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IN THIS PAPER, STATIC AND DYNAMIC BEHAVIOR of an electrostatically actuated tor-
sional micro-actuator is studied. The microactuator is composed of a micromirror
and two torsional beams, which are excited with two electrodes. Unlike in the tradi-
tional microactuators, the electrostatic force is exerted to both sides of micromirror,
so the model is exposed to a DC voltage applied from the ground electrodes. The
static governing equation of the torsional microactuator is derived and the relation
between rotation angle and the driving voltage is determined. Local and global bifur-
cation analysis is performed, considering torsional characteristics of the micro-beams.
By solving static deflection equation, the fixed points of the actuator are obtained.
Critical values of the applied voltage leading to qualitative changes in the microac-
tuator behavior through a saddle-node or pitchfork bifurcations for different spatial
condition are obtained. Furthermore, the effects of different gap and electrode sizes
as well as beam lengths on the dynamic behavior are investigated. It is shown that
an increase of the applied voltage leads the structure to an unstable condition by
undergoing saddle-node and pitchfork bifurcations when the voltages ratio is zero
and one, respectively.
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1. Introduction

TORSIONAL MICROACTUATOR DEVICES have broad applications in the micro-
electromechanical systems (MEMS), such as torsional radio frequency (RF)
switches, tunable torsional capacitors, digital light processing (DLP) chip,
etc. [1-7]. Advances in micromirror technology have enabled the designers to
develop the micromechanical sensors, actuators, devices and systems, such as
pressure sensors, biological sensors, mirror arrays for high performance projec-
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tion displays and other devices [8]. Micromirrors may be classified into four cat-
egories based on their motion: deformable micromirror, movable micromirror,
piston micromirror, and torsional micromirror [9]. These four types of micromir-
rors have been extensively applied in recent years [10-13]; however, the torsional
micromirrors are the most interesting because they have some advantages, such
as good dynamic response and small possibility of adhesion [9].

There are number of common actuation methods in MEMS, which include
electrothermal, electromagnetic, piezoelectric and electrostatic. Among these ac-
tuation methods, electrostatic actuation is considered to be the most common
in MEMS because of its simplicity and high efficiency [14].

One of the most significant topics in the electrostatically actuated micromir-
rors is the pull-in instability. In such devices, a conductive flexible plate is sus-
pended over a ground and the electrostatic voltage is applied between them.
As the micromirror is balanced between electrostatic attractive and mechanical
(elastic) restoring torque, both the electrostatic and when the applied voltage
is increased the elastic restoring torque are raised. When the voltage reaches a
critical value, pull-in instability occurs. Pull-in is a state at which the elastic
restoring torque can no longer balance the electrostatic torque [15].

The static and dynamic instabilities of a torsional MEMS/NEMS (nanoelec-
tromechanical systems) actuator caused by capillary effects were studied by Guo
et al. [16].

It is common in MEMS to note that the static and dynamic behavior of a
system indicates a qualitative change in the features of the system when adjusting
one of its control parameters, such as a bias voltage. In nonlinear dynamics, this
phenomenon is called bifurcation [14]. Bifurcation analysis of an electrostatic
torsional micromirror is essential for making the electrostatic actuation more
effective and has been reported in |9, 17-19].

ZHANG et al. [9] described the static characteristics of an electrostatically ac-
tuated torsional micromirror based on the parallel-plate capacitor model. DEGANI
et al. [17] have studied pull-in analysis for an electrostatically torsional microac-
tuator. Fabrication of microactuators is one of the most accurate and important
aspects of studying of a microactuators’ behavior. They fabricated two types of
microactuators by using bulk micromachining. JIAN-GANG and ZHAO [18] have
studied the influence of van der Waals and Casimir forces on the stability of the
electrostatic torsional nanoactuators. REZAZADEH et al. [19] have investigated
the electromechanical behavior of a torsional micromirror using a static model
of micro-beams. They derived a set of nonlinear equations based on the parallel
plate capacitor model to represent the relationships between the applied voltage,
torsion angle and vertical displacement of the torsional micromirror.

The influences of Casimir and van der Waals forces on the electrostatic tor-
sional NEMS varactor are studied by LIN and ZHAO [20]. They also studied the
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Casimir forces effect on the critical pull-in gap and pull-in voltage of nanoelec-
tromechanical switches [21].

In spite of many researches accomplished in the field of static and dynamic
behavior of torsional micromirrors, there is not enough study explaining their
stability from bifurcation view point. Therefore, this paper is a case study
that considers a micromirror suspended over two conductive electrodes actu-
ated by two electrostatic forces. The micromirror is actuated by two electro-
static forces by applying two DC polarization voltages. The dynamic motion
equation of the proposed actuator is derived. Fixed points of the micromirror
actuator are obtained by solving the static deflection equation. Relative results
are illustrated in the state-control space. In order to study the global stabil-
ity of the fixed points, dynamic responses of actuator are illustrated in phase
portraits.

2. Model description

Figure 1 shows schematic 3D view of the torsional microactuator. As shown
in this figure, micromirror plate is suspended by two similar torsion beams with
length [, width w, thickness ¢t and shear modulus G. The micromirror plate has
a length b, width 2L and thickness ¢. There are two stationary electrodes on the
substrate beneath the micromirror. Figure 2 presents the cross-section view of
the actuator considering torsion effect. As shown in this figure, the micromirror
plate distance from the stationary electrode is G. The applied voltages between
micromirror and the ground electrodes are Vi and V5. In order to model the
electrostatic torque, it is assumed that the plates are infinitely wide, so fringing
fields (fields at the edges of the plates) may be neglected, the deformation of
the micromirror plate is very small, and the vertical displacement of the mi-
cromirror is mainly attributed to the deflection of the microbeams [22]. Hence,

Fi1c. 1. Schematic 3D view of the torsional micromirror.
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Fi1c. 2. Schematic side view of the torsional actuator.

Fic. 3. One-DOF model of torsional actuator with electrostatic forces.

the micromirror can be modeled as a rigid body with one degree of freedom 6.
This parameter is the torsion angle of the beams about z axis, (see Fig. 3). When
a voltage between one of the ground electrodes and the micromirror is applied, an
electrostatic attracting force between them will produce an electrostatic torque,
which is tilted micromirror.

3. Mathematical modeling

The stored electrical energy (W) in a parallel plate capacitor (C') with plate
area (A) is given by [8]

1 1e.eAV?
3.1 W=-—=CV?=-—-"1""_
(3.1) 5 5
where w is the distance between the electrodes, €,is the relative permittivity of
the dielectric material (for air it is about &, = 1), and ¢ is the permittivity of
vacuum (e = 8.85 x 10712¢2N~1m=2). Taking the derivative of W with respect
to u yields the electric force between the plates

AW 1eAv?

2 P = 2V _
(3.2) ! du 2 u?
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3.1. Calculations for the left and right electrodes

It is assumed that the effective area of the plate is A, and for an element
dA = bdz, the distance between the rotational plate element and left and right
electrode is u1 = Gg— 0 and us = Go+x0, respectively. Hence, the electrostatic
force of a differential element for the left and right side of the micromirror can
be written as

1, 1eAV?

(3.3) W1:—§CV1 =3 u
1 1eAV2
4 Wy=—-CVi=—-"2,
(3.4) ) 2CV2 s

Electrostatic force for left and right side of the micromirror may be obtained by
taking the derivative of W7 with respect to u; and Wy with respect to us:

dW1 1€AV2
3.5 FL = =_-—1
( ) elec d’LL1 9 U% ’
36) g = Ve 1AV

o= duy 2 3

Thus, the electric force of a differential element can be written as [8]

2

(3.7) dFL = %dx,
2uy
be V2

(3.8) dFLE. = ngx.

2

The total electrostatic torque of the left and right electrodes about rotation axis
is given by integrating contributions of all the plate elements:

L

(39) Mell/ec = /xdFellleC7
0
L

(3.10) ME = / cdFE .
0

Hence, the left and right electrostatic torques can be written as

be V2 G Go— Lo
L _ 1 o 0
(3.11) Miee = 55 [GOLG L4 In = }

R bsVQQ[ Go G0+L9}

1
Gor L0 T a

(3'12) Melec - 262
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3.2. The equation of motion

The directions of the left and right electrostatic torque are opposite to each
other, so the restoring torque, shown in Fig. 3, can be obtained as

(3.13) Meee = ML, — ME

elec elec*
Then, the equation of motion is

2
(314) I% + W% + K09 = Mele(n
where Tig is the damping torque coefficient.

The micromirror plate is suspended by two beams and therefore is subjected
to a mechanical torque opposing the electrostatic torque. The beams’ mechanical
elastic torque can be written as Mo = Kyb, where Ky is the effective torsion
stiffness of the microbeams and is defined for the elastic ranges of deflection as
follows [23]:

B 2c0uwt3G
==

The coefficient ¢y depends on the ratio (w/t). By introducing dimensionless
variables [24] we obtain

(3.15) Ky

0 %) t i

3.16 = = — =
(3.16) T e P W T KoTp

and the characteristic time

o1 n- [T

Equation (3.14) can be transformed into the dimensionless form as follows:
2

Py dy SVET v p? 2 9
3.18 —_— — = — | —— +1In(l — — —p“In(1
(3.18)  —5+po—+7 ol s n(l—7) TR n(l+7)]|,
where
bel3
3.19 0= ——.
( ) QKgGg

Parameter Oyr. is the critical rotation angle in which the micromirror plate
touches the electrodes plate and it is defined as

Go

(320) QMax = sin QMaX = T
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At the equilibrium position, the electrostatic torque and the mechanical elastic
torque are equal, meanwhile

(3.21) f(v,p,0) =0.

The rotation angle of the micromirror can be obtained by solving the nonlinear
Eq. (3.21) at a specific applied voltage. For sufficiently low voltages, there are
two physical exhibits of the rotation angle, where only one of them is stable. For
a certain voltage, the two solutions of Eq. (3.21) coincide and pull-in phenomenon
occurs. For voltages above the pull-in voltage, the electrostatic torque is greater
than the mechanical torque for any angle [17].

By using the implicit function theorem and Eq. (3.21) to reach the maximum
value of the p(v,d), the following equation should be satisfied:

f(v,p,0)

(3.22) 5

=0.

Solving Eqs. (3.21) and (3.22) simultaneously, the pull-in parameters, pull-in
voltage (Vpul—in) and angle of rotation () of micromirror can be calculated.

4. Numerical solution

Stability analysis is conducted based on Eq. (3.18). For this purpose, we
define the following phase space variables. Az1z1 et al. [25] used this method for
plotting bifurcation diagram and phase portrait of the electrostatically actuated
microbeam

(23-03)

where S; and S5 are the phase space variables and + is the first derivative of
~ with respect to time. The non-autonomous equation (3.18) reduces to the
following so-called autonomous first-order differential equations:

S)=F =S,
(4.2) Sy = Fp(Sh, S2)
5‘/12 S1 P2 2 2
ALY In(1—5,)— (1 — 11Sa— 5.
2 st n(1-51) 15 0P n(1+51) | —peS2— 51

The equilibrium points are found by setting the right-hand side of Eq. (24) equal
to zero.
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Assuming pg = 0, it can be shown that the types of the equilibrium points
of the system directly depend on the applied electrostatic voltages as follows:
ST =55=0,
55 =0,
(4.3) 1

= Vla

0 5i —|—1n(1—S*)—i+p2—p21n(1+5*)
Si3[1— 57 Yoo+ sy !

where ST and S5 correspond to the equilibrium positions.

5. Results and discussions
5.1. Validation

This section deals with the validation of the proposed numerical method. To
this end, obtained pull-in voltages for a microactuator are compared with those
obtained by REZAZADEH et al. [19] and HUANG et al. [26]. The considered case
study for this validation is a micromirror with thickness 1.5 wm, width 100 pm,
shear modulus 66 GPa and initial gaps of Gy = 2.75 um. Here we must mention
that in this paper, in contrast to Rezazadeh and Huang, we assumed that the
distance between the axis of rotation and the edge of the electrode is equal to
zero. The results of this comparison are shown in Table 1.

Table 1. Comparison between calculated results with those obtained by
Rezazadeh et al. and Huang et al. at the pull-in point (saddle-node bifurcation).

Pull-in characteristics Normalized rotation angle (y) | V (V)
Experimental results (Huang et al.) 0.4198 174
Calculated results (Rezazadeh et al.) 0.5187 18.8
Calculated results 0.4404 16.21

The results of this comparison are in good agreements with those reported.
This corresponding static pull-in voltage well agrees with the results of the static
pull-in studies.

5.2. Saddle-node bifurcation (p = 0)

The geometrical and mechanical properties of the case study are presented
in Table 2.
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Table 2. Parameters of the electrostatic micromirror.

Items Parameters Values
Material properties | Shear modulus (Gpa) 66
Micromirror Width 2L (pm) 100

Length b (um) 100
Torsion beam Length [ (um) 65
Width 2L (pm) 1.55
Electrode Thickness ¢ (pm) 1.5
Coefficient co 0.1406
Width L (um) 50
Initial gap Go (um) 2.75

10 15
Vi (V)

20

F1a. 4. Position and types of the fixed points versus applied voltage (bifurcation diagram).

When the voltages ratio is equal to zero, saddle-node bifurcation occurs. As
shown in Fig. 4 for the given voltage Vi (0 < Vi < Vpui—in) there exist two
fixed points, but for V4 > Vju1—in there is no fixed point. In order to check local

stability in the vicinity of each fixed point, matrix A is defined as below:

oF o
051 059

5.1 A=
o OF; OF;
051 05:

The Jacobian of Eq. (5.1) is determined as [14]

(5.2) |A— M| =0,

-2 1
6F2(Sl, SQ)

Y
05, H
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Equation (5.2) yields a characteristic equation for A, in which the solution at each
fixed point indicates the stability of that point. In the case without damping,
the solution of the characteristic equation is simplified to

(5.3) M=+ %511’52).

For A1 < 0, it has two pure imaginary roots, which means that the fixed point
is a center point. Applying the same method to other fixed points, its eigenvalues
satisfy A12 > 0, then it has two real eigenvalues, one is positive, and the other is
negative. This means that the fixed point is an unstable saddle point |27, 28].
Using this method, the local stability in the vicinity of each fixed point in
Fig. 4 can be identified. In this figure, continuous and dashed curves represent
stable and unstable branches, respectively. As shown in Fig. 4, by increasing the
controlling parameter Vi, distance between two fixed points is decreased and for
Vi =16.21 V, they meet together in a saddle-node bifurcation, which is called
“pull-in voltage” in the MEMS literature. Saddle-node bifurcation is a locally
stationary bifurcation and can be analyzed based on locally defined eigenvalues.
At bifurcation points associated with saddle-node bifurcation only branches of
fixed points or static solutions meet. Hence, this bifurcation is classified as
static bifurcations [29]. This type of bifurcation indicates qualitative change
in a number of fixed points, in which an unstable and a stable branch meet
together at the same point in the state-control space [30]. As shown in Fig. 4,
the number of fixed points is decreased from two to zero points. The other
name of this bifurcation is tangent bifurcation because tangencies of stable and
unstable branches are the same at this point [29].

Figures 5-8 present free dynamic motion trajectories of the torsional mi-
cromirror for different values of the applied voltage Vi, with different initial
conditions. As shown in Fig. 5 the response of the torsional micromirror for any
initial condition is periodic when the applied voltage V; is considered zero. As
shown in Fig. 5, origin is a stable center point and with any initial condition the
response is periodic.

Figures 6 and 7 show motion trajectories of the actuator with applied volt-
ages V7 = 5.4 V and Vi = 10.8 V| respectively. As shown in these figures,
there are one center and one saddle point in each figure. Furthermore, there is
a homoclinic orbit (bold-blue curves) in each figure. Homoclinic orbit originates
in a saddle point and gets to this point |27, 31]. This orbit separates periodic
region of a center point from unstable region of a saddle point [30]. When com-
paring two figures, it can be concluded that with increasing the applied voltage,
the homoclinic orbit is contracted. Figure 8 illustrates motion trajectory of the
micromirror with applied voltage V3 = 16.21 V (pull-in voltage). As shown in
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Fic. 7. Phase portrait with given V1 =10.8 V. F1G. 8. Phase portrait with given V1 =16.21 V.

this figure, homoclinic orbit disappears and the center and saddle points co-
alesce and change to one saddle point. This phenomenon shows saddle-node
bifurcation in global view of nonlinear dynamics. As shown in Fig. 8, structure
is unstable for any initial condition.

5.3. Pitchfork bifurcation (p =1)

Pitchfork bifurcation can be observed in the micromirror, when the applied
voltages V7 and V5 are equal to each other. Figure 9 shows position of the fixed
points versus applied voltage for p = 1. As shown in this figure by increasing
the applied voltage V; as the control parameter three fixed points (two saddle
points and a center point) are closed together and for V; = 21.82 V or pull-
in voltage, they coalesce and change to one unstable saddle-node. As shown in
this figure, z = 0 is a center point for ¥} < 21.82 V and it is a saddle point
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for V1 > 21.82 V. This condition represents occurrence of a subcritical pitchfork
bifurcation at V; = 21.82 V for the micromirror.

Figures 10-13 present the motion trajectories of the micromirror for different
values of the applied voltage Vi with different initial conditions. Figure 10 shows
that the response of the torsional micromirror for any initial condition is periodic
when the applied voltage is equal to zero. Figures 11 and 12 show phase portrait
of the micromirror when the applied voltages are Vi = 7.27 V and V; = 14.54 V,
respectively. As shown in these figures, there are one center and two saddle points
in each figure. Furthermore, there is a heteroclinic orbit (bold-blue curves) in
each figure, which separates periodic solutions from the unbounded non-periodic
solutions. A heteroclinic orbit may join a saddle-node to another one and may
also join a saddle to a node, or vice versa [31|. Inside the heteroclinic orbit there
is a connected series of periodic orbits whose periods increase monotonically
and approach infinity as the heteroclinic orbit is approached [29]. As shown
in these figures heteroclinic orbits are contracted with increasing the applied
voltages.

Figure 13 illustrates motion trajectory of the micromirror for the applied
voltage V4 = 21.82 V (pull-in voltage). As shown in this figure heteroclinic orbit
and periodic region disappeared. This condition occurs due to a collision of two
saddle points with center point, which represents pitchfork bifurcation in the
phase space as shown in Fig. 9.

5.4. Numerical results

To get the pull-in parameters, we also set d>y/dr? = 0 and dvy/dr = 0. The
pull-in parameters are obtained as

Ypull—in = 0.4404, Voull—in = 16.21 V (saddle node bifurcation),

(5.4)

Ypull—in = 0, Voull—in = 21.82 'V (pitchfork bifurcation).

However, the values of critical tilting angle and pull-in voltage are in fact
dependent on the sizes of structures [18|. Here, 0.4404 is a universal constant
for all electrostatically actuated torsional micromirrors. The pull-in effect is
influenced by the dimensions of the electrode. This demonstrates again that “the
electrodes determine the behavior of a torsional micromirror” [27, 31|. These
values indicate obviously how to obtain a pull-in angle by selecting the electrode
size, which is completely useful for the design of torsional micromirrors.

The numerical results about different configurations of the torsional mi-
cromirror are shown graphically in Figs. 14-19.
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6. Conclusion

The nonlinear behavior of a torsional micromirror exposed to electrostatic
actuation was studied. Next, the governing nonlinear equations were solved. The
pull-in phenomena for the micro-actuator under various gap, electrode size and
beam length were obtained and presented. The equation that governs the statics
of the torsional micromirror was derived and the relationship between rotation
angle and the driving voltage was determined.

By solving the equation of the static deflection, fixed points or equilibrium
positions of the micromirror, when the voltage ratios are equal to zero (p = 0)
and when the voltage ratios are equal to one (p = 1), are determined. Phase
portraits and regions of bounded and unbounded solutions were illustrated. The
nonlinear motion trajectories were shown in phase planes for various applied
voltages and for different initial conditions.

It was shown that increase of the applied voltage leads the structure to an
unstable condition by undergoing to saddle-node bifurcation in the case of p = 0,
whereas in the case of p = 1 instability occurs when the structure undergoes
a pitchfork bifurcation.
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