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The optimization approaches, known as powerful tools in nonlinear analysis of
structures, are considered in this paper for further development. Adopting linear
kinematics, proportional loading, lumped plasticity, piecewise-linear yield loci, perfect
plasticity and associated flow rule as the basic assumptions, the nonlinear analysis of
a framed structure is formulated in the form of a mathematical programming problem.
Dissipated energy is considered as the objective function and is maximized using
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examples taken from the literature.
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1. Introduction

Analysis of elasto-plastic structures is nowadays a primary design re-
quirement for practicing engineers. Accordingly, it has become a frequently ad-
dressed and well-known engineering problem in the literature (see, e.g., [1–3]).

Linear programming (LP) has long been recognized as a suitable tool for limit
state analysis of structures [4]. To this end, by assuming lumped plasticity, i.e.,
localizing plasticity in some prescribed sections and considering rigid-plastic be-
havior for the structure, the limit load of the frame is sought from an LP problem.
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In this sense, depending on the way the problem is formulated and the approach
is followed, i.e., lower bound or upper bound theorems, the problem will appear
in the form of maximization or minimization of linear programming [5, 6]. Maier

proposed the use of quadratic programming (QP) in structural mechanics, and by
considering the complementarity conditions as the objective function, formulated
elasto-plastic structural problems in the form of QP problems [7, 8]. Later on,
adopting piecewise-linear (PWL) elasto-plasticity with interacting yield planes,
the proposed method was extended to matrix structural analysis [9]. To improve
the efficiency of the solution procedure, QP was replaced by the linear com-
plementarity problem (LCP) [10], and the restricted basis linear programming
(RBLP) [11]. Application of mathematical programming (MP) in elasto-plastic
analysis has been the subject of interest to several researchers. For example, vir-
tual distortion method, which was primarily proposed by Holnicki-Szulc and
Gierlinski [12] to impose the effects of prestressing into the structural elements
and reanalysis of structures, has been implemented in nonlinear analysis of the
structures in combination with mathematical programming by Gawecki and
Kuczma [13]. In this approach, at each level of loading, the effect of plastic-
ity in a specific location of the frame is imposed through some virtual internal
deformations. Also employing MP in nonlinear analysis has been improved and
extended to more general cases such as shakedown and nonlinear dynamic ana-
lyses [14, 15].

Cocchetti and Maier [16] implemented the aforementioned approach in
analysis of frames with softening plastic hinges. They proposed two procedures,
namely step-by-step method, and stepwise-holonomic/fully-holonomic method.
In the step-by-step method, in each step the load is increased up to development
of a plastic hinge in the structure after which the next load step starts. This
approach provides the exact solution to the problem, but it is required to rear-
range vectors and matrices by separating the problem variables into active and
non-active sets by solving an LCP subproblem. Clearly, this fact becomes com-
putationally disadvantageous when numerous yield modes can be activated in
many critical sections simultaneously and/or in small intervals. It is worth noting
that the word “exact” means that this approach does not let any approximations
enter the final results, except those coming from the accepted simplifying as-
sumptions. In addition, stability of the solvers of this kind is guaranteed, even
in the presence of softening. Exactness and unconditional stability are the most
important aspects of this method in spite of the disadvantages addressed before.

In order to reduce the number of sub-step amplitudes, one may disregard the
path dependency of the solution within each load step. In this case, the stepwise
or fully holonomic solutions with arbitrary load step sizes are used. Using this
approach, probable unloading during some steps or, generally saying, leaving any
yield plane could not be captured and this feature turns out to be a potential source
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of error, typical in holonomic approaches. In both proposed solution schemes, the
load multiplier is considered as the objective function to be maximized, subject
to the yield and complementarity conditions. Such an approach will encounter
problems in the case of softening frames and when the decreasing branch of the re-
sponse initiates. This is addressed in [16] as elastic unloading and it is emphasized
that the subproblem has to be re-solved for negative load increment if no solution
is found for the positive load increment. Following the unique equilibrium path
without a need for successive LCP solutions and ruling out problems raised due
to negative load increments, were the main motivations of this research although
the softening behavior is not addressed in the present study.

Recently, another approach has been presented by Tangaramvong and
Tin-Loi to deal with the structures governed by piecewise-linear softening
models [17]. This method has a holonomic character and is similar to that dis-
cussed in [16], but employs a penalty approach to solve the nonlinear optimiza-
tion problem. In this approach, decision on initial value and updating schedule
of the penalty parameter, which enforce the complementarity conditions, has to
be taken carefully to prevent numerical instabilities. Besides this and similarly
to each holonomic approach, to reduce errors due to ignoring path dependency,
the load steps have to be considered very small.

In all approaches based on mathematical programming, the final solution at
the end of load step is of interest and plastic deformations are computed accord-
ing to the final location of stress state on the yield surface. This fact does not
result in any divergence from the exact solution in step-by-step solution scheme,
but the holonomic approaches are sensitive to this assumption and accuracy of
the results depends on the step sizes.

In this paper, by assuming linear kinematics and lumped plasticity, non-
linear analysis of a proportionally loaded frame is formulated in an MP form.
To this end, piecewise-linear yield surfaces and associated flow rule are adopted
to construct the required elastic-perfectly-plastic hinge constitutive model. Con-
ventional simplex method with special provisions is employed to propose a so-
lution strategy. In the proposed algorithm, two distinct features of step-by-step
method, namely “exactness” and “stability” are preserved. In addition, the linear
complementarity problem (LCP), that has to be solved at each step, is replaced
by a maximum dissipation criterion. In all tested examples, the results show
that the outcome of this proposed method is equivalent to LCP, but they are
obtained in a more efficient way.

2. Formulation

At the beginning of any nonlinear analysis, a conventional linear elastic anal-
ysis is performed to determine the linear elastic responses of the structure, i.e.,
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internal forces p0, internal deformations u0 and nodal displacements U0 for the
given load level:

(2.1) U0 = K−1R, u0 = AK−1R, p0 = kAK−1R.

In the above formulas, R is external load vector, K is initial stiffness matrix
of structure, k is elements block-diagonal stiffness matrix, and A stands for
compatibility matrix. M / M p

N / N p0
� 1

+ 1� 1 N 0� N 0
+ 1

Fig. 1. A typical piecewise-linear plastic hinge model.

In the second step, internal forces have to be verified to see whether they
satisfy yield conditions or not. To this end, similar to that shown in Fig. 1, it
is conventional to adopt some piecewise-linear constitutive model [18, 19]. It is
obvious that the full plastic axial capacity of frame members is rarely achievable
in real cases due to the member instabilities, i.e., column buckling, but herein
geometric nonlinearities are not accounted for. Considering the internal force
vector pi containing the internal axial force N i and the bending moment M i at
section i:

(2.2) pi =

{

N i

M i

}

,

the yield conditions at this section can be stated as follows:

(2.3) ΦT
i pi ≤ {1}.
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The yield matrix Φi in Eq. (2.3) corresponds to the governing constitutive model
of the frame section, which for the six-line yield locus (m = 6) shown in Fig. 1,
is of the form:

(2.4) Φi =
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The parameter N
i
0, refers to the ordinate of the corners in the yield locus and is

defined as follows:

(2.5) N
i
0 =

N i
0

N i
p

.

And, as shown in Fig. 1, N i
0 is the axial force corresponding to the yield surface

corner in section i. The plastic deformations up
i , in a typical section, can be

related to the section’s plastic multipliers xi using the yield matrix Φi, by the
so-called associated flow rule as follows:

(2.6) up
i =

{

∆i
p

θi
p

}

= Φixi,

where xi = {x1
i x

2
i . . . xm

i }T is a vector containing plastic multipliers corre-
sponding to each yield plane at section i.

The presented piecewise-linear elasto-plastic formulas at the local level can be
easily extended to the global level by assembling local yield matrices and plastic
multiplier vectors. Considering n as the whole number of critical sections, the
global plastic multipliers vector x and yield matrix Φ are defined as follows. Note
that x is composed of n vectors of dimension m× 1

(2.7) x =
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Also in order to describe the coupling effects of plasticity among sections, some
influence matrices pv (for internal forces) and Uv (for nodal displacements)
have to be developed. Each column of the influence matrices contains linear
elastic response of the structure to a unit’s internal deformation imposed in the
corresponding critical section. It should be noted that such analyses, which have
to be done only once at the start, do not require any stiffness matrix assembly
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or further inversion to that already done for primary linear elastic analysis.
Using influence matrices and plastic deformations (Eq. (2.6)), the residual nodal
displacements Up and residual internal forces pp are determined as follows:

(2.8) pp = pvΦx, Up = UvΦx.

Also the additivity rule is assumed to hold for internal forces p, internal defor-
mations u and nodal displacements U as follows:

(2.9) p = pe + pp, u = ue + up, U = Ue + Up.

Where, those parts denoted by a superscript e are the linear elastic response
of the structure under the current external actions level, and are calculated
by scaling the primary responses identified by Eq. (2.1). Accordingly, at any
load level λ, total responses of the structure are computed using the following
formulas:

(2.10) p = λp0 + pvΦx, u = λu0 + Φx, U = λU0 + UvΦx.

The yield conditions to be satisfied at all critical sections can be stated as follows:

(2.11) Y = λΦTp0 + ΦTpvΦx − {1} ≤ 0.

Furthermore the objective function, that in this study is considered to be dissi-
pated power, i.e., plastic work rate, has to be developed. It can be easily verified
that the plastic work rate at any loading stage is equal to sum of all active plastic
multipliers rates (see Appendix A).

Then, according to the assumed maximum dissipation criterion, an optimiza-
tion problem can be written for the whole structure (in terms of all yield func-
tions, the increments of plastic multipliers and load multiplier increment) as
follows (see Appendix B):

(2.12)























max {1}Tẋ

subject to:

Y = λΦTp0 + ΦTpvΦx − {1} ≤ 0,

xTY = 0, x ≥ 0, λ ≥ λ ≥ 0.

In the above problem, λ is the maximum load level defined by user. To capture
any probable collapse it is conventional to add a deflection control constraint
of the form ∆ ≤ ∆ to the problem, in which ∆ can be a limit on deflection
at any desired node. As it will be discussed in the next section, this MP has
to be solved in increments and accordingly at each step the load and plastic
multipliers resulted from the previous steps will cause some reduction in the
remaining strength capacity of sections and the term {1} in yield constraints
Y ≤ 0 will be automatically modified at each step.
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3. Solution procedure

In the following, some details are given about the proposed algorithm for solv-
ing the MP defined by Eq. (2.12). In the literature, CLP and RBLP are proposed
for solving MP problems of this kind, in which the nonlinear complementarity
constraints xTY = 0 are satisfied implicitly during solution. In these solution
strategies, simultaneous presence of a plastic multiplier xj

i (corresponding to the

j-th yield plane of the critical section i) and its counterpart slack variable yj
i

in the base vector is prevented. But as stated before, such a restriction is not
sufficient to ensure exact solutions. In this study, some extra provisions, namely
“resetting” and “refreshing”, will be proposed to be considered in combination
with aforementioned restriction.

Generally speaking, at any loading instant, the plastic multipliers x may be
formally classified into three categories: first, those which have zero values and
belonging to non-active yield planes (“inactive”); second, those corresponding to
active yield planes and will potentially react to further load application (“active”),
and third the plastic multipliers with nonzero values which do not change during
a load step (“passive”). Third group of plastic multipliers may appear in some
critical sections due to local unloading or passing a yield surface corner.

On the other hand and as a consequence of the PWL models for local non-
linear behavior, some events may happen during analysis. These events are the
stress state changes relating to “ leaving yield surface”, “transit from one yield

surface to adjacent one” and “staying on a yield surface corner ”. Obviously if
such an event does not happen, the response of a frame structure to external
actions varying proportionally (or stepwise proportionally) can be computed “ex-
actly” [16, 20]. However, any plasticity event that causes a local change in this
proportionality, is deemed to be a source of divergence form exact response. To
the knowledge of authors, any subproblem that is formed and solved after each
load step in a step-by-step solution scheme, is basically an attempt to detect
any oncoming event and recognize any active plastic multiplier that tends to
join the passive plastic multipliers. By eliminating those plastic multipliers in
the next MP, the unique equilibrium path of the structure is captured. Mathe-
matically saying, the MP problem (2.12) over a loading interval which is defined
between two successive events, is no longer nonconvex and even a holonomic
approach can return exact solutions on such an interval. Accordingly, in order
to cancel probability of any error development and accumulation during solu-
tion, the load levels corresponding to the events have to be determined and the
solution has to be followed in a refreshed simplex table after a resetting.

Resetting means recording the current load and corresponding values of plas-
tic multipliers and resuming solution by considering the achieved external load
level and internal forces as the initial conditions for structure in an updated
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mathematical programming. The resetting is simply done by setting to zero the
right-hand side of active constraints in the simplex table. It is worth noting that
after resetting, the simplex table represents an MP problem corresponding to
the latest structure’s status, which is identical to what is obtained by modifying
(2.12) using the following substitutions:

(3.1) λ = λ̂+ λ̇, x = x̂ + ẋ,

wherein, hatted variables are referred to the latest achieved values for the prob-
lem variables and dotted ones are new expected increments.

Refreshed simplex table is referred to the updated form of the simplex table
after performing required pivot actions for exiting a plastic multiplier, if unload-
ing is the case. Fortunately this refreshment does not impose any computational
effort except three pivotings per each unloading in the simplex table.

To start the solution process, the initial table of linear programming is con-
structed as shown in Table 1. This table is an expanded matrix representation of
the yield and other inequality constrains, which are turned into equalities using
some slack variables. In this table, γ and δ are slack variables corresponding to
the load multiplier λ and displacement ∆, respectively. Also λ and ∆ are some
limits imposed on the load multiplier λ and the monitored displacement ∆, res-
pectively. The superscripts and subscripts specify the yield plane and section
numbers, respectively. Since there is one variable x for each yield plane, the ma-
trix of coefficients C is square. This matrix is identified by light gray in Table 1.

To solve the problem a set of slack variables y should be added. The matrix C,
which is recognized by dark gray in Table 1, provides a canonical form of the
basis matrix for starting the LP solution.

Since each row of the simplex table corresponds to a yield plane, hereafter
the variables x and y are addressed with only one subscript which refers to the
row number where their corresponding “yield plane constraint” is placed in the
simplex table.

The procedure followed for solution of this table is very similar to the RBLP
method (which utilizes standard simplex method with some additional provisions
for considering complementarity conditions), but herein additional tasks have to
be taken to detect any events defined above. This procedure is better demon-
strated in the flowchart of Fig. 2 and the following descriptions corresponding
to each step.

Step 1. To start manipulation, it is noted that at the beginning, all y variables
are present in the set of basic variables (BV); therefore, as a result of
complementarity constraints none of x variables can enter the BV. Evi-
dently, without letting the load multiplier λ to assume a value, no plastic
hinge can form; therefore, the first variable that enters the BV is the load
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Fig. 2. Solution flowchart.
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multiplier λ. At this time, according to the simplex rules, a pivot row
with minimum positive bj/C(j, i) ratio has to be determined for the exit-
ing variable. Then, the pivoting is made to enter λ into the corresponding
pivot row. As a consequence, one of the slack variables, let say yk, leaves
the BV and this means its counterpart plastic multiplier xk, obtains pri-
mary permission for entering BV. In this way, there always exist a free
plastic multiplier (FPM) that is ready to enter BV, but first it should
be investigated what will result in the maximum gain in the objective
function.

Step 2. As a simplex rule, the variable that enters BV is the one with the most
negative cost coefficient (COSTmin) and it can be either FPM or one of
the previously expelled out slack variables.

Step 3. If, based on the most negative cost, a slack variable is selected for en-
tering BV, it is most likely that an unloading is taking place and more
investigations are needed to make a correct decision. In such cases the al-
gorithm is to be followed from Step 9, otherwise the algorithm continues
through Step 4.

Step 4. If FPM has the most negative cost, it means that another yield surface
is becoming active. According to the simplex rules, FPM (hypothetically
xi) is to be inserted in the row j which corresponds to the smallest non-
negative ratio bj/C(j, i). Physical interpretation of such selection lies
on the positiveness of plastic multiplier increments. If a row is excluded
from bj/C(j, i)-check, it may result in negative increment (decrease) of
its corresponding basic variable. However for the perfect plasticity this
is not the case, but in the proposed method this lemma can be utilized
(by intentionally excluding the row corresponding to λ from the pivot
row search) to rule out the negative load increments problems addressed
in [16]. Also, if there exist more than one free row with the same smallest
ratios, it mathematically means that “there might be multiple station-
ary points” and physically is interpreted as “possible bifurcation in the
solution”, which is not the case in perfect plasticity again. It happens to
have such a situation in symmetric frames which is not really a bifur-
cation. Fortunately such cases do not produce any problem in perfect
plasticity.

Step 5. It may happen that the selected pivot row be already occupied by an-
other plastic multiplier. If this is the case, unloading of the obstacle
plastic multiplier (OPM) is required in order to prepare conditions for
entering FPM. Otherwise, solution procedure has to be followed as de-
scribed in the next step.
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Step 6. If FPM belongs to a section in which one of its yield planes is already
active, it means that two yield planes from a single section tend to be
active simultaneously. At this stage, another restriction that is not ac-
counted for in holonomic approaches will be considered. This case is
recognized as “staying on corner ”, and the algorithm should be followed
from Step 12. Otherwise, the process is followed from Step 7.

Step 7. If the FPM is not from an active section it can enter into BV and piv-
oting is made around C(j, i) in order to enter FPM into selected pivot
row j. Obviously this pivoting will potentially cause changes in problem
variables, i.e., plastic and load multipliers, and loading process continues
in this way.

Step 8. As it was mentioned in Step 5 it happens that the selected pivot row
contains some obstacle plastic multiplier (OPM) which prevents join-
ing FPM into BV. This is a trivial case of unloading and one of the
events introduced before. In such cases OPM is to be exited after reset-

ting. Exiting a variable form BV is easily done by three pivotings in the
working simplex table.

Step 9. If COSTmin corresponds to a slack variable, say yj , more verifications are
needed to make a correct decision. As a consequence of complementarity,
it is obvious that returning any previously expelled out slack variable
yj into BV, will be possible only if its counterpart plastic multiplier xj

(hereafter SPM) leaves BV. On the other hand and after any probable
unloading, algorithm will go back to the FPM (suppose it is xi) to en-
ter it into BV, during which it happens that the row corresponding to
the exited SPM be selected as the pivot row. If this happens, SPM will
return into BV immediately after exit and the performed pivot actions
impose some vain computational costs on the analysis. To avoid such
situations, it is only necessary to consider the sign of some index ratio r
defined as follows:

(3.2) r =
C(j, i)

C(j, j)
.

In fact, the calculated index ratio r is the value that will appear in the
cell (j, i) of C matrix after performing required refreshments toward ex-
iting SPM. A negative index ratio r guarantees that j row will not be
selected during next pivot row search and SPM has to be expelled out.
In the case of positive index ratio r, variables corresponding to the next
minimums in cost row have to be verified.
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Step 10. If SPM shows immediate return tendency, the next COSTmin, i.e., 2nd,
3rd, . . . minimums in the cost row should be considered. This loop is
repeated until a slack variable fulfills returning criteria (as described in
Step 9) or FPM obtains the most negative cost among the remaining
shadow cost coefficients.

Step 11. If r < 0, for sure an unloading will happen. Therefore, the process of
unloading can be followed after resetting. It is worth noting that it is
possible to have simultaneous unloading in several sections until FPM
becomes qualified for entering BV. In such cases, as it is seen in the
flowchart, unloadings will happen successively one after another through
the loop passing Steps 2-3-9-11-2. The interesting point is that because
of resetting there will be no changes in variable values, i.e., load and
plastic multiplier increments remain zero until FPM enters.

Step 12. If FPM is from an active critical section and qualified for entering into
BV, the case is “staying on corner ” obviously. In such cases only a re-
setting is needed before entering FPM into BV.

In the case of reaching a termination criterion, i.e., maximum load, target
sway/deflection, etc., the corresponding row will be selected as pivot row and
after pivoting, no FPM could be found to continue the process and the algorithm
stops.

Table 1. Schematic initial simplex table.
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γ ∗ ∗ . . . ∗ ∗ ∗ . . . ∗ ∗ 0 0 . . . 0 . . . 0 0 . . . 0 1 λ

δ ∗ ∗ . . . ∗ ∗ ∗ . . . ∗ ∗ 0 0 . . . 0 . . . 0 0 . . . 0 1 ∆

Cost −1 −1 . . . −1 . . . −1 −1 . . . −1 0 0 0 . . . 0 . . . 0 0 . . . 0 0 0 0

The proposed algorithm was explained using the standard simplex method
for better understanding; however, evidently the proposed method can be consis-
tently employed with the revised simplex method [21] to reduce computational
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cost and required storage memory. In the revised simplex algorithm, only changes

in C are calculated and an updated form of any column of C matrix is deter-

mined easily by multiplying the C matrix into its original form. Furthermore,
instead of calculating and storing the whole content of C matrix, only its required
column can be calculated and stored. Details on implementing such techniques
are not discussed here for the sake of brevity.

In the proposed procedure, “exactness” and “stability” of the step-by-step ap-
proach are preserved and the deficiency of step-by-step method is fully dissolved.
In other words, suitable features of both fully-holonomic, and step-by-step meth-
ods are integrated in the proposed algorithm.

4. Illustrative examples

In order to validate the proposed algorithm numerically, some examples that
have been previously solved by (a) Cocchetti and Maier using step-by-step
approach [16] and (b) Tangaramvong and Tin–Loi in a stepwise holonomic
manner [17] are considered in the following.

A. For the frame considered in [16], pure flexural plastic hinges with no
interaction between the axial force and bending moment are attributed into the
critical sections. It is obvious that for this example the proposed formulation
has to be modified. This is simply done by putting aside the axial force and its
corresponding yield planes and variables during problem formulation. Details on
such modification are not discussed here for the sake of brevity.

Example A1. The single-bay single-story frame shown in Fig. 3 is considered
as the first example with F = 100 kN, H = 3 m and L = 4 m. As shown, the
frame is loaded with proportionally increasing lateral and gravity point loads

1

2 3 4

5

5

1

43

6

2 0.5H

0.5H

0.75L 0.25L

 F

2 F

Fig. 3. Single-bay, single-story bending frame of Example A1, [16].
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and the goal is to determine response of the structure and its corresponding
load limit. To avoid any collapse and confine the analysis results into small
deformations regime, horizontal sway of the topmost story is limited to 0.02 m.
Mechanical properties of the frame members and sections are given in the Tables
2 and 3, respectively.

Table 2. Mechanical properties for the frame of Example A1.

Element Axial stiffness (MN) Flexural stiffness (MN · m2)

1, 2 1953 33.99

3, 4, 5, 6 2740 79.31

Table 3. Bending capacity for the frame of Example A1.

Section Bending capacity (kN · m)

1, 5 236.8

2, 3, 4 420.7

a) b)

0
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2

3

4

0 0.005 0.01 0.015 0.02

 (m)

!

Fig. 4. Results of Example A1: a) history of story sway and b) active plastic hinges at limit
load.

Formulating the problem and starting load application reveals that plasticity
initiates in Section 4 at the load level λ = 2.4175. Afterwards, the sections 5, 3
and 1 will experience plasticity in sequence to turn the frame into a mechanism
at the load level λ = 3.8571. The load-displacement history and plastic hinge
locations at collapse load are shown in Fig. 4. The results coincide with the exact
responses given in [16].

B. In this section, for all of the following examples, the material is consid-
ered to behave elastic-perfectly plastic and a simplified six-line yield surface, like
that of Fig. 1 with N0 = 0.15, is adopted for its constitutive model. To pre-
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vent any probable collapse, the horizontal sway at the topmost story is limited
to ∆ = 0.75 m. Also all frames are made from steel for which the elasticity
modulus is assumed to be E = 200 GPa.

Example B1. Figure 5 demonstrates the layout of a steel single- bay, three-
story frame with eccentric bracings. Geometrical and mechanical properties of
the frame sections are listed in Table 4.

Table 4. Member geometric and mechanical properties for the frame of
Example B1.

Element Cross section Axial limit load (kN) Bending limit load (kN · m)

Column 310UC118 4200 548.8

Beam 200UB18.2 742.4 57.6

Bracing SHS125/125/9 1365 57.75

The aim of this example is to determine the exact structural responses using
the proposed algorithm.

By formulating the problem and following the proposed algorithm it was ob-
served that the first plastic hinge appears at the load level λ = 57.8529 in a beam
section. At λ = 67.9769, internal force state in sections A and B (indicated in
Fig. 5) reaches a corner and tends to switch the yield plane. Refreshing the for-
mulation and continuing solution process, reveals that at load level λ = 122.8044

2 
    

    

    

2m 2m 2m

3
m

3
m

3
m

A B

C

Fig. 5. Single-bay, three-story eccentrically braced frame of Example B1, [17].
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internal force state in Section C tends to stay on the corner of yield loci, and,
finally, at load level λ = 122.9362, the structure meets its maximum sway of
0.75 m at the topmost story and the solution terminates. Running the algorithm
with a larger allowable sway, returns λ = 124.1482 as the ultimate load for this
frame.

Load levels 57.853, 122.986 and 124.148 are reported in [17] as the load levels
corresponding to plasticity initiation, reaching target sway and collapse load,
respectively.

The exact internal forces, nodal displacements and internal plastic deforma-
tions are obtained in a straightforward manner using the proposed algorithm.
The history of topmost story sway and layout of the plastic hinges, corresponding
to the lateral sway 0.75 m, are shown in Fig. 6.
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Fig. 6. a) Top story sway, b) final layout of the plastic hinges for the bending frame of
Example B1.

Example B2. Figure 7 demonstrates layout of a steel three- bay, three- story
frame reinforced by the means of eccentric bracings. Geometrical and mechanical
properties of the frame sections are as listed in Table 5.

Table 5. Member geometric and mechanical properties for the frame of
Example B2.

Element Cross Axial load capacity (kN) Bending capacity (kN · m)

Column 310UC118 4200 548.8

Beam 200UB25.7 1046.40 102.08

Bracing 150UC30 1235.20 80
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Fig. 7. Three-bay, three-story braced frame of Example B2, [17].

In this example, some constant 50 kN dead loads are applied onto the struc-
ture prior to increasing lateral forces. It is easily verified that these set of gravity
loads do not cause any yield or plasticity initiation in the frame. Accordingly,
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b)

Fig. 8. a) Top story sway, b) final layout of the plastic hinges for the bending frame
of Example B2.
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the effects of dead loads are simply accounted for by deducing the correspond-
ing internal forces from the initial strength capacity of frame sections. In this
example, the nonlinear response of the structure is sought using the proposed
algorithm.

Utilizing the proposed algorithm, it was observed that the plasticity starts
at load level λ = 59.0592 in a beam section. At load level λ = 82.2385, for which
frame experienced plasticity in 12 critical sections, internal force state at the
ends of top story link beam reaches to yield surface corner and tends to switch
the yield plane. After that, various types of events occur over the critical sections
to reach target sway 0.75 m at load level λ = 120.4169.

For this frame, assigning a larger allowable sway and following the proposed
algorithm, the ultimate load is determined to be λ = 120.6444. Reference [17] re-
ports λ = 59.059 for plasticity initiation, λ = 120.436 as load level corresponding
to the target sway 0.75 m and λ = 120.644 as the collapse load level.

Herein, again the exact structural responses are obtained using the proposed
algorithm. History of top story sway and layout of the plastic hinges, correspond-
ing to the lateral sway 0.75 m, are shown in Fig. 8.

Example B3. As the last example, the multi-story bending frame of Fig. 9
is considered. The frame is subjected to proportionally increasing gravity and
lateral loads. Geometrical and mechanical properties of the frame sections are
as listed in Table 6. The aim of this example is to show the capability of the
proposed method in solution of large scale problems.

Table 6. Member geometric and mechanical properties for the frame
of Example B3.

Element Cross section Axial limit load (kN) Bending limit load (kN · m)

Column 400WC328 11704 1988

Beam 460UB82.1 3150 552

In this problem, the first plastic hinge appears at the load level λ = 55.3585.
At load level λ = 88.8621, where plastic hinges developed in 64 critical sections,
unloading started to take place at some sections. Following the algorithm, variety
of events were detected before reaching the target sway at the load level λ =
91.8254. At this stage of loading, frame experienced plasticity in 79 sections.
Ignoring the sway limit and following further load application, turned out the
frame ultimate load to be λ = 93.7237. For this example, [17] reports λ = 55.359
for the plasticity initiation load level, λ = 91.754 as the load level corresponding
to the target sway 0.75 m and λ = 93.724 as the collapse load.

Using the proposed algorithm, the exact internal forces, nodal displacements
and internal plastic deformations are obtained. The history of top story sway is
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Fig. 9. Multistory bending frame of Example B3, [17].

displayed in Fig. 10a. Also the layout of active (•) and passive (◦) plastic hinges,
corresponding to 0.75 m sway is shown in Fig. 10b. The plastic joint disposition
resulted here is slightly different from the one reported in [17] and no passive
plastic joint is reported there.
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Fig. 10. Results of nonlinear analysis for the bending frame of Example B3.

5. Conclusions

Nonlinear analysis of frames composed of elastic-perfectly plastic materials
were formulated and studied on the basis of mathematical programming. The
solution algorithms available in literature were discussed and it was shown that
those approaches could be classified into two categories: first, those accounting
for path-dependency of nonlinear problems and following a step-by-step scheme
and returning an exact solution, and second, those ignoring path-dependency
on the whole or some intervals of loading, known as fully or stepwise holo-
nomic. Advantages and disadvantages of each group were discussed and a new
approach based on dissipated energy maximization (DEM) was proposed. The
proposed approach not only holds the two distinct beneficial features of step-by-
step method, namely “exactness” and “stability”, but also contains the efficiency
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of holonomic approaches (without their deficiencies) by utilizing variable large
steps that are determined automatically during solution process. Several exam-
ples were solved to show the capabilities and efficiency of the proposed method
in finding the exact response of the structures. The major findings of DEM could
be summarized as follows:

a) The governing MP problem is easily coded for computer application. The
solution algorithm is robust and reliable and unlike other methods does
not require especial care for numerical instabilities and suitable load step
size; neither is trapped in local extremums.

b) Excluding round-off errors and errors due to piecewise linearization of yield
surface, the proposed method is theoretically free of error and the load
levels, for which a free of error solution is expected, are captured automat-
ically.

c) For each automatically determined load step, the CLP solution is obtained
straightforward from the maximum dissipation criterion, which is believed
to be the main novelty of the proposed algorithm. Although in the step-
by-step method the sub-problems, that are formed and solved in each step,
are small, but it is obvious that as the plasticity spreads over the frame
sections, the size of the so-called “active set” problem becomes bigger and
bigger. Accordingly, each time that a new hinge develops, a new problem
has to be established and solved from the very beginning. Whereas in the
proposed method, the current simplex table is easily refreshed to represent
the latest status of the structure, and the solution process is continued
instead of starting from the very beginning.

d) By the aid of revised simplex method, the proposed method turns out to be
very efficient even in the sense of CPU time. Using the proposed algorithm,
the first three examples were solved in a fraction of a second, and the CPU
time for the last one did not exceed 6.5 seconds.

The algorithm proposed herein can be used for problems with softening be-
havior; this will be discussed in future publications.

Appendix A

The plastic work rate Ẇ p is defined in terms of internal forces p and plastic
deformations rate u̇p as follows:

(A.1) Ẇ p = pTu̇p.

Using the normality rule, Eq. (2.6), the plastic deformations rate can be replaced
in terms of yield matrix Φ and the rate of plastic multipliers ẋ to obtain:

(A.2) Ẇ p = pTΦẋ = (ΦTp)Tẋ.



192 M. R. Mahini, H. Moharrami, G. Cocchetti

At any loading instance, the non-active critical sections can only assume zero
plastic multiplier rates (as a result of the complementarity condition) and, ac-
cordingly, such sections do not contribute in the energy dissipation. On the
other hand, for the active sections the (normalized) yield conditions, defined by
Eq. (2.3), will hold as a set of equalities:

(A.3) ΦTp = {1}.

Accordingly, being the complementarity conditions satisfied (which is guaranteed
in the proposed approach), the plastic work rate reads

(A.3) Ẇ p = {1}Tẋ.

As it can be seen, the sum of plastic multipliers rates represent dissipated power
as a consequence of normalizations of yield functions in perfect plasticity.

Appendix B

The linear complementarity problem (LCP), in rates once restricted only to
active yield functions Y′ = 0 and relevant plastic multipliers x′, can be written
as follows:

(B.1)















λ̇ = 1,

Ẏ′ = λ̇Φ′Tp0 + Φ′TpvΦ′ẋ′ ≤ 0,

ẋ′TẎ′ = 0,
ẋ′ ≥ 0.

Being the matrix pv negative semi-definite (see, e.g., [9]), when the load
amplifier λ is below the collapse value (i.e., no vector ẋ′ 6= 0 exists, as a solution
to (B.1), implying a zero stress rate due to plastic strain rate ṗp = pvΦ′ẋ′ = 0),
the solution to the above LCP is unique (see, e.g., [10]). Then, the same problem
can be formulated in this equivalent form:

(B.2) max
ẋ′

‖ẋ′‖

∣

∣

∣

∣

∣

∣

∣

∣

λ̇ = 1,

Ẏ′ = λ̇Φ′Tp0 + Φ′TpvΦ′ẋ′ ≤ 0,

ẋ′TẎ′ = 0,
ẋ′ ≥ 0,

where the objective function ‖ẋ′‖ is the sum of the active plastic multipliers rate.
An equivalent form of the above problem can be stated in terms of increments:

(B.3) max
∆x′

‖∆x′‖

∣

∣

∣

∣

∣

∣

∣

∣

∆λ = 1,

∆Y′ = ∆λΦ′Tp0 + Φ′TpvΦ′∆x′ ≤ 0,
∆x′T∆Y′ = 0,
∆x′ ≥ 0,
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but, then, the solution has to be scaled in order to fulfill all the inactive yield
functions Y′′:

(B.4) Y′′ = Y′′

0 +∆Y′′ = Y′′

0 +∆λΦ′′Tp0 + Φ′′TpvΦ′∆x′ ≤ 0.

So, the last set of inequalities can be directly included in the solving problem
to replace the condition on the load amplifier increment ∆λ (note, in addition,
that Y′

0 = 0):

(B.5) max
∆x′,∆λ

‖∆x′‖

∣

∣

∣

∣

∣

∣

∣

∣

Y′ = Y′

0 +∆Y′ = ∆λΦ′Tp0 + Φ′TpvΦ′∆x′ ≤ 0,
Y′′ = Y′′

0 +∆Y′′ ≤ 0,
∆x′T∆Y′ = 0,
∆x′ ≥ 0,

namely:

(B.6) max
∆x′,∆λ

‖∆x′‖

∣

∣

∣

∣

∣

∣

Y = Y0 +∆Y = Y0 +∆λΦTp0 + ΦTpvΦ′∆x′ ≤ 0,
∆x′T∆Y′ = 0,
∆x′ ≥ 0.

The proposed modified simplex method solves this last maximization prob-
lem at each step, by implicitly accounting for the complementarity condition
∆x′T∆Y′ = 0 and the inequality constraints.
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