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We rigorously solve the problem of a finite matrix crack penetrating a partially
debonded circular elastic inhomogeneity under longitudinal shear. The tips of the
matrix crack are mutual image points with respect to the inhomogeneity/matrix
interface and one tip of the interface crack is located at the intersection point between
the matrix crack and the circular interface. Closed-form expressions of mode-III stress
intensity factors at all three crack tips as well as displacement jumps across the crack
surfaces are obtained. Our results are illustrated in graphical form and verified by
comparison with existing results in the literature.
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1. Introduction

Interfacial debonding and matrix cracking, both known to be major
failure modes in fibrous composites, have received considerable attention in the
literature (see, for example, [1, 2, 4, 5, 7–9, 11–15]). If one tip of a matrix
crack is located at the interface, it is of interest to ask if the crack will further
penetrate the fiber (or inhomogeneity) or deflect into the interface itself. In
several previous investigations of this matter (see, for example, [2, 9, 13–15]),
in order to simplify the analysis, it was assumed that the crack will penetrate
only the inhomogeneity and not cause any interfacial debonding. This simplified
scenario is based on the premise that the interface is sufficiently tough to prevent
any interface debonding [3].

In this work, we will consider the more complex, realistic and challenging
situation in which interfacial debonding results from a radial matrix crack pene-
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trating a circular inhomogeneity. Interestingly, closed-form solutions can still be
derived when the two tips of the radial crack are simply mutual image points with
respect to the circular interface, and when the fibrous composite is subjected to
longitudinal shear.

The paper is ordered as follows. In Section 2, we first derive an analytic
solution for the case when the loading corresponds to the matrix being subjected
to only remote uniform anti-plane shear stresses. Fracture parameters such as
stress intensity factors and displacement jumps across the crack surfaces for this
particular case are then given in Section 3. Discussions and numerical results
are presented in Section 4 to demonstrate the closed-form expressions obtained
in Section 3. Finally in Section 5, we derive analytic solutions for three other
loading cases: (i) when the radial crack and arc interface crack form a Zener–
Stroh crack; (ii) when a screw dislocation is located in the matrix; and (iii) when
a screw dislocation is located within the inhomogeneity.

2. Analytic solution

Under anti-plane shear deformation, the out-of-plane displacement w, the
stress function φ, and the stress components σzy and σzx can be expressed in
terms of a single analytic function f(z) of the complex variable z = x + iy =
r exp(iθ) as

µ−1φ+ iw = f(z), σzy + iσzx = µf ′(z),

where µ is the shear modulus. The two stress components σzy and σzx can be
expressed in terms of the stress function φ as

σzy = φ,x, σzx = −φ,y.

As shown in Fig. 1, we consider an infinite matrix described by S2 : x2 + y2 ≥ 1
reinforced by a circular elastic inhomogeneity of unit radius denoted by S1 :
x2 + y2 ≤ 1. A radial matrix crack on the real axis penetrates the circular
inhomogeneity and causes interfacial debonding on the arc Lc. The right tip of
the radial crack is located at z = a, a > 1, while its left tip is located at z = 1/a.
One tip of Lc is at z = 1 with the other at z = exp(iθ0), (0 ≤ θ0 ≤ 2π). The
matrix is subjected to remote uniform anti-plane shear stresses σ∞zy and σ∞zx.

In order to solve this problem, we introduce the following conformal mapping
function

z = ω(ξ) =
aξ2 + 1

ξ2 + a
, ξ(z) = u+ iv = −

√

1 − az

z − a
, Im{ξ} ≤ 0,

which maps the circular inhomogeneity onto |ξ| ≤ 1, Im{ξ} ≤ 0, and maps the
matrix onto |ξ| ≥ 1 with Im{ξ} ≤ 0 (see Fig. 2). In addition the finite crack
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Fig. 1. A finite matrix crack penetrating a partially debonded circular inhomogeneity.

Fig. 2. The problem in the mapped ξ-plane.

described by x ∈ [1/a, a] and y = 0 is mapped to −∞ < Re{ξ} < +∞ and
Im{ξ} = 0; the tip of the interface crack Lc at z= 1 is mapped to ξ = −1
while the other tip at z = exp(iθ0) is mapped to ξ = exp(−iψ), (0 ≤ ψ ≤ π).
Finally, z = ∞ is mapped to the point ξ = −i

√
a. In the following we will en-
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deavor to derive the two analytic functions: f1(ξ) = f1(ω(ξ)) with |ξ| ≤ 1 and
Im{ξ} ≤ 0 for the circular inhomogeneity and f2(ξ) = f2(ω(ξ)) with |ξ| ≥ 1
and Im{ξ} ≤ 0 for the unbounded matrix. Due to the action of the remote uni-
form stresses σ∞zy and σ∞zx, the analytic function f2(ξ) has a first-order pole at

ξ = −i
√
a: (a3/2 − a−1/2)(σ∞zx − iσ∞zy)/2µ2(ξ + i

√
a). If we add another (imag-

inary) pole for f2(ξ) at ξ = i
√
a: −(a3/2 − a−1/2)(σ∞zx + iσ∞zy)/2µ2(ξ − i

√
a),

the original half ξ-plane can be extended to the whole ξ-plane as shown in
Fig. 2. Now only the following interface conditions at |ξ| = 1 are left to be
satisfied:

(2.1)
f1(ξ) − f1(ξ) = f2(ξ) − f2(ξ),

µ1f1(ξ) + µ1f1(ξ) = µ2f2(ξ) + µ2f2(ξ),

for |ξ| = 1 and −ψ < arg(ξ) < ψ,

(2.2) µ1f1(ξ) + µ1f1(ξ) = µ2f2(ξ) + µ2f2(ξ) = 0,

for |ξ| = 1 and ψ < arg(ξ) ≤ π, −π ≤ arg(ξ) < −ψ.
Condition (2.1) is due to the fact that displacement and traction are both

continuous across the bonded part of the circular interface, whilst condition
(2.2) is the traction-free condition on the debonded part Lc of the circular in-
terface.

Using analytic continuation, the boundary value problem (2.1) and (2.2) can
be finally reduced to a standard Riemann–Hilbert problem with discontinuous
coefficients [6]. Thus the two analytic functions f1(ξ) and f2(ξ) can be conve-
niently derived as

f1(ξ) =
1

2(µ1+µ2)













(a
3
2−a− 1

2 )(σ∞zx−iσ∞zy)

ξ+ia
1
2

−
(a

3
2−a− 1

2 )(σ∞zx+iσ∞zy)

ξ−ia
1
2

−
(a

1
2−a− 3

2 )(σ∞zx+iσ∞zy)

ξ+ia−
1
2

+
(a

1
2−a− 3

2 )(σ∞zx−iσ∞zy)

ξ−ia−
1
2













+

√

(ξ−eiψ)(ξ−e−iψ)

2(µ1+µ2)
×

















(a
3
2−a− 1

2 )(σ∞zx−iσ∞zy)
√

(−ia
1
2−eiψ)(−ia

1
2−e−iψ)(ξ+ia

1
2 )

−
(a

3
2−a− 1

2 )(σ∞zx+iσ∞zy)
√

(ia
1
2−eiψ)(ia

1
2−e−iψ)(ξ−ia

1
2 )

+

(a
1
2−a− 3

2 )(σ∞zx+iσ∞zy)
√

(−ia−
1
2−eiψ)(−ia−

1
2−e−iψ)(ξ+ia−

1
2 )

−
(a

1
2−a− 3

2 )(σ∞zx−iσ∞zy)
√

(ia−
1
2−eiψ)(ia−

1
2−e−iψ)(ξ−ia−

1
2 )

















,

|ξ| ≤ 1 and Im{ξ} ≤ 0;
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f2(ξ) =
1

2(µ1+µ2)













(a
3
2−a− 1

2 )(σ∞zx−iσ∞zy)

ξ+ia
1
2

−
(a

3
2−a− 1

2 )(σ∞zx+iσ∞zy)

ξ−ia
1
2

−
(a

1
2−a− 3

2 )(σ∞zx+iσ∞zy)

ξ+ia−
1
2

+
(a

1
2−a− 3

2 )(σ∞zx−iσ∞zy)

ξ−ia−
1
2













+
µ1

√

(ξ−eiψ)(ξ−e−iψ)

2µ2(µ1+µ2)
×

















(a
3
2−a− 1

2 )(σ∞zx−iσ∞zy)
√

(−ia
1
2−eiψ)(−ia

1
2−e−iψ)(ξ+ia

1
2 )

−
(a

3
2−a− 1

2 )(σ∞zx+iσ∞zy)
√

(ia
1
2−eiψ)(ia

1
2−e−iψ)(ξ−ia

1
2 )

+

(a
1
2−a− 3

2 )(σ∞zx+iσ∞zy)
√

(−ia−
1
2−eiψ)(−ia−

1
2−e−iψ)(ξ+ia−

1
2 )

−
(a

1
2−a− 3

2 )(σ∞zx−iσ∞zy)
√

(ia−
1
2−eiψ)(ia−

1
2−e−iψ)(ξ−ia−

1
2 )

















,

|ξ| ≥ 1 and Im{ξ} ≤ 0, where the branch cut of the multi-valued function
√

(ξ − eiψ)(ξ − e−iψ) is chosen to be along |ξ| = 1 and ψ < arg(ξ) ≤ π, −π ≤
arg(ξ) < −ψ. It can be easily verified that the obtained analytic functions f1(ξ)
and f2(ξ) satisfy Re{f1(ξ)} = 0 and Re{f2(ξ)} = 0 on Im{ξ} = 0. Thus, all the
existing boundary conditions have been satisfied identically.

3. Fracture parameters

Fracture parameters such as stress intensity factors and displacement jumps
across the crack surfaces can be extracted from the analytical solution derived
in Sec. 2. The mode-III stress intensity factors KL

III, K
R
III and KD

III at the three
crack tips z = 1/a, z = a and z = exp(iθ0) can be given concisely as

(3.1) KL
III =

µ1

µ1 + µ2

√

π(a2 − 1)

2a

×



(a+ 1)σ∞zy − Re







[a
1
2 (cosψ + a) + i(a cosψ + 1)](σ∞zx + iσ∞zy)

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)









 ,

(3.2) KR
III =

µ1

µ1 + µ2

√

π(a2 − 1)

2a3

×





µ2

µ1
(a+ 1)σ∞zy + Re







[a
1
2 (cosψ + a) + i(a cosψ + 1)](σ∞zx + iσ∞zy)

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)









 ,
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(3.3) KD
III =

µ1

µ1 + µ2
sin

ψ

2

√

2π(a− a−1) sinψ

a2 + 1 + 2a cos 2ψ

× Re
{

(ia
1
2 − eiψ)

3
2 (ia

1
2 − e−iψ)

3
2 (ia

1
2 − 1)(σ∞zy + iσ∞zx)

}

.

It is observed from Eqs. (3.1) and (3.2) that

(3.4) KL
III + aKR

III = σ∞zy

√

π(a− 1)(a+ 1)3

2a
,

which indicates that the sum (KL
III + aKR

III) is independent of the remote stress
component σ∞zx, the shear moduli µ1, µ2, and the length of the arc crack Lc.

The displacement jumps across the two surfaces of the radial matrix crack
and across those of the arc interface crack Lc can be finally derived as

(3.5) ∆w1(u) = −2(a+ 1)(a
3
2 − a−

1
2 )

µ1 + µ2

u(u2 + 1)σ∞zy
(u2 + a)(au2 + 1)

+
a2 − 1

µ1 + µ2
u
[

√

u2 + 1 + 2u cosψ +
√

u2 + 1 − 2u cosψ
]

×









Re

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

au2 + 1
−

Im

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

a
1
2 (u2 + a)









+
a2 − 1

µ1 + µ2

[

√

u2 + 1 + 2u cosψ −
√

u2 + 1 − 2u cosψ
]

×









Re

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

u2 + a
−

Im

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

a
1
2 (au2 + 1)









,

(−1 ≤ u ≤ 0);

(3.6) ∆w2(u) = −2(a+ 1)(a
3
2 − a−

1
2 )

µ1 + µ2

u(u2 + 1)σ∞zy
(u2 + a)(au2 + 1)

+
µ1(a

2 − 1)

µ2(µ1 + µ2)

[

√

u2 + 1 + 2u cosψ +
√

u2 + 1 − 2u cosψ
]

×









Re

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

u2 + a
−

Im

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

a
1
2 (au2 + 1)








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+
µ1(a

2 − 1)

µ2(µ1 + µ2)
u
[

√

u2 + 1 + 2u cosψ −
√

u2 + 1 − 2u cosψ
]

×









Re

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

au2 + 1
−

Im

{

σ∞zx+iσ∞zy
q

(ia
1
2 −eiψ)(ia

1
2 −e−iψ)

}

a
1
2 (u2 + a)









,

(u ≤ −1);

(3.7) w2 − w1 =
a

3
2 − a−

1
2

µ2

× Im







√

(ξ − eiψ)(ξ − e−iψ)
√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

(

1

ξ − ia
1
2

− 1

1 − ia
1
2 ξ

)

(σ∞zx + iσ∞zy)







,

(|ξ| = 1 and −π ≤ arg(ξ) ≤ −ψ),

where
√

(ξ − eiψ)(ξ − e−iψ) is chosen to be the branch by approaching Lc from
inside the interface.

4. Discussions and numerical result

In this section we will first present some special cases to verify and to demon-
strate the obtained analytic solution. Then numerical result will be presented to
visually illustrate the influence of the length of the arc crack Lc (character-
ized by θ0) and that of the radial matrix crack (characterized by a > 1) on
the variations of the stress intensity factors at the three crack tips, and on the
displacement jumps across the crack surfaces.

4.1. Discussions

(i) ψ = π (or equivalently θ0 = 0). In this case the crack penetrates a perfectly
bonded inhomogeneity. By letting ψ = π (or equivalently θ0 = 0), Eqs. (3.1) and
(3.2) become

KL
III =

2µ1

µ1 + µ2

√

π(a− a−1)

2
σ∞zy ,

KR
III =

√

π(a− a−1)

2

(

1 +
µ2 − µ1

µ1 + µ2
a−1

)

σ∞zy ,

which just recovers the result in [14]. In this case we have KD
III = 0.
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(ii) ψ = π/2 (or equivalently θ0 = π). In this case the upper half circular
interface is debonded. By letting ψ = π/2 (or equivalently θ0 = π), Eqs. (3.1)
and (3.2) become

KL
III =

µ1

µ1 + µ2

√

π(a2 − 1)

2a

[(

a+ 1 − a
3
2

√
a− 1

)

σ∞zy −
σ∞zx√
a− 1

]

,

KR
III =

µ1

µ1 + µ2

√

π(a2 − 1)

2a3

[(

µ2

µ1
(a+ 1) +

a
3
2

√
a− 1

)

σ∞zy +
σ∞zx√
a− 1

]

,

KD
III =

µ1

µ1 + µ2

√

π(a+ 1)

a
(a

1
2σ∞zy − σ∞zx).

(iii) ψ = 0 (or equivalently θ0 = 2π). In this case the entire circular interface
is debonded. By letting ψ = 0 (or equivalently θ0 = 2π), Eqs. (3.1)–(3.3) become

KL
III = KD

III = 0,

KR
III =

√

π(a− a−1)

2
(1 + a−1)σ∞zy .(4.1)

In addition Eq. (4.1) can also be obtained by allowing µ1 = 0 in Eq. (3.2).
(iv) θ0 → 0. In this case the length of the arc crack Lc is very small, and

Eq. (3.3) becomes

KD
III ≈

µ1

µ1 + µ2

√

πθ0
a

[

(a− 1)σ∞zy + 2a
1
2σ∞zx

]

.

(v) a → ∞. In this case the matrix crack becomes semi-infinite, and the
remote field is controlled by K∞

III. Now Eqs. (3.1) and (3.3) become

KL
III =

µ1

µ1 + µ2

(

1 + cos
θ0
2

)

K∞
III,(4.2)

KD
III =

2µ1

µ1 + µ2
cos

θ0
4

√

sin
θ0
2
K∞

III.(4.3)

It is observed from Eqs. (4.2) and (4.3) that:
(i) KL

III is a decreasing function of θ0, (0 ≤ θ0 ≤ 2π): KL
III = 2µ1

µ1+µ2
K∞

III when

θ0 = 0 and KL
III = 0 when θ0 = 2π;

(ii) KD
III attains its maximum value of KD

III =
( 27

4
)1/4µ1

µ1+µ2
K∞

III ≈ 1.6119µ1

µ1+µ2
K∞

III

when θ0 = 2π/3.
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4.2. Numerical result

We illustrate in Figs. 3–6 the variations of KL
III and KD

III for different values
of the parameters a and θ0. Once KL

III is known, KR
III can be obtained by using

the identity (3.4). It is observed from Figs. 3 and 4 that when the matrix is

Fig. 3. The variations of KL
III for different values of the parameters a and θ0 when the
matrix is only subjected to σ∞

zy.

Fig. 4. The variations of KD
III for different values of the parameters a and θ0 when the
matrix is only subjected to σ∞

zy.
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Fig. 5. The variations of KL
III for different values of the parameters a and θ0 when the
matrix is only subjected to σ∞

zx.

Fig. 6. The variations of KD
III for different values of the parameters a and θ0 when the
matrix is only subjected to σ∞

zx.

subjected to only σ∞zy (with σ∞zx = 0), (i) KL
III attains its maximum absolute

value at θ0 = 0 if a ≥ 1.103 or at θ0 ≈ 240◦ if a < 1.103, KD
III always attains

its maximum absolute value at θ0 ≈ 129◦ for a fixed value of a; (ii) interestingly
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as a→ 1, KL
III attains its maximum absolute value of Γ |σ∞zy |; (iii) KL

III (or KD
III)

can be zero at a certain value of θ0 < 360◦. It is observed from Figs. 5 and 6
that when the matrix is subjected to only σ∞zx (with σ∞zy = 0), (i) KL

III (or KD
III)

attains its maximum absolute value at a certain value of θ0 < 360◦ for a fixed
value of a; (ii) KL

III and σ∞zx always have opposite signs, whilst KD
III can be zero

at a certain value of θ0 < 150◦.
We show in Figs. 7–10 the displacement jumps across the two surfaces of the

radial matrix crack and across those of the arc interface crack for different values
of θ0 with µ1 = 3µ2 and a = 2. It is observed from Figs. 7 and 8 for the loading
case when the matrix is only subjected to σ∞zy > 0 that:

(i) in the absence of the circular crack Lc when θ0 = 0, the obtained dis-
placement jump w(x, 0+) − w(x, 0−) coincides with that reported in [14];

(ii) when the entire circular interface is debonded (i.e., θ0 = 360◦),
w2(x, 0

+) − w2(x, 0
−) in the matrix is also in agreement with [14];

(iii) as θ0 increases from zero to 258◦, the value of w2(x, 0
+) − w2(x, 0

−) at
a fixed point x in the matrix monotonically increases, whilst that of
w1(x, 0

+) − w1(x, 0
−) at a fixed point x in the inhomogeneity monotonically

decreases;
(iv) as θ0 increases from 258◦ to 360◦, the value of w2(x, 0

+) − w2(x, 0
−) at

a fixed point x in the matrix monotonically decreases, whilst that of
w1(x, 0

+) − w1(x, 0
−) at a fixed point x in the inhomogeneity monotonically

increases;

Fig. 7. The displacement jump w(x, 0+) − w(x, 0−) across the two surfaces of the radial
matrix crack for different values of θ0 with µ1 = 3µ2 and a = 2 when the matrix is only

subjected to σ∞
zy > 0.
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(v) for a certain value of θ0, (w2 − w1) at θ = 0 (see Fig. 8) is exactly
the same as the difference in displacement jump across the debonded interface:
[w2(1, 0

+) − w2(1, 0
−)] − [w1(1, 0

+) − w1(1, 0
−)] (see Fig. 7);

(vi) when θ0 ≤ 258◦, (w2 − w1) is always positive;
(vii) when 258◦ < θ0 ≤ 360◦, (w2 − w1) can be positive as well as negative.

Fig. 8. The displacement jump (w2 − w1) across the two surfaces of the arc crack Lc for
different values of θ0 with a = 2 when the matrix is only subjected to σ∞

zy > 0.

It is observed from Figs. 9 and 10 for the loading case when the matrix is
subjected to only σ∞zx > 0 that:

(i) as θ0 increases from zero to 130◦, the absolute value of w(x, 0+)−w(x, 0−)
at a fixed point x either in the matrix or in the inhomogeneity monotonically
increases;

(ii) as θ0 increases from 130◦ to 360◦, the absolute value of w(x, 0+)−w(x, 0−)
at a fixed point x either in the matrix or in the inhomogeneity monotonically
decreases;

(iii) for a certain value of θ0, (w2 − w1) at θ = 0 (see Fig. 10) is exactly
the same as the difference in displacement jump across the debonded interface:
[w2(1, 0

+) − w2(1, 0
−)] − [w1(1, 0

+) − w1(1, 0
−)] (see Fig. 9);

(iv) when θ0 ≤ 130◦, the jump (w2 − w1) is always positive;
(v) when 130◦ < θ0 < 360◦, the jump (w2 − w1) can be positive as well as

negative;
(vi) when θ0 = 360◦, the jump (w2 − w1) can only be negative.
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Fig. 9. The displacement jump w(x, 0+) − w(x, 0−) across the two surfaces of the radial
matrix crack for different values of θ0 with µ1 = 3µ2 and a = 2 when the matrix is only

subjected to σ∞
zx > 0.

Fig. 10. The displacement jump (w2 − w1) across the two surfaces of the arc crack Lc for
different values of θ0 with a = 2 when the matrix is only subjected to σ∞

zx > 0.

5. Other loadings

In the above analysis, we have assumed that the displacement is single-valued
for any contour surrounding the radial crack and the circular interface crack
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Lc and that the matrix is subjected to only remote uniform stresses. In the
following three subsections, we consider the three loading cases: (i) the radial
crack and the arc interface crack form a Zener–Stroh crack [10, 16]; (ii) a screw
dislocation is located in the matrix; and (iii) a screw dislocation is located in
the inhomogeneity. For loading cases (ii) and (iii), the radial crack and the arc
interface crack form a Griffith crack.

5.1. A Zener–Stroh crack

We consider the loading case in which the radial crack and the arc crack form
a Zener–Stroh crack. In addition we assume that the sum of the Burgers vector
inside the Zener–Stroh crack is b. The two analytic functions f ′1(ξ) and f ′2(ξ) for
this loading case can be derived as

f ′1(ξ) = − µ2b

2π(µ1 + µ2)

[

1

ξ + ia
1
2

− 1

ξ − ia
1
2

− 1

ξ + ia−
1
2

+
1

ξ − ia−
1
2

]

− µ2b

2π(µ1 + µ2)
√

(ξ − eiψ)(ξ − e−iψ)

×

















√

(−ia
1
2 − eiψ)(−ia

1
2 − e−iψ)

ξ + ia
1
2

−

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

ξ − ia
1
2

+

√

(−ia−
1
2 − eiψ)(−ia−

1
2 − e−iψ)

ξ + ia−
1
2

−

√

(ia−
1
2 − eiψ)(ia−

1
2 − e−iψ)

ξ − ia−
1
2

















,

|ξ| ≤ 1 and Im{ξ} ≤ 0;

f ′2(ξ) = − µ2b

2π(µ1 + µ2)

[

1

ξ + ia
1
2

− 1

ξ − ia
1
2

− 1

ξ + ia−
1
2

+
1

ξ − ia−
1
2

]

− µ1b

2π(µ1 + µ2)
√

(ξ − eiψ)(ξ − e−iψ)

×















√

(−ia
1
2 − eiψ)(−ia

1
2 − e−iψ)

ξ + ia
1
2

−

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

ξ − ia
1
2

+

√

(−ia−
1
2 − eiψ)(−ia−

1
2 − e−iψ)

ξ + ia−
1
2

−

√

(ia−
1
2 − eiψ)(ia−

1
2 − e−iψ)

ξ − ia−
1
2















,

|ξ| ≥ 1 and Im{ξ} ≤ 0.
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Remark. For the three loading cases discussed above and the following in
this section, we can derive only closed-form expressions of f ′1(ξ) and f ′2(ξ), i.e.,
elementary expressions of f1(ξ) and f2(ξ) cannot be obtained for these loading
cases.

Once the two analytic functions have been derived, the mode-III stress in-
tensity factors KL

III, K
R
III and KD

III at the three crack tips z = 1/a, z = a and
z = exp(iθ0) can be concisely given by

KL
III =

µ1µ2b

µ1 + µ2

√

a

2π(a2 − 1)
(5.1)

×
[

a− 1 − Re

{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}]

,

KR
III =

µ1µ2b

µ1 + µ2

1
√

2π(a3 − a)
(5.2)

×
[

µ2

µ1
(a− 1) + Re

{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}]

,

KD
III =

µ1µ2b

µ1 + µ2

√

a2 + 1 + 2a cos 2ψ

π(a2 − 1) tan ψ
2

Im







1 − ia
1
2

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)







,(5.3)

from which the following identity can be arrived at

(5.4) KL
III + aKR

III = µ2b

√

a(a− 1)

2π(a+ 1)
.

The above identity indicates that the sum (KL
III + aKR

III) is independent of
the shear modulus µ1 of the inhomogeneity, and the length of the arc crack Lc.

When ψ = π (or equivalently θ0 = 0) for a Zener–Stroh crack penetrating
a perfectly bonded circular inhomogeneity, Eqs. (5.1) and (5.2) become

KL
III = − 2µ1µ2b

(µ1 + µ2)
√

2π(a− a−1)
,

KR
III =

µ2b
√

2π(a− a−1)

[

1 + a−1µ1 − µ2

µ1 + µ2

]

,

which again recovers the result in [14].
Figures 11 and 12 illustrate the variations of KL

III and KD
III for different values

of the parameters a and θ0 of the Zener–Stroh crack. It is observed from the
two figures that: (i) KL

IIIb < 0, KD
IIIb < 0; (ii) For a fixed value of θ0, the
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magnitudes of both KL
III and KD

III decrease as a increases. It is observed from
Fig. 11 that |KL

III| is a decreasing function of θ0 for a fixed value of a: (KL
III)θ0=0 =

−Γµ2b/
√

2π(a− a−1) with Γ = 2µ1/(µ1 + µ2) and (KL
III)θ0=360◦ = 0. Also,

from Fig. 12, KD
III attains its maximum absolute value at a certain value of

Fig. 11. The variations of KL
III for different values of the parameters a and θ0 of the

Zener–Stroh crack.

Fig. 12. The variations of KD
III for different values of the parameters a and θ0 of the

Zener–Stroh crack.
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θ0 < 120◦ for a fixed value of a. As a increases, the value of θ0 at which KD
III

attains its maximum absolute value monotonically increases.

5.2. A screw dislocation in the matrix

Next we consider a screw dislocation with Burgers vector b located at z = z0,
(|z0| > 1) in the matrix (or ξ = ξ0 = −

√

(1 − az0)/(z0 − a), (|ξ0| > 1) in the
ξ-plane). The two analytic functions f ′1(ξ) and f ′2(ξ) for this loading case can be
derived as

f ′1(ξ) =
µ2b

2π(µ1+µ2)

×
[

1

ξ−ξ0
− 1

ξ−ξ̄0
− 1

ξ−ξ̄−1
0

+
1

ξ−ξ−1
0

− 1

ξ+ia
1
2

+
1

ξ−ia
1
2

+
1

ξ+ia−
1
2

− 1

ξ−ia−
1
2

]

+
µ2b

2π(µ1+µ2)
√

(ξ−eiψ)(ξ−e−iψ)

×







































√

(ξ0−eiψ)(ξ0−e−iψ)

ξ−ξ0
−
√

(ξ̄0−eiψ)(ξ̄0−e−iψ)

ξ−ξ̄0

+

√

(ξ̄−1
0 −eiψ)(ξ̄−1

0 −e−iψ)

ξ−ξ̄−1
0

−

√

(ξ−1
0 −eiψ)(ξ−1

0 −e−iψ)

ξ−ξ−1
0

−

√

(−ia
1
2−eiψ)(−ia

1
2−e−iψ)

ξ+ia
1
2

+

√

(ia
1
2−eiψ)(ia

1
2−e−iψ)

ξ−ia
1
2

−

√

(−ia−
1
2−eiψ)(−ia−

1
2−e−iψ)

ξ+ia−
1
2

+

√

(ia−
1
2−eiψ)(ia−

1
2−e−iψ)

ξ−ia−
1
2







































,

|ξ| ≤ 1 and Im{ξ} ≤ 0,

f ′2(ξ) =
µ2b

2π(µ1+µ2)

×
[

1

ξ−ξ0
− 1

ξ−ξ̄0
− 1

ξ−ξ̄−1
0

+
1

ξ−ξ−1
0

− 1

ξ+ia
1
2

+
1

ξ−ia
1
2

+
1

ξ+ia−
1
2

− 1

ξ−ia−
1
2

]

+
µ1b

2π(µ1+µ2)
√

(ξ−eiψ)(ξ−e−iψ)
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×







































√

(ξ0−eiψ)(ξ0−e−iψ)

ξ−ξ0
−
√

(ξ̄0−eiψ)(ξ̄0−e−iψ)

ξ−ξ̄0

+

√

(ξ̄−1
0 −eiψ)(ξ̄−1

0 −e−iψ)

ξ−ξ̄−1
0

−

√

(ξ−1
0 −eiψ)(ξ−1

0 −e−iψ)

ξ−ξ−1
0

−

√

(−ia
1
2−eiψ)(−ia

1
2−e−iψ)

ξ+ia
1
2

+

√

(ia
1
2−eiψ)(ia

1
2−e−iψ)

ξ−ia
1
2

−

√

(−ia−
1
2−eiψ)(−ia−

1
2−e−iψ)

ξ+ia−
1
2

+

√

(ia−
1
2−eiψ)(ia−

1
2−e−iψ)

ξ−ia−
1
2







































,

|ξ| ≥ 1 and Im{ξ} ≤ 0.

Once the two analytic functions have been derived, the mode-III stress in-
tensity factors KL

III, K
R
III and KD

III at the three crack tips z = 1/a, z = a and
z = exp(iθ0) can be concisely given by

KL
III =

µ1µ2b

µ1 + µ2

√

a

2π(a2 − 1)
(5.5)

×







a− 1 − Re
{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}

+ a
1
2 Im

{

ξ0 + ξ−1
0 − (1 − ξ−1

0 )
√

(ξ0 − eiψ)(ξ0 − e−iψ)
}






,

KR
III =

µ1µ2b

µ1 + µ2

1
√

2π(a3 − a)
(5.6)

×









µ2

µ1
(a− 1) + Re

{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}

+a
1
2 Im

{

µ2

µ1
(ξ0 + ξ−1

0 ) + (1 − ξ−1
0 )
√

(ξ0 − eiψ)(ξ0 − e−iψ)

}









,

KD
III =

µ1µ2b

µ1 + µ2

√

a2 + 1 + 2a cos 2ψ
√

π(a2 − 1) tan ψ
2

(5.7)

× Im

{

1 − ia
1
2

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

+
1 − ξ0

√

(ξ0 − eiψ)(ξ0 − e−iψ)

}

,

from which the following identity can be derived:
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KL
III + aKR

III = µ2b

√

a

2π(a2 − 1)

[

a− 1 + a
1
2 Im

{

ξ0 + ξ−1
0

}

]

= µ2b

√

a

2π(a2 − 1)

[

a− 1 +

(√

r1
r2

− a

√

r2
r1

)

cos
θ1 − θ2

2

]

,

where z0 − a = r1 exp(iθ1) and z0 − 1/a = r2 exp(iθ2), as shown in Fig. 1. The
above identity indicates that the sum (KL

III + aKR
III) is independent of the shear

modulus µ1 of the inhomogeneity, and the length of the arc crack Lc. By letting
Im{ξ0} → 0− or by letting |ξ0| = 1 and −π < arg(ξ0) < −ψ (i.e., by letting
the screw dislocation approach the crack surfaces), Eqs. (5.5)–(5.7) reduce to
Eqs. (5.1)–(5.3).

When ψ = π (or equivalently θ0 = 0) for a finite Griffith crack penetrating
a perfectly bonded circular inhomogeneity, Eqs. (5.5) and (5.6) become

KL
III = − 2µ1µ2b

µ1 + µ2

√

a

2π(a2 − 1)

[

1 −
√

r1
r2

cos
θ1 − θ2

2

]

,

KR
III = µ2b

√

a

2π(a2 − 1)

×
[

1 + a−1µ1 − µ2

µ1 + µ2
−
(√

r2
r1

+ a−1µ1 − µ2

µ1 + µ2

√

r1
r2

)

cos
θ1 − θ2

2

]

,

which also recovers recent results in [14, 15].

5.3. A screw dislocation in the inhomogeneity

We consider a screw dislocation with Burgers vector b located at z = z0,
(|z0| < 1) in the inhomogeneity (or ξ = ξ0 = −

√

(1 − az0)/(z0 − a), (|ξ0| < 1)
in the ξ-plane). The two analytic functions f ′1(ξ) and f ′2(ξ) for this loading case
can be derived as

f ′1(ξ) =
µ1b

2π(µ1 + µ2)

[

1

ξ − ξ0
− 1

ξ − ξ̄0
− 1

ξ − ξ̄−1
0

+
1

ξ − ξ−1
0

]

− µ2b

2π(µ1 + µ2)

[

1

ξ + ia
1
2

− 1

ξ − ia
1
2

− 1

ξ + ia−
1
2

+
1

ξ − ia−
1
2

]

+
µ2b

2π(µ1 + µ2)
√

(ξ − eiψ)(ξ − e−iψ)
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×







































√

(ξ0 − eiψ)(ξ0 − e−iψ)

ξ − ξ0
−
√

(ξ̄0 − eiψ)(ξ̄0 − e−iψ)

ξ − ξ̄0

+

√

(ξ̄−1
0 − eiψ)(ξ̄−1

0 − e−iψ)

ξ − ξ̄−1
0

−

√

(ξ−1
0 − eiψ)(ξ−1

0 − e−iψ)

ξ − ξ−1
0

−

√

(−ia
1
2 − eiψ)(−ia

1
2 − e−iψ)

ξ + ia
1
2

+

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

ξ − ia
1
2

−

√

(−ia−
1
2 − eiψ)(−ia−

1
2 − e−iψ)

ξ + ia−
1
2

+

√

(ia−
1
2 − eiψ)(ia−

1
2 − e−iψ)

ξ − ia−
1
2







































,

|ξ| ≤ 1 and Im{ξ} ≤ 0;

f ′2(ξ) =
µ1b

2π(µ1 + µ2)

[

1

ξ − ξ0
− 1

ξ − ξ̄0
− 1

ξ − ξ̄−1
0

+
1

ξ − ξ−1
0

]

− µ2b

2π(µ1 + µ2)

[

1

ξ + ia
1
2

− 1

ξ − ia
1
2

− 1

ξ + ia−
1
2

+
1

ξ − ia−
1
2

]

+
µ1b

2π(µ1 + µ2)
√

(ξ − eiψ)(ξ − e−iψ)

×







































√

(ξ0 − eiψ)(ξ0 − e−iψ)

ξ − ξ0
−
√

(ξ̄0 − eiψ)(ξ̄0 − e−iψ)

ξ − ξ̄0

+

√

(ξ̄−1
0 − eiψ)(ξ̄−1

0 − e−iψ)

ξ − ξ̄−1
0

−

√

(ξ−1
0 − eiψ)(ξ−1

0 − e−iψ)

ξ − ξ−1
0

−

√

(−ia
1
2 − eiψ)(−ia

1
2 − e−iψ)

ξ + ia
1
2

+

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

ξ − ia
1
2

−

√

(−ia−
1
2 − eiψ)(−ia−

1
2 − e−iψ)

ξ + ia−
1
2

+

√

(ia−
1
2 − eiψ)(ia−

1
2 − e−iψ)

ξ − ia−
1
2







































,

|ξ| ≥ 1 and Im{ξ} ≤ 0.
Once these two analytic functions have been identified, the mode-III stress

intensity factors KL
III, K

R
III and KD

III at the three crack tips z = 1/a, z = a and
z = exp(iθ0) are given by
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KL
III =

µ1µ2b

µ1 + µ2

√

a

2π(a2 − 1)
(5.8)

×









a− 1 − Re

{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}

+a
1
2 Im

{µ1

µ2
(ξ0 + ξ−1

0 ) − (1 − ξ−1
0 )
√

(ξ0 − eiψ)(ξ0 − e−iψ)
}









,

KR
III =

µ1µ2b

µ1 + µ2

1
√

2π(a3 − a)
(5.9)

×







µ2

µ1
(a− 1) + Re

{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}

+a
1
2 Im

{

ξ0 + ξ−1
0 + (1 − ξ−1

0 )
√

(ξ0 − eiψ)(ξ0 − e−iψ)
}






,

KD
III =

µ1µ2b

µ1 + µ2

√

a2 + 1 + 2a cos 2ψ
√

π(a2 − 1) tan ψ
2

(5.10)

× Im

{

1 − ia
1
2

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

+
1 − ξ0

√

(ξ0 − eiψ)(ξ0 − e−iψ)

}

,

from which we find that

(5.11) KL
III + aKR

III

= b

√

a

2π(a2 − 1)

[

µ2(a− 1) + µ1a
1
2 Im

{

ξ0 + ξ−1
0

}

]

= b

√

a

2π(a2 − 1)

[

µ2(a− 1) + µ1

(√

r1
r2

− a

√

r2
r1

)

cos
θ1 − θ2

2

]

.

Equation (5.11) indicates that the sum (KL
III + aKR

III) is independent of the
length of the arc crack Lc. By letting Im{ξ0} → 0− or by letting |ξ0| = 1 and
−π < arg(ξ0) < −ψ (i.e., by letting the screw dislocation approach the crack
surfaces), Eqs. (5.8)–(5.10) will reduce to Eqs. (5.1)–(5.3).

When ψ = π (or equivalently θ0 = 0) for a finite Griffith crack penetrating a
perfectly bonded circular inhomogeneity, Eqs. (5.8) and (5.9) become

KL
III = −µ1b

√

a

2π(a2 − 1)

[

2µ2

µ1 + µ2
+

(

a
µ1 − µ2

µ1 + µ2

√

r2
r1

−
√

r1
r2

)

cos
θ1 − θ2

2

]

,

KR
III = µ2b

√

a

2π(a2 − 1)

[

1 + a−1µ1 − µ2

µ1 + µ2
− 2µ1

µ1 + µ2

√

r2
r1

cos
θ1 − θ2

2

]

,

which again recovers the results in [14, 15].
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Finally, we consider two special locations of the screw dislocation. Firstly, if
the dislocation is located at the center of the circular inhomogeneity, or equiva-
lently ξ0 = −ia−1/2, Eqs. (5.5)–(5.7) become

KL
III

µ1
=
aKR

III

µ2
= b

√

a(a− 1)

2π(a+ 1)
, KD

III = 0,

which indicates that the length of the arc crack Lc exerts no influence on these
stress intensity factors and that the induced stress intensity factor at the arc
crack tip is zero.

Next, if the dislocation is just on the bonded part of the circular interface,
it follows from either Eqs. (5.8)–(5.10) for a dislocation in the matrix or Eqs.
(5.5)–(5.7) for a dislocation in the inhomogeneity that

KL
III =

µ1µ2b

µ1 + µ2

√

a

2π(a2 − 1)

×





a− 1 − Re
{

(1 − ia
1
2 )

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

}

−2a
1
2 Im

{

√

(ξ0 − eiψ)(ξ0 − e−iψ)
}



 ,

KR
III = µ2b

√

a− 1

2πa(a+ 1)
− a−1KL

III,

KD
III =

µ1µ2b

µ1 + µ2

√

a2 + 1 + 2a cos 2ψ
√

π(a2 − 1) tan ψ
2

× Im

{

1 − ia
1
2

√

(ia
1
2 − eiψ)(ia

1
2 − e−iψ)

+
2

√

(ξ0 − eiψ)(ξ0 − e−iψ)

}

,

where |ξ0| = 1 and −ψ < arg(ξ0) < ψ. Interestingly, in this special case, the
expression of the sum (KL

III + aKR
III) is identical to Eq. (5.4) for a Zener–Stroh

crack.

6. Conclusions

We perform a rigorous and analytical study of a radial matrix crack pen-
etrating a partially debonded circular inhomogeneity under longitudinal shear.
We first consider in detail the loading case in which the matrix is subjected to
remote uniform shear stresses. The mode-III stress intensity factors KL

III, K
R
III

and KD
III at the three crack tips z = 1/a, z = a and z = exp(iθ0) are ob-

tained in Eqs. (3.1)–(3.3). The displacement jumps across the two surfaces of
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the radial matrix crack and across those of the arc interface crack are given
by Eqs. (3.5)–(3.7). The influence of the length of the arc interface crack and
that of the straight matrix crack on the variations of the stress intensity fac-
tors and on displacement jumps is visually illustrated in Figs. 3–10. The stress
intensity factors for three other loading cases are obtained in Eqs. (5.1)–(5.3)
for a Zener–Stroh crack, (5.5)–(5.7) for a screw dislocation in the matrix and
(5.8)–(5.10) for a screw dislocation in the inhomogeneity. We derive identities
involving (KL

III + aKR
III) for all the four loading cases and find that they are

always independent of the length of the arc crack Lc.
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