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THE PRESENT ARTICLE ESTABLISHES a general theory of frictional moving contact of
orthotropic materials indented by a moving rigid punch with various punch profiles.
The punch moves to the right or left at a constant speed with the shear stress arising
inside the contact region. The motion should be subsonic. By using Galilean trans-
formation and Fourier transform, a singular integral equation of the second kind is
obtained, solution of which has a non-square-root or unconventional singularity. Nu-
merical results are presented to show the influences of relative moving velocity and
the friction coefficient on surface in-plane stress for each case of the four types of
punches, which demonstrates that the surface crack initiation and propagation in
load transfer components more likely occur at the trailing edge. The present theory
provides a basis for explaining the surface damage mechanism of orthotropic materi-
als under an indentation loading and for exploiting the physics behind the different
punch profiles.
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1. Introduction

IN THE RECENT DECADE THERE HAS BEEN an increasing development of com-
posite materials in many engineering applications, for example in construction
sector. Because of the nature of the techniques used in processing, like the plasma
spray technique [1] and electron beam physical vapor deposition method [2], the
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composite materials are seldom isotropic. Thus, the inherent orthotropy should
be considered and the mechanical behavior characteristics of orthotropic mate-
rials have been the subject of intense research. To accurately determine their
mechanical properties is vital for orthotropic materials’ applications.

Indentation techniques are ways to characterize material properties. Thus,
the indentation problems have attracted attention of many engineers and sci-
entists. For static indentation problems involving isotropic materials, a detailed
description and review can be found in [3-6]. Studies of indentation problems
in the non-isotropic materials were also considered. For early work about static
contact problems of orthotropic materials, such as those presented by SVEKLO
(1964 and 1970), WiLLIS (1966), KiM and SUNCHELEEV (1970), one may refer
to [4] (p. 579). SHI et al. |7] proposed a numerical method for the contact problem
for orthotropic materials with the surface of the half-space parallel to two of the
axes of material symmetry. SWANSON [8] showed how stresses and deformations
can be determined throughout the contact region for an orthotropic half-space.
Later, SWANSON [9] developed an approach to determine the entire stress, strain
and deformation in orthotropic plates of finite thickness. In the above-mentioned
papers involving contact mechanics, the punch indenting on the materials was
stationary and the punch profiles were usually only flat-ended or round-ended.
Besides, most results were given in numerical form.

Dynamic contact problem, in which a deformable half-space is indented by
a moving rigid punch, is an important type of problem in contact mechanics
and tribology [10] and has attracted researchers’ attention. Using the plane-
strain equations of linear elasticity, CRAGGS and ROBERTS [11]| studied the
moving of a heavy cylinder over the surface of an isotropic elastic half-space
and obtained physically acceptable solutions for sub-Rayleigh and supersonic
moving speeds. CLEMENT [12] extended results of CRAGGS and ROBERTS |[11]
to deal with the case when the cylinder is moving steadily over an anisotropic
half- space. GEORGIADIS and BARBER [13| examined the elastodynamic super-
Rayleigh /subseismic indentation paradox. BROCK [14] conducted a plane-strain
analysis of steady sliding by a smooth rigid punch at any constant speed on
a class of orthotropic or transversely isotropic half-spaces. These studies are
frictionless. BABER and COMINON [15] studied the problem of an elastic cylin-
der rolling with friction on an elastic half-space with constant velocity which
is supersonic with respect to the materials of the two bodies. Considering the
presence of Coulomb friction, BROCK [16, 17| dealt with the steady-state slid-
ing contact of thermoelastic half-spaces with only sub-Rayleigh speeds treated.
Later, by allowing it to move with any (constant) speed (subsonic, transonic,
and supersonic), BROCK and GEORGIADIS [18] treated friction-resisted sliding
as a coupled thermoelastic process in the dynamic steady-state. The half-spaces,
in the studies involving dynamic contact with friction, are isotropic and the
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punch is either cylinder or saw-tooth. Using integral transforms and perform-
ing asymptotic analysis, BROCK and GEORGIADIS [19] addressed the frictional,
dynamic steady state response of a coupled thermoelastic transversely isotropic
half-space with multiple-zone, in which a complete solution was constructed for
rounded “W”-shaped rigid indenter depicted by a fourth-order polynomial. Re-
cently, ZHOU et al. [20] presented an exact contact analysis for orthotropic ma-
terials under a smoothly moving punch. Despite these work, more efforts need to
be made to offer a deeper insight of how the punch profiles and the friction affect
the dynamic contact between orthotropic materials and moving rigid punch with
various punch profiles.

In this paper, a frictional moving contact model for orthotropic materials
indented by a moving rigid punch with various punch profiles is established. The
punch moves to the right or left at a constant speed and the motion should
be subsonic. The complicated problem is reduced to singular integral equations
of the second kind in terms of unknown contact stress under the punch. For
four general punch profiles, such as a flat, triangular, parabolic or cylindrical
profile, analytical solution of the reduced singular integral equations of the second
kind is obtained, which may provide benchmark for the interpretation of the
surface damage mechanism of general anisotropic materials under an indentation
loading and the physics behind the different punch profiles. Numerical results
show that the relative moving velocity ¢ should be within the interval [0,1).
The influences of relative moving velocity and the friction coefficient on surface
in-plane stress are detailed. The present results show that the surface crack
initiation and propagation in load transfer components are more likely to occur
at the trailing edge.

2. Problem statement and boundary conditions

The problem under consideration consists of semi-infinite orthotropic mate-
rials in contact with a rigid punch. The stamp may possess various profiles. The
punch moves frictionally to the right or left at a constant speed V', which should
be not larger than the lowest bulk wave velocity as it will be mentioned later.
Inside the contact region,

(2.1) Q=ypuys- P

where (5 is the friction coefficient, P and @ are the resultant normal and tan-
gential forces acting on the punch, respectively.

Plane strain state is considered. Stress components of the orthotropic mate-
rials can be written as
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Oz Cii Ci2 Ci3 ou/0x
(2.2) Jyy = 021 022 023 (911/0]; 5
Tay C31 Cs9 COs3 8u/6y+6v/ax

where 0., 0y, and 7., are stress components, u and v are elastic displacements,
and the elements C),,, are stiffness coefficients (C13 = Coz = 0, C33 = Go).
Motion equations of free body forces are written as

do oT, 9%u
2. Zrr Y _ 52
(2:3) ar oy o
(2.4) OTyy  Ooyy 0%

Ox oy Paiz

where t is the time variable and p represents the mass density.
The Galilean transformation is introduced to make the time related problem
tractable

(2.5) X=xFVt, Y=y,

where “—" denotes that the punch moves to the right, while “+” to the left. The
translating coordinate system (X,Y’) is attached to the punch. In what follows,
analyses will be conducted in the translating coordinate system (X,Y).

In the coordinate system (X,Y’), the reduced problems are subjected to the
following boundary conditions:

—p, X € [—a,a], for flat,

(2.6) o(X,0) = —vg + mgX, X €10,0], for triangul.ar,
—vg + X /(2R), X €10,9], for parabolic,
—vg + Xz/(QR) , X €[—a,b], for cylindrical,

—-p(X), X €[—a,b],
2.7 X,0) =
( ) UYY( ) { Oa X ¢ [_a’v b]7
_q(X)7 X € [_avb]a
2.8 X,0) =
( ) TXY( ) { Oa X ¢ [_aa b]a
where v(X,0) denotes the penetration depth, which is known a priori,
mg > 0 and R is the radius of the parabolic or cylindrical punch. The surface
stresses beneath the punch are unknown and are denoted by p(X) and ¢(X).
In Eq. (2.6), the profile of the cylindrical punch is approximated as a parabola
when a + b < R [6]. The contact region and the physical nature at the edges of
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the parabolic and cylindrical punch are quite different as it will be seen in Sub-
sections 5.3 and 5.4. Equations (2.7) and (2.8) indicate that the contact stress
and shear stress are unknown inside the contact region, while are free outside
the contact region.

Inside the contact region, the Coulomb friction law applies, i.e.,

(2.9) Txy(X, 0) = /Lnyy(X, 0), X e [—a,b].

The equilibrium condition should be satisfied

b
(210) /Jyy(X, O)dX = —P.

—a

Note that in Egs. (2.6)—(2.10), the contact region is denoted for convenience
as [—a, b] for various punch profiles.

Since the orthotropic materials are modeled as a semi-infinite plane, the
displacements must vanish at infinity. Hence, one has

(2.11) u(X,Y) — 0, v(X,Y) — 0, VX2+Y2 - 0.

3. Fundamental solutions

Substituting Eq. (2.2) into Egs. (2.3) and (2.4) in view of Galilean trans-
formation equation (2.5), one can get the governing equations, which have the
following related characteristic equation:

— (Cr1 —C33-¢®) + Ca3n*  —i-sgn(C) (Cra+Ca3)n|

3.1 , =0,
(3:1) —i-sgn(C) (Ci2 + C33)n —Cs3(1 — ) + Coan?

where sgn(-) is the sign function and 2 = —1.

Equation (3.1) is of quadratic order of 7, in which only terms with even
order of n remain. Considering regularity conditions equation (2.11), one may
find that the eigenvalues of Eq. (3.1) take either of the following forms: (A) two
pairs of complex conjugate roots (no purely imaginary roots) or (B) two pairs of
opposite real roots. In what follows, eigenvectors ©,, = [an ((,Y) O, (¢, Y)]
(n =1,2) will be given for the each case of above eigenvalue distributions.

Case A: two pairs of complex conjugate roots (no purely imaginary roots)
(3.2) m=-m=0+1i-9, My =-n3=0—1i-19,

where 6 > 0 and 9 is a real number.
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In this case, eigenvectors O, = [O1, ((,Y) B2, ((,Y) ]T (n =1,2) are given
by

o, — [ cos(|¢|9Y) ] JJcloy

5.3 | —i - sgn(CQ)[Re(h(m)) cos(|¢[9Y) — Tm(h(n1)) sin([C[IY)] ’
. o - sin(|¢] 9Y) ] Jcloy

| —i - sgn(Q)Im(h(m)) cos(IC[IY) + Re(h(m)) sin(|¢oY)] | ©

where Re(-) and Im(-) denote, respectively, the real part and imaginary part,
and the function h(-) is defined as

Cs3n? — C1y + Cszc?
(Ci2 + C33)n

(34) h(n) =
Case B: two pairs of opposite real roots

(3.5) m = —ns = 91, N2 = —n3 = d2,

where 6, >0 (n =1,2).
In this case, eigenvectors O, = [O1, ((,Y) O, (¢, Y)]T (n =1,2) are given
by

_ 1 |on
. On= | iosamon o] ©

where h(-) is defined in Eq. (3.4).
Considering fundamental solutions given in Eq. (3.3) or (3.6) leads to the
following expressions for the stresses:

oxx(X,Y) Qa(GY) |
(3.7) oyy(X)Y) | = ZMTsmc>e%%a
xy (X,Y) “0 23,(¢,Y)

where T}, (n = 1,2) are unknown functions to be determined from boundary
conditions, and known functions 2,,((,Y) (m = 1,2,3,n = 1,2) are given in
Appendix.

Considering boundary conditions, one can determine unknown functions 7;,
(n = 1,2). In the following section, integral equations will be established to
determine unknown stresses p(X) and ¢(X) inside the contact region.
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4. Integral equation

Differentiating the vertical displacement on the surface, one can obtain the
following equation:

ov(X,0) 1

(1) S, / [K1(X, 0)p(v) + Ka(X, 0)g(v)] do.

—a
Due to its role in causing surface damage, the surface in-plane stress can be
given as
b

(4.2) oxx(X,0) = % / [L1(X, 0)p(v) + Lo(X, v)q(v)] dv.

The kernels K,,(X,v) and L, (X,v)(n = 1,2) in Egs. (4.1) and (4.2) are given
as

Kl(X,’U):/OOONHSiHK(U—X)]dC,
KQ(X,’U)—/DOON12COS[C(’U—X)]CZC,
Ll(X,U):/OOONglcos[C(U—X)]dC,

Ly(X,v) = /OOON21 sin [ (v — X)] dC,

where Ny, (m,n = 1,2) are given as

2
Ny = Z (—=1)"M,102,(¢,0),

n=1
2
Nig = ’LZ (—1)nMn2@2n(Ca 0)7
n=1

(4.4) :

Nop = Z (—1)"My1£215,(¢,0),

n=1
2
Noz =) (1) Mp20210(¢, 0),

n=1

which are independent of ( and M,,,, (m,n = 12) are given in Appendix.
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Equations (4.1) and (4.2) can be rewritten as:

ov(X,0) 1 N1t
1 ; N
(4.6) UX)((X, O) = Nglp(X) + — / Mp(u)dv.
m v—X

—a

To obtain solutions of Egs. (4.5) and (4.6), the following formulas are used:

e}

(4.7) / sin [¢ (v — X)]d¢ =

0

1
v—X’

/cos[{(v—X)]dC:W-é(v—X),
0

where §(-) is the Dirac delta function.

As mentioned above, the penetration depth v(X,0) is known a priori. Thus,
the unknown function p(X) can be solved from the Cauchy singular integral
equation of the second type, i.e., Eq. (4.5), plus equilibrium condition Eq. (2.10).
Equations (4.5) and (2.10) can be normalized as

1
1 N
(4.8) Nig - g () + — | _st(t)dt = A(s), |s| <1,
-1
i 2P
4. ds =
O
-1
where the following changes of variable are used:
X — b+a5+ b—a’ . b+at+b—a’ o< (X,v) <b.
2 2 2 2
(4.10) v (X,0)
—1<(s,t) <1, p(X)=1(s), TX, = A(s).

To solve Eqgs. (4.8) and (4.9), the following expression [21] is defined:

1
(4.11) (z) = % %
1

dt,

which satisfies the following properties, i.e., general Plemelj formulae:

b(s), sl <1,

(4.12) Ut(s) -0 (s) = { 0 o> 1
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1 fu,
(4.13) UH(s)+ ¥ (s) = 7ri/ —sdt’ sl <1,

21
21(s), |s| > 1,

where superscripts ‘+’ and ‘—’ represent, respectively, the limits of ¥(z). With
these relations, Eq. (4.8) can be written as the following Riemann—Hilbert prob-
lem:

(4.14) AUT(s) = B¥ (s) + A(s),
where
(415) A:ng-uf-f-Nll"i, B:ng'uf—Nll-i.

Considering the corresponding homogeneous equation of Eq. (4.14), one may
find that the fundamental function that characterizes the nature of the contact
stress is the weight function of Jacobi polynomials [22]

(4.16) w(s)=(1-95)1+s)", |s] <1
As a result, the solution to the singular integral equation can be expressed

in terms of the series expansion such that [23]

[e.e]

(4.17) v(s) =w(s) > PO(s), sl <1,

j=0
where ¢j(j > 0) are unknown coefficients to be determined, Pj(a’ﬁ ) (s) are Jacobi
polynomials, and

€ 3
a:__+N07 /8:_+M07
s ™

(4.18) - — aretan (1) ¢ - pfNi2
g ) Nll )

where N and M are arbitrary integrals depending on the physics of the problem.
Substituting Eq. (4.17) into Eq. (4.8) and considering the following property
of Jacobi polynomials:

1
(4.19) le.uf-zaj?aﬂ>(s).w(s)+% tj\i—llst»(a’ﬁ)(t)w(t)dt
—1

_ _2_50 Nll P(:a,—ﬁ) (S),

sin (7r) /"0
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where the index is kg = —(a + 3), one can obtain that
20) e [-ao M pacn gl g <.
J sin(we)” I7r0 ’

=0

By expanding A(s) in terms of Jacobi polynomials and comparing both sides
of Eq. (4.20), the unknown coefficients ¢; (j > 0) can be determined. Once the
contact stress p(X) is obtained, the in-plane stress on the surface can be eval-
uated by Eq. (4.6). In what follows, analytical solutions of the singular integral
equation obtained above will be given for punches with various profiles.

5. Analytical solutions

5.1. For a frictional flat punch

Considering the first expression on the left-hand side of Eq. (2.6) and noting
that b = a, one can rewrite Egs. (4.8) and (4.9) as

N
— gt =0, [s] <1,

1
(5.1) AGQ’Mf‘¢%3)+'%y/t
1

(5.2) / (s)ds =

At both edges X = a and X = —a, the function p(X) has integrable singu-
larities, which require that both a and 3 be negative. By letting Ny = 0 and
My = —1, a and 3 defined in Eq. (4.18) can be written as

E>0: a=——, B=——-1,
T T
1 1
5.3 =0: =_= = _Z
(53 £=0: a=—, f=-p

£<0: a=2S
T

|

|
—
I

|

Thus, the index kg in this case is
(5.4) ko=—(a+p)=1.

Substituting Eq. (4.17) into Egs. (5.1) and (5.2), and using Eq. (4.20) and
the relation

(55) /w(s)ds _ 2 (e DI+ 1)

: I'la+ 5 +2) '
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where I'(+) is the Gamma function, one can obtain the only nonzero coefficient
co as follows:

2Py sin(ma)
5.6 Sl R St
(56) 2 e,
where
P
. Py=—.
(5.7) 0= 5

Then, considering Eqs. (4.17), (4.10) and (2.7), one can get the surface normal
stress as

(58 oyy(X,0) = 2Hosin(ma) (1 - §>a<1 + %)ﬁ IX| < a.

s a

With consideration of Egs. (5.8) and (2.7), the surface in-plane stress given
in Eq. (4.6) can be rewritten in the following closed-form in terms of elementary
functions:

(5.9) oxx(X,0)

X\" X\Y  Nog-ps
2P sin(mav) N21<1_E> (1"’_;) + . Tr(X), [X]<a,

B ™ Noo -
— (X, X > a,

where 77 (X) is given as

sin(ma)

(5.10) Ty (X) = (1 _ f;a(1 + %)ﬂcos(ﬁa), —a< X <a,
)

as
_ o X))  a G

(5.11) Fr(a) = )1(1£>na 58 (a—X)*= et

L pX) -5 _
(5.12) Fr(—a) = Xllnia 20 (a+X) P = e

In Egs. (5.11) and (5.12), letting p1y = 0 leads to the following expression:
P

(513) F[(a) = F](—a) = CO\/a = .

m/a
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5.2. For a frictional triangular punch
Considering the second expression on the left-hand side of Eq. (2.6) and
noting that a = 0, one can rewrite Eqgs. (4.8) and (4.9) as

N1t
t—s

1
(5.14) nglufl/J(S)jL%/ WY (t)dt = my, ls| <1,
]

(5.15) / w(s)ds = L.

In this case, « is positive and 3 is negative since the triangular punch has a
sharp corner at X = 0 and smooth contact at X = b. By letting Ny = 1 and
My = —1, a and 3 defined in Eq. (4.18) can be presented as:

E>0: ozzl—i, B:—1+£,
T T
(5.16) E=0: a=
E<0: a=
Thus, the index kg in this case is

(5.17) ko =—(a+ ) =0.
Substituting Eq. (4.17) into Eq. (5.14), using Eq. (4.20) and considering Eq. (5.5)

produce the only nonzero coefficient ¢ as follows:
_ my - sin(ra)
- —Nu
Then, considering Eqs. (4.17), (4.10) and (2.7), one can get the surface normal
stress as

(5.18) Co

b— X \*
(5.19) oyy (X,0) = x—ﬁ sin(ra) (T) ., 0<X<b

The surface in-plane stress given Eq. (4.6) can be rewritten in the following
closed-form:

(5.20) UX)((X, 0)

b—X\¢ Nog-
N21< ) 22 M yx), 0< X <b,
. X us

-sin(ma)

-N Noo -
! — iy (x), X ¢ (0,8,
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where 73(X) is given as

X —-b\“
—_— —1 X
( X > ’ <07
T b— X\*
21 T (X) = —1 X
(5.21) ¢ (X) e p— (X ) cos(ma) — 1, 0< X <b,
X —-b\*
— -1 X .

Besides, substituting Eq. (4.17) into Eq. (5.15) in view of Egs. (5.18) and
(4.16) yields the following formula to determine the contact length:

_ —Nii-P

mo T

(5.22) b
The mode I stress intensity factor at the leading edge of the triangular punch
can be defined as follows:

mo - sin(ra) - b*
—Niy

(5.23) F1(0) = lim Xp(X) =

5.3. For a frictional parabolic punch

Considering the third expression on the left-hand side of Eq. (2.6) and noting
that @ = 0, one can rewrite Eqgs. (4.8) and (4.9) as

1

G20 Nawgvs) g [

t—s

woar =" g,

(5.25) /w(s)ds = %

In this case « is positive and 3 is negative since the parabolic punch has a
sharp corner at X = 0 and smooth contact at X = b. By letting Ny = 1 and
My = —1, a and (3 are the same as those defined in Eq. (5.16) and the index is
Ko = 0.

The left-hand side of Eq. (5.24) can be expanded into a series of Jacobi
polynomials Pj(_a’_ﬁ)(-) [23]

(_az_ﬂ) (_az_ﬂ)
b(s+1) 0N (s) + (1+a)F (s)}
(5:26) 2R 2R
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Substituting Eq. (4.17) into Eq. (5.24) in view of Eq. (5.26), using Eq. (4.20)
and considering Eq. (5.5) yield the nonzero coefficient as follows:
b(1+ a) B
—2N11R - —2NnR
Thus, by considering Eqgs. (4.17), (4.10) and (2.7), one can get the surface
normal stress as

bsin(ra) (b — X\ X
2 X,0) = — X .
629 ov(ro) = SREN (S E) (an T). 0<x <o

The surface in-plane stress given in Eq. (4.6) can be rewritten in the following
closed-form:

(5.27) co = sin(ra), c1 sin(ma).

_ bsin(ra)
(5.29) oxx(X,0) = “NuR

=X\ (X Moz 0) (1)
y N21< e > <a+b>+ o [(1+a) 7,7 (X) 4+, (X)], 0< X <),

%[(Ha)rp@) O+TI(X), X <0, X > b,
where
() xe
(5.30) 70 (X) = Sinz;a) (b ;(X>acos(7ra) ~1, 0<X<b,
\ (%)a -1, X > b,
(5.31) T (x) = Pl (% - 1>T,§0> (X) + Sii?:a).

Substituting Eq. (4.17) into Eq. (5.25) in view of Egs. (5.27) and (4.16) yields
the following formula to determine the unknown contact length:

(5.32) b:\/—Q-Nn'P-R

m-a- (14 a)

Then, the mode I stress intensity factor at the edge X = 0 of the parabolic
punch can be defined as
bt asin(ra)

Letting pp = 0 leads to
(5.34) F;(0) =b2 /(=2 Ny1 - R).
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5.4. For a frictional cylindrical punch

In this case, considering the fourth expression on the left-hand side of
Eq. (2.6), one can rewrite Egs. (4.8) and (4.9) as

1
1 [ N
5. Nio - s - 2
(5:35) Niz-py-(s) + — [ -—
1

b+a)s+b—a
2R ’

P(t)dt = Afs) =

|s| <1,

1

2P
(5.36) / o(rydr = 2L
ao
21
where
(5.37) ap =b+a, a; =b—a.

In this case a and [ are positive since the cylindrical punch has smooth
contacts both at X = —a and X = b. By letting Ng = 1 and My =0, o and
defined in Eq. (4.18) can be obtained as

E>0: azl—i, ﬂzi,
T T
1 1
(539) =0: a=3  B=g,
£E<0: a:E, ﬁzl—i.
T T
Thus, the index k¢ in this case is
(5.39) ko =—(a+p) =—1.
Due to kg = —(a+ ) = —1, the following consistency condition must be ful-
filled:
/ A
(5.40) / () s — 0.
@(s)

Expanding the left-hand side of Eq. (5.35) into the following series of Jacobi
polynomials Pj(_a’_ﬁ)(-) [23]:

(541)  [(b+a)s+b—a]/(2R)
— {200P\ """ (5) + a1 — (8 — a)ao] P (s)} /2R,
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and comparing both sides of Eq. (4.20) in view of Eq. (5.5), one arrives at the
only nonzero coefficient
ag b+a

(542) C0 = —(~ = Sin(Troz) = m

TN R sin(ma).

Thus, with consideration of Eqgs. (4.17), (4.10) and (2.7), the surface normal

stress can be obtained as

sin(ma)
Ni1R

(5.43) oyy(X,0) = b-X)*(X+a)f, —a<X<b.
The surface in-plane stress given in Eq. (4.6) can be rewritten in the following
closed-form:

(5.44) oxx (X,0)
a Nag -
sin(ra) | N (0= X)T (X +a)’ + ZEET(X), —a< X <,
- —NuR N22-,uch
2w

(X)v X¢ [_CL)b]’

where 7.(X) is given as

(5.45) TC(X):$
20— X)*(-X —a)’ —2X +b—a+ (a—p)(b+a), X< —a,
x < 2(b— X)X +a)’ —2X +b—a+ (a—p)(b+a), —a < X <b,
2(X =) X +a)f —2X +b—a+ (a—B)(b+a), X >b.

By considering Eqgs. (5.42) and (4.16) and using the equilibrium equation
(5.36) yield the relationship between the load and the contact length

(5.46) po b

2
= SN, Rt

Applying the consistency condition given in Eq. (5.40), one has the following
relationship to determine the unknown contact length:
p
5.47 b= —a.
(5.47) -

In this section, analytical solution of the singular integral equation is obtained
for punches with four different profiles; unconventional singularity, relationship
between the indentation load and the contact length, and explicit expression of
surface in-plane stress are presented.
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6. Numerical results and discussions

For numerical computations, the corresponding material properties are given
as follows: C11 = 159.7885 GPa, C12 = 5.2609 GPa, Cy = 15.4732 GPa and
Go = 5.52 GPa.

6.1. Eigenvalue distribution

Table 1 demonstrates the eigenvalue distribution with varying relative mov-
ing velocity. Frictional elastic dynamic contact can be unstable. As the relative
moving velocity ¢ increases, the following cases emerge: a) two pairs of opposite
real roots, b) a pair of opposite real roots and a pair of purely imaginary roots,
and c¢) two pairs of purely imaginary roots. In view of the regularity conditions
given in Eq. (2.11), instability occurs. Only case a, i.e., two pairs of opposite real
roots, is practicable for the semi-infinite composite. Thus, the ¢ values are chosen
within the interval [0, 1) in the numerical computation. It is noted that though
even the value of the parameter ¢ = 0.1 corresponds to the value of velocity
about V' > 100 m/s, the motion should be subsonic, i.e., the moving speed V'
should not exceed the lowest bulk wave velocity cg = /Cs3p.

Table 1. Eigenvalue distribution with relative moving velocity (i = —1).
m 72 n3 M4

5.2506 —5.2506 0.6120 —0.6120
0.1 5.2496 —5.2496 0.6090 —0.6090
0.2 5.2468 —5.2468 0.5997 —0.5997
0.3 5.2421 —5.2421 0.5839 —0.5839
0.4 5.2356 —5.2356 0.5610 —0.5610
0.5 5.2271 —5.2271 0.5301 —0.5301
0.6 5.2168 —5.2168 0.4897 —0.4897
0.7 5.2045 —5.2045 0.4372 —0.4372
0.8 5.1904 —5.1904 0.3674 —0.3674
0.9 5.1743 —5.1743 0.2669 —0.2669
1 0 0 5.1562 —5.1562
1.5 5.0359 —5.0359 0.6852i — 0.6852i
2 4.8626 —4.8626 1.06261 —1.0626i1
10 8.5829i —8.58291 5.8365i1 —5.83651

6.2. Surface in-plane stress under a frictional flat punch

Figure 1 shows the effects of the relative moving velocity ¢ and the fric-
tion coefficient py on the normalized surface in-plane stress oxx(X,0)/0o
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(00 = P/2a) under a frictional flat punch. The surface in-plane stress is un-
bounded and discontinuous at both the trailing edge and the leading edge of
the flat punch. The stress concentrations of the surface in-plane stress may ex-
plain why the surface damage occurs under the action of the flat punch. When
the flat punch moves frictionally, the surface in-plane stress is compressive be-
fore the trailing edge (X < a), while tensile behind the trailing edge (X > a),
which agrees with the well-known experimental findings that the trailing edge
has a great potential to be a location of the surface crack initiation and propa-
gation in load transfer components [24].

a

) b)
20

-3 -2 -3 -2 -1 0 1 2 3

X/a X/a

Fia. 1. The effects of: a) the relative moving velocity ¢ and b) the friction coefficient uy on
the normalized surface in-plane stress ox x(X,0)/00 (00 = P/2a) under a frictional flat
punch.

In addition, Fig. la presents the situation that when the flat punch moves
faster, the magnitudes of the surface in-plane stress intensify inside the contact
region, while they keep almost the same values outside the contact region.

Figure 1b depicts the scenario that when the sliding contact interface be-
comes more frictional, the surface in-plane stress beneath the punch (| X| < a)
intensifies around the trailing edge of the punch. With the increasing of friction
coefficient, the surface in-plane stress becomes more tensile behind the trailing
edge (X > a), while more compressive before the leading edge (X < —a).

It seems that the friction coefficient py has a more significant influence on
the surface in-plane stress than the relative moving velocity ¢ does when under
the action of the flat punch.

6.3. Surface in-plane stress under a frictional triangular punch

Figure 2 delineates the influences of the relative moving velocity ¢ and the
friction coefficient ps on the normalized surface in-plane stress oxx(X,0)/0g
(00 = —mo/N11(0), where N11(0) is the value of Ni; when ¢ = 0) under a fric-
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tional triangular punch. The surface in-plane stress oxx(X,0)/0g is discontin-
uous around the edge X = 0, while it has a tensile spike for nonzero values of
the friction coefficient s at the edge X = b. The tensile spike as X — b under
a triangular punch has a relevance to the well-known experimental findings that
the surface crack initiation and propagation in load transfer components more
likely occur at the trailing edge [24].

a) b)
Ok
Of=
5-1 0 {_ 10l
(==} (e
% -20 3
<} Z 201
=< o]
o o
-30 -30+
-40 L -40 ; .
-0.3 00 03 0.6 -0.3 00 y 03 0.6
Fia. 2. The effects of: a) the relative moving velocity ¢ and b) the friction coefficient us on
the normalized surface in-plane stress ox x(X,0)/c0 (60 = —mo/N11(0)) under a frictional

triangular punch.

In addition, Fig. 2a shows that the relative moving velocity ¢ has no that
pronounced influence on the surface in-plane stress under the triangular punch.
Figure 2b illustrates that the tensile spike of the surface in-plane stress increases
with the friction coefficient ji; increasing. The magnitude of the surface in-plane
stress around the edge X = 0 decreases as the friction coefficient py increases
when X > 0; while the opposite trend can be observed when X < 0.

The stress concentration of surface in-plane stress around the edge X = 0
and spike of the surface in-plane stress at the edge X = b may explain why the
surface damage occurs under the action of the triangular punch.

6.4. Surface in-plane stress under a frictional parabolic punch

Figure 3 demonstrates the influences of the relative moving velocity ¢ and
the friction coefficient 115 on the normalized surface in-plane stress ox x (X, 0) /09
(0o = P/R) under a frictional parabolic punch. The surface in-plane stress
oxx(X,0)/o0 is discontinuous around the edge X = 0, while it has a tensile
spike for nonzero values of the friction coefficient py at the edge X = b. These
phenomena are the same as those under the triangular punch. The tensile spike
as X — b under a parabolic punch reaffirms that the surface crack initiation
and propagation in load transfer components more likely happen at the trailing
edge [24].
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Fia. 3. The effects of: a) the relative moving velocity ¢ and b) the friction coefficient py on
the normalized surface in-plane stress ox x(X,0)/00 (00 = P/R) under a frictional parabolic
punch.

In addition, Fig. 3 shows that the tensile spike at the edge X = a increases
with either the relative moving velocity decreasing or the friction coefficient
increasing.

Like the triangular punch case, the stress concentration of the surface in-
plane stress and spike of the surface in-plane stress may explain why surface
damage occurs under the action of the parabolic punch.

6.5. Surface in-plane stress under a frictional cylindrical punch

Figure 4 illustrates the influences of the relative moving velocity ¢ and the
friction coefficient y1y on the normalized surface in-plane stress oxx(X,0)/0g
(0o = P/R) under a frictional cylindrical punch. The normalized surface in-
plane stress ox x(X,0)/0g has a tensile spike at the edge X = b when uy > 0,
which may imply the initiation and sub-critical growth of surfaces crack under

a) b)

30 40

o O _ S

S 15 ;’E o

>< - - ry

5t < 20}

© -30F o
451 -40 -
-60 : ! . -60 . . .

-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50
X/R X/R

F1a. 4. The effects of: a) the relative moving velocity ¢ and b) the friction coefficient s on
the normalized surface in-plane stress oxx(X,0)/o0 (00 = P/R) under a frictional
cylindrical punch.
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repeated loadings and confirms the well-known experimental findings [24] like
those under a triangular or parabolic punch.

With the relative moving velocity ¢ increasing, the spike value of surface in-
plane stress at X = b decreases and peak magnitude location becomes closer
to the edge X = —a as observed in Fig. 4a. Figure 4b demonstrates that with
the friction coefficient py increasing, the spike value of surface in-plane stress
at X = b increases and peak magnitude location becomes closer to the edge
X = —a.

The spike of in-plane stress may explain why surface damage occurs under
the action of the cylindrical punch.

7. Conclusions

A general theory on orthotropic materials under a moving rigid punch is set
up. The punch moves to the right or left at a constant speed. The Coulomb
friction law is modeled inside the contact region. Galilean transformation and
Fourier transform are applied to obtain the appropriate fundamental solutions,
which can lead to real expressions of physical quantities in case of either real
or complex eigenvalues. Through an asymptotic analysis of the kernels, singular
integral equations of the second kind in terms of unknown contact stress beneath
the punch are obtained. Explicit formulae of various surface stresses are obtained
for four cases, including flat, triangular, parabolic and cylindrical punch, and
non-classical singularity is presented.

Numerical results show that the relative moving velocity affects the eigen-
value distribution, while the friction coefficient does not. The influences of rel-
ative moving velocity and the friction coefficient on the surface in-plane stress
are revealed in each case of the four types of punches, which delineate that the
surface crack initiation and propagation in load transfer components are more
likely to occur at the trailing edge.

Appendix

1. Expressions of 2,,,((,Y) (m =1,2,3, n = 1,2) appearing in Eq. (3.7):
Case A

(A1) 21 (C,Y) = [Am1 cos(|C|9Y) — Apg sin(|¢] 9Y)] el
: Qm2(C,Y) = [Ama cos(|C|IY) + Apyy sin(|¢] 9Y)] Y

where A, (m=1,2,3, n=1,2) are given as
A = —i-sgn(¢) {C11 + C12 [0 - Re (h(m)) — ¥ - Im (h(m))]},

(A.2) a
Az = —i-sgn(¢)C12 [0 - Im (h (m1)) + 0 - Re (7 (m))],
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(A3) Ay = —i-sgn(() {Cr2 + C22 [0 - Re (h(n1)) — 9 - Im (h(n1))]}
Aggy = —i-sgn(¢)Co2 [0 - Im (h (1)) + 9 - Re (h (m))],
Az = O33[0 — Re (h(m))],

(A.4)
Agy = C33 [0 —Im (h(m))]
Case B
(A.5) 2 (C,Y) = Oyl

where Oy, (m =1,2,3, n =1,2) are given as

(A.6) O1n = —i-sgn(¢) [C11 + C120,h(d,)],
(A7) Ogp, = —i - sgn(() [Cha + Ca220,h(d,)],
(A.8) Osn = C33 [0 — h(dn)] .

2. Expressions of M,,,, (m,n = 1,2) appearing in Eq. (4.4):

My, = 232(¢,0) |
(A.9) 221(¢,0)232(C, 0) — 231(C, 0)222(¢, 0)
My = 252(¢, 0)
2 291(C,0)232(C, 0) — 231(C,0)295(¢, 0)
My, = 231(¢,0) |
(A.10) 21(¢,0)232(C, 0) — 231(C, 0)222(¢, 0)
Moo — 291(¢,0)
22 291(¢,0)232(¢,0) — 251(¢,0)292(¢,0)
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