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Green’s function for an anisotropic piezoelectric half-space
bonded to a thin piezoelectric layer
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THE GREEN’S FUNCTION FOR AN ANISOTROPIC PIEZOELECTRIC HALF-SPACE bonded
to a thin piezoelectric layer subject to a generalized line force and a generalized
line dislocation is presented. The thickness of a thin layer is assumed to be small
compared with a reference length. Thus, the existence of the layer is replaced by
effective boundary conditions to avoid finding solutions in the layer. Combining with
the Stroh formalism gives explicit solutions in a more compact form.
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1. Introduction

PIEZOELECTRIC MATERIALS HAVE BEEN WIDELY USED in our daily life, and nu-
merous applications rely on thorough analytical and numerical analyses. Green’s
functions play an important role in the solution of both analytical and numer-
ical methods. The Green’s function for a piezoelectric half-space bonded to
a thin piezoelectric layer is an interesting and important problem in practice.
NOWACKI et al. [1, 2] obtained exact solutions for a piezoelectric layer-substrate
structure in a form of Fourier integrals with detailed discussions on the conver-
gence.

Instead of using various plate and shell theories [3], if the layer is very thin
compared with a reference length, it is desirable to replace its existence by effec-
tive boundary conditions to avoid finding the solution of the layer. This simplifies
the analysis significantly. BovIK [4] first replaced the existence of the layer by
effective boundary conditions and considered the problem in case of an isotropic
elastic layer. BATRA [5] considered a laminated plate with piezoelectric coatings.
NIKLASSON et al. [6] studied the case when the layer is a monoclinic material
with the symmetry plane parallel to the plane of the layer. ZHANG et al. |7]
and BOSTROM and ZHANG [8] studied waves from a piezoelectric strip placed
on an isotropic elastic half-space, with comparison between exact and effective
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boundary condition solutions. BENVENISTE [9] and TING [10, 11] considered the
case of a general anisotropic elastic material layer. JOHANSSON and NIKLAS-
SON [12] considered a thin piezoelectric coating layer bonded to an elastic mate-
rial. BENVENISTE [13] studied the case of a piezoelectric interface between two
piezoelectric media.

By following the works of TING [10, 11], the Green’s function for an aniso-
tropic piezoelectric half-space bonded to a thin piezoelectric layer subject to
a generalized line force and a generalized line dislocation is constructed. Effective
boundary conditions and the Stroh formalism are adopted and solutions are
explicitly given.

The basic governing equations for a piezoelectric layer are presented in Sec-
tion 2. The effective boundary conditions are derived in Section 3. The Stroh
formalism is briefly discussed in Section 4. Application of the effective boundary
conditions in constructing the Green’s function for a half-space bonded to a thin
piezoelectric layer is given in Section 5. Mechanics of a thin piezoelectric layer
are briefly discussed in Appendix for interested readers.

2. Basic equations

In a fixed rectangular coordinate system x; (i = 1,2,3), and in the absence
of body forces and free charges, the equations of equilibrium for anisotropic
piezoelectric materials are [14]

(21) Oij,5 = 0, Dzz = 0,

where o;; is the elastic stress, D; is the electric displacement. A comma de-
notes differentiation with z;. Repeated indices mean summation. The constitu-
tive equations are given by

22) 7 = Gt = Cnig
D; = €ikmU,m + WimEm (1,7, k,m =1,2,3).

Coefficients Cijrm, emij and w;py, are, respectively, the elastic stiffness, piezoelec-
tric stress constants and permittivity constants with the following symmetries:

(2.3) Cijkm = Cjikm = Crmij, Emij = €myi Wim = Wni-

uy is the elastic displacement and FE), is the electric field. Cjjxp, and wiy, are
positive definite in the sense that

(2.4) CijrmWi jUkm > 0, wimEiEm > 0,
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for any real nonzero u; ; and F;. With
(25) EZ = —¥
where ¢ is the electrostatic potential, the constitutive equations (2.2) become

Oij — Cijkmuk,m + emij P.m;

(2.6) ..
D; = eikmUim — Wim®,m (4,7, k,m =1,2,3).
By defining
_ " S <l B <
t - 9 t - 9 t - 9
D2 D1 D3
012 o11 ) 100 _ 000
27 tf=|on|, t¥f=|o3|, K=|010|, K=[000],
032 033 000 001

the equilibrium equations (2.1) and the constitutive equations (2.6) can be
rewritten as

(2.8) to+ Kt +Ksts+ Kt + Ksts + Ksts =0,
and
. t=Ciu; + Cous + Cau s, i = Clu,l + Cgu,g + 63u’3,
29 t= élu,l + CQU,z + (~3311,37
respectively. The generalized displacement vector u is defined as

E U1
(2.10) u= [u@ ], uf = | uy |,

and

0 0 0 1 0 0
~ ~F ~ ~ F
(211) KSZ KKS 07 RSZ KKS 07
0 0 0 1
000 ) 100 000 ) 010
Kf=1100|, KF=|000]|, KE=]001|, K¥Y=]|000],
000 010 000 001
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with K and K defined in (2.7). Similarly,

[CE ey ] [CE e } [CE €32 ]
C == ! 9 C — 2 9 C = ? ’
Y el —wa 27 |edy —wa 7T eds —wn
[ Ce1 Cos Cos [ Co6 Co2 Coa [ Ces Coa Cos |
ClE = 021 CQG 025 , CQE = 026 022 024 CgE = 025 C'24 C23 ;
| C41 Cy6 Cys | C46 Cy2 Cyy | Cy5 Cyy Cug |
C A A B o] [~ A E o~ ] [ C11 Ci6 Cis5 |
(2.12) C;= K(le Ke; . C = K(le Ke; , Cf =|Cs Cs6 Cs5 |,
| e Wi | [ ©31 TWaL] C31 Cs6 C3s
[ B o~ ] [~ ~AE ~ [ Ci6 Cra Ciq ]
Cy = K(T32 Ke; , Cy= K(Tj2 Ke; , C¥=|0Cs Cs2 Cs4 |,
| €12 Twi2 [ 32 TWs2 | C36 C32 C3y
C o a B o] [~ ~E ~ ] [ Ci5 C1a Ch3 ]
Gy = Kgs Kes | @, = K(T33 Kes | @F = | 55 Oy s |
| €13 w13 | [ €33 TwWs3 | Cs5 O34 Cs3

(eij)m = €ijm, e,-T = [€i11, €i13, 61’33],
by using the contracted notation [15] for Cjjky, and the superscript T denotes
the transpose. Note that matrices with superscript F in Egs. (2.7), (2.11) and
(2.12) all have their counterparts in [11] without the superscript. Equations (2.8)
and (2.9) are the governing equations for u, t, £, and t.

As the matrix Cs is non-singular, u s can be eliminated in (2.9) and gives

(2.13) t=Eot + Ejuy +Bzuz, t=Ext+Eju; + Ezug,
with

By =CoCyl, B =0 -E,Cp, E3=0C;-ECy,
B R 60 Bi= 8 G, By Gy BaCy

Substitution of (2.13) into (2.8) gives

(215) t,2 + (Kl + K1E2)t’1 + (Kg + KgEQ + Rg]‘ijg)tg

+ Giu1 + Gougz + Gauzz =0,
where

= K1E3 + Kg]:]l + f(g]i_‘q7 Gs = Kg]:]g + KgEg.
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The above derivations did not consider the thickness of the layer so that the
results are valid regardless of whether the layer is thin or not.

Consider a piezoelectric layer of thickness h that is parallel to the plane
x9 = 0. If the layer is bonded to a piezoelectric body, then u, t, u 1, u3, t 1, and
t 3 are continuous across the interface but not us, t o, t, and t.

3. Effective boundary conditions

Consider a thin piezoelectric layer, occupying the region —h < xo < 0,
bonded to a half-space o > 0 of different piezoelectric materials and being
a traction-free and electrically open at the surface zo = —h. The vector t at the
interface o = 0 can be approximated by

(3.1) t]zy=0 = Mt 2]zy=0

when terms of order higher than h are ignored. Note that both t and t 5 in (3.1)
are evaluated at o9 = 0 of the thin layer. Substituting (3.1) into (2.15), the
equilibrium equations of the thin layer at x5 = 0 become

1 PPN A A ~ -
(32) Et + (Kl + KlEg)t’l + (K3 + KsEs + K3E2)t,3
+ Giu 11 + Goujiz + Gguzz = 0.

Indeed, Eq. (3.2) is the effective boundary condition at x9 = 0 since all terms are
continuous across the interface. For two-dimensional deformations, another form
of Eq. (3.2) in term of a generalized stress function will be derived in Section 5.1.

In case of a rigid conductor, at x9 = —h, u|z,——p = 0; hence, u 2 of the thin
layer at the interface zo = 0 can be approximated by

1
(3.3) u,2|x2=0 = ﬁu|x2=0

when terms of order higher than h are ignored. Therefore, (2.9); becomes
(3.4) u=h(C;'t — C;'Ciu; — C;'Csuj)

at x2 = 0. Again, all terms in (3.4) are continuous across the interface.

4. The Stroh formalism

The Stroh formalism has been extensively studied [14, 16] for two-dimensional
problems in which the generalized displacement vector u depends on x1 and xo
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only. By defining ®T = [¢1, ¢2, ¢3, ¢4] as the generalized stress function, the
general solutions to (2.1) and (2.2) can be written as

(4.1) u=Im{A(f(z.))q}, @ =Im{B(f(z))q}.

The stress and electrical displacement are given by

(4.2) Ol = — 02, Oi2 = i1, Dy = —¢42, Dy = ¢y41.
As ug and ¢ are independent of x3, one gets

(4.3) ugz = 0, Es=—p3=0.

Note that o33 and D3 can be determined by (2.6) after all other solutions are
determined; Im stands for the imaginary part and q is an arbitrary constant
vector, A and B are 4 x 4 matrices, and (f(z,)) is a diagonal matrix defined as

A:[al,ag, as, a4}, B:[bl,bg, bg, b4],
(f(24)) = diag [ f(21), f(22), f(z3), f(z4) ]

The function f(z,) is an arbitrary function of

(4.4)

(4.5) Zo = T1 + Palo (a=1,2,3,4).
Let p, and a, satisfy the eigenrelation

(4.6) [Q+p(R+R") +p*T]a=0,
with

E E E
e R™ ey T e

a-[& o) melg o) m-lg S
(4.7) €1 ~wn €12 ~WI2 €2 —wW22

(Q%)ir, = Citra, (R®)ir, = Citxe, (T7)ik = Ciara,
and vector e;; defined in (2.12)16. It is known that p cannot be real and there
are four pairs of complex conjugates for p. p, (o = 1,2,3,4) are the p with
positive imaginary part and the associated eigenvectors are a, (o = 1,2,3,4),
respectively. The vectors b, (v = 1,2,3,4) are related to a, by

(4.8) b=RT+pT)a=—-(R+p'Q)a.

The second equality in (4.8) follows from (4.6). Rewriting (4.8) into matrix form
gives

ERI[RES!

where

(4.10) N; = T 'RT, N, =T}, N; = RT'RT — Q.
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5. A thin piezoelectric layer bonded to a piezoelectric half-space

Let a piezoelectric half-space o2 > 0 be subject to a generalized line force f
and a generalized line dislocation b applied at

(5.1) 1 =0, xo =d > 0.
Let f and b be defined as

(5.2) ff=[fT, -A], BT =[bT, ¢],

respectively, with f being a line force, A being a line charge, and b representing
a Burgers vector. A thin piezoelectric layer of thickness h is bonded to the half-
space and occupies the region

The solutions for the half-space are given by

(4)  u=_In{A(n(e ~ pd))a™ + Aln(z — ppd))as + hAg(=.)),

(55) @ = %Im{B(ln(z* ~ ped))a™ + B{ln(z, — pgd))as + hBg(z)},

with
glEZl;
_ | 92\*2
(5.6) g(z) = 93(23)
94(24)

The last term of both (5.4) and (5.5) are the correction terms for the bonded
thin layer. The overbar denotes the complex conjugate and the repeated indices
on [ imply summation with 5 = 1,2,3,4. g(z,) are functions to be determined.
When h =0, Egs. (5.4) and (5.5) reduce to the general solutions of a half-space
without a layer [17], in which

(5.7) q* =A"f +B"b.

For a traction-free and electrically open surface at xo = 0,
(5.8) qs = B 'BIzg™.

In case of a rigid conductor at zo = 0,

(5.9) qz = A_IAIBQOO.
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Matrices I3 are defined as

I, =diag[1,0,0,0], I, = diag [0, 1, 0, 0],

(5.10)
I3 = diag [0, 0, 1, 0], I, = diag [0, 0, 0, 1].

At the interface x9 = 0, Eq. (5.4) becomes

1
(5.11)  ulgy—0 = - Im{A(In(z1 — p.d))q™ + AqgIn(x; — psd) + hAg(x1)},
and can be simplified to

1 _
(5.12) tsy—0 = — Im{(Aqy — ALg™) In(a1 — pyd) + hAg(a1)},

as

(5.13) Im{A(In(z1 — p«d))q™ = Im{AIzq™ In(z; — psd)}
= —Im{AI;G In(z1 — pgd)}.

Likewise, Eq. (5.5) can be reduced to

1 _
(5.14) D|y—0 = = Im{(Bqg — BIsq™)In(z1 — pgd) + hBg(z1)}
at the interface x9 = 0.

5.1. When the surface z3 = —h of the thin piezoelectric layer is traction free
and electrically open

For two-dimensional deformations, (2.15) reduces to

(5.15) ®15+D1® 11+ Gru =0,
with
(5.16) D, = (K; + K Ey),

and in use of (2.7); and (4.2)3 4. Without lost in generality, (5.15) can be rewrit-
ten as

(517) @72 + Dl‘I)J + Glu,I =0.

When the surface zo = —h of the piezoelectric layer is traction free and
electrically open, ®|,,—_p = 0. If terms of order higher than h are ignored,
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® 5 of the thin layer at the interface o = 0 can be approximated by ®/h.
Therefore, (5.17) becomes

(5.18) P + h(Dl‘I>71 + Glu,l) =0

at vo = 0. Equation (5.18) is another form of Eq. (3.2) for two-dimensional
deformations.
Substitution of Egs. (5.12) and (5.14) into (5.18), and use of (5.8) leads to

(5.19) Im{h(D1B+G;A)g (z1)+Bg(z1)+G1(Aqz—Alzg™)(z1—psd) '} =0,
or simply
(5.20)  h(D1B+G1A)g/(x1)+Bg(z1)+G1(Aqs—Alsg™)(z1-ppd) ' = 0.

Rearranging of Eq. (5.20) gives

F _

(5.21) g'(z1) + —g(z1) = —mg(z1 — ppd) !,

with

(5.22) F=B ' (DiB+GiA), mg=-B'Gi(Aqgy— Al3q™).

By assuming that \; and y; (i = 1,2, 3,4) are eigenvalues and eigenvectors of F,
then

(523) F= Y<)‘*>Y_17 Y = [ylv Y2, ¥3, Y4] )
and (5.22) can be rewritten as

—1_ )‘;1 —1 >‘>:1 —1 _ —1
(5.24) Y 'g'(x1)+ I Y 'g(x) = I Y mg(a?l —ppd)” .
Notice that Eq. (5.24) is a first-order differential equation for Y ~!g(z1). TING

[11] derived a similar first-order differential equation for g(z1) in case of general
anisotropic elasticity. Following [11], the solution for Y ~'g(z1) is given by

-1 -1 —1
(5.25) Y lg(z1) = e Gi)w /e<A*T>m1<A;L >Y_1m5(x1 ~ ppd)Lda1.

By defining

(5.26) v = x1 — pgd,
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(5.25) reduces to

(5.27) Y lg(z) = / <e e ) )\hl >Y mpy~tdy,
and can be further simplified as
(5.28) Y 'g(a1) = (21— ppd)) Y 'myg,
with
A1 & A1
(5.29) nk(§) = % /eT@w’yld’y (k is not summed).

Therefore, g(x1) is obtained as
(5:30) g(1) = Y (n.(w1 — ppd)) Y " 'my,

which is exactly in the same form as (4.15) given in [11] except that dimensions
are increased to include the piezoelectric tensors. An explicit solution for g(z,)
is then given by

(5.31) g(z*) = Z(Z* —ﬁﬁd)Yilmg.

Accordingly, Y (n.(z1 — pgd)) is explicitly written as

(5.32)  Y(nu(z1 — ppd))

Yini(zr — ppd) Yiena(x1 — pgd
Yorm(z1 — ppd) Yaone(z1 — ppd
Yaimi(z1 — ppd) Ysama(z1 — ppd
Yum (w1 — ppd) Yaone(z1 — ppd

Yizns (21 — ppd) )
Yosnz(z1 — ppd) Youna(w1 — ppd)
Y33nz(z1 — ppd) psd)
Yazns (21 — ppd) )

and Z(z, — ppd) is defined as

(5.33) Z(z, — ppd)
Y111 (21 — ppd) Yiama(z1 — ppd)
Yo1mi(z2 — ppd) Yoona(z2 — ppd) Yazns
( ) ( ) 23 — ppd
( ) ( ) z4 — ppd

Y31m1(23 — Dpd) Yzoma(z3 — pgd
Yaini(za — ppd) Yaona(z4 — pgd

~—~ —~ —~

)

2y — pﬁd) Youns
)
)

Yazns
or simply

(5.34) Zij (2« — ppd) = Yin;(z; — ppd) (i, are not summed).



GREEN’S FUNCTION FOR AN ANISOTROPIC PIEZOELECTRIC. .. 13

5.2. When the surface z2 = —h of the thin piezoelectric layer is a rigid conductor

In case of a rigid conductor at 9 = —h, u|z,——, = 0 and hence u of the
thin layer at the interface x9 = 0 is approximated by (3.3). For two-dimensional
deformations, the effective boundary condition (3.4) reduces to

(5.35) u=h(Cy't — C;'Cyu,)
at x2 = 0. In use of (2.7); and (4.2)2.4, (5.35) becomes
(5.36) u=h(Cy'®; - C;'Ciu,).
Substitution of (5.12) and (5.14) into (5.36), and use of (5.9) leads to
(5.37) Im{Ag(z1) — C; ' (Bqg — BIsg™)(z1 — ppd) "
— hCy'Bg/(x1) + hC;'C1Ag/(21)} = 0.
Again, without loss in generality, (5.37) simply becomes
(5.38) h(C;'C1A—C;'B)g/(z1)+Ag(z1) = C; ' (Bay—BIsg™)(z1—psd) .
With
(5.39) F=A"YC;'C;A-C;'B), rg=A"'C;'(Bqsz—BIzg™),
(5.38) is rewritten as

Pl Pl
(5.40) g/<1’1) + Tg(xl) = Tﬁlg(xl — ﬁﬁd)fl.
Notice that (5.21) and (5.40) are in exactly the same form except F and mg are

replaced by F and mg, respectively. Hence, an explicit solution for g(z,) is

(5.41) g(z) = Z(z — ppd) Y ~1iag,

with

(5.42) Zij(2 — Ppd) = Yijij(zi — ppd) (i,7 are not summed),
NP S

(5.43) k(&) = % /e_kT(g_V)’y_ldfy (k is not summed),

and \; and Vi (i =1,2,3,4) are eigenvalues and eigenvectors of F defined as

A A~

(544) F = Y<5\*>Y_1, Y = [yla V2, ¥3, 5’4] .
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6. Conclusions

The effective boundary conditions for a thin piezoelectric layer occupying
the region —h < zg < 0 are derived and given in (3.2) (or (5.18)) and (3.4)
(or (5.36)) when the layer is very thin compared with a reference length. In [6],
the reference length was chosen as the wavelength of the elastic waves. Here,
the reference length is d defined in (5.1)2. In case of h ~ d, solutions in the
piezoelectric layer cannot be ignored and have to be constructed for accuracy.
When h > d, a bi-material problem should be considered instead. For h < d, the
problem simply reduces to a general half-space issue as given in [17]. The range of
validity of the derived solutions depends on the actual material constants being
considered. Numeral analysis might be employed and compared with the exact
solutions [2].

By following the works of TING [10, 11] on general anisotropic elastic media,
the Green’s function for a piezoelectric half-space bonded to a thin piezoelectric
layer is constructed. As the piezoelectric layer is replaced by a set of effective
boundary conditions and the Stroh formalism is employed, the analysis is sim-
plified and the results can easily be utilized in both analytical and numerical
methods. Especially, a simpler FEM program can be written which does not
need to handle the piezoelectric layer.

From (5.8) and (5.14), the generalized stress function at the interface x9 = 0
is simply

h
(6.1) ®lz,—0 = — Im{Bg(z1)},
when the surface xo = —h of the piezoelectric layer is traction free and electrically
open. Similarly, when the surface x9 = —h of the piezoelectric layer is a rigid

conductor, from (5.9) and (5.12), the generalized displacement vector at zg =0
is

(6.2) Ulg,—0 = %Im{Ag(ml)}.

With the identities
(6.3) CT =K,Cy +K,Cs, Q=K +K;Cq,
and the use of (2.14); 2, Dy given in (5.16) can be replaced by
(6.4) D, = C{C; !,
and Gi given in (2.16); can be rewritten as

(6.5) G, =Q-Cic;'c.
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With (4.10) and identities C; = RT, Co = T, (6.4) and (6.5) can be further
simplified as

(6.6) D, = -Nj, G;=-N;.

Similar equality expression given by (6.6)2 had been derived by WANG and
PAN [18].

Notice that most of the derivations given here have corresponding equations
in [10, 11] when the piezoelectric tensors are set to zero. For example, the gov-
erning equations (2.8) and (2.9) can be reduced to (2.5) and (2.7) in [11] for
general anisotropic elastic media, respectively, as follows.

By setting the piezoelectric tensors equal to zero, (2.8) becomes

6.7) 5+ KIE + KPE + KPKE, + KKKt + KKy KE, = 0.
With the following identities,
(6.8) KIK = KP, KK;K+KK;K=K},
(6.7) is reduced to (2.5) in [11]. Similarly, (2.9) becomes
Cl ul + Cgug + Cgug,

(6.9) K’EE = Kél uﬁj + KCQEug + KCfug,

RE” = REPub + REPub + ROFuf,
by ignoring the piezoelectric tensors. Again, with the identity,
(6.10) K+K=1I,

(6.9) becomes (2.7) in [11].

Also, with (6.4) and (6.5), it is easy to see that the effective boundary con-
ditions (5.18) and (5.36) can also be reduced to their general anisotropic elastic
media counterparts (4.10) and (4.22) in [11], respectively.

Appendix

By assuming that the thickness h of the layer is very thin, all quantities in
terms of order higher than h can be ignored. Consider a thin piezoelectric layer
located at —h/2 < x9 < h/2. The surfaces at o = +£h/2 are traction free and
electrically open. This implies that t\ th = 0. Indeed, t = 0 for all x5 if terms

of order higher than h are ignored. (2.9)1, (2.13), and (2.15) reduces to
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(A1) uy = —C;'Cju; — C;1Csuy,

(A ) E = E1u71 + Egu’g, E = Elu,l + Eguyg,
(A3) Giu; + Gau 3 + Gsuzz =0,

~ ~

respectively. After solving u(zy,z3) from (A3), t(xy, z3), t(z1,23), and ugy can
be obtained from (A2);, (A2)s, and (Al), respectively. Components u; 2 and
u3 2 measure the shear strains and wug 2 gives the changes in thickness of the thin
layer. The electric field normal to the thin layer is given by —¢ .

Detailed discussions in case of an anisotropic elastic thin layer had been given

by TING [10]. More related materials for piezoelectricity can be found in [19].
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