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THE PROBLEM OF REFLECTION AND REFRACTION PHENOMENON due to longitudinal
and transverse waves incident obliquely at a plane interface between uniform elastic
solid half-space and thermoelastic diffusive solid half-space has been studied. It is
found that the amplitude ratios of various reflected and refracted waves are functions
of angle of incidence, frequency of incident wave and are influenced by the elastic
properties of media. The expressions of amplitude ratios and energy ratios are ob-
tained in closed form. The amplitude ratios and energy ratios have been computed
numerically for a particular model. The variations of energy ratios with angle of
incidence are shown graphically. The conservation of energy across the interface is
verified. Some particular cases are also discussed.
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1. Introduction

IN CLASSICAL THEORY OF THERMOELASTICITY, Fourier’s heat conduction the-
ory assumes that the thermal disturbances propagate at infinite speed which
is unrealistic from the physical point of view. Two different generalizations
of the classical theory of thermoelasticity have been developed which predict
only finite velocity of propagation for heat and displacement fields. The first
one is given by LORD and SHULMAN [18] which incorporates a flux rate term
into the Fourier’s law of heat conduction and formulates a generalized theory
admitting finite speed for thermal signals. The second is given by Green and
Lindsay [14] which developes a temperature rate dependent thermoelasticity
by including temperature rate among the constitutive variables, which does
not violate the classical Fourier’s law of heat conduction. LORD and SHULMAN
[18] theory of generalized thermoelasticity have been further extended to ho-
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mogeneous anisotropic heat conducting materials recommended by DHALIWAL
and SHERIEF [9]. All these theories predict a finite speed of heat propaga-
tion. CHANDERASHEKHARIAH [8] refers to this wave-like thermal disturbance
as second sound. A survey article of various representative theories in the
range of generalized thermoelasticity have been brought out by HETNARSKI
and IGNACZAK [15].

Diffusion is defined as the spontaneous movement of the particles from
a high concentration region to the low concentration region and it occurs
in response to a concentration gradient expressed as the change in the con-
centration due to change in position. Thermal diffusion utilizes the transfer
of heat across a thin liquid or gas to accomplish isotope separation. Today,
thermal diffusion remains a practical process to separate isotopes of noble
gases (e.g., xexon) and other light isotopes (e.g., carbon) for research pur-
poses. In most of the applications, the concentration is calculated using what
is known as Fick’s law. This is a simple law which does not take into con-
sideration the mutual interaction between the introduced substance and the
medium into which it is introduced or the effect of temperature on this inter-
action. However, there is a certain degree of coupling with temperature and
temperature gradients as temperature speeds up the diffusion process. The
thermodiffusion in elastic solids is due to coupling of fields of temperature,
mass diffusion and that of strain in addition to heat and mass exchange with
the environment.

NowAcK1 [19-22] developed the theory of thermoelastic diffusion by us-
ing coupled thermoelastic model. DUDZIAK and KOWALSKI [10] and OLESIAK
and PYRYEV [23], respectively, discussed the theory of thermodiffusion and
coupled quasi-stationary problems of thermal diffusion for an elastic layer.
They studied the influence of cross-effects arising from the coupling of the
fields of temperature, mass diffusion and strain due to which the thermal
excitation results in additional mass concentration and that generates addi-
tional fields of temperature. GAWINECKI et al. [12] proved a theorem about
existence, uniqueness and regularity of the solution to an initial-boundary
value problem for a nonlinear coupled parabolic system. They used an en-
ergy method, method of Sobolev spaces, semigroup theory and Banach fixed
point theorem to prove the theorem. GAWINECKI and SZYMANIEC [13]| proved
a theorem about global existence of the solution to the initial-value problem
for a nonlinear hyperbolic parabolic system of coupled partial differential
equation of second order describing the process of thermodiffusion in solid
body. Uniqueness and reciprocity theorems for the equations of generalized
thermoelastic diffusion problem, in isotropic media, was proved by SHERIEF
et al. [25] on the basis of the variational principle equations, under restric-
tive assumptions on the elastic coefficients. Due to the inherit complexity of
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the derivation of the variational principle equations, AOUADI [4] proved this
theorem in the Laplace transform domain, under the assumption that the
functions of the problem are continuous and the inverse Laplace transform
of each is also unique. SHERIEF and SALEH [26]| investigated the problem
of a thermoelastic half-space in the context of the theory of generalized
thermoelastic diffusion with one relaxation time. KUMAR and KANSAL [16]
developed the basic equation of anisotropic thermoelastic diffusion based upon
Green—Lindsay model.

ABD-ALLA and ALSHEIKH [1] studied a problem of reflection and refraction of
quasi-longitudinal waves under initial stresses at an interface of two anisotropic
piezoelectric media with different properties. ABD-ALLA et al. [2]| discussed prop-
agation of plane vertical transverse waves at an interface of a semi-infinite piezo-
electric elastic medium under the influence of the initial stresses. BOREJKO [6]
discussed the reflection and transmission coefficients for three-dimensional plane
waves in elastic media. WU and LUNDBERG [29] investigated the problem of
reflection and transmission of the energy of harmonic elastic waves in a bent
bar. SINHA and ELSIBAI 27| discussed the reflection and refraction of ther-
moelastic waves at an interface of two semi-infinite media with two relaxation
times. SHARMA and GOGNA [24] discussed the problem of reflection and refrac-
tion of plane harmonic waves at an interface between elastic solid and porous
solid saturated by viscous liquid. TOMAR and ARORA [28| studied reflection and
transmission of elastic waves at an elastic/porous solid saturated by immiscible
fluids. KUMAR and SARTHI [17] discussed the reflection and refraction of ther-
moelastic plane waves at an interface of two thermoelastic media without energy
dissipation.

In the present paper, the reflection and refraction phenomenon at a plane
interface between an elastic solid medium and a thermoelastic diffusive solid
medium has been analyzed. In thermoelastic diffusive solid medium, potential
functions are introduced to represent three longitudinal waves and one transverse
wave. The amplitude ratios of various reflected and refracted waves to that of
incident wave are derived. These amplitude ratios are further used to find the
expressions of energy ratios of various reflected and refracted waves to that
of incident wave. The graphical representation is given for these energy ratios
for different direction of propagation. The law of conservation of energy at the
interface is verified.

2. Basic equations

Following SHERIEF et al. [25] and KUMAR and KANSAL [16], the basic equa-
tions of homogeneous isotropic generalized thermoelastic diffusive solid in the
absence of body forces, heat and mass diffusive sources are:
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(i) constitutive relations:

(2.1) Oi5 = 2/L€ij + 5ij[)\ekk - ﬂl(T + TlT) — ﬂQ(C + Tlc)],
(2.2) pToS =k + pCp(T + oT) + BiToer + aTp(C + BC),
(2.3) P = —faepp + b(C + 71C) — a(T + 1T);

(i) equations of motion:

(2.4) i i + A+ s — BT +nT),; — Bo(C+7'C),; = piiy;
(iii) equation of heat conduction:

(2.5) pCE(T 4 10T + B1To(épr + etoérr) + aTo(C +~C) = KTy

(iv) equation of mass diffusion:

(2.6) DpBsegyii + Da(T +1T) i + (C +em°C) — Db(C + 71C) 4 = 0,

where 1 = (3A+2u)ay and B2 = (3A+2p)ae; A, p are Lame’s constants, oy is the
coeflicient of linear thermal expansion and «. is the coefficient of linear diffusion
expansion. a, b are, respectively, coefficients describing the measure of thermod-
iffusion and of mass diffusion effects, T' = @ —Tj is small temperature increment;
O is the absolute temperature of the medium; 7Ty is the reference temperature
of the body chosen such that |T'/Ty| < 1, C is the concentration of the diffusive
material in the elastic body. u; are the components of the displacement vector u,
p is the density assumed to be independent of the time, 0, €;; (= 3 (ui; +uj;))
are the components of the stress and strain tensors respectively, ex is the di-
latation, S is the entropy per unit mass, P is the chemical potential per unit
mass, Cg is the specific heat at the constant strain, K is the coefficient of the
thermal conductivity, D is the thermoelastic diffusion constant, k£ is a material

I are diffusion relaxation times with 7! > 70 > 0 and 79, 7 are

constant. 7'0,7'
thermal relaxation times with 71 > 79 > 0. Hare a« = =k =1 = 7! = 0,
e =1, v = 79 for Lord-Shulman (L-S) model and a =19, 8 =72, e =0,y =7
for Green—Lindsay (G-L) model. In the above equations, a comma followed by
a suffix denotes spatial derivative and a superposed dot denotes the derivative
with respect to time.

The basic equations of homogeneous isotropic elastic solid are written as:
(2.7) peug i+ (A + p)ug; = ptig,

where \°, ;¢ are Lame’s constants, uf are the components of the displacement
vector u®, p¢ is density corresponding to isotropic elastic solid.
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The stress tensor of; in the isotropic elastic solid medium is given by:

(28) 0%y = el + Ny

where €f. (= %(u;j + u$,;)) are the components of the strain tensor, ef, is the
dilatation.

3. Formulation of the problem

We consider an isotropic elastic solid half-space lying over a homogeneous
isotropic, generalized thermoelastic diffusive solid half-space. The origin of the
Cartesian coordinate system (z1,x2,x3) is taken at any point on the plane sur-
face(interface) and zs-axis points vertically downwards into the thermoelastic
diffusive solid half-space. The elastic solid half-space occupies the region z3z <0
(medium I) and the region x3 > 0 is occupied by the dissipative thermoelastic
diffusive solid half-space (medium II) as shown in Fig. 1. We consider plane waves
in the z1—x3 plane with wave front parallel to the xs-axis. For two-dimensional
problem, the displacement vectors u® in medium I and u in medium II are taken
as:

(3.1) u® = (uf,0,us), u = (uq1,0,us).

SV

Incident(P or SV)

Elastic solid half-space
(medium 1) x,<0

Contact surface x3=0

Thermoelastic diffusive solid
half-space(medium 1)
x3>0

Xs-aXIS 4

Fic. 1. Geometry of the problem.
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We define the following dimensionless quantities:

, Wiz ,  wizs ,  wiug ,  wius
xl = ’ .11?3 = ) ul = ’ U3 = 9
C1 C1 C1 C1
*, € *o€
’ w1 ’ w1
uf = 2L = A3 t' = wit,
C1 C1
/T B2C
(32) T'= P C' = per
1 1
/ * ! * o’ *_0 1/ x_1
7—0 == wlTO, 7—1 == wlT]_, T == wlT 5 T == wlT 3
. € * *e
o = Tij O_e’ _ Tij P*’ _ 1] xe! __ P
17 ) 7 ) 7 ] - ’
T BT T BT T BT BrTover

where w} = pCpc? /K, c1 = /(A +2u)/p.
Upon introducing the quantities (3.2) in Egs. (2.4)—(2.6) with the aid of (3.1)
and after suppressing the primes, we obtain:

(3.3) (1= 6% [ur11 + ug 3] + 6% [uri1 +uiss] — 7 Ta — 7.C1 = i,
(3.4) (1= 6%)[u1,13 + us,33) + 0*[uz 11 + ug 33] — 77 T3 — 7. C 3 = i,
(3.5) Thy+ T3 = 70T + Qr0C + Grllin g + s 3),

(3.6) ¢ilut i1 + w1133 + us 11 + ug 333

+ ¢3¢ [Ta1 + T3] — ¢57,[Ca1 + Cag] + 79C = 0,

where
2
Co = Ha 62 = C_gv
p 1
aToci BTy
G = s G2 = %
wiK (o pKw}
= Duw? 32 g = Dwi Baa = Dwy
1 pczll ’ 2 ﬁlc% ) 3 C% )
0 0 0
1
T :1—1—7‘15, 761:14-7‘1&, 7't0:1+7'0&,
0 0 0
Tcozl—i—’ya, 7'221—1-67’05, 7')9:1—0—87'0&.
We introduce the potential functions ¢ and ¥ through the relations:
0 0 0 0
(3.7) u1__¢__¢ __¢+_¢

8$1 8:E37 al’g 8ZE1 ’
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where ¢ and v are the displacement potentials of longitudinal and transverse
waves.
Substituting equation (3.7) in Egs. (3.3)-(3.6), we obtain:

(3.8) V2 — T —1lC =4,
b

(3.9) Vi) — 70
(3.10) V2T = )T + 7C + GrlV3e,
(3.11) GV o+ VT — g5 VPC + T)C =0,
where o2 o

Vi= 24 2

Ox? * Ox3

Assuming the motion to be harmonic, we can write:
(312) {¢7¢7Ta C}(l’l,l’g,t) = {Q_Sa’(zjafv C}e_LWt7

where w is the angular frequency of vibrations of material particles. Substituting
the expressions of ¢, ¥, T, C into Eqgs. (3.8)—(3.11), we obtain:

(3.13) V2 + e — T — 10 =0,
o W
(3.14) [v + 5—2] Y =0,
3.15) ~Gr Vo + [V2 = 7T = (7 "C =0,
(3.16) GV + VT — g5 VP — 7410 =0,
where
Ttll =1— wry, TCH =1—wr!, Ttlo = —w(l — w),
70 = (1 — wy), 710 = — (1 — wer), T}O = —1w(1 — wet?).

Equations (3.15) and (3.16) of this system are solved into two relations, given
by:

(3.17) {570 70 + GGV = om0V} ¢

= (V! — g0 + 7+ g GOV + OO T,

(3.18)  A{GVe+ e erl — ¢ Ve

={@m 'V =g 0 + 0+ i GV 4 0r0hC
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Using relations (3.17) and (3.18) in Eq. (3.13), we obtain:
(3.19) [G1V6 + G2V4 + G3V2 + G4]$ =0,
where

Gi = (¢t — g§)rt,
Go =0+ (at + )amin ! + (63 + ap)art 70
— (g — ¢3)m°r — i,
Gy = 710? — 7% - Gr1719) 1 g5riO7? 4 3G

C
Gy = —w27'}07't10.

The general solution of Eq. (3.19) can be written as:

(3.20) ¢ = é1+ P2 + ¢3,

where the potentials ¢;, i = 1,2, 3 are solutions of wave equations, given by:
5  w?l- .
(3.21) [V + W} ¢; =0, i=1,2,3.
(3

Here V1, V5 and V3 are the velocities of three longitudinal waves, that is, P, MD
(Mass Diffusive) and T (Thermal) waves and derived from the roots of cubic
equations in V2, given by:

(3.22) G4V6 — G3w2V4 + G2w4V2 — G1w6 =0.

From Eq. (3.14), we obtain:

w?

3.23 v?
(3.23) [ +V42

J =0,

where V4 = § is the velocity of transverse wave.
Making use of Eq. (3.20) in Eqgs. (3.17) and (3.18) with the aid of Eqgs. (3.12)
and (3.21), the general solutions for ¢, T and C' are obtained as:

3

(3.24) {6, 7,C} = {1,ni,ki}oi,

=1
where
11 1 1 4 10,-1 2772
[q‘;Tc CQTeO + qTCﬂ—cO]w + CQTeOTfow ‘/z
.

i = 10,.101/4 110 10 11, 1 2 1,40
TV + g3t + 70+ @ Q70w Vi + girdtwt
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6 11+ 10 107, 47,2
—qiw’ + (@37 Qe — gy WY

ki =
VPPV g o g GV + g

i=1,2,3.

Applying the dimensionless quantities (3.2) in Eq. (2.7) with the aid of (3.1) and
after suppressing the primes, we obtain:

2 2 2
(ae _ /86 ) ﬂe .
(3.25) 2 [uf 11 + 3 13] + 6_2[“311 + ui s3] = i1,
1 1
2 2 2
(ae _ IBE ) ﬂe .
(3.26) 2 [uf 15 + u§ 53] + C_Q[U§,11 + ug 53] = s,
1 1

where a® = /(AN +2u®)/pe, B¢ = /pu¢/p® are velocities of longitudinal and

transverse waves corresponding to medium I, respectively.
The components u{ and u§ are related by the potential functions as:

L TP N L

= — Us =
ox1 0xs ’ 3 Oxs 01 7

(3.27) uf

where ¢¢ and ¢ satisfy the wave equations as:

¥
%

q'ge

0/2 )

(3.28) V3¢t = V2ye

where o/ = /¢y and ' = 3¢/c;.

4. Reflection and refraction

We consider a harmonic wave (P or SV) propagating through the isotropic
elastic solid half-space and is incident at the interface x5 = 0 as shown in Fig. 1.
Corresponding to this incident wave, two homogeneous waves (P and SV) are re-
flected in isotropic elastic solid half-space and four inhomogeneous waves (P, MD,
T and SV) are refracted in isotropic thermoelastic diffusive solid half-space.

In elastic solid half-space, the potential functions satisfying Eq. (3.28) can
be written as

(41> ¢e _ Age[uu{(xl sin 0p+x3 cos 0p) /o’ —t}] + Aie[uu{(:m sin 01 —x3 cos 91)/a’—t}]?

(42) Qpe _ Bge[uu{(:rl sin Qg+x3 cos 0p) /B’ —t}] + Bfe[u.u{(:pl sin 03 —x3 cos@g)/ﬁ’ft}]'

The coefficients Af, Bf, A{ and B{ represent the amplitudes of the incident P
(or SV), reflected P and reflected SV-waves, respectively.
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Following BORCHERDT [5], in isotropic thermoelastic diffusive solid half-
space, the potential functions satisfying Egs. (3.21) and (3.23) can be written
as:

3

(4.3) {6,T,C} = {1,n;,ki} BielAim)eltPir—eil}
i=1

(44) 1/} — B46(A4-r)€{L(P4.r7wt)}.

The coefficients B;, i = 1,2, 3,4 represent the amplitudes of refracted P, MD,
T and SV-waves, respectively. The propagation vector P;, ¢ = 1,2,3,4 and
attenuation factor A;, i = 1,2,3,4 are given by:

(4.5) P; = {pl1 +dVipds,  Aj=—{pi1—dViges, i=1,2,3,4,
where

w2 1/2
(4.6) AV, = dVig + 1dVi; = p.v.(W _ §2> i=1,2,3.4.

and £ = &g + (& is a complex wave number. The subscripts R and I denote
the real and imaginary parts of the corresponding complex quantity and p.v.
stands for the principal value of the complex quantity obtained after square
root. &g > 0 ensures propagation in the positive xi-direction. The complex
wave number £ in the isotropic thermodiffusive elastic solid medium is given by:

(4.7) €= |Pi|sin®, — o |A;|sin(0; — ), i=1,2,3,4,

where ~;, ¢ = 1,2,3,4 is the angle between the propagation and attenuation
vector and 6}, i = 1,2,3,4 is the angle of refraction in medium II.

5. Boundary conditions

The boundary conditions to be satisfied at the interface x3 = 0 are:
(i) continuity of stress components:

(5.1) 053 = 033,

(5.2) 051 = 031;
(ii) continuity of displacement components:

(53) ’LLT = ui,

(5.4) u§ = us:
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(iii) thermally insulated boundary:

orT
5.5 — =0;
655 oo
(iv) impermeable boundary:
oC
5.6 — =0
(5.6) s

Making the use of potentials given by Eqs. (4.1)—(4.4), we find that the boundary
conditions are satisfied if and only if:

wsinfy wsinf; wsinby

(57) ER - ‘/E) Oé, - /8, )
and

(58) 5[ - 07

where

(5.9)

Ve o/, for incident P-wave,
0718, for incident SV-wave.

It means that waves are attenuating only in xz-direction. From Eq. (4.7), it
implies that if |A;| # 0, then v; = 0., i = 1,2, 3,4, that is, attenuated vectors
for the four refracted waves are directed along the xs-axis.

Using Egs. (4.1)—(4.4) in the boundary conditions (5.1)—(5.6) with the aid of
Egs. (3.7), (3.27), (5.7)—(5.9), we get a system of six non-homogeneous equations
which can be written as:

6
(5.10) Zdijzj = gi,
7j=1

*

where Z; = | Z;] Vs, | Z;]| %, 7 =1,...,6 represent amplitudes ratios and phase
shift of reflected P-, reflected SV-, refracted P-, refracted MD-, refracted T- and
refracted SV-waves to that of incident wave, respectively.

2
dVg
dip = 2p° (g—R> — pei, di2 = 2M65—R—ﬁ )
w w o ow
d dV.,
dis = 2M€—RE7 do1 = 2M65—R£7
w o w wow

{2 ()] o[- (2]
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AV dV;
d31=§—R, dgg = —2 , dgg = —2,
w w w
AV
dy = — , d42=€—R, d46:_€_R7
w w w

ds1 =dsa = dse =0, de1 = de2 = dgs = 0,

2 2 2 11 11
% ci(nm ™ + kyT, av;
ity =N (D) + TGy =T

w? w w
AV dV: dV; )
dgj:—%, d4j=—737 d5j:nj7]a d6j:kj7]7 J =345,

AV 1 (\\ (1 si?0\Y? dVy (1 sin?6\"?
w - a’? w - a’? V02 ) w - ﬁ/2 VOQ ’

dv; 1 sin?6\?
“o—pv | — - =1,2,3,4.
w pV<V72 ‘/v02 ) .7 ) 7 9

Here p.v. is evaluated with restriction dVj; > 0 to satisfy decay condition in
thermoelastic diffusive medium. The coefficients ¢;, ¢ = 1,2,3,4 on the right
side of the Eq. (5.10) are given by:

(i) for incident P-wave:

(6.11) g1 =—du1, g2=da, g3=—ds1, ga=du, ¢g5=0, gs=0;

(ii) for incident SV-wave:

(5.12) g1 =di2, g2=—da, g3=ds2, ¢g1=—ds2, g5=0, gs=0.

Now we consider a surface element of unit area at the interface between two
media. The purpose is to calculate the partition of energy of the incident wave
among the reflected and refracted waves on the both sides of surface. Following
ACHENBACH [3], the energy flux across the surface element, that is, rate at which
the energy is communicated per unit area of the surface is represented as:

(513) P = Ulmlmula

where oy, is the stress tensor, [,, are the direction cosines of the unit normal 1
outward to the surface element and ; are the components of the particle velocity.

The time average of P* over a period, denoted by (P*), represents the average
energy transmission per unit surface area per unit time. Thus, on the surface
with normal along xs-direction, the average energy intensities of the waves in
the elastic solid half-space are given by:

(5.14) (P*®) = Re(0)%; Re(itf) + Re(0)Ss Re ().
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Following ACHENBACH [3], for any two complex functions f and g, we have:

(5.15) (Re(f)Re(9)) = 5Re(f.9).

The expressions for energy ratios E;, i = 1,2 for the reflected P- and reflected
SV are given by:

(rre)y
5.16 E,=——-+ =1,2
( ) 7 <P6ke>7 ? <
where
4 e 2 4 e 2
* w C % w C
(Pr) = S |21 Relcosth), (P5) = 57| 2 Re(cos ),

and

(i) for incident P-wave:

4 e .2
(5.17) (Prey = =225 cos by
«
(ii) for incident SV-wave:
4 e .2
(5.18) (Py°) = —&/cl cos fo;

are the average energy intensities of the reflected P-, reflected SV-, incident P-
and incident SV-waves respectively. In Eq. (5.16), negative sign is taken because
the direction of reflected waves is opposite to that of incident wave.

For thermoelastic diffusive solid half-space, the average energy intensities of
the waves on the surface with normal along z3-direction, are given by:

(5.19) (Pj) = Re(o){] Re(a”) + Re(o)] Re(af).

The expressions for energy ratios Ejj, i,j = 1,2,3,4 for the refracted P-, re-
fracted MD-, refracted T- and refracted SV-waves are given by:

(P5)

(5.20) E;; = (Prey’

i,j=1,2,3,4,

where
dV; R €
(P5) = —w'Re {{2u—v£—R§—R
W ow w

2 2 2 11 11 T
dV; ci(nim + kit dV ; -
~(8) #a(T) e T e

w?
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dV; £ dV:
(P = —w4ReH g it Vs
w w w
2 2 11 c
dv; itk 7
+ {)\<€—R> + pq( > + pei(mry 5 T >}€_R}Zi+2Z6]a
w w w w

2
e = —otme (38 - (D))o S N 7).

w
2
il () - (2 )2 )]
w w w w ow w

The diagonal entries of energy matrix E;; in Eq. (5.20) represent the energy
ratios of P, MD, T and SV waves, respectively, whereas sum of the non-diagonal
entries of E;; gives the share of interaction energy among all the refracted waves
in the medium and is given by

4

(5.21) Erp = Z(i By — E)
j=1

=1

The energy ratios E;, ¢ = 1,2, diagonal entries and sum of non diagonal entries
of energy matrix F;;, that is, F11, Eag, E33, 44 and Erg yield the conservation
of incident energy across the interface, through the relation:

(5.22) Ey+ By + Ei + FEao + E33 + Egg + Err = 1.

6. Particular cases

1. In the absence of diffusion effect, that is, if we take a = (o = 0 in the
Egs. (5.10) and (5.20), we obtain the corresponding expressions for amplitude
and energy ratios of reflected P-, reflected SV-, refracted P-, refracted T- and
refracted SV-waves to that of incident wave. In these expressions the velocities
V1 and V3 are derived from the roots of quadratic equation in V2, given by:

(61) Tt10V4 4 ((.d2 C 11 10) _ w2 —_ 0’
and the coupling coefficients n;, i = 1,3 are given as

10, 2
n'—L i=1.3
i= opzg gz YT

Vi tw
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2. Further, in the absence of thermal and diffusion effects, that is, if we take
a =0 = 2 =0 in Egs. (5.10) and (5.20), we obtain the corresponding ex-
pressions for amplitude and energy ratios of reflected P-, reflected SV-, refracted
P-, and refracted SV-waves to that of incident wave which are similar to as ob-
tained in EWING et al. [11] by changing dimensionless quantities into physical
quantities.

7. Numerical results and discussion

With the view of illustrating theoretical results obtained in the preceding
sections and comparing these in the context of various theories of thermoelastic
diffusion, we now represent some numerical results for copper material[26], the
physical data for which is given below:

A =776 x 101 Kgm~1s72, ©=3.86 x 10'° Kgm~'s72,

Ty = 0.293 x 10° K, Cp = 0.3831 x 10° JKg 'K 1,

ap =178 x107° K1, . =1.98 x 107* Kg~'m?,
a=1.2x10* m%s 2K 1, b=9x 10° Kg 'm®s~2,

D =0.85x10"% Kgsm™, p =8.954 x 10> Kgm™3,

K =0.383 x 10> Wm 'K~ L.
The relaxation times are:
0=02s, 7 =09s, 7°=03s, 7'=08s.

Following BULLEN [7], the numerical data of granite in elastic medium is given
by:

p¢=265x10° Kgm™3, a°=527x103ms™!, [°=3.17x10°ms .

The software Matlab 7.0.4 has been used to determine the values of energy
ratios F;, ¢ = 1,2 and an energy matrix E;;, 4,57 = 1,2,3,4 defined in the
previous section for different values of incident angle (6y) ranging from 0° to 90°
for fixed frequency w = 2 x m x 100 Hz. Corresponding to incident P and SV
waves, the variations of these energy ratios with respect to angle of incidence
have been plotted in Figs. 2-8 and Figs. 9-15, respectively. In all the figures, the
vertical and horizontal lines correspond to L-S(LSD) and G-L(GLD) theories of
thermoelastic diffusion.
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Fia. 3. Variations of energy ratio (E2) with respect to angle of incidence (6y) for P-wave.

Incident P-wave

It is clear from Fig. 2 that for both LSD and GLD theories, the values of
energy ratio F; decrease with the increase of the angle of incidence (6p) from
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F1c. 5. Variations of energy ratio (E22) with respect to angle of incidence (6p) for P-wave.

0° to 63°, and then increase as 6y increases further. Figure 3 shows that the
values of energy ratio Ey increase up to at 6y = 69° and thereafter decrease
continuously. Figure 4 indicates that for LSD theory, initially for a small range,
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F1c. 7. Variations of energy ratio (E44) with respect to angle of incidence (6p) for P-wave.

the value of energy ratio F7; increases slightly, but then decreases dramatically.
On the other hand, for GLD theory, value of E1; decreases for all values of 6.
Figure 5 depicts that the values of energy ratio F9s increase up to half-stage and
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F1a. 8. Variations of energy ratio (E44) with respect to angle of incidence (6p) for P-wave.

after that decrease rapidly. From Fig. 6, it is evident that initially, the values
of energy ratio Fs3 fluctuate as 0y increases, but finally decrease. From Fig. 7,
it is noticed that values of energy ratio F44 increase to their highest values at
0 = 72° and then decrease continuously. Figure 8 shows that initially, the values
of energy ratio Err show oscillating behavior in the initial stage, but after that
decrease slowly and steadily. It is noticed that the sum of the values of energy
ratios 1, Fo, Fq1, Foo, E33, E4y and Egrgr is found to be exactly unity at
each value of 6y which proves the law of conservation of energy at the interface.
However, if we examine Figs. 2-8 closely, we find that sum does not look to be
unity. The reason is that we are plotting 3D graphs in origin software. On the
other hand, if we plot 2D graphs in any other software, the sum will come out
exactly as unity. If we compare two theories in all figures, we find that the values
of F1, Fy, F9s, ERrr are higher in GLD theory in comparison to LSD theory
and the values of F11, F33, F44 are more in LSD theory as compared to GLD
theory.

Incident SV-wave

From Fig. 9, it is evident that there is a rapid increase in the values of
energy ratio Fj initially, but after § = 36° and onwards, values of energy
ratio F; decrease and become negligible small. Figure 10 depicts that the
values of energy ratio Fs initially fluctuate, but finally reach to nearly unity.
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F1G. 9. Variations of energy ratio (E1) with respect to angle of incidence (6y) for SV-wave.
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F1c. 10. Variations of energy ratio (E3) with respect to angle of incidence (6p) for SV-wave.

Figure 11 indicates that the values of energy ratio Fy; decrease continuously
for both LSD and GLD cases. Figures 12 and 13 show that the values of
energy ratios FE9o and Fs3 oscillate up to a certain stage and after that
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Fia. 12. Variations of energy ratio (E22) with respect to angle of incidence (6p) for SV-wave.

become very small. Due to small values of Fq; and FEao, the values of E1;
and Fa are magnified by 10° and 103, respectively. We notice from Figs. 14
and 15 that firstly, the values of energy ratios F44 and ERrpr show fluctuating
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F1a. 14. Variations of energy ratio (E44) with respect to angle of incidence (6p) for SV-wave.

behavior and then decrease continuously. Like in case of incident P-wave,
the sum of all energy ratios is also found to be unity in case of incident
SV-wave.
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F1a. 15. Variations of energy ratio (Err) with respect to angle of incidence (6p) for SV-wave.

8. Conclusions

In the present article, the phenomenon of reflection and refraction of obliquely
incident elastic waves at the interface between an elastic solid half-space and
a thermoelastic diffusive solid half-space has been studied. The four waves in
thermoelastic diffusive medium are identified and explained through different
wave equations in terms of displacement potentials. Due to the presence of dis-
sipation, the waves in thermoelastic diffusive medium are considered to be inho-
mogeneous waves. The energy ratios of different reflected and refracted waves to
that of incident wave are computed numerically and presented graphically with
respect to the angle of incidence.

From numerical results, we conclude that the effect of angle of incidence on
the energy ratios of the reflected and refracted waves is significant. The sum
of all energy ratios of the reflected waves, refracted waves and interference be-
tween refracted waves is verified to be always unity which ensures the law of
conservation of incident energy at the interface.
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