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1. Introduction

THE THEORY OF CONSOLIDATION for single-porosity materials was formulated
in [1]. The Biot system is formally equivalent to the classical coupled quasi-
static system of thermoelasticity which describes the deformation and heat flow
through an elastic solid. The model for consolidation requires the quasi-static
assumption that the equations of motion are replaced by the corresponding equi-
librium equations. One important generalization of this theory that has been
studied extensively began with the work [2], where a fissured porous medium is
characterized as two completely overlapping flow regions: one representing the
porous matrix, and the other the fissure network.
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The theory of consolidation for elastic materials with double porosity was
presented in [3-5|. The theory of Aifantis unifies the earlier proposed models
of Barenblatt for porous media with double porosity [2] and Biot’s model for
porous media with single porosity [1].

However, Aifantis’ quasi-static theory ignored the cross-coupling effects be-
tween the volume change of the pores and fissures in the system. The cross-
coupled terms were included in the equations of conservation of mass for the
pore and fissure fluid and in Darcy’s law for solid with double porosity by sev-
eral authors [6-12|. The significance of the cross-coupling effects on the pore and
fracture fluid pressure response of double porosity media was highlighted in [9],
and it is shown that by neglecting the microscopic coupling between the volu-
metric deformations of the two-pore system many of the characteristic features
of flow and deformation in double porous media cannot be simulated.

In [10, 11], the phenomenological equations of the quasi-static theory for dou-
ble porosity media are established and the method to determine the relevant co-
efficients is presented. The governing equations in the quasi-static case for fluid-
saturated double porosity media are derived in [12]. In these papers [10-12] the
cross-coupled terms were included in Darcy’s law for solids with double porosity.

The double porosity concept was extended for multiple porosity media in
[13, 14]. The basic equations of the thermo-hydro-mechanical coupling theory
for elastic materials with double porosity were presented in [15-17|. The theory
of multiporous media, as originally developed for the mechanics of naturally frac-
tured reservoirs, has found applications in blood perfusion. The double porosity
model would consider the bone fluid pressure in the vascular porosity and the
bone fluid pressure in the lacunar-canalicular porosity. An extensive review of
the results in the theory of bone poroelasticity can be found in the survey papers
[18-20]. For a history of developments and a review of main results in the theory
of porous media see [21].

In the governing equations of the above mentioned theories of poroelasticity
the inertial term was neglected and the quasi-static problems were investigated.
The fully dynamic system to describe deformation in single-porosity media was
developed in [22-24|. Obviously, the inertial effect play a pivotal role in investi-
gation of various problems of vibrations and wave propagation through double
porosity media. Therefore, it is important to study a full dynamic model for
materials with double porosity. In the present paper, we shall consider flow and
deformation processes of the double-porosity media in the case when the iner-
tia effect is included, and in the four spatial cases (steady vibrations, Laplace
transform space, quasi-static and equilibrium) of the dynamical theory, the fun-
damental solutions of the governing system of PDEs will be constructed.

The fundamental solutions have occupied a special place in the theory of
PDEs. They are encountered in many mathematical, mechanical, physical and
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engineering applications. Indeed, the application of fundamental solutions to
a recently developed area of boundary element methods has provided a distinct
advantage in the fact that an integral representation of solution of a boundary
value problem by fundamental solution is often more easily solved by numerical
methods than a differential equation with specified boundary and initial con-
ditions. Recent advances in the area of boundary element methods, where the
theory of fundamental solutions plays a pivotal role, has provided a prominent
place in research of problems in the theories of PDESs, applied mathematics, con-
tinuum mechanics and quantum physics. The fundamental solutions in the linear
theories of elasticity and thermoelasticity for materials with microstructures are
constructed by means of elementary functions by several authors [25-32]. The
fundamental solution in dynamic poroelasticity for materials with single poros-
ity is constructed in [33-35]. For historical and bibliographical material on the
fundamental solutions see [36].

This paper is concerned with the full coupled linear theory of elasticity for
solids with double porosity. The system of the governing equations is based on
the equations of motion [22-24], conservation of fluid mass [6-9], the constitu-
tive equations [3-8| and Darcy’s law for material with double porosity [10-12].
Four spatial cases of the dynamical equations are considered: equations of steady
vibrations, equations in Laplace transform space, equations of quasi-static and
equations of equilibrium. The fundamental solutions of the systems of these
PDEs are constructed by means of elementary (harmonic, biharmonic, metahar-
monic) functions. Finally, the basic properties of the fundamental solutions are
established.

2. Basic equations

Let x = (21, 22, 23) be a point of the Euclidean three-dimensional space R,
let ¢ denote the time variable, t > 0, u/(x, t) is the displacement vector in a solid,
u' = (u),ub,uf); p'i(x,t) and p'y(x,t) are the pore and fissure fluid pressures,
respectively.

We assume that the subscripts preceded by a comma denote partial differen-
tiation with respect to the corresponding Cartesian coordinate, repeated indices
are summed over the range (1,2,3), and the dot denotes differentiation with
respect to t.

The governing system of field equations in the full coupled linear theory of
elasticity for solids with double porosity consists of the following equations.

1) The equations of motion |22-24]

(2.1) ti;.; = p(iy — FY), [1=1,2,3,
where #;; is the component of total stress tensor, p is the reference mass density,
p >0, F = (F|, Fj, F}) is the body force per unit mass.
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2) The equations of fluid mass conservation [6-9|

(2.2) div v + G + Bréer + (0 — 1) =0,
and
(2.3) divv® + & + Baérr — (1)) — P) =0,

where v and v(? are the fluid flux vectors for the pores and fissures, respec-
tively; e;; is the component of strain tensor,

(2.4) eij = = (up; +ujy), l,j=1,2,3,

| =

081 and s are the effective stress parameters, - is the internal transport coefficient
(leakage parameter) and corresponds to a fluid transfer rate with respect to
the intensity of flow between the pores and fissures, v > 0; {; and (y are the
increments of fluid (volumetric strain) in the pores and fissures, respectively, and

defined by

(2.5) (1 = a1p} + a12ph, (2 = ao1p) + aaph,

a1 and g measure the compressibilities of the pore and fissure systems, respec-
tively; a2 and aoi are the cross-coupling compressibility for fluid flow at the
interface between the two-pore systems at a microscopic level [6-9]. However,
the coupling effect (aq2 and as1) is often neglected (see, e.g., [3-5]).

3) The constitutive equations (extending Terzaghi’s effective stress concept
to double porosity) [3-§]

(26) tlj = tgj - (ﬁlp/l + /82p/2)5lj7 la] = 17 27 37

where tgj = 2p1e1j + Aepp0p; is the component of effective stress tensor, A and p
are the Lamé constants, d;; is the Kronecker delta.

4) Darcy’s law for material with double porosity [10-12]
= —l, (k1 grad p’ + k12 gradph) — pr s,
(2.7) #
v = 7 (k21 grad p + k2 gradph) — pas?,

where 4/ is the fluid viscosity, k1 and ko are the macroscopic intrinsic perme-
abilities associated with matrix and fissure porosity, respectively; k12 and ko1
are the cross-coupling permeabilities for fluid flow at the interface between the
matrix and fissure phases; p1, s(!) and po, s are the densities of fluid, the
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external forces (such as gravity) for the pore and fissure phases, respectively.
The cross-coupling terms of (2.7) with coefficients k12 and k21 are considered by
several authors [10-12|. However, the latter coupling effect (k12 and ko1) is often
neglected (see, e.g., [3-5]).

Substituting equations (2.4)—(2.7) into (2.1)-(2.3), we obtain the following
system of equations of motion in the full coupled linear theory of elasticity for
solids with double porosity expressed in terms of the displacement vector u’ and
the pressures p| and p):

pAW + (A + p) graddivu’ — py grad p’; — Be gradph, = p(i' — F/),
(2.8)  k1Ap + ki2Aph — arpy — araph — y(ph — ph) — B divi = —py divs(h,
ka1 AP + ko Aph — oy — aoph +¥(p) — ph) — Bodivid = —py divs?,

where A is the Laplacian operator, k; = ;/p' (j = 1,2), k2 = k12/p/, ko1 =
Ko1/p'.

For the body force F/, the external forces s(!) and s(?) are assumed to be ab-
sent, and for the displacement vector u’, the pressures p’; and p’, are postulated
to have a harmonic time variation, that is,

{u/vp,bp,Z}(Xa t) = Re [{u7p17p2}(x)e_iwt]a

then from system of equations of motion (2.8) we obtain the following system of
homogeneous equations of steady vibrations in the full coupled linear theory of
elasticity for solids with double porosity:

pAu+ (A + p) graddivu — 31 grad py — B2 grad pa + pw?u = 0,
(2.9) (k1A + a1)p1 + (ki12A + a12)p2 + iwpPr divu = 0,
(k21A + ag21)p1 + (k2A + a2)pe + iwPe divu = 0,

where aj = iwa; —7, a;j = iwag; +7 (I, j = 1,2); wis the oscillation frequency,
w > 0.

If F/ = s() = s = 0, then the system (2.8) in the Laplace transform space
can be rewritten as

pAu + (A + p) graddivu — By grad p; — B2 grad ps — pr?u = 0,
(2.10) (k‘lA + bl)pl + (leA + b12)p2 — 7',81 divu = 0,
(k21 A + ba1)p1 + (k2A + b3)p2 — T2 divu = 0,

where b; = —Tta; — 7, b; = —Tay; +v (1,7 = 1,2); 7 is a complex number
and Re7T > 0. It is easy to verify that the system (2.10) may be obtained from
the system (2.9) by replacing w by —i7. The system (2.10) plays an important
auxiliary role in the study of dynamic problems of the full coupled linear theory
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of elasticity for solids with double porosity. As in the classical theories of elas-
ticity and thermoelasticity (see [37]), Egs. (2.10) will be called the equations of
pseudo-oscillations in the full coupled linear theory of elasticity for solids with
double porosity.

Neglecting inertial effect (p = 0) in (2.8), we obtain the system of homoge-
neous equations of steady vibrations in the full coupled linear quasi-static theory
of elasticity for solids with double porosity

pAu + (A + p) grad divu — 1 grad p; — G2 grad pa = 0,
(2.11) (k1A + a1)p1 + (k12A 4 a12)p2 + iwf; divu = 0,
(k21 A + a21)p1 + (k2A 4 az)p2 + iwfe divu = 0.

Obviously, in the static case (w = 0), from (2.9) we get the following system of
homogeneous equations in the full coupled linear equilibrium theory of elasticity
for solids with double porosity

pAu + (A + p) grad divu — 1 grad p; — G2 grad pa = 0,
(2.12) (k‘lA — ’y)pl + (klgA —+ "y)pg =0,
(k21 A +v)p1 + (k2A — v)p2 = 0.

We introduce the second-order matrix differential operators with constant

coefficients:

1) AO(Dy) = (45 (Dx))sx5,

2
A (D) = (A + pu?)dy; + (A + p) 910z,
3 s . 0
Al( 721,—&-3( ) = _ﬂm A7(77,)—i-3;l(DX) = Zwﬁm%,

Afxi) (Dx) = k1A + a1, A4(15)( Dy) = k12A + a1o,

Agi)(DX) = k21A + ao1, Ag5)( ) - k2A + ag, m = 1727 l7] = 17213'

lj
(v) 0
0
Al(;l;)v,+3( ) = —Pm 5513;1(D ) = _Tﬁm%7

AA(IZ) (Dx) = k1A + by, Az(lg))( Dx) = k12A + b1o,
AP (Dy) = knA + by, AP (Dy) = kA +by, m=12 1,j=12,3.
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2

axlal‘j’

3) AW(Dy) = (Al(;.’) (Dx))sx5, A}?)(Dx) = pAd; + (A + p)

A (D) = AL, (D), AW, (D) = AT, (D),
m=1,2 1,j=1,23, n=12,...,5
1) AO(Dy) = (A (Dx))sws, Al (Dy) = AV (Dy),
Al(;egﬁ_g(Dx) = Al(;q%.F?,(DX)v A£Z)+3 l( ) - 0
AR Dy =kiA—v, AR (Dy) = kA +7,
A Dx) = kA +v,  AYDy)=kA -y, m=121j=123
2
(D) — (4© © M\ — 1 AS
5) A'(Dy) = (Alj (Dx))5x5, Alj (Dx) = pAdy; + (A + p) D0z,

ADDy) = kA, AD(Dy) = kA, AL (Dy) = knA,

AQD(Dy) = ke, AL (Dy) = ALY

mis(Dx) =0, m=121;j=123.

It is easily seen that the systems (2.9)—(2.12) can be written as
AB(D,)UX) =0, AP (D,)U(x) =0,
AYD,Ux)=0, A (D,)U(x) =0,

respec;fively, where U = (u,p1,p2) is the five-component vector function and
x € R°.

The matrix differential operator A(O)(Dx) is called the principal part of the
operator A" (D), where r = s,p, q, e.

DEFINITION 1. The operator A(")(Dy) is said to be elliptic if [36]
det A (&) #0,
where £ = (£1,82,83), [§] # 0, r = s,p,q, .

Obviously, we have
det A (¢)

pl€P+AN+ & )& (A+p)é1€3 0 0
Ap)éi&e  plEP+A+m&  (A+p)éabs 0 0

= det (A+p)é1€s (A+p)éls  pléP+(A+w& 0 0
0 0 0 k1)€% kiol€)?
0 0 0 karl€? kal€? /.

= 12 uo k €],
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where pg = A+ 2u, k = k1ko — k12ko1. Hence, A(’")(Dx) is an elliptic differential
operator if and only if

(2.13) o k # 0,
where r = s, p, ¢, e. We will suppose that the assumption (2.13) holds true.

DEFINITION 2. The fundamental matrix of operator A(")(Dy) is the matrix
T (x) = (Fl(;) (x))5x5 satisfying condition (in the class of generalized func-
tions) [36]

(2.14) AM(D, )M (x) = 6(x)J,

where 0(x) is the Dirac delta, J = (0;;)5x5 is the unit matrix, x € R3, and

r = S? p7 q7 e‘
The matrices I'®), T'®) T and I'®) are called the fundamental solutions of

systems (2.9), (2.10), (2.11) and (2.12), respectively.

In this article the matrices T'®), T®) T'(9) and I'(®) are constructed in terms
of elementary functions, and some of their basic properties are established.

3. Fundamental solution of the system of steady vibrations equations

First we construct the matrix I'®). We consider the system of nonhomoge-
neous equations
pAu 4 (A + p) grad divu + iwBy grad p1 + iwBs grad pa + pw?u = f,
(3.1) (k1A + a1)p1 + (k21A + az1)p2 — i divu = fi,
(k12A + a12)p1 + (k2 A + ag)p2 — fadivu = fo,
where f is a three-component vector function, f; and fo are scalar functions
on R3. As one may easily verify, the system (3.1) may be written in the form

)T

(3.2) A (D,)U(x) = F(x),

where A®)" is the transpose of matrix A®), F = (f, f1, f2) is a five-component
vector function and x € R3.
Applying the operator div to (3.1); from system (3.1) we obtain

(oA + pw?) divu + iwB Apy + iwPaAps = divf,
(3.3) (k1A + a1)p1 + (k21A + ag1)p2 — frdiva = fi,
(k12A + a12)p1 + (k2A + az2)p2 — fadivu = fo.

From (3.3) we have

(3-4) B(A)V(x) = ¢(x),
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where V = (divu,pl,pQ), Y = (@179027()03) - (lef7 flvf?) and

oA + pw?  iwBiA wly A
B(A) = (Bij(A))g,5 = -5 k1A +ar ka1 A+ a
—B2  keAtai kAtax /g .

We introduce the notation

Ar(A) = kiodetB(A).

It is easily seen that Aj(—¢) = 0 is a cubic algebraic equation and there exists
three roots A2, A3 and A} (with respect to £). Then we have

AL(A) = (A + X (A +23)(A + \d).

The system (3.4) implies

(3.5) A(A)V =@,
where
1 3
(3.6) T= (21,29, &= > Bie,  j=1,23
=1

and Bl*j is the cofactor of element Bj; of the matrix B.
Now applying the operators Aj(A) to (3.1); and taking into account (3.5),
we obtain

(3.7) As(A)u = Fy,

where Ag(A) = A1(A)(A + )\2), A2 = pw?/p and

1
(3.8) F;= m [A1(A)f — (A + p) grad @1 — iwy grad o — iw P2 grad O3] .

On the basis of (3.5) and (3.7) we get
(3.9) AN (A)U(x) = (x),
where ¢ = (Fy, ®g, ®3) is five-component vector and

ADA) = (AP (A)sxs,  ATD(A) = AR(A) = AF(A) = Ay (D),

AGA) = AT (A) = A(d),  AP(A) =0, Li=12..5 1#]
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We introduce the notations

nj1(A) = [((A+ 1) Bj1 (A) + iwB1 Bjp(A) + iwfa Bj3(A)],

(3.10) 1’“”“0
1(A) = —B3(A i =1,2,3, 1=2,3.
n]l( ) :ICMO ]l( )7 J ) 737 73

In view of (3.6) and (3.10), from (3.8) we have
(3.11)

1
F, = ;A1(A)I + n11(A) grad div | f 4 no1 (A) grad fi + ns1(A) grad fo,
q)m = nlm(A) lef+n2m(A)f1 +n3m(A)f2’ m = 2737

where I = (6;7) 5, 4 is the unit matrix.
Thus, from (3.11) we have

(3.12) P(x) = L& (Dy)F(x),
where

LO)(Dy) = (ng)(Dx>)5><57

L(S)(D)—EA (A) 5+ n1(A) 0?2
Y o K ! & H al‘laxj’
3.13 (s) B o 5) B 9
( ) Ll;m+2 (Dx) = nlm(A)Oiml’ Lm—i—?;l(Dx) = nml(A)a—xl,

LSL)+2;4(DX) = an(A),
LY, 45(Dx) = nns(A),  1,j=1,2,3, m =23,

By virtue of (3.2) and (3.12), from (3.9) it follows that AU = L& A®) U, It
is obvious that LT A" = A and, hence,
(3.14) AP)(DL)LE)(Dy) = A®(A).

We assume that /\l2 =+ A?, where [,7 =1,2,3,4 and [ # j. Let

YO (x) = (v (x))5x5,
VO 50 = VO (x) — VO () = S (9
11 (x) 5 (%) 53 (%) Z]:l 11257 (x),
(3.15) . . 3 .
Vi (x) =Y (x) = > it (x),

j=1
Y& x) =0, 1#m, ILm=12,...,5,

m



FUNDAMENTAL SOLUTIONS IN THE FULL COUPLED THEORY. .. 377

where

i lx|
3.16 () gy = S
is the fundamental solution of Helmholtz’ equation, i.e., (A + A?)fy](.s) (x) =6 (x)
and

3 4
mm= ] W-22)7" my= J[ OF-X)" m=1,23j=1234
=1, l#m =1, %]

LEMMA 1. The matriz Y®) is the fundamental solution of operator A(S)(A),
that 1is,

(3.17) AP(A)Y® (x) =6 (x)T,

where x € R3.

P roof Itsufficestoshow that Yl(f ) and Y4(4S) are the fundamental solutions
of operators A2(A) and A;(A), respectively, i.e.,

(3.18) As(A)Y (x) = 6 (x)
and
A (A (x) =6 (x).

Taking into account the equalities

mi1+ me + s =0, ma2(A2 — A3) +m3(\2 — A2) =0,

m3(Af — A3)(A\3 — A3) =1,

A+ (%) =6 () + (O - A\ (%), 1j=1,2,3, x€ R,
we have

3
A (AT (x) = (A + 23 (A +23) S ny0(x) + (A3 = A2y (x)]
j=1

3

= (A ADA A (A - a2 (x)
j=2

3
= (A+23) > (2 = M) [a(x) + (A3 - A2 (x)]
j=2

= (A + )Y (x) = 8(x).

Equation (3.18) is proved quite similarly. ]



378 M. SVANADZE, S. DE Cicco

We introduce the matrix
(3.19) ' (x) = LO(D,) Y (x).
Using identities (3.14) and (3.17) from (3.19) we get

AP (DT (x) = AL(DLOLE) (D) YO (x) = AD(A) Y (x) = 6(x)3.

Hence, I'®) (x) is the solution of (2.14). We have thereby proved the following
theorem.

THEOREM 1. If the condition (2.13) is satisfied, then the matriz T')(x) de-
fined by (3.19) is the fundamental solution of system (2.9), where the matrices
L®)(Dy) and Y®)(x) are given by (3.13) and (3.15), respectively.

Obviously, each element Fl(;) (x) of the matrix I'®)(x) is represented in the
following form:

(320)  TP(0)=LPDoY (%),  Tilx) =L (DY (),

1=1,2,....,5, j=1,2,3, m=4,5.

REMARK 1. In the case kio = ko1 = aq2 = a9 = p = 0, the matrix T'(®) (x)
is constructed and its basic properties are established in [30].

REMARK 2. On the basis of operator L(®) (D) and (3.19) we can obtain the
Galerkin type representation of solution of system (2.9) (for details see [38, 39]).

REMARK 3. The operator A(®) (Dy) is not self adjoined. Obviously, it is
possible to construct the fundamental solution of adjoined operator in quite
similar manner.

It is easy to verify that the fundamental solution I'®)(x) of the system of
equations of pseudo-oscillations (2.10), the fundamental matrix of the operator
A®)(D,), may be obtained from the matrix T'®) (x) by replacing w by —ir. We
have the following result.

THEOREM 2. If the condition (2.13) is satisfied, then the matriz T'P)(x) de-
fined by

r'®(x) = LP(D,)YP) (x)
is the fundamental solution of system (2.10), where L®)(Dy) and Y®) (x) are
obtained from the matriz L) (x) and Y®) (x) by replacing w by —ir, respectively.

REMARK 4. The matrices I'®) (x) and T'?) (x) are constructed by 4 meta-

harmonic functions (solutions of the Helmholtz equation) 'yq(qf) (m = 1,2,3,4)
(see (3.16)).
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4. Fundamental solutions of the systems of quasi-static
and equilibrium equations

By the method, developed in the previous section, we can construct the funda-
mental solutions of the systems of quasi-static equations (2.11) and equilibrium
equations (2.12).

In what follows we shall use the notations

Y oA wh A wlBs A
C(A) = (Clj(A))sxs = | =61 kiA+ar  kaA+an ,
—B2 ki2A+arz keA+az ), ,
140 wh 1w0s
C'(A)=(Clj(A)) s = | =61 kiA+ar  kaA+an
—PB2 ki2A+az keA+taz ), 4
2)

AD(A) = (AP (A))s5,
A (D) = A5 (A) = A (A) = Ady(A),
MDA =AY(A) =a58), APA) =0, Lj=12,....5 1#],

where A3(A) = A(A + €2)(A + £2); €2 and &3 are the roots of equation (with
respect to &) det C'(—¢) = 0.

3)
1 " ) « . *
mj1(A) = T (A + )T (A) +iwB1Cha(A) + iwBeCr5(A)],
1 )
m]l(A> = %le(A)v J = 172737l = 2737
where Cl*j is the cofactor of element Cj; of the matrix C.
4)
L@ (Dy) = (L (Dx))sx5.
1 ok
Li?(Dy) = = Ay (A)dr; + mar(A) 5,
i 0x10x;
(4.1) 5 5
(a) _ (a) _
Ll;qn+2(DX) = mln(A)%7 an+2;l<DX) = mnl(A)%a
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Y@ (x) = (V7 (x))5x5,
2
P (0) = V3 (%) = Y3 (%) = D lentn(x) + ensenl?) ()
(42) n=1
Y(‘]) Y( ) — d Y(Q) — 0
g (%) = Y55 (x) = com(x +Z s (%) =0,
l#]’ l?]_1727"‘757
where
TE RIS R T N ([ u
. 71 Ax ’X’ Y2 - 87'(', Tn - 47T|X|’ — Ly 4
and
. 88 oo L
1= — 5 2 = 5.9
1e3 ¢3¢
1 1
C3 = =55 CL= =55
IR THE-9
1 1
di = 55— dy =

(& - &)

G- &)

We introduce the matrix
(4.4)

THEOREM 3. If the condition (2.13) is satisfied, then the matriz T'9(x) de-
fined by (4.4) is the fundamental solution of system of quasi-static equations
(2.11), where the matrices L9 (Dy) and YD (x) are given by (4.1) and (4.2),
respectively.

REMARK 1. The matrix T'@ (x) is constructed by harmonic (v1), biharmonic
(v2) and metaharmonic (qu) and ’yy)) functions (see (4.3)).

Now we introduce the following notations:

1)
c c e 1 Aty &
L )(Dx) = (Ll(j)<Dx))5x57 ng)(Dﬂ = ; (A(Slj - Moawza%’)
. 0
(4.5) Lz(4)( Dy) = L[(ﬂﬂ@ — Bak21)A — (81 + ﬁ2)]8701’
LY (Dy) = T[(ﬂle Brki2) A — (b1 + 52)]8(17
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€ € € ]-
L (D) = L) (Dx) = 0, L{J(Dy) = 2 (kad = ),

e 1 e 1
(45)com) L (D) = = (ki2A + 1A, L{J (D) = — (knA +9)A,

Lé?(DX) = %(k‘)lA - 7)A7 lv] =1, 27 3.
2)
YO(x) = (V) ®)sns, V(%) = Yoy (%) = Yag) (%) = 72(x),
46) V(%) =Y (x) = ;g [3(x) — 71(x)] + 1372<x>,

Y'l(e)(x)zo, 175.]7 l7j:1’2""’5’

J

where 71 (x) and y2(x) are defined by (4.3),

it 2= Ty + ko + ko + k
VS(X)__F\X!’ 53——%( 1+ ko + k12 + ko1).
We introduce the matrix
(4.7) ' (x) = LO(Dy)Y® (x).

THEOREM 4. If the condition (2.13) is satisfied, then the matriz T'(©)(x) de-
fined by (4.7) is the fundamental solution of system of equilibrium equations
(2.12), where the matrices L(®)(Dy) and Y'©)(x) are given by (4.5) and (4.6),
respectively.

REMARK 2. The matrix I(®)(x) is constructed by harmonic (7;), biharmonic
(72) and metaharmonic (v3) functions. Obviously, the matrix L) (Dy) is not
obtained from L(*)(Dy) by replacing w = 0.

5. Basic properties of fundamental solutions

Theorems 14 lead to the following results.

THEOREM 5. FEach column of the matriz r) (x) is a solution of homogeneous
equation

AM(D,)U(x) =0
at every point X € R3 except the origin, where r = s,p, q, €.

THEOREM 6. If condition (2.13) is satisfied, then the fundamental solution
of the system
A(D,)U(x) =0

is the matriz W(x) = (V;(x))s5x5, where
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1 Atp 02
Wi(x) = M(A% - Moal‘z@m)W( )

1 1 S o
= 7’72,lj(x) — ;le’)@(x) = )\’ﬂ + ILj

10 x| |x[?”
k k k
GD w0 = Zne0, W)= —Cuk), Wil = - (),
k1 , A3
PUss(x) = —71(x), Ui = Vu =0, AN =— ,
55(%) k’Yl( ) ! ! Sm o
At ok .
= — R;i(Dy) = ——— —A8§;, 1,j=1,2,3, m=4,5.
877',[,6/1/0 I l]( ) axl8$] lj .] m

It is easy to verify that R(Dx) = (R;;(Dx)),,5 = curlcurl.
Obviously, Theorem 6 leads to the following result.
COROLLARY 1. The relations
(5.2) Uy(x) = O(x|71),  Tn(x) = O(|x|™)
hold in the neighborhood of the origin, where l,j = 1,2,3 and m,n = 4,5.
We shall use the following lemma.

LEMMA 2. If condition (2.13) is satisfied, then

1 1
Ann(A) = —;Al(A) —|— TMO(A + )‘121)B>1k17
(5.3) not(A) = ;—;(A +202)[B1 (koA + an) — Bo(k1aA + ara)],

n31(A) = —lj:o(A + M) 81 (k1A + a1) — Bo(k1 A + a1)).

P r o o f. Taking into account the equalities (3.10) and

(1ol + p?) By (A) + iwBi AB;y(A) + iwBrABiy(A) = detB

we have
1 1
Ang(A) = — detB — (uA + pw?)Bf 1 (A)] = ——A1(A) + — (A + M) By
1(4) ku#o[ (LA + pw”) B1; (A)] . 1(A) k:uo( 1B
The formulae (5.3)2 and (5.3)3 are proven in a quite similar manner. O
We introduce the notations
my_ 1 Y @ _ 1
dyy = —mﬁlmBn(—/\m)» dyy’ = W’
(54) dqqn) = Nommg1 (=A%), dq(in) = Mmnig(=Am),

dq(;n) = Ulm"qr(_/\%@)7 m = 1)2)37 q, T = 273
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On the basis of Lemma 2 we can rewrite the fundamental solution T'(*) (x)
in the simple form that (3.19) (or (3.20)) for x # 0. We have the following
result.

THEOREM 7. If x # 0, then

3
T35 60 = 37 dif i () + iy Ry (o),

lj
m=1
(s) : (m),_(s) (s) :
(5.5) i)=Y diy v, Tyl (0 = 3 dia(x
m=1 m=1
F((112T+2 Zd 7 l)j: 1,2,3, ¢,7 =2,3.

Proof. Let x# 0. It is easy to verify that

1 02
() (x) = —\2 ~(9) A (x) = — — Ry |~
(56> Ame (X) Am’Ym (X>7 61J7m (X) )‘%n <8xl8xj Rl]>7m (X)7
,ji=1,2,3, m=1,23,4.

On the other hand, from (5.3); it follows that

(5.7) n11(—/\$n) ?Al( )‘q2n)

1

T ka2, (A] —An) Bl (=A%), m=1,2,34.

By virtue of (3.13), (3.15), (5.6) and (5.7) from (3.20) we have

4
(5.8)  TP(x) = [;Al(A)éw +n11(A) 8:16?(;0]} ;nzmvfi)(X)

_24: (1 2hs 2y T
= 3 AN (N o)
_24: L e (P 2y T e
N mzlmm_ A2, i )\m)<8x58xj Rl])+nll( )\m)ﬁxlaxj]’ym (%)

! ! 52 1
= 3 | O = BN 5 MR R 2  0)
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On the basis of (5.4) and identities
()\421 - )\?)TIQJ = 771j7 j = 17 2737
0 for m=1,2,3,

1 for m =4,

N2m1 (_)‘7271) = {

from (5.8) we obtain

gm0 : Ay(—A2 )Ry
s ( Z oz em (=22 Ry (x)

m=

I (x) =

M- 1M

A7)0 (%) + d) R ().

3
I

The other formulae of (5.5) can be proven quite similarly.
Theorem 7 leads to the following result.

THEOREM 8. The relations
I =0(x™), T =o0(x™),
' (x) = 0(1), ') (x) = O(1)

hold the neighborhood of the origin, where l,5 =1,2,3, m,q =4,5.
LEMMA 3. If condition (2.13) is satisfied, then

3 3
m 1 m 1
(5.10) 2:(ﬁ1)247£§, Sz = ——.
m=1 m=1

Ho

(5.9)

P r oo f. It is easy to verify that

B (=)2) = kAb, + (a12k21 + asikiz — arks — ask1)A2, + a,
(5.11) wza
kpo

where a = ajas — ajz2ag1. By virtue of (5.11) we obtain

MAINZ =

3

Ly B BN
=, M3 =ADA3=A) - AT = A5)(A5 = A3)
L BN
AT = A (A8 - A9)

a  kpo

TN
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Hence, from (5.4) we have

3 (m) 1 a1 1
m) * 2N
Similarly, by virtue of (5.11) we obtain
3
. Bi (=) Bt (—\3
Z M B (—A2) = 11(=A1) 11(=A3)

| M3 - )N -A) (M- - )
By (=)3)

= k.
(AT = A5 = A3)

_l’_

Finally, from (5.4) we get

3

3
1 1
§ A2 qm — § Mm Bl (=A%) = —
m=1 ! k/J,() m=1 11( )

%.
Now we can establish the singular part of the matrix I'*) (x) in the neigh-

borhood of the origin.
THEOREM 9. The relations

(5.12) T2 (x) — Wy;(x) = const + O(|x])
hold in the neighborhood of the origin, wherel,j =1,2,...,5.
Proof. Let x# 0. In view of (5.1) and (5.5) we obtain

(5.13) T — Wy ()

=TS 060 - Lon(] + Ry a0+ Lo

2
w
m=1 P

for 1,7 = 1,2, 3. In the neighborhood of the origin from (3.16) we have

A i
D A2 (%) + Y (%),
v

614) 260 =~ > ek o9 -
n=0 ’

where

1o (dmlx])"
o] = — =1,2,3,4.
'Ym(x) 47'['|X‘ nzg n! ) m b )
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Obviously,

(5.15)  Am(x) = O(Ix*),  Fmj(x) = O(Ix]),  Fm.;(x) = const + O(|x|),
,i=1,23 m=1234.

On the basis of (5.14) from (5.13) we get
’ 1 : i\
510 Y 60— ) = Dl [l - G 430
m=1 m=1

3 1
- (Z A2l )mx).
=1 Ho

By virtue of equalities (5.10) from (5.16) it follows that

3

1

(5.17) S AT ) — —(x)

m—1 Ho
1 3
_—W’Y Z)\ d(ﬁl)ﬂLZdn Tm
m=1
Similarly, from (5.14) we have
I (s 1 1 A4 . 1
(518) 577600+ 190 = g ) = ot = ) + 40|+ 2
1 1A 1.

= W’Yl (x) — Imp? + o’ —574(x)

Taking into account (5.15), (5.17), (5.18) and Avy;(x) = 0 (x # 0) from (5.13)
we obtain

s 1 9* m) ~ 1
I 60— 00 = =15 i ) (x) +Zdu>vm )+ Lo

 pw? (%Ulaacj

_ —piz,ml(x) + const + O(|x|)

= const + O(|x]), [,j=1,2,3.

The other formulae of (5.12) can be proved quite similar manner. O

Thus, on the basis of Corollary 1 and Theorem 9 the matrix ¥(x) is the
singular part of the fundamental solution I'(*) (x) in the neighborhood of the
origin (see (5.2), (5.9) and (5.12)).
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Corollary 1 and Theorem 9 lead to the following results.
THEOREM 10. The relations

I =0(x"), T0x=0(x"", TrYx)=o0(),

lj mq mj

F(T)

jm

(X):O(l)) laj:172737 maq:475

hold in the neighborhood of the origin, wherel,j =1,2,...,5 and r = p,q,e.
THEOREM 11. The relations

T (x) — Wy;(x) = const + O(|x|)

hold in the neighborhood of the origin, where l,7 =1,2,...,5 and r = p,q,e.

Thus, the matrix ¥(x) is the singular part of the fundamental solution
T (x) in the neighborhood of the origin, where r = p, q, e.

6. Concluding remarks

1. On the basis of fundamental solutions of the systems (9) to (12) it is
possible:

(i) to construct the surface (single-layer and double-layer) and volume poten-
tials and to establish their basic properties (for details of the surface and
volume potentials of the classical theories of elasticity and thermoelasticity
see [37]);

(ii) to investigate 3D boundary value problems of the theory of the full cou-
pled theory of elasticity for solids with double porosity by means of the
potential method (boundary integral method) and the theory of singular
integral equations (for an extensive review of works and basic results on the
potential method in the classical theories of elasticity and thermoelasticity
see 37, 40]);

(iii) to obtain numerical solutions of the boundary value problems by using
boundary element method;

(iv) to construct the Green’s functions for the simple cases of 3D domain
(sphere, half-space and etc.).

2. By using the above mentioned method it is possible to construct the fun-
damental solutions of the systems of equations in the modern linear theories of
elasticity and thermoelasticity for homogeneous isotropic elastic materials with
microstructure.

3. Recently, the plane harmonic waves and the basic boundary value problems
of the full coupled theory of poroelasticity for materials with double porosity were
investigated in [41-44].



388 M. SVANADZE, S. DE Cicco
References
1. M.A. Biot, General theory of three-dimensional consolidation, Journal of Applied

10.

11.

12.

13.

14.

15.

16.

Physics, 12, 155-164, 1941.

. G.I. BaArRenBLATT, I.P. ZHELTOV, I.N. KOCHINA, Basic concept in the theory of seepage

of homogeneous liquids in fissured rocks (strata), Journal of Applied Mathematics and
Mechanics, 24, 1286-1303, 1960.

R.K. WiLson, E.C. AIraNTIS, On the theory of consolidation with double porosity, I,
International Journal of Engineering Science, 20, 1009-1035, 1982.

. M.Y. KHALED, D.E. BeEskos, E.C. AIFANTIS, On the theory of consolidation with double

porosity, III, International Journal for Numerical and Analytical Methods in Geomechan-
ics, 8, 101-123, 1984.

D.E. Beskos, E.C. AIraNTIS, On the theory of consolidation with double porosity, II,
International Journal of Engineering Science, 24, 1697-1716, 1986.

N. Kuavriry, M.A. HABTE, S. ZARGARBASHI, A fully coupled flow deformation model for
cyclic analysis of unsaturated soils including hydraulic and mechanical hysteresis, Com-
puters and Geotechnics, 35, 872-889, 2008.

N. KHALILI, S. VALLIAPPAN, Unified theory of flow and deformation in double porous
media, European Journal of Mechanics, A /Solids, 15, 321- 336, 1996.

Y. Zuao, M. CHEN, Fully coupled dual-porosity model for anisotropic formations, Inter-
national Journal of Rock Mechanics and Mining Sciences, 43, 1128-1133, 2006.

N. Kuavriui, Coupling effects in double porosity media with deformable matriz, Geophysical
Research Letters, 30, 2153, 2003.

J.G. BERRYMAN, H.F. WANG, The elastic coefficients of double-porosity models for fluid
transport in jointed rock, Journal of Geophysical Research, 100, 34611-34627, 1995.

J.G. BERRYMAN, H.F. WANG, Elastic wave propagation and attenuation in a double-
porosity dual-permiability medium, International Journal of Rock Mechanics and Mining
Sciences, 37, 6378, 2000.

S.R. PrIDE, J.G. BERRYMAN, Linear dynamics of double-porosity dual-permeability ma-
terials, I, Physical Review E, 68, 036603, 2003.

M. Bai, D. ELsworTH, J.C. ROEGIERS, Multiporosity/multipermeability approach to the
simulation of naturally fractured reservoirs, Water Resources Research, 29, 1621-1633,
1993.

K.N. MoutsoprouLos, A.A. KONSTANTINIDIS, I. MELADIOTIS, CH.D. TZIMOPOULOS,
E.C. ArranTis, Hydraulic behavior and contaminant transport in multiple porosity media,
Transport in Porous Media, 42, 265-292, 2001.

M. Bai, J.C. ROEGIERS, Fluid flow and heat flow in deformable fractured porous media,
International Journal of Engineering Science, 32, 1615-1633, 1994.

N. Kuavriti, A.P.S. SELvADURAIL, A fully coupled constitutive model for thermo-hydro-
mechanical analysis in elastic media with double porosity, Geophysical Research Letters,
30, 2268, 2003.



FUNDAMENTAL SOLUTIONS IN THE FULL COUPLED THEORY. .. 389

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

I. MasTERS, W.K.S. Pao, R.W. LEwis, Coupling temperature to a double-porosity model
of deformable porous media, International Journal for Numerical Methods in Engineering,
49, 421-438, 2000.

S.C. CowiN, Bone poroelasticity, Journal of Biomechanics, 32, 217-238, 1999.

S.C. CowiN, G. GAILANI, M. BENALLA, Hierarchical poroelasticity: movement of inter-
stitial fluid between levels in bones, Philosophical Transactions of the Royal Society A:
mathematical, physical and engineering sciences, 367, 3401-3444, 2009.

E. RonaN, S. NaiLi, R. CiMRMAN, T. LEMAIRE, Multiscale modeling of a fluid saturated
medium with double porosity: Relevance to the compact bone, Journal of the Mechanics
and Physics of Solids, 60, 857-881, 2012.

R. DE BOER, Theory of Porous Media: Highlights in the historical development and current
state, Springer, Berlin, Heidelberg, New York, 2000.

M.A. Biot, Theory of propagation of elastic waves in a fluid-saturated porous solid, I.
Low frequency range, II. Higher frequency range, Journal of the Acoustical Society of
America, 28, 168-178, 179-191, 1956.

M.A. Biot, Mechanics of deformation and acoustic propagation in porous media, Journal
of Applied Physics, 33, 1482-1498, 1962.

M.A. Biot, Theory of finite deformations of porous solids, Indiana University Mathe-
matics Journal, 21, 597- 620, 1972.

R. DE BOER, M. SVANADZE, Fundamental solution of the system of equations of steady
oscillations in the theory of fluid-saturated porous media, Transport in Porous Media, 56,
39-50, 2004.

M. CIARLETTA, A. SCALIA, M. SVANADZE, Fundamental solution in the theory of microp-
olar thermoelasticity for materials with voids, Journal of Thermal Stresses, 30, 213-229,
2007.

S. DE Cicco, M. SVANADZE, Fundamental solution in the theory of viscoelastic miztures,
Journal of Mechanics of Materials and Structures, 4, 139-156, 2009.

M. SvANADZE, The fundamental solution of the oscillation equations of the thermoelas-
ticity theory of mizture of two elastic solids, Journal of Thermal Stresses, 19, 633-648,
1996.

M. SvANADZE, Fundamental solutions of the equations of the theory of thermoelasticity
with microtemperatures, Journal of Thermal Stresses, 27, 151-170, 2004.

M. SvaANADZE, Fundamental solution in the theory of consolidation with double porosity,
Journal of the Mechanical Behavior of Materials, 16, 123-130, 2005.

M. SvaNaDzE, S. DE Cicco, Fundamental solution of the system of equations of steady
oscillations in the theory of thermomicrostretch elastic solids, International Journal of
Engineering Science, 43, 417-431, 2005.

M. SvANADZE, V. TiBULLO, V. ZAMPOLI, Fundamental solution in the theory of microp-
olar thermoelasticity without energy dissipation, Journal of Thermal Stresses, 29, 57-66,
2006.

R. BURRIDGE AND C.A. VARrRGAS, The fundamental solution in dynamic poroelasticity,
Geophysical Journal of the Royal Astronomical Society, 58, 61-90, 1979.



390

M. SVANADZE, S. DE Cicco

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

G.D. Manouis, D.E. BEskos, Integral formulation and fundamental solutions of dynamic
poroelasticity and thermoelasticity, Acta Mechanica, 76, 89-104, 1989.

G.D. Manouis, D.E. Beskos, Corrections and additions to the paper “Integral formu-
lation and fundamental solutions of dynamic poroelasticity and thermoelasticity”, Acta
Mechanica, 83, 223-226, 1990.

L. HOGRMANDER, The analysis of linear partial differential operators II: differential oper-
ators with constant coefficients, Springer, Berlin, Heidelberg, New York, Tokyo, 1983.

V.D. KupraDZE, T.G. GEGELIA, M.O. BASHELEISHVILI, T.V. BURCHULADZE, Three-
Dimensional Problems of the Mathematical Theory of Elasticity and Thermoelasticity,
North-Holland, Amsterdam, New York, Oxford, 1979.

A. Scavria, M. SVANADZE, On the representations of solutions in the theory of thermoe-
lasticity with microtemperatures, Journal of Thermal Stresses, 29, 849-864, 2006.

M. SvaNADZE, R. TRACINA, Representations of solutions in the theory of thermoelasticity
with microtemperatures for microstretch solids, Journal of Thermal Stresses, 34, 161-178,
2011.

T. GEGELIA, L. JENTSCH, Potential methods in continuum mechanics, Georgian Mathe-
matical Journal, 1, 599-640, 1994.

M. SVANADZE, The boundary value problems of the full coupled theory of poroelasticity for
materials with double porosity, Proceedings in Applied Mathematics and Mechanics, 12,
279-282, 2012.

M. SvANADZE, A. ScALIA, Mathematical problems in the theory of bone poroelasticity,
International Journal on Mathematical Methods and Models in Biosciences, 1, No 2,
1211225, pp. 1-4, 2012.

M. CIARLETTA, F. PASSARELLA, M. SVANADZE, Plane waves and uniqueness theorems in
the coupled linear theory of elasticity for solids with double porosity, Journal of Elasticity,
DOI 10.1007/s10659-012-9426-x (to appear).

M. SvANADZE, A. ScALIA, Mathematical problems in the coupled linear theory of
bone poroelasticity, Computers and Mathematics with Applications, DOI: 10.1016/
j.camwa.2013.01.046 (to appear).

Received December 1, 2012; revised version March 25, 2013.





