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Explicit homogenized equation of a boundary-value problem
in two-dimensional domains separated by an interface
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THE MAIN PURPOSE OF THIS PAPER is to find the homogenized equation and the
associate continuity condition in the explicit form of a boundary-value problem in
two-dimensional domains separated by an interface oscillating rapidly between two
concentric ellipses. This boundary-value problem originates from various mechanical
problems. By the homogenization method and following the techniques presented
recently by these authors the homogenized equation and the associate continuity
condition in the explicit form are derived. Since the obtained homogenized equation
is totally explicit it is convenient to use.
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1. Introduction

BOUNDARY-VALUE PROBLEMS IN DOMAINS with rough boundaries or interfaces
are closely related to various practical problems such as scattering of elastic
waves at rough boundaries and interfaces [1], transmission and reflection of waves
on rough interfaces [2, 3, 4], mechanical problems concerning the plates with
densely spaced stiffeners [5], flows over rough walls [6] and so on. When the
amplitude (height) of the roughness is much smaller in comparison to its period,
the problems are usually analyzed by perturbation methods. When the amplitude
is much large than its period, i.e., the boundaries and interfaces are very rough,
the homogenization method |7, 8] is required.

In [9] NEVARD and KELLER investigated a boundary-value problem in two-
dimensional domains separated by a curve highly oscillating between two straight
lines, namely
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(1.1) (0Uz)g + (0Uy); — AU = f(z,2), (z,2) ¢ L,
(1.2) [Ulr =0, [cUnlL =0,

where U and f are scalar functions,

Oy 1= 8(15/(91‘, ¢, = a¢/aza On = QzNg + P11y, Ny, Ny

are the components of the unit normal to the curve L which rapidly oscillates
between two straight lines z = —A (A > 0) and z = 0 (Fig. 1), U(z,z) is
unknown, f(x,z), o, \ are given and

(13) o = {O’+, Ay for (z,2) € Dy,

o_, A\ for (z,2) € D_,

o4,0_, A+, A\_ are constant and [w]|;, = wy —w_ on L, Dy and D_ are separated
by L. By using the homogenization method the authors derived the homogenized
equation and the associate continuity condition in the explicit form. This prob-
lem was then considered in two-dimensional domains with an interface highly
oscillating between two concentric circles [9], and the corresponding homoge-
nized equation and associate continuity condition in the explicit form were also
obtained.

A

Fi1G. 1. Two-dimensional domains Dy and D_ have a very rough interface L expressed by
equation z = h(x/e)=h(y), where h(y) is a periodic function with period 1. The curve L
highly oscillates between the straight lines z =0 and z = —A (A > 0).

The main purpose of this paper is to extend the results of Nevard and Keller
to the general problem of Egs. (1.1)—(1.2), in particular, to find the homoge-
nized equation and the associate continuity condition in the explicit form of the
following problem:

(1.4) (0’11Ux—i—O’lgUz)x—i-(0’12Ux—I—O'QQUZ)Z—)\U:f(l',Z), (a:,z) §é L,
(1.5) Ul =0,  |gu]lL =0,
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where
(1.6) qn = (011Us + 012U )1y + (012U + 022U ),
and
(17) o A — {J;;-, )\J_r, for (z,2) € Dy,
0.5 A7, for (x,z) € D_,
ag,ai},Aﬂ A~ are given constants, U(x, z) is unknown, f(z,z) is given, the

interface L rapidly oscillates between two straight lines or two concentric ellipses.
The matrix (0;;)2x2 is assumed to be positive definite, i.e., there exists a positive
constant « so that

(1.8) oijnim; > angng  for any real vector n = (01, 72).

When o012 = 0 and 017 = 092 = 0, the problem (1.4)—(1.5) coincides with the
problem (1.1)—(1.2). The boundary-value problem (1.4)—(1.5) originates from
various mechanical problems, such as the steady thermal conductivity problem,
the problem of harmonic wave propagation in anisotropic elastic media, and
SO on.

By the homogenization method and following the techniques presented re-
cently in [10, 11, 12], the homogenized equation and the associate continuity
condition in the explicit form are derived for both cases when L highly oscillates
between two straight lines and L highly oscillates between two concentric ellipses.
The obtained results recover the ones derived by NEVARD and KELLER [9] as
special cases. Since the obtained homogenized equation is totally explicit it is
convenient to use. Note that the technique used in this paper is different from
the one employed by NEVARD and KELLER in [9] by which we can not derive
the explicit homogenized equation for the general problem.

2. Homogenization of interfaces highly oscillating between
two concentric ellipses

2.1. Interfaces highly oscillating between two concentric ellipses

Now we consider the boundary-value problem (1.4)-(1.5)in D = D,y ULUD_,
where D, D_ are separated by the interface L expressed by

{J; = ay h(f/e) cos b,

@1) z="b1h(0/c)sinb,

0 <6< 2m,

where a1, b; are given positive numbers, 0 < ¢ = 2r/N << 1, N is a sufficiently
large positive integer number, h(yp), ¢ = 0/¢ is a periodic function with period
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1 and its minimum value is 1 and its maximum value is k = as : a1 > 1, a9 is
a given positive number. One can see that the (closed) curve L oscillates highly
between two concentric ellipses E1 and Ey (see Fig. 2) defined respectively by

2 22

+_
bt

2,2

2
(2.2) =1 and —2+—2:1, ag a1 =by:by =k > 1.
a; by

2
ay

The domain D_ (D) lies inside (outside) the closed curve L. We also assume
that any ellipse 362/a2 + 22/b2 =l,ar<a<as, by <b<bya:b=a;:b =
ay : be, has exactly two intersections with the curve L. From (2.1) we have

(2.3) ng :n, = —2'(0) : 2'(0).

0

L
|

FiG. 2. The interface L, expressed by (2.1), oscillates highly between two concentric ellipses
E; and E» defined by (2.2).

REMARK 1. Through the mapping:
(2.4) X =z/ay, Z = z/by,

the curve L belonging to the plane (z,z) is mapped to the curve L* belonging
to the plane (X, Z) defined by

(2.5) X =h(0/e)cosb, Z=h(0/c)cosh, 0<6<2m

that oscillates highly between two concentric circles X2 4+ Z? = 1 and X? 4 Z?
= k2, denoted by E} and Ej (see Fig. 3), respectively. These circles are images
of the ellipses F; and Es through the mapping (2.4). In terms of the polar
coordinates r, 0 of the plane (X, Z) (i.e., X =rcosf, Z = rsinf), the curve L*
is expressed by r = h(0/c). Since x = ajrcosf, z = byrsinf, the generalized
polar coordinates of the plane (z,z) are r, 6.
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Our purpose is to study asymptotic behavior of the boundary-value problems
(1.4) and (1.5) when € — 0. In particular, we want to find the explicit homog-
enized equation of the problems (1.4) and (1.5), and the associate boundary
conditions in terms of the generalized polar coordinates r, 6.

On view of Remark 1, it is convenient to study the problems (1.4) and (1.5)
in the plane (X,Z). By Di and D* we denote the images of D and D_,
respectively, through the mapping (2.4) (see Fig. 3). The domains D% and
D* are separated by L* which highly oscillates between two concentric cir-
cles: Ef with radius 1 and E35 with radius k, and it is expressed by equation

= h(0/e).

Fia. 3. The curve L*, expressed by r = h(6/¢), oscillates rapidly between two concentric
circles By : X?> +Z% =1 and Eo : X + 7% = k2.

In terms of the variables X, Z, Egs. (1.4) and (1.5) take the form:

1 1
(2.6) —2(011UX)X + — [(012UZ)X + (012UX)Z]
ai aiby

1
b2 (UZZUZ)Z - AU = fv (Xa Z) ¢ L*7

2.7)  [U]p =0, [(UHUX "b—lfUZ> (9)-(‘;—112UX "b—QfUZ> (e)h*zo,

here ¢x := 0¢/0X, ¢z := 0¢p/0Z. Since X = rcosf, Z = rsinf, we have:

i B 00892 Sln9 0
(2.8) 0xX or r 00’
' 0 0 cosf O

07 8r+ r 00
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Introducing (2.8) into (2.6) yields:

(2.9) (omUp)r + riz {kB(Ulan)O + k4(022Up)g — kg(foe)a]

1 2
+ —o7U, + —20'KU9
T T

- % [/% [(011Up)r + (011Ur)g] — ke [(022Up)r + (022U o]

+ k7 [(012U0)r + (012U1)g] — ks[(012Up)r + (012Ur)a] | — AU = f,
where ¢, 1= 0¢/0r, ¢g := 0¢/06 and
cos2 6 sin? 6 sin? 6
kl = PEE 2 = 2 k3 - 2
ajy bi ay
i _cos29 I _sin900s0 _sin&cos@
. 4 = b% ’ 5 — CL% ; 6 — b% 5
(2.10) sin? 6 cos2 6 sin 6 cos 0
kr = , kg = ; ky = ————
a1by a1by a1by
opm = k1011 + koo + kb, or = k3o11 + kaoaa — koo,
ox = kso11 — keoaa + (k7 — kg)o12, o = 2012.

Note that ks =1 — ki, kg =1 — ko, ks = 1 — k7. Similarly, in terms of the polar
coordinates (r,#) of the plane (X, Z), the continuity condition (2.7) is of the
form:

[Ul =0,
ksh/ k-h' keh!
{UllUr <—kl - = ) + 012U <—k9 —_ + 012U, <—k9 + 8 )
er er er
(2.11) Y P e
+U22Ur<_k2+ : > +011U9<—5+—32> +012U9<——8——92>
Er T Er T er
k koh' k k4l
+012U0<_7—92>+0'22U9<—6+ 42>:| =0.
r er r er I

Equation (2.11)s is derived by using (2.1) and (2.8) in (2.7)9, then dividing the
resulting equation by a1b; and noting that r = h(6/¢) on L*.
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2.2. Explicit homogenized equation

Following BENSOUSSAN et al. [7], SANCHEZ-PALENCIA [8] we can suppose
that U(r,0,¢) = u(r, 8, p,e). Then we have

1
(2.12) Up = uo + g,
here ¢, := 0¢/0p. Using (2.12) in Eq. (2.9) and (2.11) leads to
1 -
(213) W [k3(011u¢)¢+k4(022u¢)¢k9 (UU¢)¢:|

L
er?

ks [(Ullugo)e‘f‘(UllU@)cp] +ky [(ngu@)e-l-(O'gQUQ)w} —kg [(5’1@)9—1— (5’1@)%]]

|:]{33(0’11U9>9+k4<022u9)9_k9 (5“9)9]
= [kB [(T11ur) o (011U0)r ] — K6 [ (T22ur) o+ (022up)r | +E7 [(T12Ur ) o+ (012U )]

_k8 [(012ur)¢+(012ug0)r]:|

—% [k‘s) [(o11ur)o+(o11u9)r | — ks [(022ur )0+ (022ug)r | +k7 [(G12ur )0+ (012u0) |

2

1
?O'KUS@—F;O'TUT—F(O'MUT)T—)\U =f,

2
—kg [(012u7“)9+(0-12u9)r]:| +T_20-Ku0+

and

&
kv koh' ke kah' ks ksh'
T 697’2 >—|—022u9 <—76+4—2>+011u¢<—5+§—73>

ks koh' kr  koh' ke kyl/
*UIQ“@O(‘;‘W oz | oo | rome(— g )| =0

N———



468 P. C. VinH, D. X. TUNG

Following Vinh and Tung [10, 11, 12],

(2.15) u="V +e(NWV + N1V, + N2Vp)
+52(N2V+N21VT +N22V9 —I—NQHVM —|—N212Vr9 +N222V99) +O(53),

where V = V (6, r) (being independent of ), N?, N N%* _ are functions of
¢ and r (not depending on #) and they are @-periodic with period 1. The func-
tions N*, N, N%k . are chosen so that the equation (2.13) and the continuity
conditions (2.14) are satisfied.

From (2.15), it is clear that the continuity (2.14); is satisfied if

(2.16) [N9p- =0, [NY]p- =0, [NV =0,

Substituting (2.15) into (2.13) and (2.14)9 yields equations which we call (e;)
and (e3), respectively. In order to make the coefficients of e ! and €” of (e1) zero
we take

1 1 1 1
® ®
and
1 2 1 1 1 2 1
(2.18) ﬁ(UTNSD)cp - [((0kNg)r + (0K N, )| + S50k Ng oV

1 1
+ {—Q(UTNfal)so — [0k Ny + (0k N + (0k NS e + (0x N ]

2 1
+ 5o N + —UT}VT
T T

1
+{ S llorN ™, 4 orN Y+ (o2,
1
- ok (N +1) + ok + (0xN'),) }v;e

1 1
+ {T—Q(JTNE)“)@ - [ok NGt + (0N, }Vrr

1
+ —2{(0—TN§22)¢ + (o7 N") g + op(N* + 1)}V99 + (o Vi) = AV = f.



EXPLICIT HOMOGENIZED EQUATION OF A BOUNDARY-VALUE PROBLEM 469

Note that op, ok, ops are independent of r and ¢ in each domain Dy and D_.
Vanishing of the coefficients of e~ and €% of (ez) gives

' R [1 %
(2.19) T—Z[UTN;]L*V +— |:;O'TN<;1 — aK] Vi + T—Q[aT(J\L;2 + 1))V = 0,
L*
and

/ 1 !/
(2.20) [7UKN} - ;oKN; - T—QUTNg] L*V

[ 11 1 1 T 21
+ _7O'K(Nr + N )+UM_;UKN¢ _T_QUTNGD L*Vr
+ -EO‘KNH - 1aK(N12 +1) — i/aT(N?? +NYHY V,
L " r @ r2 s L+
'h/ h/ h/ h/
+ | ok N — Zop(NZ2 + N”)] Voo + [—UKNH — —SorNZ1 |V,
s r I T T I

h/
- r_2[UT(N12 + N1 Voo = 0.

To make (2.17) and (2.19) satisfied, the functions N!, N1! N12 are chosen as
follows (taking into account (2.16)):

(O-TNL‘}))QO = 07 0< p < 17 2 7& P1, P2,
(2.21) [or N} =0, [N']z- =0, N'(r,0)=N'(r,1)=0,

(or[NZ+1]), =0, 0<p <1, @+,
(2.22) lor(N;? +1)]z- =0, [N"]p« =0, N™(r,0)=N"(r1)=0,

1

(_UTN;1_0K> :07 0<S0<17 907&90173027

r
©

1
(2.23) K—JTN;l - UKH =0, [NY]p- =0, NY(r,0)=N"(r1)=0,
T L*

where @1 and ¢y (0 < 1 < @ < 1) are two roots of the equation h(p) = r
for ¢ in the interval (0, 1) in which r, as a parameter, belongs to the domain
(1, k). The functions ¢1(r) and ¢2(r) are two inverse branches of the function
r = h(). Note that, from a mentioned above assumption, any circle X2+ 22 = ¢?
(1 < ¢ < k) has exactly two intersections with the curve L*.
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From (2.21)-(2.23), it is not difficult to show that

N'=o, <aTN;1>:r<<aK>—<a;1>—1<‘;—lT{>>, (or(N2+1)) = (o),

1y — OK 1\ —
(224) O'TN;I _ T<O’K _ <O_T1> 1<E>>’ O'T]\f()}}2 = <0‘T1> 1_ or,

where:
1
(2.25) (9) = /gdso = (p2 — p1)g+ + (1 + p1 — p2)g-,
0

g+ and g_ are the values of g in D% and D*, respectively. Note that from
(1.8) it follows o7 > 0. Taking into account the fact N! = 0, Eq. (2.18) now is
simplified to

1 1 1
220 orV2,V 4 { 5orV2), - LorN ), + (N,

2 1
+ T—QO'KN;I + ;UT}Vr

2 1 1
+ {—UK(NéQ + 1) + _Q(UTN£2)<,0 - ; [(O’KNéz)r + (O’KNTIQ)SO] }V@

r

1 1
+ { — [(erN") g +or N +(0rNE2) ] == ok (N2 +1)+ok +(ox N'2), ] }m

o
1 211 1 11 11
+{ S ErNEY, = ok N + (kN Ve

1
+ —2{(0TN222)¢ + (o7 N')y + op (NS + 1)}1/99 + (oM Vi) = AV = f.

In order to satisfy (2.20) we take (noting that N' = 0 by (2.24)):
[orNZ],. =0,

- O’M—FEIUKNll—lUKNll—h—,UTNzl =0
r r r ¥ 7"2 ¥ I )

1 n
(2.27) {70KN1}2 - ;UK<N<;2 +1) — ﬁUTNE)QH =0,

1 12 1 11 212
;O'KN _T_QUT(N +N50 ) L*:O7

1 11 1 211 12 222
—ox N — orNg = 0, [or(N?+NZ?)],. =0
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By integrating equation (2.26) along the circle r = const, 1 < r < k from ¢ =0
to ¢ = 1 and taking into account the fact ((oasV;)r) = (oar) Ve we have

(2.28) AoV + A1V, + AgVp + A1 Vi + A1aVip + AaVog — (N)V =

where:
1
Ag = T_2<(UTN<Z)50>7
A _ 1 N21 1 Nll 1 Nll
1= (5 (0rNG e = —(ox N g ) = —((0x Ny )r)
2 Nl 1
+ T_2<UK @ > + ;<0T>7
A, — 1 N22 1 N12 2 N2 4
2 = T_2(UT © )LP_;(O-K T )<P +ﬁ<gK( © + )>
1
(2.29) — ;<(0KN;2)T>,
A _ 1 N211 1 Nll 1 Nll
1= ﬁ(dT b )cp_;(O'K ) _;<UK o)+ (owm),
1 1 1
A1z = (Z[lor N, + orN2,] = LorN™), ) + S (orVE)
1
= (o (NG + 1)) + (o]

Ago = [<(0'TN222)¢ + (UTNIQ)@> + <GT(N;2 +1))].
From (2.27)1, (2.27)4, (2.27)5 and (2.27)g it is clear that

<(UTN3>)¢> =0,

1
(SN2, = HoxN™), ) =0,

e T A I

1
ﬁ [(UTNll)cp + (UTN£12)<,0:| _

(2.30) < (aKN12)@> o

1
r_2<(‘7TN£22)<p + (UTNIQ)w> =0,

therefore from (2.29)1, (2.29)4(2.29)6:

1
A0:07 Allz—;<UKN¥1;1>+<0—M>7

(2.31) Ary = g (or N3 — ~[(o(N2 + 1) + o),
Agg = ri2<UT(N§113'2 + 1)>
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In order to evaluate Aj, A2 we use the following equality (see Eq. (26) in [12]):

(2.32) (Fy) +d0F = (F),,
where
(2.33) d=[1/R(p2) — 1/ (en)],  OF = (Fy — F),

and F, F_ are the (constant-in @) values of F'in Dy, D_, respectively.
Taking into account (2.27)2 we have

1 1 1
Applying (2.32) for F = JKNél we have

1 11 1 11 1 11
(2.35) ——((oxNg)r) = =—(oxcNg'), + —dd(ox N').
Substituting (2.34) and (2.35) into (2.29) yields:

1 2 1
(2.36) A1 =dooy — ;<UKN<;1>T + T—Q<JKN‘;1> + ;(UT>.

Similarly, from (2.27)3 it follows:

1 22 1 12 1 12
(2.37) T—2(O'TN¢ o — ;(O'KNT o ) = —;dé[aK(N@ +1)],
and applying (2.32) for F' = oxN,? we have

(2.38) —%<(UKN;2)T> = —%<UKN;2>T + %dé(aKN;Z).
Therefore, on view of (2.29)3, (2.37) and (2.38), As is expressed by
(2.39) Ay = —dboc — (oK N2), + 2 (ope (N2 +1)).

T r r
From (2.25) one can see that
(2.40) déopn = (op)r, doog = (0K )y
From (2.24) it follows:

(o NSy = r[{okor') = (oxop ) oz '],

(2.41) (oxNg?) = (oxop') (o)™ = (ox).
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Introducing (2.40) and (2.41) into (2.31), (2.36) and (2.39) and taking into ac-
count (2.24) lead to

AL = (om)r + %<JT> —r |:%{<J%<UZF1> _ <0'K0';1>2 <g;1>—1} :

Ay = —r L—Z{wm% <a;1>‘1}}

I
r

242) 4y = (on) — (0%or!) + loxor ) (or ),
2
A9 = *;<UKU;1> <0-1:1>_17
1, . _
Aoy = r—2<UT1> .

The desired explicit homogenized equation finally takes the form:

AV + AV + A1 Vip 4+ A12Vig 4+ A2V — (N)V = f,
(2.43) l<r<k, 0<0<2m,

in which the coefficients Ay, As, A11, A12, Agg are given by (2.42). In the domains
0<r<1,0<60<2randr>k0<6 <27 (of the plane (z,z)) are satisfied
the following equations:

2 1 1
;U}?Vw + ﬁU;Veg + ;U;Vr

O']T/[V;’r_
2

+—20;§V9—)\+V:f, r>k, 0<6<2m,
r

(2.44)
_ 2 _ 1 _ 1 _
UMVI‘T - ;O'KV;”G + EUTVGG + ;UT‘/T

2
+50xVo— AV =Ff 0<r<l 0<6<2m,
r

which come from (2.9). Note that Eq. (2.44); [(2.44)2] can be obtained from
Eq. (2.43) by replacing o, oar and o by 04, 04, and o [by 05, 0y, and o],
respectively. In addition to Eq. (2.43) and Eq. (2.44) the continuity conditions
are required on the ellipses F; and Es, namely:



474 P. C. VinH, D. X. TUNG

The ellipses E1 and E5 correspond to r = 1 and r = k, respectively. Note that the
continuity condition (2.45)y originates from the condition: [¢,]g, = 0, i = 1,2,
n is the normal unit for E;, or equivalently:

(2.46) [aMuT — TE (g + Eluw)} =0, i=1,2
r B

Introducing (2.15) into (2.46) yields an equation denoted by (e3). Equating to
zero the coefficient of €% of (e3) provides

1 1
(2.47) |:<O'M - ;JKN;1> V, — ;UK(N;Q + 1)1/'9] =0, i=1,2.
E;

Integrating (2.47) along the lines » = 1 and » = k from ¢ = 0 to ¢ = 1 and
using (2.41) we arrive at (2.45)s.

When the ellipses E7 and FE3 become the circles with radii a; (= b1) and
ag (= by) and 012 = 0, 011 = 099 = 0, we have: oy = or = /a3, o = 0;
therefore, by using (2.42):

1 1 1
(2.48) Ay :@[Maﬂr, Az =0, A11=a—%<0>7 A2 =0, A2QZW<U )

With (2.48) the homogenized equation (2.43) and the continuity condition (2.45)
are simplified respectively to

(2.49) (Ho)), + o™ Voo — (WY = .
and
(2.50) Vlg, =0, [(o)V;], =0, i=12

where (7, 0) are the polar coordinates in the (z, z)-plane. The homogenized equa-
tion (2.49) and the continuity condition (2.50) coincide with Eq. (4.6) and its
associate continuity condition in [9] obtained by NEVARD and KELLER in a dif-
ferent way.

3. Homogenization of interfaces highly oscillating
between to straight lines

Applying Theorem 1 of the paper [10] for the matrices A;j; = (0i5)1x1, u =
Uexp(iwt), F = —fexp(iwt), A\ = —pw? (p and w being some fixed positive
numbers, i2 = —1) we arrive immediately at the explicit homogenized equation
and the associate continuity condition of the problems (1.4)-(1.5) for the case
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when L highly oscillates between two straight lines z = —A and z = 0 (Fig. 1),
namely:

(31 (o) Wae + (o) Nonlo12)Vaz + [(o1) o' o12) Vi,
+ [{(022) + (o) Mo o12)? = (o1 o) } V2], - WV = f, —A <z <0,

and

(3 2) [<01711>71<0'1711012>Vx + {<O’22> + <Uf11>71<o'1711012>2 — <Uf110%2>}‘/;]i =0,
| —0, L

Vg =0 is lines z = —A, z=0.

Note that, since the matrix (o;)2x2 is positive definite, 011 > 0. When 012 = 0,
011 = 022 = 0, Egs. (3.1) and (3.2) are simplified to

<U_1>_1Vxx + [<0>‘/;]z - <)‘>V = fv —A<z< O,

(3.3) )
V]l =0, [(0)V.];f =0, Lislinesz=—-A, z=0.

that coincide with the ones obtained by NEVARD and KELLER [9].

4. Conclusions

By using the homogenization method and the techniques introduced recently
in [10, 11, 12|, the authors derive the homogenized equation and the associate
continuity condition in the explicit form of a boundary-value problem, originat-
ing from various problems in practical applications, in two-dimensional domains
separated by an interface which highly oscillates between two concentric ellipses
and between two straight lines. The obtained results recover the ones derived
by NEVARD and KELLER [9] as special cases. Since the obtained homogenized
equation and the associate continuity conditions are explicit, they are convenient
to use.

Finally, one can see that the technique presented in this paper is still ap-
plicable for the case when the scalars o;; and A are square matrices of order
n > 1, U is a unknown n-dimensional vector and f is a given n-dimensional
vector. Therefore, by this technique we can extend the results obtained in [12] to
the case when the interface L highly oscillating between two concentric ellipses
instead of two concentric circles.
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