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THE PRESENT PAPER IS CONCERNED with the propagation of Rayleigh waves in an
orthotropic elastic half-space coated with a thin orthotropic elastic layer. The half-
space and the layer are both incompressible and they are in welded contact to each
other. The main purpose of the paper is to establish an approximate secular equation
of the wave. By using the effective boundary condition method an approximate secular
equation of third-order in terms of the dimensionless thickness of the layer is derived.
It is shown that this approximate secular equation has high accuracy. From it an
approximate formula of third-order for the velocity of Rayleigh waves is obtained and
it is a good approximation. The obtained approximate secular equation and formula
for the velocity will be useful in practical applications.
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1. Introduction

THE STRUCTURES OF A THIN FILM ATTACHED TO SOLIDS, modeled as half-
spaces coated with a thin layer, are widely applied in modern technology [1],
measurements of mechanical properties of thin supported films play an impor-
tant role in understanding the behaviors of these structures in applications, see,
e.g., [2] and references therein. Among various measurement methods, the sur-
face/guided wave method [3], is used most extensively, and for which the guided
Rayleigh wave is a convenient and versatile tool [1, 4]. When using the Rayleigh
wave tool, the explicit dispersion relations of Rayleigh waves are employed as
theoretical bases for extracting the mechanical properties of the thin films from
experimental data. They are therefore the main purpose of the investigations
of Rayleigh waves propagating in half-spaces covered with a thin layer. Taking
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the assumption of thin layer, explicit dispersion relations can be derived by re-
placing (approximately) the entire effect of the thin layer on the half-space by
the so-called effective boundary conditions which relate the displacements and
the stresses of the half-space at its surface. For deriving the effective boundary
conditions, ACHENBACH and KESHEVA [5|, TIERSTEN [6] replaced the thin layer
by a plate modeled by different theories: Mindlin’s plate theory and the plate
theory of low-frequency extension and flexure, while BOVIK [7] expanded the
stresses at the top surface of the layer into Taylor series in its thickness. The
Taylor expansion approach was then developed by NIKLASSON [8|, ROKHLIN
and HUANG [9], BENVENISTE [10|, STEIGMANN and OGDEN [11], TING [12],
VINH and LINH [13, 14], VINH and ANH [15] and VINH et. al. [16] to estab-
lish the effective boundary conditions. ACHENBACH and KESHEVA [5], TIER-
STEN [6], BOVIK [7] and TUAN [17] assumed that the layer and the substrate
are both isotropic and the authors derived approximate secular equations of
second-order. STEIGMANN and OGDEN [11] considered a transversely isotropic
layer with residual stress overlying an isotropic half-space and the authors de-
rived an approximate second-order secular equation. WANG et al. [18] considered
an isotropic half-space covered with a thin electrode layer and they obtained an
approximate secular equation of first-order. In VINH and LINH [13] the layer and
the half-space are both assumed to be orthotropic and compressible, and an ap-
proximate secular equation of third-order was obtained. In VINH and LiNH [14],
the layer and the half-space are both subjected to homogeneous pre-stains and
an approximate secular equation of third-order was established that is valid for
any pre-strain and for a general strain energy function. In {15, 16] the contact
between the layer and the half-space is assumed to be smooth, and approx-
imate secular equations of third-order [15] and fourth-order [16] were estab-
lished.

The main purpose of this paper is to establish an approximate secular equa-
tion of Rayleigh waves propagating in an incompressible orthotropic elastic half-
space coated by a thin incompressible orthotropic elastic layer. By using the
effective boundary condition method, an approximate secular equation of third-
order in terms of the dimensionless thickness of the layer is derived. A numerical
investigation shows that this approximate secular equation has high accuracy.
Based on the obtained approximate dispersion relation, an approximate formula
of third-order for the velocity of Rayleigh waves is derived and it is a good ap-
proximation. The obtained approximate secular equation and the approximate
velocity formula are good tools for evaluating the mechanical properties of thin
films. deposited on half-spaces. It should be noted that due to the presence of
the hydrostatic pressure associated with the incompressibility constraint, the
derivation of the effective boundary conditions becomes more complicated than
the one for the compressible case.
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2. Effective boundary conditions of third-order

Consider an elastic half-space o > 0 coated by a thin elastic layer
—h < x5 < 0. Both the layer and half-space are assumed to be orthotropic
and they are in welded contact with each other. Note that same quantities re-
lated to the half-space and the layer have the same symbol but are systematically
distinguished by a bar if pertaining to the layer. We are interested in the plain
strain so that

(2.1) w; = ui(x1, e, t), u; = ui(x1, o, t), 1=1,2, ug =u3 =0,

where t is the time. Suppose that the material of the layer is incompressible.
Then, the strain-stress relations are [19]

011 = —p + C11u1,1 + C12U2,2,
(2.2) 092 = —p + C121,1 + Co2li2 2,
T12 = Ce6(U1,2 + U2,1),

where 055, p and ¢;; are respectively the stress, the hydrostatic pressure associ-
ated with the incompressibility constraint and the material constants, commas
indicate differentiation with respect to the spatial variables x;. In the absence
of body forces, the equations of motion are

(2.3) 011,1 + 012,2 = pU1,
012,1 + 0222 = pug,

where p is the mass density, a dot signifies differentiation with respect to the
time t. The incompressibility gives

(2.4) Uyq + U2 =0.
Taking into account (2.1), Egs. (2.2)-(2.4) are written in matrix form as
U’ M; M| [U
(25) [T'] - [Mg My||T
where U = [t t2])T, T = [612522]", the symbol “T “ indicates the transpose of
a matrix, the prime signifies differentiation with respect to xo and

. 0 -0 . 1/5660
Ml_[—al 0 ] MQ_[ 0 0]’
(26) 682 +p502 0
M;=| ~! t ] M, = M;,



176 P. C. Ving, N. T. K. LinH, V. T. N. ANH

where § = €11 + G2 — 2¢12 and we use the notations 0? = 92/0x2, 02 = 92 /0t?,
01 = 0/0x;. It follows from (2.5) that

. _
(2.7) [g(n)}:M"[}TJ], M:[ﬁ;ﬁz] n=1,2,3,..., x2 € [=h,0).

Let h be small (i.e., the layer is thin), by expanding into Taylor series T(-h) at
x9 = 0 up to the third-order of A we have

- _ _ h? _ h3 —
(2.8) T(—h) = T(0) — RT'(0) + 7T”(O) - ETW(O)'
Suppose that surface 2o = —h is free of traction, i.e., T(—h) = 0, using (2.7) at
x9 =0 for n = 1,2, 3 into (2.8) yields

h2
(2.9) {1 — M + = (MM, + M?3)

h3 _
— 5 [(MsMi + MyM3)M; + (M5M + Mi)Mﬂ}T(O)

h2
+{—hM3 + 7(1\/131\/11 + M,M3)

h3 _
- E[(M3M1 + MyM3)M; + (M3M; + Mi)Mg]}U(O) =0.

Since the half-space and the layer are in welded contact with each other at the

interface xy = 0 , it follows: U(0) = U(0) and T(0) = T(0). Thus, from (2.9)

h2
(2.10) {I — hMy + ?(M3M2+Mi)

h3
- F[(MSMl + MyM3)M; + (M3M; + MZ)MM}T(O)

h2
-+ {—hMg + ?(Mng + M4M3)

h3
— F[(1\/13M1 + MyM3)M; + (M3M, + Mi)Mg]}U(o) =0.

The relation (2.10) is called the approximate effective boundary condition of
third-order in matrix form that replaces (approximately) the entire effect of the
thin layer on the substrate. Introducing the expressions of the matrices My given
by (2.6) into Eq. (2.10) yields the effective boundary conditions in component
form, namely
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h? 0

(2.11) o192+ h(o921+6ug 11 — piig) + > (7“10’12,11 + %65’12 +6ug111 — 2,1_)@2,1)

3 5 )
P .. . P ..
+— (7’1022,111 + ——0922,1 —T2U1 1111 —Pr3ULIl — —— ULt | = 0 atxzp =0,
6 C66 C66
2

(2.12) o9+ h(o12,1 — piiz) + ?(0’22,11 +6uq 111 — 2piin 1)

h3

2p .. = ..
+ 3 (7“1012,111 + apGUuJ +duz 1111 —3PU2,11) =0 at zy=0,

where r1 =1 — 5/566, ro = 5(5/566 — 2), rg = 2ry + 1.

3. Approximate secular equation of third-order

Suppose that the elastic half-space is also incompressible. Then, the unknown
vectors U = [ujug]¥, T = [o12022]7 are satisfied by Eq. (2.5) without bars. In
addition to this equation there are required the effective boundary conditions
(2.11) and (2.12) and the decay condition at x2 = +o0 is as follows

(3.1) U=T=0 at To = +o00.

Now, we consider a Rayleigh wave travelling in the x;-direction with velocity c,
wave number k and decaying in the zo-direction. According to OGDEN and VINH
[19] the displacement components of the Rayleigh wave are given by

up = _k(blBlefkblgm + b2B2e*kb2€U2)e’ik($1*Ct)’

(3.2) s = —ik(Bie F1w2 | Boe—hbawa)pik(wi—ct)

where B, Bs are constants to be determined from the effective boundary condi-
tions (2.11) and (2.12), by, ba are roots of the characteristic equation

(3.3) vt — (28 - X)W+ (y—X)=0

whose real parts are positive to ensure the decay condition (13), X = pc?, and
(3.4) v = cg6, B=(0—2v)/2, 0 = c11 + c290 — 2¢19.

From Eq. (3.3) it follows

v—X

(3.5) b2+ b2 = =S5, b=

25-X) _p
Y

It is not difficult to verify that if the Rayleigh wave exists (— b1, be having
positive real parts), then

(3.6) 0 <X <cg6
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and

(3.7) by-by=VP, b +by=1/5+2VP.

Substituting (3.2) into Eqgs. (2.2) corresponding to the half-space and taking into
account (2.3) yield

19 = k,2{ﬁlBle—kb1x2 + ﬁ2B2e—kb2x2}eik(x1—ct)’

(38) o991 = kS{,lele—k:ble + ’72B26_kb2x2}€ik(x1_6t),

in which 3, = cg6(b2 + 1), v = (X — 0 + Bn)bn, n = 1,2.
Introducing (3.2) and (3.8) into the effective boundary conditions (2.11) and
(2.12) leads to two equations for Bj, Bg, namely

f(b1)B1 + f(b2) B2 = 0,

(3.9)
F(bl)Bl + F(bg)Bg =0,
where
5 _
Flbn) = B+ — (X —O)hu} + 5 {2)‘( 5o (7“1 T ?)gn}
C66
3 Y v 2
+ % {—<T1 + §>7n+ <T2 +X r3 + f—)bn},
(3.10) 66 66

F(by) = +e{X —Bn} + § {=n +0.(2X - 6)}

el X - _ _ )
+—{5n<r1+2—>+5—3x}, n=12 X =pc.
6 Ce6

Due to B? + B3 # 0, the determinant of coefficients of the homogeneous system
(3.9) must vanish. This gives

(3.11) f(b1)F (b2) — f(b2)F (b1) = 0.

Substituting (3.10) into (3.11) and taking into account (3.5) and (3.7), after
lengthy calculations whose details are omitted we arrive at

A A
(3.12) Ao+ Are + 7252 + ?353 + O =0,

where € = kh called the dimensionless thickness of the layer, and
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Ag = ce6 { (X —6)(brba—1)—ces (b +1)(b5+1)},
A = 066(b1+b2)[X—|-b162( —6)],

X 6 - L F
e (X ) ay X (Xt )
C66  C66

_ X - _ X
Az = 666(b1+b2){3X <1—7“1—— > —26—b1by |:7”2+X(7‘3—3+— >:| },
C66 Ce66

in which b1by and by + by are given by (3.5) and (3.7). Equation (3.12) is the
desired approximate secular equation of third-order that is totally explicit. In
the dimensionless form the equation (3.12) becomes

Dy Dy _
(3.14) Do+ Die+ =2+ 2283 + 0(eh) = 0,

2 6 °

where

Do = (z — es)VP +z,

Dy = ru[r2z + (zr? — e;)VP]\/ S + 2V P,

Dy = —(xr? — &5) Dy — 27’“7’337(:1:7’12} —&s) +rués(z—es + S+ 2VP),

(3.15)
D3 = —r,\/ S+ 2\/]_3{—3967’3(65 — zr2) 4 2é5
+VPles(es — 2) + ar(xr] — 2e5)]},
P=1-x, S=e—2—u,
and
X 1) _ 5 066 C2
x:—7 652— 6:_— = — v = T,
C66 C66 Ce6 Ca

/ CG6
Cy =

It is clear from (3.14) and (3.15) that the squared dimensionless Rayleigh wave
velocity x = ¢2/c2 depends on five dimensionless parameters: es, &, Ty, Ty and €.
Note that es > 0, €5 > 0 because ¢;; > 0, ¢; (i = 1,2,6), c11 + co2 — 2¢12 > 0
and €11 + Coo — 2¢12 > 0 (see OGDEN and VINH [19]).

When the layer is absent, i.e., ¢ = 0, Eq. (3.14) becomes

Dy=(x—es)Vl—z+x=0

that coincides with the secular equation of Rayleigh waves in an incompressible
orthotropic elastic half-space, see [19].
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When the layer and the half-space are both transversely isotropic (with the
isotropic axis being the wg-axis): ¢11 = ¢a2, €11 = €22, €11 — €12 = 2¢¢6, C11 — C12
= 2Cg6, then

(3.16) e; =e5 =4, S=2-u.
From (3.15) and (3.16), Do, D1, D2, D3 are expressed by:
Dy = (z—4)V1—x+u,
Dy = (1 + V=) [ — VT 7+ r2%],
(3.17) Dy = — (r?z —4)Dg — 27“37”3:6(7“3:6 —4) +8r,(V1I—z - 1),
D3 =—r,(1+V1—1)
x [—12r2z + 8 + 3rpa® + (8 — 8rixw + rpx?)V1 — 2] .

When the layer and the half-space are both isotropic, Dgy, D1, Dy, D3 are also
given by (3.17), but in which x = pc?/u, p is the shear modulus.

Figure 1 presents the dependence on ¢ of the squared dimensionless Rayleigh
wave velocity z = c?/c2 that is calculated by the exact dispersion relation (3.9)

1

T

0.9 b

0.7 i

0.6 b

04f .

0.3f b

-
-
.

0.2 | | | | | | | | |

Fi1c. 1. The Rayleigh wave velocity curves drawn by solving the exact dispersion relation
(3.9) in [17] (solid line) and by solving the approximate secular equation (3.14) (dashed line)
withes =es =4,7r, =1, r, = 3.
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in Tuan [17] (solid line), by the approximate secular equation (3.14) (dashed
line) with es = €5 =4, r, = 1, r, = 3. Figure 1 shows that the approximate and
exact velocity curves are very close to each other. This says that the obtained
third-order approximate secular equations have high accuracy.

4. Third-order approximate formula for the velocity

In this section, we establish an approximate formula of third-order for the
squared dimensionless Rayleigh wave velocity x(¢) that is of the form

1 1
(4.1) z(e) = z(0) + 2/ (0)e + 5:1:"(0)82 + 696’"(0)83 +0(e"h),
where 2(0) is the squared dimensionless velocity of Rayleigh waves propagating

in an incompressible orthotropic elastic half-space that, according to [19], is given
by

(4.2) z(0)=1- % [—1 + {’/{9% +16 + 3\/3\/65(4e§ —13e5 + 32)} /2

2

+ i/ [9% +16 - 3v/3) fes(4e — 13¢5 + 32)] /2} :

in which the roots are understood as real roots. In view of the relation

(4.3) i/{9e5 +16 — 3\/§\/65(4e§ — 13¢5 + 32)] /2
4 — 3es

i/[%(; +16+ 3\/3\/65(46(% — 13¢5 + 32)J /2

)

x(0) is given by the formula

(4.4) z(0)=1-— % [—1 + {’/[9% +16 + 3\/5\/65(4e§ —13e5 + 32)} /2

_l’_

4 — 3es r
§/[9e5 + 16+ 3v/3) fes(de? — 13¢5 + 32)J /2
5 0

that is more convenient to use because

9es + 16 + 3V/3y /es(de2 — 13¢5 +32) > 0
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for all positive values of e;. From (3.14) it follows that

/ — Dy
v (0) ~ Dos x:x(o)’
D3yD2 —2Do;D1D15+D3Dosy

x//(o) = — Dgz 1’::[(0)’

(4.5)
117”/ (0) —
_ D3+3D2,x'(0)+3D12¢22(0)4+3D1 2" (0)+3Dogex’ (0)z’ (0)+Dogaaz’> (0)

Doy )
‘ x=x(0)

where Dy, Dy, D3 are given by (3.15) and

Doy = —— 221 9
o= A
es — 4+ 3x
DO:vac d )
4,/(1 —z)3
3(es — 2+ )
D = ;
Ozxx 3 (1—1’)5
2r2 + é5s — 3rix \/7
Dy, = 24 v v S +2VP
2 2 = VP +1
— |rox+(r a:—eg)\/ﬁ ,
(4.6) v Y ) 2v/P\ S + 2VP
B es — 4r2 + 3rix
Dlwx—ru[ 4\/@ S+2\/F

_ VP +1 (7“2 27’34—65—37’3%)}
VP/stavp\ T 2/T—s

_ tulrie+ (e — @) VP [5+2VP+ VP(VP+1)7],
4/P3\/(S +2VP)°

Doy = — 12Dy — (r2z — &5) Doy — 21"57“3(27“12,3: —é5) —

TuEs
1—2z

Figure 2 presents the dependence on ¢ of the Rayleigh wave velocity x = ¢?/c3
that is calculated by the exact dispersion relation (3.9) in [17] (solid line) and by
the approximate formula (4.1) (dashed line) withes = és =4, r, = 0.8, 7, = 1.2.
It shows that the approximate formula (4.1) is a good approximation for the
Rayleigh wave velocity.
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L 092
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fi1G. 2. The Rayleigh wave velocity curves drawn by solving the exact dispersion relation
(3.9) in [17] (solid line) and by using the approximate formula (4.1) (dashed line) with
es =¢és=4,r, =08, 1, =1.2.

5. Conclusions

In this paper, the propagation of Rayleigh waves in an incompressible or-
thotropic elastic half-space coated by a thin incompressible orthotropic elastic layer
with the welded contact is investigated. First, an approximate effective boundary
condition of third-order in matrix form is established that replaces the entire effect
of the layer on the half-space. Then, by using it, an approximate secular equation of
third-order is obtained. Based on this secular equation an approximate formula of
third-order for the Rayleigh wave velocity is derived. It is shown that the obtained
approximate secular equation and the approximate formula for the velocity are
good approximations. They will be useful in practical applications.
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