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Finite matrix crack penetrating
a partially debonded circular inhomogeneity
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WE RIGOROUSLY SOLVE THE PROBLEM of a finite matrix crack penetrating a partially
debonded circular elastic inhomogeneity under longitudinal shear. The tips of the
matrix crack are mutual image points with respect to the inhomogeneity /matrix
interface and one tip of the interface crack is located at the intersection point between
the matrix crack and the circular interface. Closed-form expressions of mode-III stress
intensity factors at all three crack tips as well as displacement jumps across the crack
surfaces are obtained. Our results are illustrated in graphical form and verified by
comparison with existing results in the literature.
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1. Introduction

INTERFACIAL DEBONDING AND MATRIX CRACKING, both known to be major
failure modes in fibrous composites, have received considerable attention in the
literature (see, for example, [1, 2, 4, 5, 7-9, 11-15]). If one tip of a matrix
crack is located at the interface, it is of interest to ask if the crack will further
penetrate the fiber (or inhomogeneity) or deflect into the interface itself. In
several previous investigations of this matter (see, for example, [2, 9, 13-15]),
in order to simplify the analysis, it was assumed that the crack will penetrate
only the inhomogeneity and not cause any interfacial debonding. This simplified
scenario is based on the premise that the interface is sufficiently tough to prevent
any interface debonding [3].

In this work, we will consider the more complex, realistic and challenging
situation in which interfacial debonding results from a radial matrix crack pene-
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trating a circular inhomogeneity. Interestingly, closed-form solutions can still be
derived when the two tips of the radial crack are simply mutual image points with
respect to the circular interface, and when the fibrous composite is subjected to
longitudinal shear.

The paper is ordered as follows. In Section 2, we first derive an analytic
solution for the case when the loading corresponds to the matrix being subjected
to only remote uniform anti-plane shear stresses. Fracture parameters such as
stress intensity factors and displacement jumps across the crack surfaces for this
particular case are then given in Section 3. Discussions and numerical results
are presented in Section 4 to demonstrate the closed-form expressions obtained
in Section 3. Finally in Section 5, we derive analytic solutions for three other
loading cases: (i) when the radial crack and arc interface crack form a Zener—
Stroh crack; (i) when a screw dislocation is located in the matrix; and (iii) when
a screw dislocation is located within the inhomogeneity.

2. Analytic solution

Under anti-plane shear deformation, the out-of-plane displacement w, the
stress function ¢, and the stress components 0., and 0., can be expressed in
terms of a single analytic function f(z) of the complex variable z = x + iy =
rexp(if) as

/‘_lﬁb'f'iw = [(2), Ooy + 1022 = ,uf’(z),

where p1 is the shear modulus. The two stress components 0., and o, can be
expressed in terms of the stress function ¢ as

Ozy = ¢,ma Ozzx — _gb,y'

As shown in Fig. 1, we consider an infinite matrix described by Sp : 22 +y? > 1
reinforced by a circular elastic inhomogeneity of unit radius denoted by S; :
22 + 9% < 1. A radial matrix crack on the real axis penetrates the circular
inhomogeneity and causes interfacial debonding on the arc L.. The right tip of
the radial crack is located at z = a, a > 1, while its left tip is located at z = 1/a.
One tip of L. is at z = 1 with the other at z = exp(ify), (0 < 6y < 27m). The
matrix is subjected to remote uniform anti-plane shear stresses o2y and oZ;.

In order to solve this problem, we introduce the following conformal mapping
function
af? +1 1—az

Z:W(ﬁ):ma £(z) =u+iv=— P Im{&} <0,

which maps the circular inhomogeneity onto || < 1, Im{¢} < 0, and maps the
matrix onto |{| > 1 with Im{£} < 0 (see Fig. 2). In addition the finite crack
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Fic. 1. A finite matrix crack penetrating a partially debonded circular inhomogeneity.
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F1G. 2. The problem in the mapped &-plane.

described by x € [1/a,a] and y = 0 is mapped to —oo < Re{{} < +oo and

Im{&} = 0; the tip of the interface crack L. at z—= 1 is mapped to { = —1

while the other tip at z = exp(ify) is mapped to & = exp(—iy)), (0 < ¢ < ).
Finally, 2 = co is mapped to the point £ = —iy/a. In the following we will en-
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deavor to derive the two analytic functions: f1(£) = f1(w(§)) with |[¢] < 1 and
Im{¢} < 0 for the circular inhomogeneity and f2(§) = fo(w(§)) with |£] > 1
and Im{¢} < 0 for the unbounded matrix. Due to the action of the remote uni-

form stresses o2, and 077, the analytic function f2(€) has a first-order pole at

¢ = —iva: (a®? —a " V?) (02 — i02y)/212(§ +1iv/a). If we add another (imag-
inary) pole for f2(€) at & = iva: —(a¥% — a V2)(0% +i0%5)/2ua(€ — iy/a),
the original half £-plane can be extended to the whole £-plane as shown in
Fig. 2. Now only the following interface conditions at [{] = 1 are left to be
satisfied:

f1(&) = f1(§) = f2(§) — f2(§),

1 f1(8) + 1 f1(€) = pafa(§) + pafa(),
for |£] =1 and —¢ < arg(&) < 9,

(2.2) paf1(€) + paf1(§) = pafa(§) + paf2(§) =0,

for €| =1 and ¢ < arg(§) <, —7 < arg(§) < —.

Condition (2.1) is due to the fact that displacement and traction are both
continuous across the bonded part of the circular interface, whilst condition
(2.2) is the traction-free condition on the debonded part L. of the circular in-
terface.

Using analytic continuation, the boundary value problem (2.1) and (2.2) can
be finally reduced to a standard Riemann-Hilbert problem with discontinuous
coefficients [6]. Thus the two analytic functions fi(€) and f2(§) can be conve-
niently derived as

(2.1)

(a3—a"3)(0%—i0%) (a%—a %)(03+i03)
_ 1 £4ias £—ia?
fl(g) 2(M1+M2) _(a%_a*%)(agg_klo-;’;)+(a%—a7%)(02—lag§/)
§+ja*% fficf%
LV(E—e)(E—e)
2(pu1+p2)
(a%_a_%)(a;’g—w%) (a%—a‘%)(a%—l—ia%) ;
1 N 1 1 *
\/(—m%—e“b)(—ia%—e_iw)@ﬂa?) \/(10‘5—elw)(iai—e_w)(f—la?)
(az—a"2) (035 +i02) B (a2—a"3)(0%—i0%)
V(o b o) (ciad—e ) (etiah) (o~ E o) amd—e)(g—ia )

¢l <1 and Im{¢} < 0;
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3

(a2 —a”2)(02%

X-i0%) (a—a”3)(0N+i0%)

B 1 §—|—ia% —ia2
f2(€) - 2(M1+M2) _(a%_a—%)(o-gz_FlO-SZ) +(a%—a_%)(0'§§—10'g§)
E+ia2 §—ia3
/e
22 (p1+p2)

[ @iahex-iey)  (@i-adeXier) ]
V(i —e¥)(—iab —e-)(g+iad) y/(iad—e)(iad—e—¥)(e—ia})

(aZ—a~2) (05 +oZ) - (a2 —a"2)(0%5—i0%) 7
|\ (—iam i) (—ia F—e W) (e+ia ) /(e F—e) (i~ —e—¥)(e—iaF)]

|| > 1 and Im{¢} < 0, where the branch cut of the multi-valued function
V(€ —e¥) (€ — e ) is chosen to be along [¢| = 1 and ¢ < arg(¢) < 7, —7 <
arg(£) < —. It can be easily verified that the obtained analytic functions fi(&)
and fa(§) satisfy Re{f1(£)} = 0 and Re{f2(£)} = 0 on Im{&} = 0. Thus, all the
existing boundary conditions have been satisfied identically.

3. Fracture parameters

Fracture parameters such as stress intensity factors and displacement jumps
across the crack surfaces can be extracted from the analytical solution derived
in Sec. 2. The mode-III stress intensity factors KILH, Kﬁl and KIII)I at the three
crack tips z = 1/a, z = a and z = exp(ify) can be given concisely as

1 m(a? —1)
H1+ o 2a

(3~1) KILH =

[a% (cos® +a) +i(acosy + 1)](0Z; +io3y)
\/(ia% - eiw)(ia% —e~iv)

x |(a+1)oZ, — Re

oA m(a? —1)

3.2 K =
(3.2) 111 1+ i 203
2 [a2 (cos ¢ + a) +i(acos ¥ + 1)] (025 + i03)

x | —(a+1)oz, + Re - 1
H \/(iai —e¥)(ia2 — e~ V)
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7 Y /2m(a —a~1)siny
u1+,ug ) a? + 1+ 2acos 2y

X Re{(lcw — )3 (ia2 — e V)3 (a2 — 1)(03 +ia§§)}.

33)  Kfi=

It is observed from Egs. (3.1) and (3.2) that

m(a—1)(a+1)3
(3.4) Kfii + aK{f = U?Z\/ %0 )

which indicates that the sum (K& + aK{;) is independent of the remote stress
component 025, the shear moduli p1, g2, and the length of the arc crack L.

The displacement jumps across the two surfaces of the radial matrix crack
and across those of the arc interface crack L. can be finally derived as

2a+1)(a —a"2) u(w?+1)0
pi1 + pe (u* + a)(au® 4+ 1)

(3.5) Aw(u) = —

2 _
a {\/u2+1+2ucosw+\/u2 1—2ucosz/1
M1+ p2
Re{ oZet+ioZy } Im{ O’ZZJrlO'Zy
% \/(ia%feiw)(ia%fe*w) _ \/(ia% —el?) 1a2 —e~
au? + 1 a2 (u? + a)
(12
{\/u2+1+2ucosq/1 \/u2+1—2ucos¢
M1+ 2
Re{ oz tioZy } Im{ crw+1azy
% \/(ia%—eiw)(ia%—e*w) B \/(ia? ei?v) 1a7 —e~

uw+a az (au? + 1)

2(a+ 1)(a% — a*%) u(u? +1)0
p1 + p2 (u? + a)(au? +1)

2-1)
+ e 1) [\/u2+1—|—2ucosw+ \/u2+1—2ucosw}
pa(p1 + pi2)

Re { 1 cfgfc—i-io%’/ } Im{ 1 0% +ia§? }
X \/(ia? —el?)(ia2 —e—1¥) \/(ia? —ei?)(ia2 —e~ 1Y)

u? +a az(au? + 1)

(3.6) Awy(u) = —
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pi(a® —1)
— [\/U,Q +1+2ucosy) — Vu+1— 2ucosq/}}
p2(pr + uz)
Re{ oz tioZy } Im{ ooe+ioZy }
X \/(ia%—eiw)(ia%—eﬂw) _ \/(ia%—eiw)(ia%—e*iw)
CZ’U,2 + 1 a%(u2 + a)
(U < _1)a
3 _1
2 —q 2
(3.7) w2 — W1 = Z a
w2
_ ei¢ _ e_iq/, 1 1
x Im \/(1§ )(5 1 ) ( — - — o' +10zy
\/(icﬂ —el¥)(ia2 — e~1¥) E—ia2  1-— 1a2§

(€| =1 and —7 < arg(§) < —

where /(£ — el?)(¢ — e~¥) is chosen to be the branch by approaching L. from
inside the interface.

4. Discussions and numerical result

In this section we will first present some special cases to verify and to demon-
strate the obtained analytic solution. Then numerical result will be presented to
visually illustrate the influence of the length of the arc crack L. (character-
ized by 6p) and that of the radial matrix crack (characterized by a > 1) on
the variations of the stress intensity factors at the three crack tips, and on the
displacement jumps across the crack surfaces.

4.1. Discussions

(i) ¥ = 7 (or equivalently 6y = 0). In this case the crack penetrates a perfectly
bonded inhomogeneity. By letting ¢ = 7 (or equivalently 6y = 0), Egs. (3.1) and
(3.2) become

K = Oops
m= 9 zy
m(a—a™l) fi2 — i _1>
KB — 1+ a o,
IIT 2 < [+ po 2y

which just recovers the result in [14]. In this case we have K| = 0.
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(ii) ¥ = /2 (or equivalently 6y = 7). In this case the upper half circular
interface is debonded. By letting ) = 7/2 (or equivalently 6y = 7), Eqgs. (3.1)
and (3.2) become

I 1 m(a? —1) [ as
KHI = a + ]. —

r@—1) [ a’ o
K = ] ( ) <M—2(a+1)+71>0§§j+ = ],

H1 + p2 2a3 M1 a — va—1
p1 mla+1) 1
KILI)I = (a2U;’Z —o50).

M1+ 2 a

(iii) ¥ = 0 (or equivalently 6y = 2). In this case the entire circular interface
is debonded. By letting 1) = 0 (or equivalently 6y = 27), Egs. (3.1)—(3.3) become

L _ D _
Kify = Kiip = 0,

m(a—a1)

5 (1+aHoX

(41> KII?I - zy”

In addition Eq. (4.1) can also be obtained by allowing p; = 0 in Eq. (3.2).

(iv) p — 0. In this case the length of the arc crack L. is very small, and
Eq. (3.3) becomes

1 0o 1
KD ~ 1/—[ 1) 2200].
IIT 1+ o a (a )Uzy + 2a Oz

(v) @ — oo. In this case the matrix crack becomes semi-infinite, and the
remote field is controlled by K7j7. Now Egs. (3.1) and (3.3) become

P bo
4.2 KL = 1+cos— | K&,
( ) 111 ) n Lo < 9 > IIT
2,U,1 90 . 90
(4.3) K = Lt cos - -4 /sin EKﬁ“i

It is observed from Egs. (4.2) and (4.3) that:
(i) K is a decreasing function of 6y, (0 < 6y < 27): K = %K{‘ﬁ when
0p = 0 and KILH = 0 when 0y = 27;
o (%)1/4/‘1 o0

(ii) K, attains its maximum value of K, =
when 6y = 27/3.

1611941 o0
pitpe I s I
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4.2. Numerical result

We illustrate in Figs. 3-6 the variations of KILH and KI% for different values
of the parameters a and 6y. Once KILH is known, KI% can be obtained by using
the identity (3.4). It is observed from Figs. 3 and 4 that when the matrix is

4

=20 M +u,), G:X=0

zy

re”

L
1]

0 50 100 150 200 250 300 350
0, (Degree)

Fia. 3. The variations of K for different values of the parameters a and 6y when the
matrix is only subjected to ozj.

=20,/ ), 0, =0

»
zy

Kﬁ/l"s

-1 L L L
100 150 200 250 300 350

0 50
6, (Degree)

F1a. 4. The variations of Ky for different values of the parameters a and 6y when the
matrix is only subjected to ozy.
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F1c. 5. The variations of K&; for different values of the parameters a and 6y when the
matrix is only subjected to o25.
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F1c. 6. The variations of K%y for different values of the parameters a and 6y when the
matrix is only subjected to o2;.

subjected to only oZ5 (with o3 = 0), (i) Kfj; attains its maximum absolute

value at 6y = 0 if @ > 1.103 or at 0y ~ 240° if a < 1.103, KI% always attains
its maximum absolute value at 6y ~ 129° for a fixed value of a; (ii) interestingly
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as a — 1, Kf; attains its maximum absolute value of Ilogy|; (iii) Kk (or KE))
can be zero at a certain value of 6y < 360°. It is observed from Figs. 5 and 6
that when the matrix is subjected to only o2y (with o2) = 0), (i) Kk, (or K&
attains its maximum absolute value at a certain value of 6y < 360° for a fixed
value of a; (ii) KILH and o3, always have opposite signs, whilst KILI)I can be zero
at a certain value of 6y < 150°.

We show in Figs. 7-10 the displacement jumps across the two surfaces of the
radial matrix crack and across those of the arc interface crack for different values
of Oy with p1 = 3ue and a = 2. It is observed from Figs. 7 and 8 for the loading
case when the matrix is only subjected to o2y > 0 that:

(i) in the absence of the circular crack L. when 6y = 0, the obtained dis-
placement jump w(z,0") — w(z,07) coincides with that reported in [14];

(ii) when the entire circular interface is debonded (i.e., 6y = 360°),
wa(z,0") — wa(z,07) in the matrix is also in agreement with [14];

(iii) as 6y increases from zero to 258°, the value of wo(z,0") — wo(z,07) at
a fixed point z in the matrix monotonically increases, whilst that of
wi(x,07) — wi(z,07) at a fixed point x in the inhomogeneity monotonically
decreases;

(iv) as 0 increases from 258° to 360°, the value of wq(z,0") — wo(z,07) at
a fixed point x in the matrix monotonically decreases, whilst that of
wi(z,07) — wy(x,07) at a fixed point z in the inhomogeneity monotonically
increases;

35
0,-258° 1,=3p,; @=2; 67 =0
35T e -
360°
170°
25-
lﬁ 2 110°
5
=
¥ 15
S 60°
2 \
B3 1 37°
= o \
37°
05 60°
110°
0 170°
258°
360°
-0.
%.5 1 15 2

X

FiG. 7. The displacement jump w(z,0") — w(z,07) across the two surfaces of the radial
matrix crack for different values of 6y with g1 = 3u2 and a = 2 when the matrix is only
subjected to o2y > 0.
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(v) for a certain value of Oy, (w2 —w;) at @ = 0 (see Fig. 8) is exactly
the same as the difference in displacement jump across the debonded interface:
[wa(1,07) —wa(1,07)] — [w1(1,0") —wq(1,07)] (see Fig. 7);

(vi) when 6y < 258°, (wa — wy) is always positive;

(vii) when 258° < 0y < 360°, (wg — w1) can be positive as well as negative.

a=2; G;X=0

»n
zy

b5 )l
N

1

)

37°  60° 360°

0 50 100 150 200 250 300 350
0 (Degree)

Fia. 8. The displacement jump (w2 — w1) across the two surfaces of the arc crack L. for
different values of 6y with a = 2 when the matrix is only subjected to o2y, > 0.

It is observed from Figs. 9 and 10 for the loading case when the matrix is
subjected to only ¢%° > 0 that:

(i) as Ay increases from zero to 130°, the absolute value of w(x,0") —w(z,07)
at a fixed point = either in the matrix or in the inhomogeneity monotonically
increases;

(ii) as 6y increases from 130° to 360°, the absolute value of w(z,0")—w(x,07)
at a fixed point x either in the matrix or in the inhomogeneity monotonically
decreases;

(iii) for a certain value of 6y, (w2 — wy) at # = 0 (see Fig. 10) is exactly
the same as the difference in displacement jump across the debonded interface:
[ws(1,0%) — wy(1,07)] — [wr(1,0%) — wy(1,07)] (see Fig. 9);

(iv) when 6y < 130°, the jump (wg — wy) is always positive;

(v) when 130° < 6y < 360°, the jump (w2 — w;) can be positive as well as
negative;

(vi) when 6y = 360°, the jump (w2 — w) can only be negative.
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Fic. 9. The displacement jump w(z,0") — w(z,07) across the two surfaces of the radial

matrix crack for different values of g with 1 = 3u2 and a = 2 when the matrix is only
subjected to o2y > 0.
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Fia. 10. The displacement jump (w2 — w1) across the two surfaces of the arc crack L. for
different values of 6y with a = 2 when the matrix is only subjected to o35 > 0.

5. Other loadings

In the above analysis, we have assumed that the displacement is single-valued
for any contour surrounding the radial crack and the circular interface crack
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L. and that

the matrix is subjected to only remote uniform stresses. In the

following three subsections, we consider the three loading cases: (i) the radial
crack and the arc interface crack form a Zener—Stroh crack [10, 16]; (ii) a screw
dislocation is located in the matrix; and (iii) a screw dislocation is located in
the inhomogeneity. For loading cases (ii) and (iii), the radial crack and the arc
interface crack form a Griffith crack.

5.1. A Zener—Stroh crack

We consider the loading case in which the radial crack and the arc crack form
a Zener—Stroh crack. In addition we assume that the sum of the Burgers vector
inside the Zener—Stroh crack is b. The two analytic functions f{(£) and f5(€) for
this loading case can be derived as

1(8) = -

p2b

2m(p1 + p2)

&+ ia? & — ia? &+ ia~2 £ — ia~3
p2b

1 1 1 1 ]

2 + p2) V(€ — @) (€ —e 1)

\/(—ia% — %) (—iq? — o) \/(ia% — ei¥)(ia? — e 1)

N V(o t — ) (cia —e ) /(a3 — e¥)(ia~3 — e )

§—|—ia% f—ia%

i £+ia> € —ia"3 |
€] <1 and Im{¢} < 0;
L2b 1 1 1 1
fé(g):—Q .1 . 1L .,1+ . 1
m(pa + p2) E+ia2 E—iaz E4iaz  £—ia2
p1b

2+ o)/ (€ — @) (E — e 0

\/(—ia% - eiw)(—ia% — e~1¥) \/(ia% - ei¢)(ia% —e~iv)

N \/(—ia_% —ei?)(—ia"2 — e~ 1Y) \/(ia_% —e?)(ia"2 — e~ i)

§—|—ia% f—ia%

¢ +ia 2 € —ia~3 ]

€| > 1 and Im{¢} < 0.
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REMARK. For the three loading cases discussed above and the following in
this section, we can derive only closed-form expressions of f{(£) and f5(€), i.e.,
elementary expressions of f1(§) and f2(£) cannot be obtained for these loading
cases.

Once the two analytic functions have been derived, the mode-III stress in-
tensity factors KILH, KI}I%I and KIII)I at the three crack tips z = 1/a, z = a and
z = exp(ifp) can be concisely given by

P piob a
51) Kfp =
( ) IIT 1+ po 271'(@2 — 1)

x [a ~1—Re {(1 - ia%)\/(ia% — e¥)(ia? — ew)}] :

p1 pob 1

52) Kff=
(5:2) K p1+ p2 /27 (a3 — a)

X [@(a —1)+Re {(1 — ia%)\/(ia% — e¥)(ia? — e_iw)}] ,

M1
1

b [a? + 1+ 2acos 2y 1—ia2
(5.3) Kip= — \/ . o~ Im - - :

H1 w2 7r(a — 1) tan5 \/(i(]j . eiw)(iai . e_i¢)

from which the following identity can be arrived at

ala—1)
5.4 Kif + aK{fy = poby [ -——.
(5.4) I+ @i = H2 2r(a+1)
The above identity indicates that the sum (KILH + aKIIfI) is independent of
the shear modulus p; of the inhomogeneity, and the length of the arc crack L.
When ¢ = 7 (or equivalently 6y = 0) for a Zener-Stroh crack penetrating
a perfectly bonded circular inhomogeneity, Egs. (5.1) and (5.2) become

KL _ 241 b
111 1\’
(i1 + 1)/ 2n(a —a )
b _
KR~ o [1+a1/~01 Mz]’
2r(a —a™1) p1 + p2

which again recovers the result in [14].

Figures 11 and 12 illustrate the variations of K ILH and K, ILI)I for different values
of the parameters a and 6y of the Zener—Stroh crack. It is observed from the
two figures that: (i) Kib < 0, Kb < 0; (ii) For a fixed value of 6, the
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magnitudes of both Kﬁl and KI% decrease as a increases. It is observed from
Fig. 11 that | K| is a decreasing function of f, for a fixed value of a: (K;)g,—0 =
—Tugb/+/27(a —a=1) with I' = 2y /(1 + p2) and (K& )gy=360c = 0. Also,

from Fig. 12, KI[I)I attains its maximum absolute value at a certain value of

=21,/ +1,)

L
Ky {Tub

L L
00 50 100 150 200 250 300 350
0y (Degree)

F1c. 11. The variations of Kf; for different values of the parameters a and 6 of the
Zener—Stroh crack.

=21, /(1 +1,)
a=1.2
0.5

0.4

0.2

0.1

0 50 100 150 200 250 300

350
0y (Degree)

F1c. 12. The variations of K for different values of the parameters a and 6 of the
Zener—Stroh crack.
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Ay < 120° for a fixed value of a. As a increases, the value of 0y at which KI[I)I
attains its maximum absolute value monotonically increases.

5.2. A screw dislocation in the matrix

Next we consider a screw dislocation with Burgers vector b located at z = z,
(J20] > 1) in the matrix (or £ = & = —/(1 — az0)/(20 — a), (|é] > 1) in the
&-plane). The two analytic functions f1(§) and f}(€) for this loading case can be
derived as

b
f{(é)zm
><[1_1_1+1_1+1+1_1
b & €& & riar f-ia? E4iaT E-ia?
I p2b
27 (p1+p2) v/ (E—e¥) (E—e~ V)
V&6 V&) G ) ‘
§—% £—&
+ V& e ) V(& =) (€5 —e)
§& " =
) \/(—ia%—ei‘ﬁ)(—ia%—e*iw) \/(ia%_eiw)(ja%_e*iw) ’
- §+ia% * f—ja%
\/(—ia_% —el)(—ig 2 —ei¥) N \/(ia_% —ei¥)(ia"2 —e~¥)
I ¢+iaz £—ia"2 |
|§] <1 and Im{¢} <0,
b
fé(é)zm
><[1_1__1+1_1+1+1_1
6 -6 &' &' ttiad E-iad EtiaTr E-ia?

" pb
27 (i) / (E—€¥) (E—e71¥)
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[ V(&) (&—e")  /(Eo—e)(Go—e"™) T
%o £—&
+ \/(551—ei¢)(€61—e_w) B \/(gEl—eiw)(§61—e—i¢)
2 -5
X 1 . 1 ) 1 - n : ,
\/(—i(ﬁ —ellﬁ)(—iai _e—1¢) . \/(icﬁ —elw)(iai _e_1¢)
§+1a% §—ia%

(Ha o) (a3 o) . V(a3 —e¥)(ia= —e-iv)

- §+ia_% §—ia_§ ]

€| > 1 and Im{¢} < 0.

Once the two analytic functions have been derived, the mode-III stress in-
tensity factors KILH, KI}I%I and KI% at the three crack tips z = 1/a, z = a and
z = exp(ifp) can be concisely given by

p1pi2b a
55) K= /
(5.5) I it e\ 202 = 1)

a—1—Re {(1 — ia%)\/(ia% — e (iaz — e—i"/’)}

X )
tattm {&+&" - (1-&)V(E@ — )& —e )}
R Mip2b 1
(0 K= P+ p2 /27 (a3 — a)
%(a —1) + Re {(1 —iab)y/(ia% — e)(iad - e—iw)}
+a?Tm {ﬁ(fo +61) + (- &)V 6 — ) (G - e—iw>}
7)) KR = pipab /a2 + 1+ 2acos2¢

a2 \/ﬂ(a2—l)tan%

xIm{ 1 —ia2 + 1-¢&o }
Jiat —e)iat —ew) Vo @) [

from which the following identity can be derived:
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a 1 _
Kffy + aK{f; = p2b 2m(a® — 1) [“* 1+a2 Im{€o+§ol}]

_ / a /71 /T2 01 — 0
_Mgb m{a—l‘F( E—a ’]”_1>COS 5 :|,

where zp — a = r1exp(if1) and zp — 1/a = ryexp(if2), as shown in Fig. 1. The
above identity indicates that the sum (K + aK{;) is independent of the shear
modulus p; of the inhomogeneity, and the length of the arc crack L.. By letting
Im{&} — 0~ or by letting |§y| = 1 and —7 < arg(§p) < —¢ (i.e., by letting
the screw dislocation approach the crack surfaces), Eqgs. (5.5)—(5.7) reduce to
Egs. (5.1)-(5.3).

When ¢ = 7 (or equivalently 6y = 0) for a finite Griffith crack penetrating
a perfectly bonded circular inhomogeneity, Egs. (5.5) and (5.6) become

2 b 01— 06
K= -2t [ e
p1 + po '\ 2m(a? —1) ro
a
Kify = by [5

— — / 6, — 0
% [1+a‘1”1 2 _< 7’_2+a_1M1 2 Q) cos 2L 2]7
1 - 2 ! pa+p2 Ve 2
which also recovers recent results in [14, 15].

5.3. A screw dislocation in the inhomogeneity

We consider a screw dislocation with Burgers vector b located at z = z,
(J20] < 1) in the inhomogeneity (or & = & = —/(1 — az9)/(20 — a), (|| < 1)
in the &-plane). The two analytic functions f1(§) and f5(§) for this loading case
can be derived as

/ _ p1b 1 _ 1 — ! !
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p2b 1 1 1 !
- _ - — T+ 1
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27 (p1 + )/ (€ — €¥)(§ — e 1¥)
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|€] > 1 and Im{¢} < 0.
Once these two analytic functions have been identified, the mode-III stress

intensity factors KILH, KI}I%I and KI% at the three crack tips z = 1/a, z = a and

z = exp(ifp) are given by
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(58)  Kin = ,,Zlf:; 27r(ag— )
a—1-Re {(1 - ia%)\/(ia% — et)(ia3 — e‘w)}
e (B + ) - (- ) =G =) |
(5.9) K — fap2b .

p1+ p2 \/27(a® — a)

B2(q—1)+ Re{(l - ia%)\/(ia% - ew)(ia% — e*w)}

K1

rattm {6+ &1 + (1 - & )VE@ — )@ —e )}

Y

pipab /a2 + 14 2acos 2¢

f \/w(az — 1)tan%

xIm{ L a? + 1._60 - }
\/(ia% — ei¥)(ia2 — e 1¥) V(€ — ) (& —e7¥)

from which we find that

(5.10) K=
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Equation (5.11) indicates that the sum (K& + aK®;) is independent of the
length of the arc crack L.. By letting Im{¢y} — 0~ or by letting |¢y] = 1 and
—m < arg(&) < —v (i.e., by letting the screw dislocation approach the crack
surfaces), Egs. (5.8)—(5.10) will reduce to Egs. (5.1)—(5.3).

When ¢ = 7 (or equivalently 6y = 0) for a finite Grifﬁth crack penetrating a
perfectly bonded circular inhomogeneity, Egs. (5.8) and (5.9) become

Kh = —pub a 242 0L 92
2m(a? —1) |1 + Mz /~L1 + 2 ’

a ML p2 2 T2 91—92
KB = job | —2 14a! 2
= 27r(a2—1)[ e e mtm\ o 2 ]’

which again recovers the results in |14, 15].
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Finally, we consider two special locations of the screw dislocation. Firstly, if
the dislocation is located at the center of the circular inhomogeneity, or equiva-
lently &y = —ia~'/2, Eqs. (5.5)—(5.7) become

K& ek, _, [ala-1)

— K2 =o,
1 2 2m(a +1) m

which indicates that the length of the arc crack L. exerts no influence on these
stress intensity factors and that the induced stress intensity factor at the arc
crack tip is zero.

Next, if the dislocation is just on the bonded part of the circular interface,
it follows from either Egs. (5.8)—(5.10) for a dislocation in the matrix or Egs.
(5.5)—(5.7) for a dislocation in the inhomogeneity that

KL — pu1prob a
U + e\ 27(a2 — 1)

a—1- Re{(l — ia%)\/(ia% — e (iaz — e*iw)}

>< )
203 T { /(& — &%) (& — e )}
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b Hipeb \/a? + 1+ 2acos 2y
1t pe \/ﬂ(cﬂ—l)tan%

IIT —

% Im{ 1-— ia% N 9 }
Jiat -0yt —ew) Vo - [

where [§g] = 1 and —¢ < arg(&y) < . Interestingly, in this special case, the
expression of the sum (K + aK{;) is identical to Eq. (5.4) for a Zener—Stroh
crack.

6. Conclusions

We perform a rigorous and analytical study of a radial matrix crack pen-
etrating a partially debonded circular inhomogeneity under longitudinal shear.
We first consider in detail the loading case in which the matrix is subjected to
remote uniform shear stresses. The mode-III stress intensity factors KILH, KI%
and K{ at the three crack tips z = 1/a, z = a and 2z = exp(ify) are ob-
tained in Eqgs. (3.1)-(3.3). The displacement jumps across the two surfaces of
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the radial matrix crack and across those of the arc interface crack are given
by Egs. (3.5)—(3.7). The influence of the length of the arc interface crack and
that of the straight matrix crack on the variations of the stress intensity fac-
tors and on displacement jumps is visually illustrated in Figs. 3-10. The stress
intensity factors for three other loading cases are obtained in Egs. (5.1)—(5.3)
for a Zener—Stroh crack, (5.5)—(5.7) for a screw dislocation in the matrix and
(5.8)—(5.10) for a screw dislocation in the inhomogeneity. We derive identities
involving (K{h + aKI%) for all the four loading cases and find that they are
always independent of the length of the arc crack L.
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