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Surface effects on the wave propagation in composites with
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THE PROPAGATION OF ELASTIC WAVES IN COMPOSITES with randomly distributed
parallel cylindrical nanofibers is studied. The non-classical boundary conditions on
the surface of nanofibers are derived by using the surface elasticity theory. The
scattering waves from an individual nanofiber are obtained by the plane-wave ex-
pansion method. These scattering waves from all nanofibers are summed up to ob-
tain the multiple-scattering waves. The effective propagation constants (speed and
attenuation) of coherent waves and the associated effective dynamical moduli of
composites are evaluated numerically. Based on these numerical results, the influ-
ences of the surface effects on the effective dynamical properties of composites are
discussed.
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1. Introduction

THE PROPAGATION OF ELASTIC WAVES IN COMPOSITES with randomly dis-
tributed cylindrical fibers is of great importance in both theoretical and applica-
tion aspects, e.g., the measure of elastic constants, the nondestructive testing of
damage and the designing of advanced composite material [1-5|. BOSE and MAL
[6-8] studied the propagation of anti-plane axial shear wave (SH-wave), in-plane
longitudinal wave (P-wave) and shear-vertical (SV-wave) in a fiber-reinforced
composite, where the circular fibers are assumed to be parallel to each other
and randomly distributed with a statistically uniform distribution. YANG and
MAL [9] studied the same problem and gave a formula to estimate the effective
wavenumber. SHINDO and NIWA [10] and SHINDO et al. [11] studied the multiple



356 Z. Kong, F. W. QIaNG, P. J. WEIL, Q. TANG

scattering waves in a metal matrix composite reinforced by dispersive parallel
fibers with interfacial layer.

WEI and HUANG [12] and WEI [13] studied further the wave propagation
in the composites with random distributed spherical inclusions. The effective
propagation constants of coherent waves and the dynamical effective moduli of
composites are estimated by making use of an effective field method and an ef-
fective medium method. In the scattering problem based on classical elasticity
theory, the contribution from surface stress or interface stress is usually neglected
because the surface or interface is limited to only a few atomic or molecular lay-
ers and the surface stress or interface stress is very small when compared with
the bulk stress. When the radius of fibers shrinks to nanoscales with the vol-
ume fraction fixed, the surface or interface stress may have significant effects
on the scattering waves. Based on the surface elasticity theory established by
GURTIN and MURDOCH [14], RuU et al. [15] investigated the diffractions of elas-
tic waves from an individual nanosized cylindrical inclusion and showed the
obvious importance of surface effects on the dynamic stress intensity around
the inclusion. Recently, the effective propagation constants of coherent SH-wave
in nanocomposites material with dispersive parallel cylindrical nanofibers were
studied in [16].

HASHEMINEJAD and AVAZMOHAMMADI [17] also studied the effective dy-
namic properties of unidirectional nanofiber-reinforced composites based on the
generalized self-consistent multiple scattering approach. Their investigation
showed that the effect of interface stress is evident and this effect gradually
diminishes as the fiber size increases. However, the effective wavenumber for-
mulas used in [16, 17] are essentially the elastic version of the single formula
for acoustics waves. It was shown by LINTON and MARTIN [18] that these
formulas are actually incorrect. A modified form of the effective wavenumber
equation for acoustics was derived by LINTON and MARTIN [18]| using other
methods. The elastic version of the corrected Linton—Martin formula was re-
cently given by CONOIR and NORRIS [19]. In their formula, the contributions
from the mode conversions between P- and SV-waves are taken into conside-
ration.

In the present work, the surface stresses of nanofibers are considered to
obtain the nontraditional interface conditions between the nanofibers and the
host material. Based on the interface conditions, the individual scattering waves
and the multiple scattering waves thus include the surface effects of nanofibers;
the effective propagation constants of coherent waves and the associated ef-
fective dynamic moduli of the nanofiber-reinforced composites are estimated
numerically by using the corrected Linton—Martin formula. The influences of
surface/interface effects of nanofibers are discussed based on the numerical
results.
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2. The individual scattering of a nanofiber

Consider a cylindrical nanofiber of radius a embedded in an isotropic infinite
host material, see Fig. 1; (x,y, z) is the right-handed Cartesian coordinate sys-
tem and the zaxis along the central axis of cylindrical nanofiber; (r, 0, z) is the
corresponding cylindrical coordinate with € being measured from the positive
direction of x axis. The scattering problems of incident P-wave and SV-wave are
considered.
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Fia. 1. The individual scattering of a nanofiber.

In the surface elasticity theory, a surface is regarded as a negligibly thin layer
adhered to the bulk without slipping and having different elastic constants with
the host and the fiber. In the host and the fiber, the classical theory of elasticity
holds. The motion equation without body force and the constitutive equation
are given in [14, 20

(2.2) szj,j = pfiizf, szj = )\fsikézj + 2,uf5{j,

where Einstein’s summation convention is adopted, d;; is the Kronecker delta,
the Latin subscripts 4, j and k range over the coordinates r, 8 and z. The elastic
Lame constants and the mass density are A, i and p, respectively. The superscript
b indicates the bulk and the superscript f indicates the fiber, u;, 0;; and ¢;; are
the displacement vector, the stress tensor and the strain tensor, respectively.
The interface tension o7, 5 is related to the interface energy density I” as [14]

or
2.3 S Gyt
( ) Oap ¢ + 3%5
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where the superscript s indicates the surface, and the Greek subscripts «, 8 and
~ range over the coordinates z and 6. For an isotropic interface, they can be
expressed distinctly as [14]

(2.4) 055 =0"60p+2(1° — 0%)eap + (N + 0%)ery0as + 0 ua g,

0 is the residual stress tension under unstrained condition, \* and p*

where o
are the elastic Lame constants of interface and are of the dimension N/m~!. In
a more comprehensive model of the surface/interface, the surface/interface has
not only own elastic properties but also own inertia and even flexural stiffness,
e.g., see STEIGMANN and OGDEN [21] and LUCA et al. [22]. In the present work,
the inertia and the flexural stiffness of surface are neglected based on the fact
that the thin layer is composed by only a few atomic or molecular layers. The
problem is greatly simplified by such treatment. The existence of surface stresses
and the hypothesis that surface adheres perfectly to the bulk without slipping

lead to a set of nonclassical boundary conditions

(2.5) ub =ud =l

7 1 70

(2'6) U?a - O-vj"ca = _O-%a,& U?r - O-fr = Uzﬁﬁa@

where k,gis the curvature tensor of surface. In the case of incident P- and SV-
waves, the scattering waves in a cylindrical nanofiber include both P- and SV-
waves. The incident and scattered P- and SV-waves are polarized in oxy plane.
To achieve the decoupling purpose, the displacement potentials ¢ and 1 are
usually introduced, namely, u = V¢ + V X ve,. The governing equations (2.1)
require

2 2
(2.7) Vo +k,0 =0,
(2.8) V3 + k2,4 = 0.
The solution of Egs. (2.7) and (2.8) is a combination of a series of cylindrical

wave functions. Therefore, the incident wave, the scattered wave in the host and
the transmitted wave in the fiber can be expressed as

(2.9) ¢ = goeFpr—wt) | g eilkiua—wi)

o0

= ¢ Z ime<kzr)ei(m97wt)+wo Z ,L~me(kls)vT)ei(m@ﬂ.ut)7

m=—o0 m=—oQ

(Z)T —_ Z BmH’r(r];)(kgr)ei(me—wt)’

(2.10) -
wr _ Z Cer(;)(kgvr)ei(me_m),

m=—0oQ
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Z bme (k]))‘r)ei(mO—wt) ’

(2.11) m=—eo

[e.9]

ol = Z chm(kgvr)ei(ma_“’t),

m=—00

where ¢ and 9y are the amplitudes of incident wave. J,(kr) is the cylindrical

Bessel function and Hq(zl)(kr) is the cylindrical Hankel function. B,,, Ci., b
and ¢, are the unknown coeflicients to be determined by boundary conditions,
ie., Egs. (2.5) and (2.6), kb, k2, ki: and ki, are the wavenumbers of P- and
SV-waves in the host and in the fiber, respectively. The time factor e~ !
neglected in the following formulations. The displacement components in the

host and the fiber are, respectively,

is

p 0(d'+9")  1O('+y")
(2.12) wub = 5y +- B
1 — . . ,
= > [¢oi™EYi (r)+ BmEY (1) +40i ™ Efs (1) + Con Y5 (r)]e™,

o¢f 1oyf 1 & i i 1 im
@13) o =G =1 3 DBk e BB
106 +9) i)

r 00 or

o0

= D o B )+ B B )i B(r) - )

m=—00

(2.14) w

o
I

(2.15) wh=-—""-T—

where
E¥(r) = kaJm_l(kbr) — me(sz‘),

() = im (K1),

(r) = k‘per,l(kI]:r) - me(kZJ:r),
EL(r) = im (),

(r) =imJy, (kbr)

(r) = k.

S'U

J (k ’I“) me(kgvr)v
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E{(r) = imJu(kir),
EA{; (7’) kgvrjm—l(kgvr) - me(kfvT)

EY(r), EY%(r), E% (r) and E%(r) are obtained by replacing J,,(kr) by HT(,%)(k:r)

in the

expressions of EY (1), E%(r), ESi (r) and ES(r), respectively.

Further, the stress components in the host, the fiber and the interface can be
obtained, respectively,

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

where

. 82(¢i+¢r) o 18(¢i+wr>
b — b 2 7 T 2 b . -
Opp = AV + ") + 20 | ==+ o | g
2 b = -m bt T -m 11t T m
= B S (0B () + BB (1) + o™ B (1) + Cn B ™,
¢l 0 [10oyf
F o \b24f 49,0 o (Llop’
Ty = AVIO7 2y [aﬂ +8'r<r 26 )]
=5 > buBL() +enmBL ()™,

o = T dgor 2 08

102" +9") g(;aww’“)ﬂ

72 002 - or \ r or

b b[282(¢i +¢") 204" +¢")

9 b ©© - 4 ‘ ‘ ‘
= ST [Goi™EY(r) + BuEY(r) + doi™ EY(r) + Cr EY (1)),

m=—0oQ

/ :Mf[za%ﬁf 2 9¢pf 1 0%yt o) <1a¢f>]

716 ro0or 208 T aer  Tar\r or
20/ < fi fig im0
= 2 Z [meﬂ (r) + cmE72(r)]e )
0 m=—o00
0'59 =0 + ()\8 + 2,&8)529
)\8+2 S
=0+ ( ~ 1)
T
X Y [poi™Egi(r) + BmEgh(r) + voi™ Egy(r) + CmEgs(r)]e™,
m=—00

Efi(r) = [mQ +m-— <Tbu> (’%27“)2] T (kD) — kw1 (Kbr),

E?Z(T) = imk‘gvr‘]mfl(k‘gv’r) - (1 m2 + Zm)Jm(kng’r’),
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i Mot
Bir) = [+ = (P fr 2| dmf) — fraatif )
Eg;(r) imkferm_l(kgvr) —(im? + im)Jm(kgvr),
Egi(r) = Kbr Jo1(Kbr) — (m® +m) Jn (Kjr),
Eg(r) = (im* + im)Jm(le)vr) — imkgvrjm_l(kgvr),
B (r) = imkbr 1 (Kor) — (im® +im) T (kbr),
. r kb 2 b
Egy(r) = (TT) = m? = m | (k) + kG T (k7).
E%("") = imkf?“Jm—l(kf;T') — (im? + im)Jm(kgr),
B00) = [ ] g k) s (L)

EY(r), E%(r), E&(r), Eg(r), EY(r) and EY%(r) are obtained by replacing
Jm(kr) by H (kr) in the expressions of EYi(r), EY%(r),ES (r), Eg(r), EY(r)
and E%(r), respectively.

The boundary condition equations (2.5) and (2.6) can be explicitly expressed
in the cylindrical coordinates as

b
(2.21) wpl, = ull _, =uf,
(2.22) ufl,_, =ujl,_, = b
(2.23) Al —ol|_ =T
r=a r=a a’
b f _ 95
(2.24) 0r9’r:a — 0-7“9‘7’:11 =50

Inserting Eqgs. (2.12)—(2.15) and Egs. (2.16)—(2.20) into Egs. (2.21) and (2.22)
and Eqgs. (2.23) and (2.24) leads to

EY; (a) Ey(a) ~Efi(a) ~Efa) | [Bn
B (a) ~ B (a) —Eﬂ(a) Ejy(@) | |Cnm
Elf(a)=$1Eg(a)  El(a)=S1E(a) a) —gE}(a) | | b

(2.25) Bl
B2 (a)+imS) B (a) E(a)+imS1 Eg(a) — E%”f(a) —gEfi(a)] Lem

—oi™EY (a)—1poi™ EY (a) 0

B —poi™ EY (a)+1poi™ ESy(a) ) 0
T 0™ (B (a)-S1Eg(a)) — i (Eé’s(a)—SlEga(a)) Amo e

— o™ (EL (a) +imS1 Egl () —oi™ (EL(a) +imSi Eg(a)) 0
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where ; 0
A5+ 28 o’a
g:M—b, Slzw and Sa =5
% 2p0a 21
are the surface parameters which stand for the surface effects. When S1 = Sy = 0,
Eq. (2.25) reduces to the traditional interface condition. The unknown coefficient

By, and C,, of the scattered wave can be obtained by solving Eq. (2.25).

3. The multiple scattering waves from all nanofibers

Consider N parallel cylindrical fibers randomly distributed in an isotropic
elastic medium. The positions of these fibers are defined by the variable set
(r1,ra,...,ry) which represents a particular configuration of these fibers. The
joint probability distribution of this configuration is denoted by p(ri,re,...,ry),
and stands for the probability of finding these fibers in the configuration. In the
composite material, the total wave field at any point r outside all fibers can be
expressed in the multiple scattering form

(3.1) u(r;ry,ro,...,ry)
—u'(r) + Y T(rpui(c) + > T(ry) Y, T(rpu'(r)+---,
k=1 m=1 k=1,k#m

where T%(ry) is the scattering operator which transforms the incident wave into
the scattered wave. The first term in Eq. (3.1) represents the incident wave. The
second term represents a first scattering wave of the incident wave. The third
term represents a second scattering wave of the incident wave and so on. The
configurational average of total wave field

(3.2) (u(r;ri,...,ry)) = /.../u(r;rl,---,rN)p(rl,...,rN)dVl---dVN

is defined as the coherent waves or averaged waves. The effective propagation
constants of the coherent waves were studied incessantly in the past several
decades. For the acoustic wave, the early formula is in the following form:

(3.3) (k*)? = k% 4 o1n,

where k is the wavenumber in the host while £* is the effective wavenumber
in the composites and n is the number density of fibers and is related to the
volume fraction ¢ by n = ¢/(ma?). LINTON and MARTIN [18] gave a second-
order correction formula

(3.4) (k)% = k> 4 61n + San’.
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However, there is some controversy over the proper value for Jo. In general,
01 and d9 are the functions of the far-field individual scatterer form. YANG and
MAL [9] gave a formula of effective wavenumber for the elastic waves in the
fiber-reinforced random composites

. <%> B {1 - %fp@r - [(%‘zfp(mr
. (Zb>2 -1 (;i%fsv(o)r - [(,i%fsv(mr,

where f,(0) (¢ = p, sv) and f,(7) (¢ = p, sv) are the forward scattering amplitude
and the backward scattering amplitude, respectively. Equations (3.5) and (3.6)
were used in [16, 17|. However, it was shown by LINTON and MARTIN [18] that
this is actually incorrect, because the contributions from the mode conversions
between P- and SV-waves are not taken into consideration. A modified form of
the effective wavenumber equation for the elastic waves has been recently given
by CONOIR and NORRIS [19]

kN2 dinfyp(0)  8n? 7 4
(3.7 (@) i (é)§>+w(kg)4 [ avcon () 25lm@) (-0
0

s T N Fos(0) Fop(—0) 4 Fsp(8) fos(—6)
m(kp)* k2—2k cos(0)+1 )
0

38 (3 )2 —1-2oke / 0ot (§ ) 5102e0) 0]

SV

+

ps sp spe p3—9
4/ o fos(0) fsp(=0)+ f5p(0) fps (—0)

(1-2/k cos(0)+1/k2)
0

16n2
C(1-1/k2)

where £ = £,/ kz. fqt(0) (¢,t = p,s) are the far-field forms of an individual
scatterer and can be obtained by

[fps(ilog k) fsp(—ilog k)+ fsp(ilog k) fps(—ilog k)],

(3.9) fop(0) = Z Bﬁzpeimee_im%»
(3.10) fos(0) = Y Chelmleima,

m=—00
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(3.11) fp(0) = > BiFel™emimy,
(3.12) fas(0)= > Cizelmle=ims,

B% and sz are the expansion coefficients of scattered P- and SV-waves for the
incident P- and SV-waves, respectively. The forward scattering amplitude fg(0)
(g,t = p, s) can be given as

(3.13) onl0) = mi (B,
(3.11) () = mfjoo e
(3.15) fsp(0) = m:ioo (—1)™BP,
(3.16) s(0) = mioo ey

The normalized effective velocity and attenuation can be obtained by

(3.17) /b =KD /Re(k),
(3.18) Coo/hy = Ky /Re(k3,),
(3.19) ab = Tm(k}/kD),
(3.20) ab, = Im(K}, kS, /kL,).

Let us consider a fictitious homogeneous material which has the same disper-
sive properties (frequency-dependent effective propagation speed) as the con-
sidered composites. Then, the fictitious homogeneous material should have the
frequency-dependent elastic moduli. These effective dynamic elastic moduli can
be expressed as

* * kb 2
321) HA_P2 [Re <—>] :
My p k%,

o B () 2 (D) - (e (2)))

where the effective density will be obtained from the simple rule of mixture
p* =cpl + (1 —c)pb, pb and K® (= AP + pub) are the transverse shear modulus
and plane-strain bulk modulus of the host, respectively, and pf and K* denote
the effective dynamical elastic moduli.

=

=
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4. Numerical results and discussion

Atomic simulations demonstrated that the elastic constants A\* and p®can be
either positive or negative, A\*/u® and p*/ub are in the order of angstroms [20].
For a macroscopic fiber, the parameter Sy is thus close to zero. The surface
effects can be neglected and Eq. (2.25) reduces to the solution of the classical
elasticity theory. However, the parameter S; becomes large enough and the sur-
face effects should be considered when the radius of cylindrical fiber a shrinks to
nanometers scale. It is noted from the expressions of S1 and Sy that S5 is much
smaller than S at the nanometer scale. The influence of Sy is nearly unnotice-
able at nanometer scale. Therefore, the influence of S; is the main concern. In
the following numerical examples, the host material is assumed to be isotropic
aluminum (p? = 2700 kg/m®, u¥ = 34.7 (GPa), K® = 75.2 (GPa)). Two types of
fiber, namely, the soft fiber (¢ = pf/u® = 0.5, K//K? = 0.5) and the stiff fiber
(9 =pf/ub =2, KT /Kb = 2), are discussed. The fiber is supposed to have the
same Poisson ratio as the host material, and the density ratio is kept fixed in
the numerical simulation, i.e., p/ / p® = 1.2. The selected volume fraction ¢ = 0.3
is considered in the numerical examples.

Figures 2 and 3 show the surface effects on the effective velocity and the
effective attenuation of coherent P-wave. It is found that the effective velocity
increases gradually with the increase of surface parameter S; both for soft fiber
and for stiff fiber. However, the effective attenuation decreases gradually for
the soft nanofiber and increases gradually for the stiff fiber with the increase
of surface parameter S7. Usually, the elastic constants of macroscale material
are positive values. The surface/interface may have elastic constants of negative
value due to the unique microstructure of surface/interface. It is observed that

a) b)

095 - - - - 0.08

Fia. 2. Effective velocity and attenuation of coherent P-wave in composites with soft fibers
at different surface parameters S1; a) effective velocity, b) effective attenuation.
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a) b)
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Fic. 3. Effective velocity and attenuation of coherent P-wave in composites with stiff fibers
at different surface parameters Si; a) effective velocity, b) effective attenuation.

the influences of negative surface parameter show an opposite trend to that of
the positive surface parameter.

Figures 4 and 5 show the surface effects on the effective velocity and ef-
fective attenuation of coherent SV-wave. Similarly to the coherent P-wave, the
effective velocity of coherent SV-wave increases due to the surface effects for
both the soft fiber and the stiff fiber. The effective attenuation undergoes an
opposite change for the soft and stiff fibers. However, there is something dif-
ferent from the coherent P-wave. Consider that k% a = wa/c’, the increase of
k% a means the increase of the frequency w for the fixed radius of fiber. It is
observed that the surface effects on the effective speed of coherent SV-wave are

)

csvlcsv

Fic. 4. Effective velocity and attenuation of coherent SV-wave in composites with soft fibers
at different surface parameters S1; a) effective velocity, b) effective attenuation.
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Fia. 5. Effective velocity and attenuation of coherent SV-wave in composites with stiff fibers
at different surface parameters Si; a) effective velocity, b) effective attenuation.

more evident at lower frequency than at higher frequency for both the soft fiber
and the stiff fiber. But the surface effects is nearly the same at lower frequency
and at higher frequency for the coherent P-wave. The surface effects on the
attenuation coefficient have evident frequency dependence, namely, the surface
parameter has more evident influence on the attenuation coefficient at higher
frequency.

Figures 6 and 7 show the effective dynamic transverse shear modulus and
effective dynamic bulk modulus of composite material. The surface effects on the
effective dynamical elastic moduli are more evident for the composite material
with soft nanofibers in comparison with the composite with stiff fibers. Moreover,

a)

0.96

094

0921

091

0.88 1

wnb

0.86 -

0841

05 1 15 2 25 3 0 05 1 15 2 25 3
KGa a

Fic. 6. Effective dynamic transverse shear modulus of composite material at different
surface parameters Si1; a) soft fibers, b) stiff fiber.
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k: a W a
. s

Fia. 7. Effective dynamic bulk modulus of composite material at different surface
parameters S1; a) soft fiber, b) stiff fiber.

the effective dynamical transverse shear modulus has more evident frequency
dependence than the effective bulk modulus.

5. Conclusions

The effective velocity and the effective attenuation of coherent waves exhibit
evident dependence on the surface parameter. In general, the effective velocity
increases due to the surface effects both for soft nanofiber-reinforced and for stiff
nanofiber-reinforced composites. However, the effective attenuation decreases for
soft fiber-reinforced composites but increases for stiff fiber-reinforced composites
due to the surface effects. Moreover, the effective velocity of coherent SV-wave
exhibits more evident dependence on the surface parameter at a lower frequency
than at a higher frequency for both of the composites with soft and stiff fibers
while the effective velocity of coherent P-wave exhibits the same dependence at
lower and higher frequencies in considered frequency range. The dependences of
effective attenuation on the surface parameter are more evident at higher fre-
quency than at lower frequency for both of the composites with soft and stiff
fiber. The effective dynamical elastic moduli are also frequency dependent and
exhibit similar trend with the effective velocity. The surface effects on the effec-
tive dynamical elastic moduli are also more evident for the composite material
with soft fibers in comparison with the composite with stiff fibers.
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