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1. Introduction

A MATERIAL WITH SMALL, DISTRIBUTED VOIDS may be called porous material
or material with voids. The theory of elastic materials with voids is a recent
generalization of the classical theory of elasticity. The intended applications of
this theory are to geological materials such as rocks, soils and wood, and to
biological and manufactured porous materials. Besides the usual elastic effects,
these materials have a microstructure with an important property: the mass in
each point can be obtained as the product of two fields: the density field of the
matrix material and the volume fraction field. This representation of the bulk
density is very important because it introduces an additional degree of kinematic
freedom. Such a representation was previously used by GOODMAN and COWIN [1]
in order to describe the flowing granular materials.

IESAN [2] developed a linear theory of thermoviscoelastic porous materials, in
which the time derivative of the strain tensor, the time derivative of the volume
fraction field and the time derivative of the gradient of the volume fraction
field are included in the set of independent constitutive variables. This theory
represents an extension of the theory of elastic materials with voids (see, COWIN
and NUNZIATO [3]) and the theory of thermoelastic materials with voids (see,
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IESAN [4]), because it takes into consideration the memory effects. For a review
of the literature on thermoviscoelastic materials with voids the reader is referred
to [5-8].

On the other hand, it is well known that the backward in time problems
are improperly posed problems, because they fail to have a global solution, or
the solution does not depend continuously on the data, or the solution is not
unique. There are several methods to “solve" this kind of ill-posed problems.
Some of them involve changing the initial and/or boundary conditions, while
others involve constraining solutions to exist in some constraint set. A number
of non-standard problems have attracted the attention of many researchers in
the last two decades (see, for example, AMES et al. [9], PAYNE et al. [10], CHIR-
ITA [11], CHIRITA and CIARLETTA [12|, QUINTANILLA and STRAUGHAN |[13],
AMES and PAYNE [14]|, AMES et al. [15]).

KNoPs and PAYNE [16] considered a non-standard problem associated with
the linear elasticity for a prismatic cylinder and established some decay and
growth exponential estimates with respect to the axial variable for some time
integrals of the cross-sectional energy, provided the elasticity tensor is positive
definite. Similar problems were studied by CHIRITA and CIARLETTA [17, 18§]
when studying the theory of thermoelastic materials, and by BULGARIU [19]
within the context of the linear theory of elastic materials with voids.

In this paper, we consider a prismatic cylinder occupied by an anisotropic
inhomogeneous compressible linear thermoviscoelastic material with voids, sub-
jected to zero body force and zero lateral boundary conditions. The motion
is induced by a time-dependent displacement, porosity and temperature varia-
tion specified pointwise over the base. Moreover, we consider that the motion
is constrained such that the displacement, the volume fraction, the temperature
variation and their derivatives with respect to time are proportional, but not
identical with their initial values. The spatial behavior of the solution is studied
by means of certain time-weighted integrals of the cross-sectional energy terms.
We derive some conditions upon the proportionality coefficients in order to see
how certain integrals of the cross-sectional energy evolve with respect to the
axial variable.

The problem studied in this article finds application in geology and structural
engineering. Following KNOPS and PAYNE [16], we give an example of a pile
driven into a rigid foundation that prevents movement of the lateral bound-
ary. The time-dependent displacement, porosity and temperature variation pre-
scribed over the excited end, constrains the motion such that the displacement,
the temperature variation, the volume fraction and their derivatives with respect
to time at some given time are proportional, but not identical with, their initial
values. It is convenient to predict the deformation at each cross-section of the
pile in terms of the base displacement, porosity, and temperature variation.
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2. Basic equations and formulation of the problem

Throughout this paper, we refer the motion of a continuum to a fixed sys-
tem of Cartesian axes Ox;, (i = 1,2,3). We shall employ the usual summation
and differentiation conventions: Latin subscripts have the range 1,2,3, Greek
subscripts have the range 1,2, summation over repeated subscripts is implied,
subscripts preceded by a comma denote partial differentiation with respect to
the corresponding Cartesian coordinate, and a superposed dot denotes partial
differentiation with respect to time. Throughout this section we assume that a
regular region B is filled by an anisotropic and inhomogeneous thermoviscoelastic
material with voids. According to TESAN [2], the governing equations for the lin-
ear theory of anisotropic and inhomogeneous thermoviscoelastic materials with
voids are given by:

(i) the equations of motion

(2.1) tjig + pfi = piii,
(2.2) Hjj+ g+ pl = pre,
for B x (0, 00),

(ii) the equation of energy
(2.3) pTon = Qj5 + pS;
for B x (0, 00),

(iii) the geometrical relations
(2.4) ers = g(trs +Usy),

in B x [0,00), and
(iv) the constitutive equations
tij = Cijrsers + Bijo + Dijrp i — Bii0 + Sij,
H; = Ajjo j + Dysiers + dip — a;0 + H;,
(2.5) g = —Bjjei; — o —dipi +mb + g,
pn = Bijeij + abl + mo + aip;,
Qi = kij0; + firsérs + bip + aij 5,
with 57, H; and g* given by
S5 = Clirsbrs + B + Dipp k + M50k,
(2.6) Hi = Ajjpj + Graiérs + dip + P05,
9" = —Fjjéi — &0 —vgr — R0,
for B x [0, 00).
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Here, u; are the components of the displacement vector, ¢ is the void volume
fraction, 6 is the variation of temperature from the uniform reference absolute
temperature Ty > 0, ¢;; are the components of stress tensor, H; are the compo-
nents of the equilibrated stress vector, g is the intrinsic equilibrated force, @;
are the components of the heat flux vector, x is the equilibrated inertia, 7 is the
entropy density per unit mass, p is the density mass, f; are the components of
the body force vector, £ is the extrinsic equilibrated body force per unit mass,
and S is the heat supply per unit mass.

The constitutive coefficients are prescribed functions depending on the spatial
variable x, with the following symmetries

(2.7)  Cijrs = Cjirs = Crsij, Bij = Bji, Dijk = Djir, Bij = Bji, Aij = Aji,
Clivs = Clivs = Clyin Bl = B =Dl Al = A

Jrs jirs EE J) Ji

(28)  kij = kji, Mije = Mjig, Groi =Gy Fij=Fj,

% ST Jio
>k *
P =Py, firs = fisrs  aij = aj;.

Furthermore, in view of the second law of thermodynamics, the Clausius—
Duhem inequality must be satisfied, which provides the positive semi-definiteness
of the total dissipation energy A, that is

(2.9) A= G éijérs + 0"+ Afjpadj + fokije,ie,j + (B} + Fjj)éije
.. 1 ) ..
+ (Djji, + Gij)éij P + (Mf}k + fosz‘j>€ij9,k + (di + 7).

+ <R}‘< + TiobJ) o0 ; + <P;; + Tioaﬁ) 0 > 0.

Moreover, we consider that the displacement, temperature variation, and
volume fraction are such that a classical solution exists for B x [0,00). This
means that: (i) u; and ¢ are of class C%2 for B x (0,00), (ii) € is of class C?!
for B x (0,00), (iil) ws, w4, i, @, 9, @y Wi 5, Wi, 4,94, 0,0, and 0 are continuous
for B x [0, 00).

In what follows, we consider that the region B C R? is a prismatic cylinder
whose bounded uniform cross-section D C R? has piecewise continuously differ-
entiable boundary dD. We suppose that the region B is made of an anisotropic
and inhomogeneous thermoviscoelastic material with voids. The origin of the
Cartesian coordinate system is located in the cylinder’s base and the positive
xrz-axis is directed along that of the cylinder. For further convenience we intro-
duce the following notation:

B(z) ={x€ B:z <3},
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and, moreover, we will use D(x3) to indicate that the respective quantities are
evaluated over the cross-section whose distance from the origin is 3. We denote
by II the lateral surface of the cylinder, that is II = D x [0, L], where L is the
length of the cylinder (see Fig. 1).

X3

. ‘_____‘_‘“*\_/ﬁ*\/ x
9D (x3) “‘E}%\\\\\\%\\\W *

Fi1c. 1. The cylinder under study and its dimensions.

In what follows, we consider that the displacement, the temperature vari-
ation, and the volume fraction field on the base of the cylinder are pointwise
prescribed, the supply terms are absent and zero lateral specific boundary con-
ditions are considered. Therefore, we will consider the problem described by the
following differential system:

(2.10) tji,j = ,Oﬂi,
(2.11) Hj;+g=prp,
(2.12) plon = Qj 4,

for B x [0,T1], subject to the lateral boundary conditions
Ui [Cijrstir,s + Bijo + Dijrp . — Bij0 + Si;]nj = 0,
(213) SO[A]Z(P,Z + Drsju,n’s + dj(p — a]’9 + Hj*] n; = 0,
0[kjili + firstirs +bjp + aijpi]n; =0,
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for (x,t) € II x [0,T], the base boundary conditions
(214) ui<x7 t) = .ﬁ(xlv Z2, t)v ()O(xv t) - g(xly Z2, t)7 H(Xa t) = h(xla T2, t):
for (x,t) € D(0) x [0,T7], and the final conditions at time 7" given by

i(xa 0)7 (XvT) = A@(Xv 0)7 Q(X,t) = MG(X, 0)7
1;(x,0), o(x,T) = Bp(x,0), for x € B.

S

u

UZ'(X,T) =
(2.15)  4i(x,T) =«

Here, n; are the components of the unit outward normal on II, fi(x1,x2,t),
g(z1,22,t), and h(xy,x9,t) are prescribed differentiable functions compatible
with the initial/final data and the lateral boundary data. The parameters A, p,
a, and 3 are prescribed and satisfy the conditions

(2.16) AN>1 lul>1 fal>1, |8>1.

We are interested in the study of the spatial behavior of the solution
{u, ¢, 0}(x,t) of the non-standard problem (P) defined by the evolution equa-
tions (2.10)—(2.12), the geometrical relations (2.4), the constitutive equa-
tions (2.5), the lateral boundary conditions (2.13), the base boundary condi-
tions (2.14), and the initial-final conditions (2.15).

The conditions (2.15) are also called non-standard conditions, because when
A=0,u=0,a=0and 8 = 0 this leads to an improperly posed problem.
In what follows, we are interested in determining a range of values for the A,
u, a and 3 for which the problem is well-posed and to obtain spatial estimates
which describe how the solution evolves with respect to the distance from the
cylinder’s base.

Note that the standard problem (the forward in time problem) associated
with the linear theory of thermoviscoelastic materials with voids has been studied
by IESAN in [2].

3. Constitutive hypotheses and auxiliary estimates

In what follows, we assume some constitutive hypotheses that are necessary
for the study of the spatial behavior of the solution to the problem (P) (defined
in Section 2). Therefore, we suppose that p, k, and the constitutive coefficients
are continuous and bounded fields on B and

(3.1) p(x) > po > 0, a(x) > ag > 0, K(x) > ko > 0,

with pg, ag, and kg positive constants.
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Moreover, we suppose that the dissipation energy density A is a positive

quadratic form in terms of é;;5, ¥, ¢ ;, and 0 ;, so there exist (), Wiss Vs Vg Yo

Vs> km, and Ky such that

.. ) .. 1
(3.2) A < Whéiiéiy + vipd® + Virko@ i + TOkMH,iH,ia
and
. . . . L. 1
(3.3) A> ik iibig + Vi@ + VK0P ipi + ?Okme,ie,i-

We also assume that the specific internal energy W defined by
1 1 1
(3.4) W= icz‘jrseijers + 55902 + §Aij90,z‘<P,j + Bijeijp + Dijreijpr + dipp i,

is a positive quadratic form in terms of the variables e;;, ¢, and ¢ ;. Therefore,
there exist positive constants p,, and pys such that

(3.5) pm (€ijeij + ©? + kow,iv,i) < 2W < par(eijei; + 0 + KOYP,iP,i)-

In what follows, we will establish some estimates that we will use further to
prove the spatial behavior of the solution to the non-standard problem (P).

Following [8], we introduce the linear space % as the set of all four-dimensio-
nal displacements fields U defined by

(3.6) U = {ui, /o).

For every U € %, we consider the state of strain E(U) defined by

We will denote by & the vector space of all objects of the form (3.7). For every
state E € &, we introduce the field

(3.8) S(E) = {Sij(E),G(E), Lhi(E)},

where
(3.10) G(E) = —Bjjei; — {p — dip,,

(311) hz(E) = Aij‘ﬂ,j + Drsiers + dip.
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Throughout the following, we consider the bilinear form defined by

1
(3.12) (B EO)) = ; Cijrseg)efi) + M@ 4 Aijwfy@’(]z)

+ Bij(el o + e o) + Dyi(el o) + el o)
+di(eVe) + w‘”cp(f))} :
for every E(®)(U) € &, a = 1,2, where
E©)(U) = {ei;(U™), p(U™), /g, (U) |
We can remark that
(3.13) GE,E)=W(E), VEcé&.
Moreover, by using the Cauchy—Schwarz inequality, we can write
(3.14) GED E®) < [WENV2WE))V2 vED E® e g
On the other hand, according to Egs. (3.9)-(3.11), we have
1
(3.15) IS(E)|> = S;;(E)S;;(E) + G*(E) + —hi(E)hi(E)
0
= CijrsersSij + BijpSij + Dijkp kSij; — Bijei;G — oG
1 1 1
—dipiG + —Aijp jhi + —Dysiershi + —diph,.
KO Ko Ko
If we introduce the following notation:
1
(3.16) I'E) = {Sij(E), —-G(E), —h,-(E)},
then, from (3.15) we get
(3.17) S(E)[2 = 2G(E, I'(E)).
From the assumption that W (E) is a positive definite quadratic form, we obtain

(3.18) OW(I'(E)) < pups si~s,+G2+ihihi :
J~) Ko

and consequently, by means of the Cauchy—Schwarz inequality and relation
(3.18), we get

(3.19) Si:(B)Sis(E) + —hy(B)hi(E) < 2y W(E), VE € &.
Ko
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In view of the relations (2.5), (2.6), and (3.9)-(3.11), we can write

(3.20) titis —|— H H; <2 ( /BU )( i — 51]0) + Iﬁio(hl — aZH)(h, — a10)

+ SESE 4+ H*H*}

]

We recall that for all second-order tensors M;;, N;; and every positive number
e, the following inequality holds

1
(321) (Ml] + NZ])(M” + NZ]) (]. + €)M1]Ml] + ( g) NZ]NZ]
Therefore, applying (3.21) in (3.20), we obtain
1 1 1 212
(3.22) tijti; + /i_Hsz <2 (1 + 6) SijSij + —hz‘hl‘ +(1+ g M*0
0

g1
where
9 1
(3.23) M= = max| B;;3ij + —a;a; ).
xeB Ko

Moreover, with the aid of the inequality established in (3.19), we get
(3.24) tijtij + H—OHZHZ < 4,LLM(1 + E)W(E) +2( 1+ g M*0
* * 1 * *

for all € > 0.

We proceed now to estimate S;3.5;; + H* H;. According to the constitutive
equations (2.6), we can write

* Ok 1 * TT% *

(3.25) S;:S; + HH*C

g1 iJrs

CTSS,Z(-—FB* S* +D’ijg0 k-S +M]k0ks

+ - A ‘H*+ G é —d* OH + — P*GJH*

i ,] TSt 7’8

1
In order to obtain an estimation for S};.S7; + —H; H;, we must evaluate every
Ko

term of (3.25). For instance, we have
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* . * 1 * . *
(326) C: ersSZ'j + H_OGrsiersHi

iyrs

S (C:nnpchnnpq)l/Z(éTSS:jéTSS;j)l/2
1 1/2 1 1/2
+ <H_0Gmanmnp> <ersersﬁ—0Hi HZ )
S (C:;znpqc;:znpq)l/Q(éTSéTS)1/2(S:jS;j)1/2

1 1/2 ol 1 1/2
(GG ) ot (i)

and hence we obtain

A . 1 1/
C;;memsij + H—OGjSZ-eTSH;‘ < 041(erse,,5)1/2 <SZ*JS;; + R—()H:‘H:) ,
with
(3.27) a1 = max (cmnpqomnpq) R (e I
xeB Ko

Applying the same procedure to the other terms of (3.27), we get

. 1 " .. . ..
(3.28) Sijsjj + /i_OHl*HZ < [0‘1 (6r56r5)1/2 + aslp| + O‘3(’10907j90,j)1/2

1 1/2 1 1/2

with
- 1 1/2
a2 = s (B B5) 2+ ()|
xEB | Ko
VAl 1/2 1 1/2
(329) a3z = I)?Ga%( _<H_OD;knnpD:1np> + <H_%A;knn‘4:nn> :| )
r 19 TO 1/2
Q4 = max (TOM:;mpMT*nnp) / + <_P:;mp;;<1n> :| )
xeEB [ Ko

and aq given by (3.27). Thus, the inequality (3.28) can be written in the following
form:

1 . ; . 1
SipSij + —H{Hi <4 {Oﬁez’j% + a5¢% + a3koP i + 042—971‘9,1']-
Ko Ty
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Hence, we obtain the following estimation:

3.30 S*Sr + H H* < NpAq,

1]
with

1
(331) Al M2m 61]62] + 790 + 7 090 z‘p i+ T%kma,ie,iv
and
Ny :max{Sa% Saj 803 8;“‘%}.
x€B ,ana v 7727 km

Therefore, a consequence of the relations (3.30) and (3.23) is the following:
1
(3.32) tijti; + /Q—HlHZ < 4MM(1 + E)W(E) + 2 <1 + )M292 + 2N, A7
0

In order to estimate Q;Q;, we introduce the following notations:

¢ = kij0 5,
(333) (f]Vz = firsé’rs + bZQO + aij(lbaj'
Thus, we can write
1 1/2
(3.34) ¢i¢i < (Tokrskrs)'/? (fo%@,y) (ia)"?,
so that we derive
1
. iqi < 2K | kim0 ),
(3.35) qiqi = M<2T0 ) )
where oo T
rshrs 0
Ky = —rstrs=2
M= .

In a similar way, from (3.33) it follows that
(336) gzz]vz = (firsérs + blSO + aij‘b,j)fqvi

S [(fmnpfmnp)l/Q(éTséTS)1/2 + (bmbm)1/2’g0‘

1 vz
+ <_amnamn> (ﬁow,j(p,j)l/ :| (q qi )1/2

%]
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If we denote by

91 = max(fump fronp) /2, 02 = max(bubm) /2,
xEB xeB
(3.37) 1 1/2
3 = max(—amnamn> ,
x€B \ R0

then, in view of the relation (3.36) we obtain

(3.38) GiGi < 3(9iéiéi; + 50" + 030,04,)

< :M<lu2 €zjez] + 790 + P)/Tm'%o(/) 1% z)

with

{6192 6193 6192}
Jy = max

xeB |ty 7 Um ’ Tm
By using relations (3.21) and (3.33) we obtain

(3.39) QiQi < (1+ &N)aigs + <1 + >qlql,

for every ¢ > 0.
Consequently, by means of (3.35), (3.38) and (3.39), we obtain the following
estimation for Q;Q);:

(3.40) Q:Q; < QKM(1+€)A2+3M (1+ >/15,
where
k
(3.41) Ay = %eﬂ ;
v L
(342) A3 sz 61]62] + 7m902 + ,YTm’fOSO,i(P,i-

4. Spatial behavior

In this section we will study the spatial behavior of the solution to the non-
standard problem (P) defined previously. In order to do that, we introduce the
following function:

(4.1) I(z3) / / tgzuz + Hzp + Qg@) dadr, x3€]0,L],
0 D(z3,7)

with o a positive parameter at our disposal whose values will be explicitly given
later. In the above relation we have used the notation D(z3,7) to indicate that
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relevant quantities are to be evaluated at time 7 over the cross-section of the
cylinder whose distance from the origin is x3.

By differentiation with respect to x3 in (4.1), and by using the evolution
equations (2.10)—(2.12), we obtain

dI
(4.2) y —(x3) = / / ‘”< ity + Hong$ + Qana )ds dr

x3
0 aD(mg,T)

1 . .
/ / [ <2puzuZ + p/fugo ) +tijéi; + Hip

0 D(z3,7)
— g%+ pnb + _Qie,i:| da dr.
To

In view of the lateral boundary conditions (2.13) and the constitutive equations
(2.5), we obtain

T
dl (10
(4.3) d—xg(xg) = / / e 77 55(1)“@% + pr? 4 ab® +2W) + A} da dt
0 D(z3,7)
T _
— / / e T %(pdmi + prp? + af? + 2W) + A} dadr
0 D(z3,7) )

1
— / §(pumi + pr? + ab* + 2W)da.

D(x3,0)

Therefore, if we use the constraint relations (2.15), we obtain

(4.4) J:3 / / { (ptiiti; + pr@® 4 ab® + 2W) + A] dadr
0 D($3,
2, —0cT 1 2, —ocT 1
e T
D(z3,0) D(z3,0)
2—0'T_1 )\2—0'T_1
+E—— / at? da + “——— / 2W da.

D(z3,0) D(z3,0)



324 A. Bucur

Let us assume that the conditions (2.16) hold true. Then, it is possible to
choose the parameter o so that we have

(4.5) X2e T —1>0, p2e T —1>0, o?e T —-1>0, pZ T —-1>0.
Therefore, we will assume that o ranges in the set

2
(4.6) 0 < 0 < = min{In|A|,In|y|, In|a|, In|5]|}.

T xeB
Further, we establish
(4.7)  0< s = %m_in{)\ze_“T — 1,027 T —1,0%e7°T —1,3%7°T — 1},

B

and note that

dl
(4.8) %(:Bg) > x, / (piii; + pr?® + ab? + 2W) da
3
D(xg,
/ / [ (ptiiti; + pr@® 4+ ab® + 2W) + A|da dr.
0 D(CL’3,

It is easy to observe that in view of assumptions of the positive definiteness of
the internal energy density W and the dissipation energy density A, we obtain
that I(x3) is a non-decreasing function with respect to xzs on [0, L].

In what follows, we want to obtain an appropriate estimate for the function
I(x3). Therefore, by using the Schwarz inequality in (4.1), we obtain

1
(4.9) I(z3)] < = / / [ <t,]tZJ + HH> 8 — (pigit; + pr?)
1

0 D(zs,7)

+—Q Qz

aﬂz] da dr,

for every 1, eo positive numbers. According to the estimates (3.24), (3.30), and
(3.39), we can write

2 1
Poo
0 D(x3,7)

261 M? 1 1 Ky(1+¢€
B ESIEUGY PSS IR S L PC IR Y ST RO Y
poapoc 9 EQTQO' 2 aoT()

T
1 N
+€23M 14 = ) A3 dadT—i—/ / e 4 da dr
2a0T0 e’ PO

0 D(zs,7)
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Further, we equate the coefficients
integral:

of the various energy terms of the last

1 2 1 2e1 M? 1 1
1 2umea(l+e) 2 <1+_>+
€10 PoO Je e € oo
_ EQKM(1+6/) _ Eng 14 i
aoTo 2a0T0 e’ '
Therefore, we set
1 2a0ThHe , iy
4.11 == =~ = —M
( ) €1 ¢’ €2 0-(2KM+:M)7 2KM7
where
2 1
(4.12) — M7
Po
and
1 M? 2 K
(4.13) c— _[_1_'_ PoO M2 Poo M2
2 parao  Apnraoly  2paraly
N <1 M? 000 s poo K )2 4M? ]
parao  AparacTyd  2unaoTy parao |

With these choices, the relation (4.10) becomes

(4.14)  |I(z3)] < = / / [ (pigis; + pr* + ab?) + oW + 2/11} dadr,
0 D(zs,7
where
(4.15) V= mag{c, gaMEL }
XeB Po

Therefore, we obtain the following first-order differential inequality:

o dl
< =
2o < 5 (),

(4.16) Va3 € [0, L.

In order to discuss the implications of (4.16), we first have to observe that
the non-decreasing function I(z3) implies only two possibilities:
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(i) I(zg) <0 for all z € [0, L]
or
(ii) there exists a3 € [0, L] so that I(z%) > 0.

Let us consider the case (i). If we assume that I(z3) <0, Va3 € [0, L], then the
differential inequality (4.16) implies that

dI

417
(4.17) s

—(z3) + w[(.’L‘g) >0, forall z3 €[0,L].

By integrating the above relation, we obtain the following decay estimate of
Saint-Venant type:

(4.18) 0< —I(x3) < —I(0)e"5™, for all z3 € [0, L].

If we consider the case of a semi-infinite cylinder (i.e., the case when L — 00),
then the relation (4.18) proves that I(x3) — 0 as x3 — 0o. Moreover, the relation
(4.8) gives us the following decay estimate:

(4.19) E(z3) < —I(0)e 5%, for all z3 € [0, 00),
with
E(x3) = o / (ptistvi + pr$® + ab® + 2W)dv
D(1‘3,0)

(4.20) / / [ (ptiiti; + pr@® + ab* +2W) + A|dv dr.
0 -D SC3,
We consider now the case (ii). If we suppose that there exists z3 € [0, L]

so that I(x3) > 0, then, by taking into account that I(z3) is a non-decreasing
function with respect to x3, we obtain that

I(xg) > I(x3) >0, for all x3 € [x3, L].
Therefore, in view of the relation (4.16) we obtain the following differential
inequality:
dl

4.21
(4.21) s

—(z3) — a[(x3) <0, forall z3 € [z5, L],

which after integration furnishes the following growth estimate:
(4.22) I(z3) > I(z})es™=73)  for all 23 € [23, L].

For a semi-infinite cylinder the above relation proves that I(x3) becomes un-
bounded for asymptotically large values of x3, and hence E(z3) becomes un-
bounded for L — co. Therefore, we have obtained for the semi-infinite cylinder,
an alternative of Phragmén—Lindelof type.
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5. Further comments

Our analysis in this work was developed under the assumptions that the
constraint parameters |[A\| > 1, |u| > 1, |a] > 1 and |3] > 1. When we use other
values for the constraint parameters, we can observe that it is not possible to
develop an analysis similar with the one obtained in the previous section. For
example, if we take the conditions |A| < 1, |u| <1, |a| < 1 and || < 1, then we
will obtain an ill-posed problem (see, QUINTANILLA and STRAUGHAN [13]).

In Section 4 we have considered the non-standard problem (P) described by
the evolution equations (2.10)-(2.12), the lateral boundary conditions (2.13), the
base boundary conditions (2.14), and the final conditions (2.15), in which the
displacement and the volume fraction have the same proportionality coefficient.

In what follows, we consider a similar non-standard problem (£?), but in-
stead of the initial-final conditions (2.15), we take the following more general
conditions:

ur(x,T) = Aur(x,0),  @(x,T)=vp(x,0), 0(x,t) = pd(x,0),

(5:1) ur(x,T) = atir(x,0), &(x,T) = pp(x,0), forx € B.

We want to see what conditions we would have to take for the proportionality
coefficients A, v, i, , and 3, so that our just presented study may follow the same
path.

According to the assumption that the internal energy density W is a positive
definite quadratic form, we obtain

(5.2) / 2Wda > i / (eijeij + (,02 + Ko(pﬂ'goﬂ') da.
D(z3,T) D(z3,T)

If we use now the conditions (5.1), we get

(5.3) / 2W da > um)\Q / eijeij da + ,um’yQ / (<p2 + Kow,ip i) da.
D(z3,T) D(z3,0) D(z3,0)

On the other hand, from (3.5) we can write

(5,4) / 2W < ups / (eijeij + 902 + Ho@,i@,i) da.
D(z3,0) D(z3,0)
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If we combine the relations (5.3) and (5.4), we obtain

1 1
(5.5) 5e—ffT / 2W da — 3 / 2W da

D(3,T) D(w3,0)
1 Mm)\ZefaT /
R eiid
> 2( Y, HMEij€ij aa
D(x:’)?())
1 2€7O'T
+ = <M -1 / uM(<p2 + Kow,ip,:) da.
2 Har
D(x370)

Therefore, in this case, instead of relation (4.4), we will have

T
I
(5.6) 57(333) > / / e 77 [%(pumi + pr@?® 4 ab® +2W) + A] dadr
3
0 D(zs,7)

1 1
+ 5(05267071 -1) / puit; da + §(ﬂ2ef‘7T -1) / pr@? da
D(x3,0) D(x3,0)

1 1 )\2 —oT
+ _(M26_0T N 1) / ab? da + = HmA™€ 1 / M €ij€ij da
2 2 0,

D(z3,0) D(z3,0)

1 ZefaT
+5 (L _ 1) / par (9% + Ko i) da.

e
D(x3,0)

We will choose the parameter ¢ so that we have

1
0< 2, = §m_in{a26_“T _ 1’/626—0"1—' _ 1,,&26_UT -1,

B
Mm)\ZefaT L 'um,erfaT B 1}
12273 ’ 122

Thus, we can assume that o ranges in the set

1 A2 2
(5.7) 0<o< —min{lnaQ,lnﬁQ,lan,lnﬂ,ln T Hm },
T B 123%3 12308

if the following conditions hold true:

(5.8) ol >1, 181>1 |ul>1, N> o1 s M s
Hm, Hm
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With these choices, we can write (5.6) in the following form:

(5.9) j—;(:cg) > 2, / (ptiiti; + pr® + ab? + 2W) da
D(z3,0)
T
+ / / e T [% (pumi + prp? + ab* + 2W> + A] da dr.
0 D(zs,7)

So, we can continue to determine spatial estimates of Saint—Venant type or an
alternative of Phragmén—Lindel6f type, following the same procedure as in the
previous section.

In conclusion, if instead of conditions (2.15) we have (5.1), then the results
obtained in Section 4 hold true if the parameters A, 7, u, a and § meet the
conditions (5.8).
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