplate, b) cantilever nanoplate. a/b = 4/3, ah = 20, µm = 2 nm2,

µc/µm = 2, n = 2.

The numerical results given in Fig. 3 regarding second natural frequency
point out to similar trends, except for more pronounced differences among the
results obtained for different plate theories. It can be seen that differences be-
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a) b)

Fig. 3. Dimensionless second natural frequency ω2 vs. a/
√

µm for three different plate
theories: a) simply-supported nanoplate, b) cantilever nanoplate. a/b = 4/3, a/h = 20,

µm = 2 nm2, µc/µm = 2, n = 2.

tween the predictions of plate theories get larger as mode number increases. This
observation is also related to main assumptions on through-the-thickness trans-
verse shear distribution. Shear effect is more prominent in higher modes, and
causes larger differences between the results obtained for different plate theories.
Mathematical proof demonstrating larger difference in higher modes is provided
by Wang et al. [54]. With its quadratic transverse shear strain distribution, the
TSDT is expected to produce results within a higher degree of accuracy.

The first two mode shapes of simply-supported and cantilever nanoplates
for a/

√
µm = 10 are provided in Fig. 4. The TSDT is used in the generation

of the mode shapes and the remaining sets of results presented in this section.
Figures 5 and 6 depict the influence of the nonlocal parameter ratio µc/µm on
respectively ω1 and ω2. For both simply-supported and cantilever nanoplates,
nonlocal parameter ratio has a significant impact on the dimensionless natural
frequency. This finding implies that variation of the nonlocal parameter needs
to be taken into account to be able to produce more realistic numerical results.
Both of the dimensionless natural frequencies ω1 and ω2 get smaller as the ratio
µc/µm is increased from 0.5 to 4.0. Notice that natural frequencies merge at
a single value as the dimensionless plate length a/

√
µm gets larger. This single

value is again the frequency obtained for a classical plate by taking µc = µm = 0.
Further results regarding the influence of µc/µm on dimensionless frequencies

ω1 and ω2 are given in Tables 2 and 3. Dependence on µc/µm is examined by
considering different values of dimensionless plate length a

/√
µm and aspect
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a) b)

c) d)

Fig. 4. First two mode shapes of simply-supported and cantilever nanoplates: a) first mode
shape of simply supported nanoplate, ω1 = 0.015, b) second mode-shape of simply-supported

nanoplate, ω2 = 0.027, c) first mode shape of cantilever nanoplate, ω1 = 2.451 × 10−3,
d) second mode shape of cantilever nanoplate, ω2 = 6.774 × 10−3, a/

√
µm = 10, a/b = 4/3,

a/h = 20, µm = 2 nm2, µc/µm = 2, n = 2.

a) b)

Fig. 5. Dimensionless first natural frequency ω1 vs. a/
√

µm for different values of µc/µm:
a) simply-supported nanoplate, b) cantilever nanoplate, a/b = 4/3, a/h = 20, n = 2,

µm = 2 nm2.
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a) b)

Fig. 6. Dimensionless second natural frequency ω2 vs. a/
√

µm for different values of µc/µm:
a) simply-supported nanoplate, b) cantilever nanoplate, a/b = 4/3, a/h = 20, n = 2,

µm = 2 nm2.

ratio a/b. In all cases, dimensionless frequencies are decreasing functions of the
nonlocal parameter ratio µc/µm. However, an increase in the aspect ratio a/b
causes an increase in the dimensionless natural frequencies.

In Figs. 7 and 8, we present ω1 and ω2 as functions of the power-law index
n and dimensionless plate length a

/√
µm. In order to present the influence of

the dimensionless plate length more clearly, the results pertaining to the can-
tilever plate are provided in two separate figures (Figs. 7b, c and 8b, c), which
include horizontal drop lines. The index n controls the variation of the ceramic

Table 2. Dimensionless first natural frequencies of simply-supported and
cantilever nanoplates: a/h = 20, n = 2, µm = 2 nm2.

Simply-supported nanoplate Cantilever nanoplate

a/
√

µm = 5 a/
√

µm = 10 a/
√

µm = 5 a/
√

µm = 10

a

b
=

1

2

µc/µm = 0.5 6.6127e-3 7.5184e-3 1.9457e-3 1.9575e-3

µc/µm = 1 6.4742e-3 7.4665e-3 1.9454e-3 1.9574e-3

µc/µm = 2 6.2215e-3 7.3657e-3 1.9450e-3 1.9573e-3

µc/µm = 4 5.7938e-3 7.1757e-3 1.9444e-3 1.9570e-3

a

b
= 1

µc/µm = 0.5 9.7128e-3 1.1667e-2 2.2529e-3 2.2547e-3

µc/µm = 1 9.4402e-3 1.1545e-2 2.2526e-3 2.2546e-3

µc/µm = 2 8.9575e-3 1.1314e-2 2.2522e-3 2.2545e-3

µc/µm = 4 8.1795e-3 1.0889e-2 2.2514e-3 2.2541e-3
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Table 3. Dimensionless second natural frequencies of simply-supported and
cantilever nanoplates: a/h = 20, n = 2, µm = 2 nm2.

Simply-supported nanoplate Cantilever nanoplate

a/
√

µm = 5 a/
√

µm = 10 a/
√

µm = 5 a/
√

µm = 10

a

b
=

1

2

µc/µm = 0.5 9.6723e-3 1.1618e-2 3.2856e-3 3.3026e-3

µc/µm = 1 9.4009e-3 1.1497e-2 3.2825e-3 3.3018e-3

µc/µm = 2 8.9204e-3 1.1267e-2 3.2764e-3 3.3001e-3

µc/µm = 4 8.1457e-3 1.0844e-2 3.2649e-3 3.2968e-3

a

b
= 1

µc/µm = 0.5 1.8760e-2 2.5917e-2 5.3673e-3 5.4606e-3

µc/µm = 1 1.7963e-2 2.5374e-2 5.3502e-3 5.4561e-3

µc/µm = 2 1.6634e-2 2.4383e-2 5.3165e-3 5.4471e-3

µc/µm = 4 1.4673e-2 2.2706e-2 5.2510e-3 5.4291e-3

a)

b) c)

Fig. 7. Dimensionless first natural frequency ω1 vs. a/
√

µm for various values of the
power-law index n: a) simply-supported nanoplate, b) cantilever nanoplate, n = 0.5, 1,

c) cantilever nano-plate n = 2, 8, a/b = 4/3, a/h = 20, µm = 2 nm2, µc/µm = 2.
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a)

b) c)

Fig. 8. Dimensionless second natural frequency ω2 vs. a/
√

µm for various values of the
power-law index n: a) simply-supported nanoplate, b) cantilever nanoplate, n = 0.5, 1,

c) cantilever nanoplate, n = 2, 8, a/b = 4/3, a/h = 20, µm = 2 nm2, µc/µm = 2.

volume fraction as indicated by Eq. (2.8). The nanoplate is ceramic-rich if n < 1,
and metal-rich if n > 1. Both of the dimensionless natural frequencies ω1 and
ω2 decrease as the exponent n is increased from 0.5 to 8. Thus, ceramic-rich
functionally graded nano-plates possess larger natural frequencies. This is the
expected result since the ceramic phase of the FGM composite nanoplate has
larger elastic modulus and lower density compared to the metallic phase. The
constants attained for larger a

/√
µm are equal to the frequencies predicted by

the classical plate theory.
Parametric analysis regarding the effects of the power-law index n and the

nonlocal parameter ratio µc/µm on the first four dimensionless natural frequen-
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cies of a simply-supported FGM nano-plate are presented in Figs. 9 and 10.
These figures clearly show how the natural frequencies increase as the power-law
index n gets smaller. Ceramic-rich functionally graded composite nanoplates are
again shown to possess significantly larger natural frequencies than the metal-
rich nanoplates. The nonlocal parameter ratio µc/µm also imparts a notable
influence on all four natural frequencies. Sensitivity of the frequencies to the

a) b)

Fig. 9. Dimensionless natural frequencies of a simply-supported nanoplate as functions of n
and µc/µm: a) first natural frequency ω1, b) second natural frequency ω2, a/

√
µm = 5,

a//b = 4/3, a/h = 20, µm = 2 nm2.

a) b)

Fig. 10. Dimensionless natural frequencies of a simply-supported nanoplate as functions of n
and µc/µm: a) third natural frequency ω3, b) fourth natural frequency ω4, a/

√
µm = 5,

a//b = 4/3, a/h = 20, µm = 2 nm2.



Free vibration analysis of functionally graded rectangular. . . 123

change in the nonlocal parameter ratio points to the fact that the nonlocal pa-
rameter variation should be accounted for in dynamic analysis, which is the basic
hypothesis of the present study.

5. Concluding remarks

In this article, we outline a nonlocal elasticity-based method for free vibration
analysis of functionally graded rectangular nanoplates. The method developed is
capable of accounting for the spatial variation of the nonlocal parameter. Govern-
ing equations and boundary conditions are derived by following the variational
approach and applying Hamilton’s principle. All material properties, including
the nonlocal parameter, are assumed to be functions of the thickness coordinate in
the derivations. Displacement field is expressed in a unified way in the formulation
to be able to generate results for three plate theories. The derived equations are
solved numerically by means of generalized differential quadrature method. Pro-
posed procedure is verified through comparisons made with the results available
in the literature. Further numerical results are provided to demonstrate the effects
of dimensionless plate length, nonlocal parameter ratio, and power-law index on
the natural vibration frequencies of simply-supported and cantilever nanoplates.

Vibration frequencies calculated for the three different plate theories show
that the KPT predicts higher natural frequencies and stiffer nanoplate behavior.
The results obtained for the TSDT lie in between those calculated for the Kirch-
hoff and Mindlin plate theories. In all cases, as the dimensionless plate length
a
/√

µm is increased, vibration frequencies first increase and then approach con-
stant values. For a given configuration, the constant attained at large a

/√
µm is

equal to the frequency computed for a plate whose nonlocal parameter µ is zero.
In other words, the results corresponding to macro-scale plates are recovered for
larger a

/√
µm, which points out to the size effect’s dominance for smaller plate

length. The influence of the nonlocal parameter ratio µc/µm is shown to be im-
portant. Increase in µc/µm causes drops in the dimensionless natural frequencies.
This finding implies that assuming a constant nonlocal parameter might lead to
results of reduced accuracy. Thus, reliable results regarding free vibrations of
functionally graded rectangular nanoplates can be produced by taking into ac-
count the nonlocal parameter variation. The methods presented in this article
could prove to be useful in this respect and in analysis, design, and optimization
of graded composite nanoplate structures.
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Appendix

Series forms of the governing equations are derived as follows:
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Nx and Ny above are number of nodal points in x- and y-directions, respectively,
and Aj , Bj , and Cj are expressed by Eq. (3.9).
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