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THIS PAPER STUDIES THE PROPAGATION of Rayleigh waves in an orthotropic elastic
half-space coated by a thin orthotropic elastic layer. The half-space and the layer are
assumed to be either compressible or incompressible and they are in sliding contact
with each other. The main aim of the paper is to establish approximate secular
equations of the wave for all (four) possibilities of a compressible or incompressible
half-space covered with a compressible or incompressible thin layer, except the case of
a compressible half-space coated by a compressible layer that has been considered [19].
In order to do that, the effective boundary condition method is employed and the
approximate third-order secular equations regarding the dimensionless thickness of
the layer are derived. It is shown that these approximate secular equations have a high
accuracy. Based on the obtained secular equations, the effect of incompressibility on
the Raleigh wave propagation is considered through some numerical examples. It is
shown that incompressibility strongly affects the Raleigh wave velocity and the effect
becomes stronger when the coating is incompressible.

Key words: Rayleigh waves, orthotropic elastic half-space, thin orthotropic elastic
layer, sliding contact, effective boundary conditions, effective boundary condition
method, approximate secular equation.

Copyright © 2015 by IPPT PAN

1. Introduction

THE STRUCTURES MADE OF A THIN FILM ATTACHED TO SOLIDS, modeled as
half-spaces coated by a thin layer, are widely applied in modern technology. The
measurement of mechanical properties of thin films deposited on half-spaces
before and during loading plays an important role in health monitoring of these
structures in applications, see for example MAKAROV et al. [1], EVERY [2] and
references therein. Among various measurement methods, the surface/guided
wave method is most widely used [2], because it is non-destructive and brings
reduced cost, short inspection time and greater coverage (HESS et al. [3]), and
for which the guided Rayleigh wave is a versatile and convenient tool (HESS et
al. [3], KUCHLER and RICHTER [4]).
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For the Rayleigh-wave approach, the explicit dispersion relations of Rayleigh
waves supported by thin-film /substrate interactions are employed as theoretical
bases for extracting the mechanical properties of thin films from experimental
data. They are therefore the main purpose of any investigation of Rayleigh waves
propagating in half-spaces covered by a thin layer.

TIERSTEN [5] and BOVIK [6] assumed that the layer and the half-space are
both isotropic, and the authors derived approximate secular second-order equa-
tions. For this case, VINH and ANH [7] obtained a fourth-order approximate
secular equation with a very high accuracy. STEIGMANN and OGDEN |8] consid-
ered a transversely isotropic layer with residual stress overlying an isotropic half-
space and the authors obtained an approximate second-order dispersion relation.
WANG et al. |9] considered an isotropic half-space covered by a thin electrode
layer and they obtained an approximate secular equation of first-order. In VINH
and LINH [10] and VINH et al. [11] the layer and the half-space are both as-
sumed to be orthotropic, and approximate secular equations of third-order were
obtained. In VINH and LINH [12] the layer and the half-space are both subjected
to homogeneous pre-strains and an approximate secular equation of third-order
was established which is valid for any pre-strain and for a general strain energy
function.

In the above mentioned investigations, the contact between the layer and
the half-space is assumed to be perfectly bonded. For the case of sliding con-
tact, ACHENBACH and KESHAVA [13| derived an approximate secular equation
of third-order by replacing the thin layer by a plate modeled by Mindlin’s plate
theory [14]. The layer and the half-space are both isotropic and compressible.
However, this approximate secular equation includes the shear coefficient, origi-
nating from Mindlin’s plate theory [14], whose usage should be avoided as noted
by Touratier [15], MULLER and TOURATIER [16] and STEPHEN [17]. Recently,
VINH et al. [18] derived a fourth-order approximate secular equation with a very
high accuracy.

For the case when the layer and the half-space are both orthotropic, an
approximate secular equation of third-order was established recently by VINH
and ANH [19] for a compressible half-space coated by a thin compressible layer.
There are four possibilities of a (compressible or incompressible) half-space cov-
ered with a (compressible or incompressible) thin layer. Therefore, the deriva-
tion of approximate secular equations for the remaining three combinations is
needed.

By using the effective boundary condition method, the approximate secular
equations of third-order are derived in terms of the dimensionless thickness of
the layer. It is shown numerically that these approximate secular equations have
a high accuracy. Based on the obtained secular equations, the effect of incom-
pressibility on the Raleigh wave propagation is considered carrying out some
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numerical examples. It is shown that the incompressibility (of half-spaces and
coating layers) strongly affects the Raleigh wave velocity and the effect becomes
stronger when the coating is incompressible.

The paper is organized as follows. In Section 2, the effective boundary con-
dition method is recalled. In Section 3, the pre-effective boundary conditions for
a compressible or incompressible orthotropic elastic layer are presented. In Sec-
tions 4 and 6, the propagation of Rayleigh waves in an incompressible orthotropic
elastic half-space coated by a thin incompressible (compressible) orthotropic elas-
tic layer is considered. Section 5 deals with the propagation of Rayleigh waves
in a compressible orthotropic elastic half-space coated by a thin incompress-
ible orthotropic elastic layer. The approximate secular equations of third-order
are established using the effective boundary condition method. In Section 7, as
an application of the obtained results, the infuence of incompressibility of half-
spaces and layers on the Rayleigh wave velocity is investigated numerically using
the derived approximate secular equations.

2. The effective boundary condition method

Taking into consideration the thin-layer assumption, approximate explicit
secular equations of Rayleigh waves can be derived by replacing approximately
the entire effect of the thin layer on the half-space by the so-called effective
boundary conditions that relate linearly the displacements and the stresses of
the half-space at its surface. Then, by ignoring the coating, the Rayleigh wave
can be considered as a Rayleigh wave propagating in the half-space, without
the layer whose surface is subjected to the effective boundary conditions. This
approach is called the effective boundary condition method. It is worth noting
that this method is applicable not only to the Rayleigh wave propagation but
also to other problems.

To derive the effective boundary conditions, first we need the so-called pre-ef-
fective boundary conditions that relate linearly the displacements and the stresses
of the layer at its flat bottom, where the layer is in contact with the half-space.
The effective boundary conditions are then derived by using the contact condi-
tions of the half-space and the layer.

For obtaining the pre-effective boundary conditions, ACHENBACH and KE-
SHAVA [13], and TIERSTEN [5] replaced the thin layer with a plate modeled by
different theories. Mindlin’s plate theory and the plate theory of low-frequency
extension and flexure, while BOVIK [6] expanded the stresses at the top surface
of the layer into Taylor series in its thickness. The Taylor expansion technique
was then developed by NIKLASSON et al. [20], ROKHLIN and HUANG [21, 22],
BENVENISTE [23], STEIGMANN and OGDEN |[8], VINH and LINH [10, 12], VINH
et al. |11, 18] and VINH and ANH [7, 19].
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While the effective boundary conditions are immediately obtained from the
pre-effective boundary condition for the welded contact because of the continuity
of displacements and stresses through the interface between the half-space and
the layer, the situation does not occur for the sliding contact, due to the discon-
tinuity of the horizontal displacement component. To derive these conditions,
the displacement and the stresses are restricted to the class of plane waves.

3. Pre-effective boundary conditions for thin orthotropic layers

Consider a thin orthotropic elastic layer that occupies the domain
—h < 9 < 0. The layer is in sliding contact with an orthotropic elastic half-space
9 > 0 through the plane zo = 0. Note that some quantities related to the half-
space and the layer have the same symbol but are systematically distinguished
by a bar if pertaining to the layer.

3.1. A compressible layer

Suppose that the layer is compressible. According to VINH and LINH [10],
VINH and ANH [19], the approximate pre-effective third-order boundary condi-
tions have the following form:

(3.1) G12 + h(r10221 — 3,11 — piin)

2 —
+ = [7‘2512,11 + ,iéu —r3tig,111 — p(1 + 7“1)?'?2,1}
2 C66
3 - N P .
+ 3 <T4022,111 + prso22,1 — ret1,1111 — PT7UL11 — %Uut) =0, atzy=0,
2 —
(3.2) 022 + h(512,1 — ,517.2) + 1 [?”1522,11 + é@z —r3t111 — p(1 4+ r1)ur

3 —2
— — i) — — f) p )
+€ [T2012,111 +preoia,1 —ratg 111 — p(14+2r1)ug 11 — 5—U2,tt:| =0, atzy=0,
22

where
— _2 — —
(12 o T3 _ Cfg — C11C22
Tl___a 7‘2—7"14—_—, 7‘3—_7
C22 C66 C22
T3 1+7r 1
(3.3) Ty =rir2 + —/, rs = —— + —, re = (r1+12)13,
C22 C22 €66
1+ 1
2 1
r7 =1] + 2ra, rg = — + —

C66 €22
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3.2. An incompressible layer

Let the layer be incompressible. Then, the approximate pre-effective third-
order boundary conditions are given by (see VINH et al. [11])

(3.4) o12+h (0’22,1 +01,11 —,OU1> +? (7“9012,114-%0124-51@,111 —2PU2,1>
_ 9

R3S p - ) . P .
+— (79022111 +——0221—T10U1,1111 —PT11UI 11— — ULt | = 0, atxzy=0,
6 C66 C66

. h? - .
(3.5) 22+h <512,1 —ﬁﬂ2> +7 (522,11+5ﬂ1,111 —25711,1)

3/ 25 .. - .
+— | ro012,111+=—012,1+0U2 1111 —3pu211 | =0, at zo =0,
6 Ce6
where

(36) rg =1— _i, 10 = 5<_i 2), r11 = 2rg + 1, S:éll + €99 — 2€10.
C66 C66

REMARK 1.

(i) If the contact between the layer and the half-space is welded, i.e., the
displacements and the stresses are continuous through the interface of the layer
and the half-space, we immediately obtain the effective boundary conditions
from the pre-effective boundary conditions by replacing 1, @o, 12 and g9 with
u1, U2, 012 and oo9, respectively.

(ii) For the sliding contact, the situation is rather different. The horizontal
displacement is not required to be continuous through the interface; the effec-
tive boundary conditions are not immediately obtained from the pre-effective
boundary conditions. As shown below, for obtaining these conditions we have to
restrict the displacement and the stress to those with the plane wave motion.

4. Rayleigh waves in an incompressible half-space coated by a thin
incompressible layer

4.1. Approximate effective third-order boundary conditions

Consider the propagation of a Rayleigh wave, traveling (in coated half-space)
with velocity ¢ (> 0) and wave number &k (> 0) in the z;-direction and decaying
in the xs-direction. The displacements and the stresses of the wave are sought
in the form

Uy = Ul(y)eik(zl_cﬂa Ug = UQ(y)eik(xl_Ct)v

(4.1) wer (et
o12 = KTy (o, gy = ikTy(y)et =)
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for the layer, and
(4 2) g = Ul(y)eik(xlfct)7 Uy = Ug(y)eik:(xlfct)j
. — (y)eik(mfct)’ O9y = ikTQ(y)eik(oclfct)
into the half-space, where y = kxy. Substituting (4.1) for (3.4) and (3.5) yields
— 62 ﬁCQ _ 53 ﬁCQ
1 14+ —[—r9g — — — - Ll
i 1(0){ + 5 < 9 566)] + 2(0)[ €+ G (ro + 566)]
_ _ 9 83 ) 7264
+ U1 (0) [5(—5 + pc ) + — <—r10 — pciryp — —— ﬂ
6 C66
- of 0,
(4.3) +iU3(0) |e —3 + pc =0,
2

T:(0) 53( 2’)02)] +z'T2(0)<1 - %)

—+ 3
+ il (0) [52 (—g + p02>] + U(0) [5,38 + %(5 - 3,)02)] —0,

|

where € = kh is the dimensionless thickness of the layer. Let the contact between

the layer and the half-space be sliding, then we have
at xo = 0,

(4.4) o12=0, 012=0, up=1uz, 02 =02
or, in view of Egs. (4.1) and (4.2), equivalently
(4.5) T1(0) =0, Ti(0)=0, Usx(0)=10U(0), T»(0)="T5(0).

Using the second equation of (4.5) in (4.3) and eliminating U; we have

iT5(0) (a1 + aze?) = —(aze + ase®)Uz(0),

(4.6)
where
1
ay = riz — é, a2=¢ [65(2 — &5) + 2e5rix — ’1“41'2:|
4.7
(47) _ 9 .9 _ C66 | -2 2 (=2 _ 9 4.2
as = ceeryx(ryr — €5), ag = 75165 — 2TU$(€5 — 2esryx + 11 )
in which
26 ) _ [t _ _ [Ce
€s = —, Ty = —, o = B Co = —
& p p

C
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From the last two equations of (4.5) and Eq. (4.6) it follows that
(4.9) T5(0)(ay + aze?) = i(aze + ase®)Us(0).

This is the desired approximate third-order effective boundary condition with
which the total effect of the layer on the half-space is approximately replaced.
From the first equations of (4.5) and (4.9), the surface z2 = 0 of the half-space
is subjected to the following conditions:

(4.10) T (0) =0, Tg(())(al + a2€2) = iUg(O)(ags + CL4€3).

4.2. An approximate secular third-order equation

Now we can ignore the layer and consider the propagation of Rayleigh waves
in the incompressible elastic half-space whose surface xo2 = 0 is subjected to the
boundary conditions (4.10). According to OGDEN and VINH [24], the displace-
ment components of a Rayleigh wave travelling with velocity ¢ and wave number
k in the x;-direction and decaying in the xo-direction are determined by (4.2)1 2

in which Uy (y) and Us(y) are given by
1) Ui(y) = —k(byBie Y + by Bye™%2Y),
4.11

Us(y) = —ik(Bre ™Y + Boe %2Y),

where By and By are the constants to be determined and b; and by are the roots
of the equation

(4.12) Abt— (26— X)b? + (3 — X) =0,

with positive real parts (for ensuring the decay conditions), X = pc?, and
(4.13) ¥ = Ce6; B=(0-2%)/2, 0 =c11 + c22 — 2¢12

From Eq. (4.12) it follows that

26— X
(4.14) b3 + b3 = b =S,  bis=

~

¥—-X

~

= P.

It is not difficult to verify that if the Rayleigh wave exists (— b; and bg have
positive real parts), then

(415) 0< X <cgp

and

(4.16) biby =VP, by +by=1/S+2VP.
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Introducing (4.11) and (4.2)1 2 into the stress-strain relations (Eq. (6) in [24])
and using the equations of motion (Eq. (7) in [24]) yield

012 = k*(B1Bre”"Y + By Boe P2V ethlr1—ct),

(4.17) ’
0221 = ]g3(,lele—b1y + ,72B26—bgy)ezk(m1—ct)’

in which

(4.18) ﬁ":CGG(bi_‘_l)? TYn = (X—(S"i‘ﬁn)bm n=1,2.

From (4.2)3 4 and (4.17) it follows that

(4.19) Ti(y) = —ik(B1Bire Y + BaBoe V),
.19
T (y) = *k(’lele_bly + ’Y2B26_b2y).

Substituting into Eqs. (4.10) Eqs. (4.11) and (4.19) provides a homogeneous
system of linear equations for By and B

(4.20) {f(bl)Bl + f(b2) B2 =0,

F(b1)By + F(b2) B2 = 0,
where
(421) F(bn) = Vn(al + a262) + (QSE + a453)7 f(bn) = ﬁna n= 1a 2.

Due to B? + B3 # 0, the determinant of coefficients of the system (4.20) must
vanish. This gives

(4.22) f(01)F(b2) = f(b2) F(b1) = 0.
Introducing (4.21) into (4.22) leads to the secular equation of the wave
(4.23) Do + D& + Doe? 4 D3e® = 0,

where

Do = a1 [(X = 6)VP + X], Dy =as\/ S + 2V P,
Dy =a[(X —0)VP+X]|, D3y=as\/S+2VP,

in which S and P are given by (4.14). Equation (4.23), in which Dy are given by
(4.24), is the desired approximate secular third-order equation. It is fully explicit.
In the dimensionless form this equation is written as

(4.24)

(4.25) Eo + Eie + Ee? + E3e® = 0,
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where
Ey = (riz — &)[(z — es)VP + 1], By = rurie(riz —es)\/ S + 2VP,
1
Ey=—les(2—és5)+ 2é57’3x — Tfjx2][(a: — 65)\/? + ],
(4.26) 6
1
B3 = —rules — 2rju(es — 265w +1p0%)]\ S + 2P,
S=e—2—x, P=1-x
and
J Ce6
427 66 = —, r, = —.
(4.27) C66 B s

It is clear from Eqgs. (4.25) and (4.26) that the squared dimensionless Rayleigh
wave velocity = ¢?/c3 depends on five dimensionless parameters eg, €5, Ty To
and e. Note that es > 0, és > 0 (see [24]). When € = 0, from Eq. (4.25) and the
first of Eq. (4.26) it follows that

(4.28) (x —es)V1—z+2=0.

This is the secular equation of Rayleigh waves in an incompressible orthotropic
elastic half-space (see [24]).

Figure 1 presents the dependence on ¢ = k.h € [0, 1.5] of the dimensionless
Rayleigh wave velocity x = ¢2/c2 that is calculated by the exact secular equation
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Fic. 1. Plots of the dimensionless Rayleigh wave velocity z(g) in the interval [0, 1.5] that is
calculated by the exact secular equation (solid line) and by the approximate secular equation
(4.25) (dashed line). Here we take r, =1, 7, = 1.5 and e5 = 3, & = 3.5.
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(having the form of a 6 x 6 determinant) and marked (solid line) and by the
approximate secular equation (4.25) (dashed line). Here we take r, = 1, r, = 1.5,
es = 3, és = 3.5. It is seen in Fig. 1 that the exact velocity curve and the third-
order approximate one almost totally coincide with each other for the values
of £ € [0,1.5]. The maximum absolute error in the interval [0,1.5] is 0.002 (at
e = 1.5). This shows that the approximate secular equation (4.25) is a very good
approximation.

4.3. Isotropic case
When the layer and the half-space are both transversely isotropic (with the
isotropic axis being the z3-axis)
(4.29) €11 = €22, C11 = C22, C11—Cl12=2¢66, C11 — C12 = 2Ceo;,
we can see that
(4.30) es = és = 4, S=2-uz.

With the use of Egs. (4.29) and (4.30), Eq. (4.26) is simplified to

Eo = (r2z — 4) [@;-4)\/1 —x+x},
B, = rﬂrzx(rzx — 4)(1 + 41— w),

(4:31) (8 — 8r2z + rﬁxz) [(x —4V1—z+ x} ,

1

By=—2
1

Es = ETM[S —r2z(16 — 8r2z + ria?)](1 + V1 — z).

When the layer and the half-space are both isotropic, Fy, E1, Ey and E3 are
also given by Eq. (4.31), but in this case z = pc®/u, r, = ji/u, p and fi are the
shear moduli.

5. Rayleigh waves in an incompressible half-space coated by a thin
compressible layer

5.1. Effective third-order boundary conditions

Using the same technique as the one in Subsection 4.1, from the pre-effective
boundary conditions (3.1) and (3.2) we derive the approximate third-order ef-
fective boundary conditions for this case (see also [19])

1:(0) = 0,

(5.1) T5(0)(as + a6€2) = iU3(0)(ave + age?’),
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where

a5 = mrﬁ—éd,
1
ag = —g{éd(éd—%zég)+r3x(é§é§+25253—3é152—2éd)+r;‘;x2(1+3ég)},
(5.2) a1 = CooTpx (ryz—eq),
C66

ag = 12{ estrs x[Qéd(égég—éd—l)

+riz(1—28s83—E5635-+48q4+2€182) —2T3$2(1+é2)} }
in which

_c __cn __566 __ C12 9
.1,'——2, €1 = —, €2 = = €3 = ) 6d—€1—6263,
& C66 C66

C66 C2 066
Ty = y Ty = —, C=
C66 C2

Note that the total effect of the layer on the half-space is replaced approximately
by the second equation of (5.1).

066

5.2. An approximate secular third-order equation

Now we can omit the layer and consider the Rayleigh wave propagating in the
incompressible orthotropic elastic half-space (without the coating) whose surface
x9 = 0 is subjected to the boundary conditions (5.1).

By substituting into Egs. (5.1) Eqgs.(4.11) and (4.19) we obtain homoge-
neously linear equations for B; and By. Making the determinant of coefficients
of this system leads to the third-order approximate dispersion equation of the

wave:

(5.4) Dy + Die + Doe® + D3e® = 0,

where

55) Do =as[(X —8)VP+X],  Di=az\/S+2VP,

:

DQZGG[(X—(S)@—FX], D3 =ag\/ S+ 2

in which S and P are given by (4.14). In the dimensionless form, Eq. (5.4)
becomes

(5.6) Ey+ Eqie + E2€2 + E3€3 =0,



488 P. C. ViNnH, V. T. N. ANH

where
Ey = (r%x—éd)[(az—e(;)\/]?—kx], By = ryria(riz—eq)\/ S+2V'P,
1
Fy = —6{r§m2(1—|—362)+7‘3m[é%é?;—k?égég—Qéd—?)élég}
—éeq(262e3—¢4) } [(z—e5)VP+2],
(5.7)
1
= Em{égng [Qéd(égég—éd—l)

+r2x(1—28283— 563 +48q+26182) —2r;‘;x2(1+52)} }\/ S+2VP,
S=es—2—x, P=1-zx.
It is clear from Eqs. (5.6) and (5.7) that the squared dimensionless Rayleigh
wave velocity x = ¢?/ cg depends on seven dimensionless parameters eg, €1, €o,

€3, u, T and . Note that es > 0, & > 0, & > 0 and & — €283 > 0 (see [25]).
When € = 0, from Eq. (5.6) and the first equation of (5.7) it implies

(5.8) (x—es)V1—xz+2=0.

0.8

0.1 : :

Fi1c. 2. Plots of the dimensionless Rayleigh wave velocity z(e) in the interval [0, 1.5] that is
calculated by the exact secular equation (solid line) and by the approximate secular equation
(5.6) (dashed line). Here we take es = 2.1, €; = 1.8, &, = 1.2, s = 0.6, r, = 3, r,, = 0.5.
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This is again the secular equation of Rayleigh waves in an incompressible or-
thotropic elastic half-space (see [24]).

Figure 2 presents the dependence on ¢ = k.h € [0, 1.5] of the dimensionless
Rayleigh wave velocity = = ¢?/ c% that is calculated by the exact secular equation
(having the form of a 6 x 6 determinant) (solid line) and by the approximate
secular equation (5.6) (dashed line). The dimensionless parameters are taken as
es =21, e =18, e =12, e3=0.6, r, =3, r, =0.5. It is shown in Fig. 2
that the exact velocity curve and the third-order approximate one are very close
to each other for the values of € € [0,1.5]. The maximum absolute error in the
interval [0, 1.5] is 0.0109 (at € = 0.6). This means that the approximate secular
equation (5.6) has a high accuracy.

5.3. Isotropic case

When the layer is isotropic and the half-space is transversely isotropic (with
the isotropic axis being the x3 axis), we have
(5.9) cin=¢Cn=A+20, Ci2=A\ G =f, C11=Cn, C11—Cl2= 200
and consequently
(5.10) e1 =1/3, ea=7%, e3s=1/7-2, eg=4(1—-%), es=4, S=2—uzx,

where 4 = ji/(A + 2i). Taking into account (5.10), the expressions (5.7) of Ej,
are simplified to

Ey = [r%x—ll(l - 7)] {(x—ll)\/l —:U—i-x],
E, = Turg$[rgaz —4(1 - '7)] (1 + \/E),

(5.11) Ea= ,é [8(1 — )+ 4r2n(2 — 2) + ria?(1 + 37)] [(x V-7 + x}

1
B3 = 67’“{8(1 — ) +r2z[8(—2+ 37 — %) + 2r2z(4 — 29 — 7°)
—ria?(1+ )] O+ V=),
When the layer and the half-space are both isotropic, the expressions (5.11) are

unchanged, but in this case: z = pc?/u, ry = [i/pt, i and g are the shear moduli.

6. Rayleigh waves in a compressible half-space coated by a thin in-
compressible layer

According to Subsection 4.1, the approximate effective third-order boundary
condition for this case is given by (4.10). The Rayleigh wave can now be con-
sidered as a Rayleigh wave propagating in the compressible orthotropic elastic
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half-space whose surface x5 = 0 is subjected to the boundary conditions (4.10).
According to [25], the displacement components of a Rayleigh wave travelling
with velocity ¢ and wave number k in the zi-direction and decaying in the xo-
direction are determined by (4.2)1 2 in which U;(y) and Uz (y) are given by

Ui(y) = by B1e Y + by Byeb2Y,

(6.1) . .
Ug(y) = a1 B1e7 Y 4 a9 Bsge zy’

where By and Bsy are the constants, b; and by are roots of the characteristic
equation

(62) 022066b4 + [(012 + 066)2 + C22 (X — C11) + CGG(X — 066)]()2
+ (611 — X)(Cﬁﬁ — X) =0

whose real parts are positive to ensure the decay condition, X = pc?, and

ap = Zﬁkv
(6.3) B = br(c12 +ce6) _ c11— pc? — ceab?
co2b? — ce6 + pc? (c12 + c66) b

where k= 1,2 and i = v/—1. From (6.2) we have

(c12 4 c66)* 4 c22(X — c11) + co6(X — co6)
€22C66

(e11 — X)(cg6 — X) .

C22C66 '

b+ b5 =— =,

(6.4)

bib3 = =P

It is not difficult to verify that if the Rayleigh wave exists (— by and be having
positive real parts), then

(6.5) 0 < X < min{ci1, ce6}

and

(6.6) biby=VP,  bi+by=1S5+2/P.

Using (4.2)1,2 and (6.1) in the stress-strain relations (Eq. (2.2) in [25]) we obtain
the expressions of 012 and g9 that are given by (4.2)3 4, in which

Ti(y) = icee [(b1 + B1) Bie ™Y + (by + B2) Bae Y],

(6.7)
Ta(y) = [(c12 — cab1 1) Bre ™Y + (c12 — 0225252)3264’21’].
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Introducing Egs. (6.1) and (6.7) into Egs. (4.10) provides a homogeneous system
of two linear equations for By and B, and making its determinant of coefficients
equal to 0 yields the third-order approximate dispersion equation of the wave:

(6.8) Do 4 Die 4 Doe® + D3e® = 0

where

Do = ay |(cl — c11¢22 + 22X )biba + (c11 — X)X} ;
Dy = az(c1n — X) (b1 + ba),

as | (3o — c11¢22 + 22X )biby + (c11 — X)X},
ag(c11 — X)(b1 + ba),

=

2

>

3

in which b1by and by 4 by are given by Eq. (6.6). Equation (6.8) is the desired ap-
proximate third-order secular equation. It is totally explicit. In the dimensionless
form this equation is written as

(6.10) Eo+ Fie + E2€2 + E363 =0,
where
Ey = (r%x - é(s) |:(62$ - ed)blbg + (61 — LL‘)QZ:|,

FE = rurga:(rgfc — 55) (61 — a:) (b1 + bg),

1
Ey = G [65(2 — &5) 4 2esrx — r,‘fwﬂ [(62.%' —eq)biby + (e1 — x)x} ,
1
(6.11) By = —ry {ég — 2r2z (e} — 2esraT + 7“33:2)} (e1 — ) (b1 + b2),
biby = VP, bi+by=1\/S+2VP,
_ (1—2x)(e1 —x)
€9 ’
g ealer —x) +1—x — (1 +e3)?
€2
and
(6.12) e1 = 2, ey = Cﬂ, e3 = Cﬁ, eq = e1ey — e%.
C66 C66 C66

It is clear from Egs. (6.10) and (6.11) that the squared dimensionless Rayleigh
wave velocity x = ¢?/c2 depends on seven dimensionless parameters e1, ea, €3,
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€s, Ty, 7o and €. Note that e; > 0, ez > 0, ejea — e2 >0, e5 > 0 (see [25]). If
e =0, from Eq. (6.10) and the first equation of (6.11) it follows

(6.13) (egx — ed)\/F + (e1 — z)z = 0.

Equation (6.13) is the secular equation of Rayleigh waves propagating in an
orthotropic elastic half-space (see [26] and [25]).

0.75
x

0.7

0.651

0.61

0.55¢

0.5¢

0.45r

0.4 ‘ ‘
0 0.5 1 . 15

Fia. 3. The Rayleigh wave velocity curves drawn by solving the exact dispersion (solid line)
and by the approximate secular equation (6.10) (dashed line) with r, = 0.8, r, = 1.3,
e1 =25, ea=3,e3 =15 and 5 = 3.2.

Figure 3 presents the dependence on ¢ = k.h € [0, 1.5] of the dimensionless
Rayleigh wave velocity x = ¢2/c2 that is calculated by the exact secular equation
(in the form of a 6 x 6 determinant) (solid line) and by the approximate secular
equation (6.10) (dashed line) with r, = 0.8, r, = 1.3, e1 = 2.5, e2 = 3, e3 =
1.5 and es = 3.2. Figure 3 shows that the exact velocity curve and the third-
order approximate one almost totally coincide with each other for the values of
e € [0 1.5]. The maximum absolute error in the interval [0,1.5] is 0.0052 (at
¢ = 1.5). This shows that the approximate secular equation (6.10) is a good
approximation.

6.1. Isotropic case

When the layer is transversely isotropic (with the isotropic axis being the
xs-axis) and the half-space is isotropic, i.e., c11 = caa = A+ 24, c12 = A, cg6 = U,
€11 = G2 and €11 — €19 = 2Cgg, then from Egs. (36), (4.8), (63) and (6.4), it is
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easy to verify that

/ —— 1
(614) 66:4’ bl = 1771‘7 b2: 17$7 Bl :blv /32: E?
where v = /(A + 2u). With the help of Eq. (6.14), the secular equation (6.10)
is simplified to

(6.15) Eo + Eie + Eqe® + E3e® = 0,
where
Eo= (rjw —4)[(x — 2)* — dbibs], E1 = ruria’bi(riz —4),

_ 1
(6.16) E2 = —6 |:8 - 87”12)I + rﬁxz} [(az - 2)2 - 4()1()2],

_ 1

Es = Eruxbl {8 —r2z(16 — 8r2z + réxQ)} ,
here 7, = €g6/p. When the layer and the half-space are both isotropic, Ey,
(k = 0,1,2,3) are also calculated by Eq. (6.16), but in this case = = pc?/pu,
r, = [/p, pand p are the shear moduli.

7. Numerical examples

In this section, as an example of application of the obtained approximate
secular equations, we consider numerically the influence of incompressibility on
the Rayleigh wave velocity. For this purpose we consider four examples. In the
first example, a compressible half-space is coated either by a compressible layer or
by an incompressible layer. These two layers have the same elastic constants. In
the second example, the compressible half-space is replaced by an incompressible
half-space. In the third and fourth examples, two different (compressible and
incompressible) half-spaces with the same elastic constants are covered with the
same compressible or incompressible layer.

In particular, in the first example we take e; = 2.5, e = 3 and e3 = 1.5 for
the half-space and €; = 2.2, &, = 1.8 and e3 = 0.5 for the layers and r, = 1 and
ry, = 1.2

In the second example, we choose es = 2.5 for the half-space and e; = 4.6,
ez = 1 and é3 = 1 for the layers and r, = 0.8 and 7, = 2.

In the third example, the dimensionless parameters e; = 1.8, e = 1 and
e3 = 0.6 are used for the layer and e; = 2.5, eo = 3 and e3 = 1.5 for the
half-spaces and r, = 0.5 and r, = 3.

In the last case, they are es = 3.5 for the layer and e; = 2.8, eo = 3.2 and
ez = 1.5 for the half-spaces and r, = 1 and r, = 1.5.
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0 0.5 1 € 15

F1a. 4. A compressible half-space coated by a compressible layer (solid line drawn by solving
Eq. (39) in [19]), by an incompressible layer (dashed line drawn by solving (6.10)). Here we
take e; = 2.5, e2 = 3 and e3 = 1.5 for the half-space and €1 = 2.2, &2 = 1.8 and e3 = 0.5 for

the layers and r, =1 and 7, = 1.2.

0.1 ' '
0 0.5 1 15

Fi1G. 5. An incompressible half-space coated by a compressible layer (solid line drawn by
solving (5.6)), by an incompressible layer (dashed line drawn by solving (4.25)). Here we take
es = 2.5 for the half-space and €; = 4.6 and e2 = 1, &3 = 1 for the layers and r, = 0.8 and
Ty = 2.

The numerical results of the first, second, third and fourth examples are
presented in Figs. 4, 5, 6 and 7, respectively. To establish the wave velocity
curves, the approximate secular equations (4.25), (5.6), (6.10) obtained in this
paper and Eq. (39) in [19] are employed.
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F1a. 6. A compressible layer coats a compressible half-space (solid line drawn by solving
Eq. (39) in [19]), and coats an incompressible half-space (dashed line drawn by solving (5.6)).
Here we take 1 = 1.8, é2 = 1 and é3 = 0.6 for the layer and e; = 2.5, e2 = 3 and e3 = 1.5 for

the half-spaces and r, = 0.5 and 7, = 3.

0.9r 1

FiG. 7. An incompressible layer coats a compressible half-space (solid line drawn by solving

(5.6)), and an incompressible half-space (dashed line drawn by solving (4.25)). Here we take

es = 3.5 for the layer and e; = 2.8, e2 = 3.2 and e3 = 1.5 for the half-spaces and 7, =1 and
ry = 1.5.

It is shown in Figs. 4-T7:

(1) Incompressibility strongly affects the Rayleigh wave velocity.

(ii) The effect of incompressible coating layers is considerably stronger than
the one of incompressible half-spaces.

(iii) Incompressibility increases the Rayleigh wave velocity.
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8. Conclusions

In this paper, the propagation of Rayleigh waves in an orthotropic elastic
half-space coated by a thin orthotropic elastic layer is considered. The half-space
and the layer are in sliding contact with each other and they are compressible
or incompressible. By using the effective boundary condition method, the ap-
proximate third-order secular equations regarding of the dimensionless thickness
of the layer are derived for three combinations: incompressible/incompressible,
compressible/incompressible and incompressible/compressible. It is shown that
these approximate secular equations are good approximations. Based on the ob-
tained secular equations, the effect of incompressibility on the Raleigh wave ve-
locity is examined. It is shown that the Raleigh wave velocity is strongly affected
by the incompressibility of half-spaces and coating layers, and the incompress-
ibility of coating layers has a stronger effect than the one of half-spaces. The
incompressibility increases the Rayleigh wave velocity.
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