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IN THIS PAPER, AN ELASTIC-PLASTIC DEFORMATION of a centrally heated two-layered
composite cylinder with free ends subjected to uniformly distributed internal energy
generation within an inner cylinder is studied using Tresca’s yield condition and its
associated flow rule. Stress, strain and displacement distributions in the composite
cylinder made of elastic-perfectly plastic material are derived considering the influ-
ence of geometric parameters as well as material properties such as yield strength,
modulus of elasticity, Poisson’s ratio, coefficient of thermal conduction and coefficient
of thermal expansion. Yielding starts at the outer boundary or at the axis correspond-
ing to an ‘edge regime’ of Tresca’s prism in both cases. Propagations of the plastic
regions are studied due to an increase of a heat generation.
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1. Introduction

IN MANY ENGINEERING APPLICATIONS, it is necessary to conduct an elastic-
plastic stress analysis. One of the reasons for this analysis is a thermal stress
generated due to heat generation in bodies such as electrical conductors and
nuclear reactors. The determination of the elastic-plastic and thermal stresses
in cylindrical or spherical bodies has been achieved in a wide range of applica-
tions [1-4|. GULGEC studied the influence of the temperature dependence of the



204 F. YaLciN, A. OzTURK, M. GULGEC

yield stress on the stress distribution in a heat generating elastic-plastic cylinder
with fixed ends [5]. Different studies on the similar topic were also conducted by
various authors [6-9]. In a similar problem, ERASLAN [10] subjected concentric
tubes to free and radially constrained boundaries . In his study, the heat was
assumed to be generated at a constant rate either within the inner or the outer
tube. ORCAN investigated the thermal stresses for both elastic and plastic de-
formations in a heat generating elastic-plastic homogeneous cylinder with free
ends [11]. More recently, OZTURK and GULGEC studied first an onset of yield due
to material properties, and next they conducted an elastic-plastic stress analysis
of two-layered heat generating composite cylinder with fixed ends, in addition to
the effect of the material properties on the onset of yield due to thermal stresses,
respectively [12, 13].

The purpose of this paper is to obtain the complete solution and present
a parametric analysis of elastic-plastic behaviour of the composite cylinder with
free ends, which consists of two materials concentric to each other.

2. Problem statement and temperature distribution

The geometry of the considered problem consists of an infinitely long solid
cylinder of a radius “a” placed inside a tube with the inner radius “a” and the outer
radius “b” (Fig. 1). This composite system is assumed to have free ends and the
problem can be treated as a generalized plane strain problem. Since the end effects
are ignored in the present analysis, the solution will be valid for sections located
sufficiently away from the ends. It is assumed that heat is generated only within the
inner cylinder at a uniform rate and transferred outside through the surrounding
tube to an ambient kept at constant temperature. The material parameters are
supposed to be independent of the temperature, because the equations derived
in this paper are general equations that are not aimed for a specific material. It
is not possible to derive a unique correlation for all materials, related with the
dependence on the temperature. So, anyone who wants to use these equations
for a specific material can insert the correlation for temperature dependence into
the general equations and then follow the procedure given in this paper.

The involved geometric and the thermo-mechanical parameters can be listed

as follows:

a,b: inner and outer radii of the tube,

Fh, Ey:  elasticity moduli,

a1, ae:  coeflicients of thermal expansion,

vi,v2:  Poisson’s ratios,

A1, Ao:  coefficients of thermal conduction,

aé , O'él . yield strength of the solid cylinder and yield strength of the tube,

respectively.
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Fi1G. 1. Composite cylinder geometry and plastic regions with their propagation directions
(“e” stands for elastic region, “p” for plastic region).

The temperature distributions of the inner solid cylinder and the outer tube
are denoted by 77 and T respectively. The reference temperature at the outer
surface is Tp. The unsteady, coupled heat equation in polar coordinates, in its
general form for the solid cylinder can be written as [14]

10 (\ O\, 10 (0T 00 aTY L,
(2.1) r8r<)\1r8r>+T23¢<)\13¢)+az<)\132>+q
1

oT;
= Plelﬁ + (3N +2m)an Ty

on;

ot ’

where 1, ¢, z are the cylindrical coordinates, ¢ is the time, T} is temperature
distribution, ¢’ is internal energy generation per unit volume per unit time, py
is the density, Cp1 is the specific heat, A\; and p1 are Lame constants, and D; is
the dilatation. If the internal energy generation is slowly increased, the governing
equation for the radial temperature distribution is reduced to:

LO (301 o
(2.2) ~ar ()\17’ or ) +q" =0.

The temperature distribution for the solid (inner) cylinder becomes

"n,.2

q"'r
4\

(2.3) T = + Ailnr + As.
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At r =0, T1 has to be finite, hence A; = 0 and

"n,.2

q"'r
4

(2.4) T = + Ay
Solving Eq. (2.2) for ¢"’ = 0, since there is no heat generation in the tube (outer
hollow cylinder), we find that

(2.5) To = Aglnr + Ay.

Using the conditions of continuity of the temperature and heat flux at the inter-
face, the temperature is finite at » = 0 and equal to Ty at r = b. The temperature
distributions in the solid cylinder and in the tube take the following forms re-
spectively:

" 2 2 2
q" (r°—a 2a a
2.6 T = —— —1In— Tt
(26) =77 < DY nb> + 1o,
", 2
q"a r
2.7 T, = — In - +Tp.
(2.7) 2 g Db+ 0

3. Elastic deformation

By means of the basic equations of linear elasticity theory, the stress and the
radial displacement distributions take the following forms [13].

3.1. Solid cylinder

(M)#:Wﬁzﬁ%ﬂ+%+%’
BQJ#RE2W%ﬂm+%%,
(m)d:-f%%ﬂ+ma+&%

(3.4) ol = 1l 21”1 % + |a1 1 f ZiHI(O,r) + 2%11(1 +1)(1 = 2u1) — vres |7
3.2. Tube

a5 o= fj‘z)eﬂ(a,r) + % %

3O ol = fi‘z) 0" (ar) 1) + 2~ 2,
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FEsao
(3.7) oll = — i V2)T2 + 19C3 + Eae.,
14+ Cy
3.8 = _ —
( ) Y E2 T
1+ v C
+ [OQj@H(a,T) + 2—E32(1 + 1v9)(1 — 219) — 1/252} r.
In the above expressions,
1 1
0'0,7) = — [ Turd d o :—/T dr.
(0,7) 742/ 1rdr an (a,r) - or dr
0 a

The stresses and displacement are continuous at the interface and are bounded
at the axis, the surface of the tube is free of any traction, and for an infinitely
long cylinder with free ends

a b

/U£27r7“d7“ + /052777" dr = 0.
0 a

When these conditions are enforced, it is found that Cy = 0 and the other
unknowns are determined as follows:

Eyor Esan 1 1
. =2|— i
B9 G2 00+ e ) + O s ) |
- Eran 11 o Cy
(3.10) C3 =2 [(1 = 1/2)9 (a,b) 2|
2F 1« Fie,(vo—v
(3.11) Cy= 0" (a,b)D1 — 010, 0) G2 — )
’ B E 1+v 1—2v 1+12)71"
a% o bLQ + E_;(1+151)(1i)2u1) [( b2 2! + ( a22)}
Eaoll 14v9)(1—2v
where Dy = (2585 + Froa 2y
Fia " a FEoa
(3.12) .= 00 [T (- + 5 ng) +216'(0,0)] + G245 D2D5 Dy
’ 2 b2 V] —U ’
(B = B (% —1) + 782 B i
where
- q/// a2 b2 a 1 I b2
Dy = 5 N 5q? In b3 20 (a,b) v+ o P 1],
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Dy =0"(a,b [— Y + Fa —201(0,a)———,
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3.3. Dimensionless parameters

In order to generalize the obtained results, the parameters are made dimen-
sionless as follows: 7 = r/b — dimensionless radius, @ = a/b — geometric pa-
rameter, F = E,/E, — ratio of Young’s moduli, 7 = v /vy — ratio of Poisson’s
ratios, @ = a;/ag — ratio of thermal expansion coefficients, A\ = \;/\s — ra-
tio of thermal conduction coefficients, 7y = aél / 0’6 — ratio of yield limits, and
7" = (¢" a1 E1b?) /(0§ A1) — dimensionless thermal load parameter. The stress,
displacement and plastic strain components are made dimensionless in the fol-

lowing forms:

_ Oy _ gp _ Oz _ Eiu
= — ()’0 = — O, = — u = ——
T I’ I’ z I7 I )
o o o ogb
P p P
- _ Eqer - E1€9 —p _ Eye;
& = "1 €= 1 2= T 10
90 09 90

and the temperature distributions in the two layers are written in dimensionless
forms as T1 = (Tl — TO)Elal/Jé and T2 = (T2 — To)Eloél/O'(I) (Flg 2)

1.0 1

Nondimensional temperature

0.5 1 .
=T

T T T

00 4 T T T T T T T T -
00 01 02 03 04 05 06 07 08 09 1.0
Nondimensional radius

FiG. 2. Dimensionless (nondimensional) temperature distribution for Q@ = 0.5, §”" = 15,
X=0.3, A=10and X = 1.8.

3.4. Elastic limit analysis

The elastic-plastic constitutive equations for the generalized plane strain
problem in cylindrical coordinates are given by [15]:
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1
(3.13) Er = E[O'T —v(og+ o) +aT +eP,
1
(3.14) g = E[O’@ —v(op +0.)]+aT +¢ep,
1
(3.15) £ = E[UZ —v(or +09)] +aT — (£ +&h),

where €, = constant for generalized plane strain. Assuming that the two layers
forming the composite tube have the same thermo-mechanical properties E = 1,
a=1,A=1,7=1,50 =1, the dependence of onset of yield at the axis and at
the surface on the geometric parameter @@ = a/b is investigated. Yielding starts
both at the surface and at the axis of the composite cylinder for @ > 0.4199
(Fig. 3). It is noted that the thermal load required for the onset of yield increases
exponentially as the geometric parameter () decreases.
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0.0

Yielding sets at the surface
and at the axis simultaneously

Yielding starts first
at the surface

Nondimensional load parame

00 01 02 03 04 05 06 07 08 09 1.0
Geometric parameter (Q)

F1G. 3. Dependence of onset of yield on the geometric parameter Q for E =1, a=1, A =1,
v=1and g9 = 1.

4. Onset of yield at the surface of the composite cylinder

Yielding starts at the surface of the composite cylinder in which the stress
state corresponds to an edge regime of Tresca’s yield surface with the principal
stresses g9 = 0, > o,. Two plastic regions develop simultaneously and expand
inwards through the tube, while the solid cylinder stays purely elastic (Fig. 1).
In this section, the general equations for determining the plastic stress-strain
relations for Tresca’s yield criterion are derived based on a unified approach by
Drucker [15].
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4.1. Plastic region 1 (ry <7 < b)

In this edge regime, Tresca’s yield functions

(4.1) S =(oo)1" = (o)1 — o,
fa=(02)1 — (Jr){l Uél

and the associated flow rule [16]

0 fr
4. del. = d\
(4.3) €ij zk: 0oj g
lead to

2

af1 dfa
4.4 = K dn, = d\
( ) l] kz:: aa‘” k= 80‘@' 80'] 2

which, when substituting non-zero stress components, results in

(9fk afl an
p el
(4.5) de _Z B0y PN T g, 02 = dA,
(4.6) de? = ~ O i, = 2N 012 159 — do,
<~ o o o
(4.7) de? = ~ O = 20 012 5, = —(dA1 + dAs).

k —
22 9o, do, ' " o,

Applying these relations to the plastic region 1, we obtain: d(sg){f = dAq,
d(eD)I = d)\y and d(eP)if = —(d\; + d)\2), where the subscripts 1 and 2 of
dA are only index numbers, irrelevant to the plastic region numbers. Hence,

(4.8) d(eh)i’ = —[d(ep)i’ + d(eD)]],

where the superscript I7 denotes the tube, and the subscript 1 the plastic region 1.
According to Egs. (4.1) and (4.2), the equation of equilibrium leads to

(4.9) (o) = ol Inr + Cs,
(4.10) (o)1 = (09)1 = o' (1 +1n7) + Cs.

Using plastic incompressibility, the elastic formula for dilatation leads to a dif-
ferential equation for the radial displacement with the general solution

1 1 C
[ ”(2 + 3lnr> + 305} + 3agrd (ry, 1) — SET + =
"

1—2V2’I”

4.11 I _
( ) Uy E, )
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where
,

01 (ry,r) = % /Tg(r)rdr.
r

T4
The plastic strains are then obtained as
1—-2u11 7 — Gy
(4.12) (0l = 5 5[061 Inr+ Cs] + 15, ol
1 C
— a[307 (ry,r) — 215 (r)] — 5€= T—26,

(413) (D)7 = e, — 2 [(1 = va)ol! + (1 = 200) (0l Inr + C5)] — asTo(r).

— o2

4.2. Plastic region 2 (r3 <r < ra)

In this plastic region, due to the inequality ()i > (0.)4 > (0,)4, we

obtain
(4.14) f=(00)3 = (00)3 =o',
and thus the following can be written: d(e)i = —(deb)if, d(5)¥f

stresses, displacement and plastic strains are derived as

(4.15) (o,)8 = ol nr + C7,
(4.16) (ag)g = O'é[(l +Inr)+ Cy,
1 1-2
(4.17) ull = (1 + o) U2)r[aél Inr + C7]
Es
i Cs
+ 2(1 + vo)agre™ (r3,r) — vee,r + o
oIl
(4.18) (55)51 =—(1- V%)fOQ + (14 m)az[20™ (r5,7) — Tu(r)] +
(4.19) (D) = —(eh)d,
where

r

1
01 (rs,r) = - /Tg(r)rdr.
r

3

4.3. Conditions and determination of the unknowns

= 0. The

Cs

Two elastic regions surrounded by two plastic regions contain 11 unknowns:
Ch, Cy, U3, Cy, Cs, Cg, C7, Cg, the axial strain ¢,, and the border radii r3 and r4.
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For the determination of these unknowns, the following boundary and continuity
conditions are enforced:

(4.20) at r =0 wul is finite,

(4.21) atr=a (o) =(0,)l,

(4.22) atr=a (= ()l

(4.23) atr=ry (o)) = (0,)3,
(4.24) at r=r3 (eh)d =0,

(4.25) atr=ry (09) — (o)1 = of,
(4.26) atr=ry (o))" = (0)3,
(4.27) at r=ry (09)3 = (02)3,
(4.28) at r=ry (eh)d = ()3,

(4.29) atr=> (0v)] =0,

a

b
(4.30) /(az)grdr+/ rdr—l—/ 02)5 rdr—i—/(az)l rdr =0,
r3 r4

0 a

where the last one is the free end condition. They result in Cy = 0 and

o Bion g Cs C'4
(4.31) Cl—2[(1_yl)9(0 a) + 5 —l—
B Exan  py rg Oy
(4.32) Cs = 2[<1 = 1/2)0 (a,r3) + ofl In b a2
Tg Esa I I
(4.33) Ci=3 (1 — 207 (a,r3) — Ta(r3)] — og
(4.34) Cs = —otl Inb,
(4.35) C7 =Cs,
(436) FEoe, = O‘O |:1 — Vo + (1 — 21/2) In €:| + EQOQTQ(’I"4)
1T 2
o~ 00 o 14 20— Ay _ T4
(437) Cs = Cg 5%, T4 |: 5 + (1 21/2) In b

1
— agri [VoTo(rg) — 2(1 + VQ)OII('I"?,, r4)] + iszrz,
II

(4.38) Cs =13 [(1 — )20 7,

+(1+ Vz)Oé2T2(T3)} ;



A PARAMETRIC STUDY ON THE ELASTIC-PLASTIC DEFORMATION. . . 213

Cl 03

(4.39) (1 + 1/1)(1 — 2V1)2—ﬂ — (1/1 — Vg)é‘z = (1 + 1/2)(1 — 2V2)2—E12
1+ I 1+15Cy
- 6'(0,a) — =y

a 1— 141 (0’ CL) E2 CL2

The integrals in Eq. (4.30) are evaluated as

a

E1a1 /\
4.4 . 1 =" |a* 2 4 1 2—1 —
(4.40) /(0 Virdr = o [a +9a < 2 b)]

0

1
+§(1/101+€zE1)a2,
r3

Eyay  ¢" ry3 1 a 1
4.41 Ty gy = 1 22 (m2 )= o=z
(4.41) /(O’Z)e rdr N 4(1_V2)a rzg\ln =5 | —a’{lny—3

a

1
+§(V203—|—E2€Z)(T§—a2),

rd

Epas ¢" ry 1 rs 1
(4.42) /az2rd —{ " i —i—l/gaél] {r4<ln?—§>—r§<ln€—§)]

r3

T —T
+%(V20'0 +E2€Z)

(4.43) /b(az)1 rdr = [%—%(ln%—k%)]

T

The border radii r3 and r4 are evaluated from the simultaneous solutions of the
free surface condition and Eq. (4.30).

5. Omnset of yield at the axis of the solid cylinder

For smaller values of the geometric parameter Q = a/b yielding starts first at
the center of the composite cylinder and the two plastic regions, plastic regions 3
and 4 expand outward simultaneously with different rates of propagation (Fig. 1).
Stress states in the principal stress space corresponds to o9 = o, > o, and
oy > o, > 0, respectively.

5.1. Plastic region 3 (0 <r <1r1)

In this edge regime, the two yield functions

(5.1) fi = (00)% — (0.)% — o,
(5.2) fo=(00)5 = (02)3 — o)
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lead to
(5.3) (0r)% = (09)5 = Co,
(5.4) (az)g = Cg — G(I).

Using plastic incompressibility, we obtain the differential equation

duf ~uf  (1-2
(5.5) 4= %[(ar)g +(00)§ + (0:2)3] + 3enTi (r) — -
1

with the general solution

1-2 1 C
(5.6) wb=2""T 5[3Co — o] + Barr’ (0,r) — Jeur + “1o
E1 2 r
The plastic strains are then as follows:
I 1 Cl(]
(5.7 (= =11 - 211)Cy — o] + a1[367(0,7) — T (r)] — ze. + —
2F; 2 r
(58) (D)=~ [(1—21)Cy — ol] — an[36"(0,r) — 23 (r)] — Lo, — 10
2F, 2 r2’
1
(5.9) (D)i=e, - E[(l —2u1)Cy — ap] — a1 Ta (7).
5.2. Plastic region 4 (11 <1 < r2)
By using the yield function
(5.10) = (00)i — (02)i — 0¢,
the plastic strain increments d(e£)] = —d(eh)], d(eF)] = 0, the equilibrium and

the compatibility equations, we derive the following differential equation for the
tangential stress:

d(ag)l (1 —214)

Gay 2O (o9)]
' dr? dr 21—y 1
1 I dIy o, &*T
= - F Ty +5r— +2r E
2(1_y1)[00 1a1<1+ " ar + e + Liez|,
with the general solution
I+ E
(5.12) (0'6'){; = CllT_(l_M) + 0127‘_(1+M) + M
1-— 2’01
Eyan

+ 1+ 2M)6; + (1 +2M)fy — 4T,

4(1 — 1)1) [(
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1
(5.13) (o) = M{CMTOM) — Cppr~ (M)
Fioq
m[(l —2M)6, — (1 4 2M)6s9)
1
+ (1_—2’01)(06 + Elé‘z),

where
T

01 = Tf(lfM) /T1 TﬁM dr,

1
r

0y = p—(1+M) /T1 rMdr,

T1

1

M=\l2a =y

Therefrom, the radial displacement and the plastic strain components are defined
as

(5.14) Byl = 2{ (1 - %) |:0117‘M + 41(17_2‘2{)131(11917}
+ (1 — v + %) |:0127“_M + 741(;__2*2?) Eloq@gr: }
+ (1 +v1)odr + Ere.r,

(5.15)  Ey(e)l= <1 oy — %) [Cnr—(l—M) n %Emgl:
+ (1 —v + U—]\}> |:012T—(1+M) + %EquaQ].

5.3. Conditions and determination of the unknowns

For the determination of the 11 unknowns: Cy, Cy, C3, Cy, Co, Cig, C11, Ci2
the axial strain ¢,, and the border radii 71 and 73, the following boundary and
continuity conditions are used:

(5.16) at r =0 ul is finite,
(5.17) at =11 (0)§ = (ov)4,
(5.18) at =11 (09)} = (0)4,
(5.19) atr=r1 (e0)L=0,
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(5.20) atr =71y (eh)i =0,

(5.21) atr=ry (0v)f = (0,)L,

(5.22)  atr=ry (op)l = (00)L,

(5.23) atr=a (ov) = (0r)L,

(5.24) atr=a (W= ()l

(5.25) atr =29 (m)él =0,
rl T2 a b

(5.26) /(gz)é’r‘d’r + / (o) rdr+ / (o) rdr+ / (o) rdr =0.
0 rl r2 a

The above conditions lead to C1g = 0 and

1 (1—M) 1 a+m) , Fiog
5.2 =11 -
(527) 1 ( +M>C117“2 + <1 M>C127“2 —1-4(1_]/1)

X [<1+%>(1—2M)91(r1,r2)+ <1—%>(1+2M)02(r1,r2)]

2 1
—_— B

1 1 Fia
9 _ 1- — 1+M L 1-M| 1641
(5 8) Cy 2 [( >CHT —|—<1+M>0127"2 8(1—1/1)

[(1%) (1= 200, (r1, 7)+ (1+%> (1-42M)05(r1, TQ)] "2

Eyas g 04
2
(629) = {(1 e

ElOél Eyan g Cq Cz
(5.30) _a2 ) ro,a)— = VZ)H (a,0)+ =+
(5.31) Cy= —(1_2V1)[2E1a1[39 (0,71)—2T1(r1)]+ Ere. +0i],
_1 (-an) [ 6A+M)

(532) Cll = 2E1a1r1 {(1—21/1)9 (0,7‘1)

*[(1—31)‘??—% ]Tl(”)}’

1 6(1—M
(5.33) Ci2 = EElalrgHM){—u@I(O,rl)

=
T T B
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(5.34)
Bttt ) -
ra0) {en (F250) + g sy [ ! = i)

{( M)Cllrz - M)+( a7)Crary (1+M)+(1 22y1) a4
iy [(L37) 61 (1, 72) (1 =2M) + (1= 57 ) (1+2M) b2 (1, 72)] }
{obr (m)(1=20) — gl 3 [ g - GGy (v e
+(E2a2 911 {(b2b2 [_ 22:3)_(1%22(22—21/2)] _(1+V2)ES;—21/2)}

£y, = — i

—(1+V1)+mm{—}3(1+’/2)[1+Q2(1—2V2)]}+(V1—V2)

From Eq. (5.20) we have the following relationship:

(5.35)

<1 - — M) [0117“_(1 M) +

1% —
+ (1 — v+ M1> [Cl% (M)

(1—2M)
4(1 — Vl)
(14 2M)
4(1 — 1/1)

Ey0101 (71, 7“2)]

0,

Ey016(r1, 7“2)]

and the integrals in the free end condition take the following forms:

rl

2
-
630 [ (okrar=(Co- o)L,
0
r2
O (rk 1+M 1+M)
I
(5.37) / (o) lrdr = ——
rl
Ciap(ry ™ —ri™) | Eie. + 2010 (] — 1})
1- M (1-2W) 2
E
+ (1—1V1 { /01 ri,T)rdr
T2
+ (1+2M) /«92 ri,r)rdr —4 /Tl( )rdr]
T1 T1
T2
(5.38) /91(7’1,7')7’ dr
™

q" ry —ri a? 1 2 a
i 4+ Zme
Rl Y I V) R v S VR W
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2 2 (1-M)
) Al
2 1+M
I YT I
(1+M) | *\ry U NGB-M))
pA 2
5 — T a 1 2 a
. — —1
(5.39) /92 r1,r)rdr = T [4)\1(3—1—M)+ M( ™ —|—>\2 nb>
r%—ﬁ_ 1 Q20 (1+M)_T2
2 1— M| *\r !
T P T
(1—M)| 2\ Hx@-Mm)
r2

" 4 4 2 _ .2 1 2
(5.40) /Tl(r)rdr: _qI {rz " + (r3 Tl)aQ{———i——lng}}

1
a

(5.41) /(az)glr dr

r2

_ B q" a4—r§+(a2—7"§)a2 —i+31n9
(1—V1) 4 4)\1 2 /\1 )\2 b
Oy + Ere,
P OERE) 2y,

2
b 1
(5.42) / (o) rdr = §(V203 + Foe.)(V? — a?)

Eron q’” 2 p? b 1 a? a 1
+ n-—=)——(ln-—-=]1.
O-wm) 2 |2\ 2) 2\"p " 2

In the first stage of elastic-plastic deformation, the border radii 1 and r9 are
evaluated as a function of the thermal load from the simultaneous solution of
Egs. (5.26) and (5.35).

6. Onset of yield at the interface of the composite cylinder

Depending on the choice of the material parameters, beyond a certain critical
load parameter, another plastic region, plastic region 5 can be generated at the
outer surface of solid cylinder (the interface of the composite cylinder). This
region propagates inwards as plastic regions 3 and 4 expand outwards until they
meet when the elastic region vanishes and the solid cylinder reaches the fully
plastic state (Fig. 1).
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6.1. Plastic region 5 (r5 <r < a)

In this region,(og)! > (0.)f > (0,)% and the yield function

(6.1) f=(09) = (02)§ — 0
requires that d(ef)l = —(del)! and d(e£)f = 0. Hence,
(6.2) (O'T)g = G(I) Inr + Cys,
(6.3) (O’@)é = aé(l +Inr) + Cy3,
(6.4) (O'Z)é =1 [05(2 Inr+ 1) + 2013] + Fie, — Elhol(Y’),
1+v1)(1—2v
(6.5) ul = l)bﬂl 1)7«(05 Inr 4 Ci3)
C
+2(1+ 1/1)0417’0[(7’5, r) — vie.r + %,
6.6 P (]2 ah 1 VL T Cl4
(6.6) (gp)5 = —( _Vl)E_l + (L4 vr)an[207 (rs,r) = Ta(r)] + —5,
where

91(7"5,7’) = r—12/T1(r)rdr.

T5

6.2. Conditions and results

For this stage of plastic deformation, the total number of unknowns is 17 and
they are C1, Cs, Cs, Cg, C7, Cy, Cy, Cro, C11, Cr2, C13, C14, €2, 11, T2, 74 and 75.
In Section 5.3, the unknowns C7, Cs, Co, C1g, C11, C12 were determined, and
in Section 4.3, the unknowns Cs, Cg, C7, &, were defined. Using the conditions:
(el =0at r =15, (0,) = (0,) and (Wi = (w)f at r = a = rs, it follows
that

a [(1 +v1)(1—21y) B (14+19)(1— 2V2):|

2) I
. = 1 -
(6.7) Csg=a {Uo n b 22 7,

C
+2(1 4+ v1)ar0 (r5,a) + (v2 — v1)ez + ﬁ}’

(6.8) Ci3 = al! ln% —ollna,

O'I
(6.9) Cis = T%{(l — V%)E—Ol +(1+ Vl)alTI(r5)}.

The unknown border radii will be determined from the simultaneous solution of
the following nonlinear equations:
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—(1— 1—-2M
(6.10) <1 —v — %) [C’UTQ (=M ngm% (r1, 7"2)]

4(1 — 1/1)
141 —(1+M) (1 ‘l‘ 2M)
1-— — ~———~Fia10 =
+ < v+ M) [0127”2 + 20 =) 1a162(r1,m2) | =0,
Eioq Ci Oy
11 I Bt el B I S
(6.11)  ag n7“5+013+(1_y1)9 (r2,75) 2 2 Y
2 Eron Cy ol
6.12 — = _Fiaq0! -—T - 2— — =0
( ) (1 _ Vl) 101 (TQ?TE)) (1 B Vl) ( ) 5 ) )
and the free end condition is
rl r2 r5
(6.13) / o 3rdr+/(az)ﬁrdr+/(az)£rdr
0 rl r2
a r4 b
—}—/(az)érdr—}—/(az)Q rdr+/(0z)1 rdr =0,
r5 a r4

where

a

17
(6.14) / (o) krdr = viof [(a2 - rg)ail ln% —7r2ln T—S}
a

5

4_ .4 2 _ .2 2 _ .2
q" [a* =715 a®—715| o 1 2 a a® —rg
E ——+—In— E .
+ oy 4{ Dy + 5 [a < + n )}}—l— 1€2

7. Numerical results

In this section, the conditions for the onset of yield and the effects of all the
parameter ratios on the distribution of stresses and plastic strains in different
stages of elastic-plastic deformations are investigated. In the presentation of the
numerical results, the ratios of the material parameters are taken as 1.0 unless
they are specified differently.

7.1. Effect of the parameter @

First, the case in which all the dimensionless parameters are taken as 1.0 is
considered. Yielding starts simultaneously both at the axis and at the surface of
the composite cylinder for the dimensionless load parameter g/ =17.541 and for
the geometric parameter Q=0.4199. For the values less than the critical value
of 0.4199, yielding starts at the axis and for the values greater than the critical
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value of 0.4199 yielding starts at the outer surface. For @Q=0.4 < 0.4199 as shown
in Fig. 4, yielding starts first at the axis at §¢” =18.431 for 5p= 1, and plastic
regions 3 and 4 expand outward with increasing thermal loads. At " =19.156
the elastic-plastic behavior of the composite cylinder enters the second stage
in which plastic flow starts at the outer surface, and plastic regions 1 and 2
propagate inward. The plastic-elastic border rs reaches the interface at r—a and
7" =23.591, while the inner portion of the outer cylinder is still elastic. The
stresses and deformations corresponding to §” =20.944 are plotted in Fig. 5.
The composite cylinder reaches the fully plastic state with ro = a = r3 at
7" = 26.052.

26.0

25.0 ]
24.0 4
23.0 1
22.0 ]
21.0 1
20.0 1
19.0 ]
18.0 1
17.0 1
16.0 ]
15.0 1
14.0 1

Nondimensional load parameter

13.0 1
12.0 1

11.0 v L] L4 T T v v T T v T v T . T )
00 01 02 03 04 05 06 07 08 09 1.0
Nondimensional radius

Fic. 4. Expansion of plastic regions as a function of the load parameter for @ = 0.4,
go = 1.0 and 79 = 0.6.

7.2. Effect of the parameter 7

It was shown in Fig. 4 that for 59 = 1 yielding starts at the axis when
@ = 0.4. On the other hand, for small values of the yield limit ratios yielding
starts first at the outer surface of the tube. For oy = 0.6, the corresponding
load parameter of the onset of yield at the surface of the tube is 7" = 11.5. In
Fig. 5, the stresses and the deformations are compared for the chosen yield limit
ratios. If the yield limit ratio is decreased further, yielding starts again at the
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FiG. 5. a) Stresses and displacement, b) plastic strains for Q = 0.4, "' = 20.944, 59 = 1.0

and g9 = 0.6.

outer surface, but this time at smaller load parameters. When @Q = 0.8 for both
oo = 1.0 and 7y = 1.4 yielding starts at the surface for the load parameters of
7" = 6.4798 and ¢ = 9.0720 respectively, while the tube has a relatively higher
resistance to yielding.
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E =1.5.
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7.3. Effect of the parameter F

The effect of the parameter E on the stress and deformation distribution in
the second stage of elastic-plastic behavior is shown in Fig. 6. For Q = 0.6 and
7" = 15 for E = 1, the border radii are evaluated as 7; = 0.12546, 75 = 0.32300,
73 = 0.61268, 74, = 0.80856; whereas for E = 1.5 the border radii are evaluated
as 71 = 0.09410, 7o = 0.24226, 73 = 0.84334 and 74 = 0.90494. It is shown that,
as the Young modulus of the inner component becomes greater, i.e., for £ > 1,
the inner and outer plastic regions stay in a narrow range. However, the inner
and outer plastic regions propagate faster for £ < 1. For the same geometric pa-
rameters Q = 0.5, ¢” = 15 and E = 0.5, the border radii become 7; = 0.04401,
79 = 0.11331, 73 = 0.51084 and 74 = 0.76464, which justifies the case presented
above.

7.4. Effect of the parameter v

For Q = 0.6, " = 15 and 7 = 1, the radii were given in the previous section.
For 7 = 0.7, we have 71 = 0.06529, 7o = 0.17805, 73 = 0.67017 and 74 = 0.82228.
This shows that as 7 gets smaller all of the plastic regions cannot expand at the
same rate. For Q = 0.5, ¢/ = 15 and 7 = 1, the border radii are 71 = 0.02298,
9 = 0.07679, 73 = 0.70994, 74 = 0.91793, whereas for 7 = 1.38, the border radii
become 71 = 0.81678, 7o = 0.32794, 73 = 0.51285, 74 = 0.89412. Compared with
v =1, it is found that when 7 > 1 the plastic regions expand at a faster rate.
In Fig. 7, it can be also noted that the plastic strains for 7 > 1 are considerably
greater than those for 7 = 1 at the same load parameter.

7.5. Effect of the parameter X

The effect of the parameter A on the temperature distribution was shown in
Fig. 2. As ) increases the temperature distribution inside the composite cylinder
increases. The effect of X on elastic-plastic stress distribution is evident from its
contribution on the temperature distribution. For @ = 0.6, 7" = 15 and X = 0.6
the border radii are 71 = 0.03211, 75 = 0.08267, 73 = 0.68031 and 74 = 0.95227;
whereas for A = 1 they become 7 = 0.12546, 72 = 0.32300, 73 = 0.61268 and
74 = 0.80856.

7.6. Effect of the parameter @

The effect of the coefficient of thermal expansion ratio @ is shown in Fig. 8.
For @ = 0.5 and ¢” = 15 when @ = 1.2, the border radii easily propagate
(except for the outermost plastic region) and become 71 = 0.08353, 72 = 0.21505,
73 = 0.55869 and 74 = 0.95456. On the other hand, for @ = 0.8 the border radii
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Fic. 8. a) Stresses and displacement, b) plastic strains for Q = 0.5, 7"’ = 15, @ = 1.0 and
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are 71 = 0.06455, 7o = 0.16618, 73 = 0.70517 and 74 = 0.81678, which shows
that the expansion of plastic regions is retarded for @ < 1.

8. Conclusions

The advantage of using a two-layered composite cylinder, due to its higher
thermal load carrying capacity, becomes apparent when the results presented
in this study are compared to those given by ORCAN for a homogeneous solid
cylinder in [11]. As the thickness of the tubular shell is increased, onset of yield at
the outer surface and its propagation become more difficult, and for sufficiently
small values of the geometric parameter @), yielding occurs at the axis if higher
thermal load is supplied. The choice of the greater Young modulus for the solid
cylinder, i.e., as E increases, causes the propagation of plastic regions to become
more difficult, leading to wider elastic regions. On the other hand, choosing
smaller values for each of the parameters 7, @ and \ results in a retardation of
the expansion of plastic regions. It is concluded that thermally induced elastic-
plastic deformations of the composite cylinder can be decreased significantly by
a proper selection of the ratios of thermo-mechanical properties.
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