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Invariants of a Cartesian tensor of rank 3
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GENERAL METHODS ARE APPLIED to find complete sets of invariants of a tensor of
rank 3. When the results are specialized to the piezoelectric tensor, it is found that the
tensor has no linear invariant. Also under SO(2), as well as SO(3), the piezoelectric
tensor has five quadratic invariants. The sets of invariants are complete.
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1. Introduction

LET ¢k, 4, J,k,1 = 1,2,3, DENOTE COMPONENTS of the elasticity tensor. It is
well-known that a complete set of linear invariants of the tensor, under SO(3),
consists of the following two invariants:

C1 = c11 + c22 + ¢33 + 2(c12 + c23 + c13),
Cy = c11 + c22 + ¢33 + 2(caa + ¢55 + co6),

where, in the above, the familiar two-index notation has been used. For example
Co3 = C2933 and cs5 = 1313, ete. [5, 6]. Note that if the above notation is used
for the stiffness tensor, then a slightly different representation has to be adopted
for the compliance tensor [11, Ch. 3|. The completeness of the above set means
that any other linear invariant of the tensor must be a linear combination of
the two members of the set. Invariants of a tensor play an important role in
describing the physical phenomena. For example, consider an arbitrary set of
mutually orthogonal unit vectors n;, i =1,2,3. Let v;(n;), j = 1,2,3, denote
the velocity of a body wave propagating in the direction specified by n;. Then

> C
(vi(n1))? + (vj(n2))* + (vj(n3))* = 72,
=1

J

where p denotes the density of the material [3]. VANNUCCI [14] has given an
excellent description and examples of practical usefulness of tensor invariants.
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In [13], TING initiated the study of invariants of the product tensor, CijkiCpgrss
called the quadratic invariants of the elasticity tensor, and he found two in-
variants of this tensor. This number was increased to four by AHMAD [1]. The
question of completeness remained open until NORRIS [8] showed that the set
of seven quadratic invariants comprising four of AHMAD [1] and C%,C3,C1Cs,
indeed form a complete set. It should be noted that a quadratic invariant of
a tensor T is the same as a linear invariant of the product tensor T ® T.

The task of checking the completeness of a set of invariants is made easier
if one knows a priori the number of elements in the set. The following result of
AHMAD and RASHID [2] is fundamental in this regard.

THEOREM 1. The number of linear invariants of a tensor of rank r under
SO(2) or SO(3), is the same as the dimension of the space of isotropic tensors
of rank r, respectively in two or three dimensions.

An immediate corollary of the above Theorem is

COROLLARY 2. A tensor of odd rank defined over a space of an even dimen-
ston has no linear invariant.

By employing the methods of group theory, [4], the following results were
established in [2, 10]:

THEOREM 3. The number of independent linear invariants of a tensor of rank
r under SO(2) and SO(3), respectively denoted by I>(r) and I3(r), is given by

0 if r is odd,
Ia(r) = Til if r is even
((r/2)1)? ’

l(r+1— 3i)
Iy(r) = ; M+ 1— 20

where [T’—erl] denotes the largest integer less than or equal to

==y

It may be mentioned that the expression for I3(r) is equivalent to a result
of RACAH [9]. The number of invariants may be less than Iy(r) or I3(r), if the
tensor has symmetry with respect to one or more pairs of indices.

Invariants of a tensor of rank 3 play a significant role when electromechan-
ical coupling exists. JERPHAGNON [7| used invariants of the third-rank Carte-
sian tensor to describe optical phenomenon. SCHRODER and GROss [12] have
developed an invariant formulation of the electromechanical enthalpy function
for the transversely isotropic materials. From Theorem 1, it easily follows that
a Cartesian tensor of rank 3 can have only one linear invariant. However, it
may have several quadratic invariants and VANNUCCI [14] has used the method
of polar analysis to find invariants of the plane piezoelectric tensor under the
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special orthogonal group SO(2), i.e. the indices are constrained to take values
1 and 2 and the coordinate transformations are represented by the rotation
matrix

cosp  singp
—sing cosp|’

He found four independent quadratic invariants and one invariant of the fourth
order. We shall apply results of Theorems 1 and 2 first to find linear as well as
quadratic invariants of a tensor of rank 3, not only with respect to SO(2) but
also SO(3). Specialization to the piezoelectric tensor yields zero linear invariant
and five quadratic invariants under both SO(2) and SO(3).The set of invari-
ants, with respect to SO(2) i.e. the plane invariants, is equivalent to the results
of VANNUCCI [14].

2. Invariants of a tensor of rank 3

2.1. Invariants under SO(3)

Let Tjj; denote components of a tensor of rank 3. First we shall find the
invariants without any assumption of symmetry, later we shall specialize to the
case of piezoelectric tensor which is symmetric with respect to the last two
indices. Theorem 3 predicts one linear invariant. Also the permutation tensor,
€ijk, 15 the only isotropic tensor of rank 3 in three dimensions. Thus the only
linear invariant of T is the following;:

(2.1) L = €T = Th23 + To31 + T312 — T321 — T30 — T213.

The piezoelectric tensor e;j; has symmetry with respect to the last two in-
dices. It is obvious that if we replace Tj; by e;;x in the above expression, we get
L = 0. Thus there is no linear invariant of the tensor with respect to SO(3). Also,
by the Corollary of Theorem 1, no linear invariant exists with respect to SO(2).

Next we consider quadratic invariants of the tensor i.e. linear invariants of
T3k Tpgr, which is a tensor of rank 6 such that the first three and the last
three indices can be interchanged, i.e. it has the symmetry ijk < pqr. Ap-
plying Theorem 3, we find I3(6) = 15. Also tensors of the form 6;;0k,d4r,
with the indices permuted among themselves, are isotropic tensors of rank 6.
Their number is (g) = 15. Since every isotropic tensor must be of this form,
we conclude that this set is complete. From this set, we choose those mem-
bers which have the required symmetry ijk < pgr. This gives us the following
tensors:
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6ij5kr6pqa 5ik6jq5pra 5ip5jk5qr7 6ip5jq5kra 6ip5jr5kqa 5iq5jp5kr7

1 1
(22)  0irdjgdrp, 5 (0i0kpOqr + 0irdjndpq)s 5 (0j0kqOpr + Oikdjrdpq),
1

1
5(5ik5jp5qr + 5iq5jk5pr)a 5(5iq5jr5kp + 5i7’5jp5kq)'

Thus we get the following complete set of quadratic invariants of T;;, under

SO(3)
Ty = Ty Tppk, Ty =T Tyip, T3 =TijiTiqq,  Ta = TijkTijk,
T5 = Tk Tikjs Ts = TijkTyik, T7 = TijkTyjis

1
TS = 5(,Tukaqq + Ejijpi) = Eikappa

1
(2.3) Ty = §(TiikTpkp + Ti5iTpp;)s

1
Tho = 5(T3jiTieq + Tigi Tyin),

1
Ty = §(Tijkaij + T L)
Since L is a linear invariant of Tjjy, L? must be a quadratic invariant of the ten-
sor and it must be possible to express L? as a linear combination of the members
of (2.3). To see this, we use the identity

L? = €ijk€pgr Lijk I pgr
= (5ip5jq5kr_5i7’5jq5kp+5iq5jr5kp_5ip5jr5kq+5ir5jp5kq_5iq5jp5kr)ﬂjkqur
=Ty —T5—T6 —T7 +2 T1;.

2.2. Invariants under SO(2)

Consider the tensor Tjj, i,j,k = 1,2. The matrix representing a rotation
through an angle ¢ is

(2.4) [ cosp  sin cp] 7
—sinp cosy

and the coordinate transformations form the special orthogonal group SO(2).
Now we have a tensor of rank 3 in two dimensions. Such a tensor is usually
called a plane tensor. By Corollary 2, no linear or cubic invariant of the tensor
exists. We look for the linear invariants of the product tensor T;;,T}q,. It has
rank 6 in two dimensions. From Theorem 3, I5(6) = 20. This means that there
are 20 independent isotropic tensors of the form 6;;0xpdq, Or 05;01€4r. In three
dimensions, there were 15 independent tensors of the first type. This number
reduces to ten in two dimensions because of identities of the form
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eijkepqr = 5ip5jq6kr — (5,~r<5jq5kp + 5iq6jr6kp — 6ip6jr5kq + 5i7’5jp6kq — (5,~q5jp5kr,
and the fact that, in two dimensions, the left side vanishes.

A complete set of nine independent tensors of the first type, with the sym-
metry ijk < pgr, is found to be

(5ij5kr(5pq, 5ik6jq5p7’7 5ip5jk5q7’7 5z'p5jr5kqa 5ir5jq5kpa 5iq5jp5krv
1 1
(25) 5(6iq5jk5pr + 5jp5qr5ik)a 5(5iq5jr5kp + 5ir6jp6kq)a
1
5(5ir5jk5pq + 0ijOkplar)-

A similar calculation with tensors of the form d;;0x;€4 produces the following
set of independent tensors with desired symmetry:

1 1
5(5ik5pq€jr + 5ij5pr6kq)7 5(57210616(16]'7’ + 5ip5j?“6kq)=

1 1
06 5(5iq5kp€jr + 0irOjpng) 5(5ir5kq€jp + Okpdjr€iq),
2.6

1 1

5(5i7’5jp€kq + 5kp5iq€rj)a 5(5ir5jq5kp + 5kp5jq€ri)a
1

5(5ip5jk€qr + 5ip5qr€jk)'

Combining (2.5) and (2.6), we have the following set of sixteen plane quadratic
invariants of the tensor Tjj;:

Ml = EikTppka M2 = Ej’iijpa M3 = Ejjﬂqq;
My = T T, Ms = T;jx Ty, Mg = T Tji,

1 1
M7 = 5 (T Tpip + TijiTiaq). Ms = 5 (TijeThij + TijuTini),
1 1
(2 7) M9 = 5(,Tijijpi + ,Tiikaqq)a MlO = §(€jrﬂjiTppr + Ekq,—riikqup)y
1 1
My = §(€erijkTikr + ergTijrTigs), Mo = §(Gerijkair + ergTijrTgi)s

—_

1
M3 = §(€jpTijkTpki + €igTijkThqi)s  Mia = = (ergTijeTigi + €riTijiThir),

=N

1
Mis = 5 (erpTijiTpji + erilignThjr), - Mie = 5(eqrTijjTigr + € TijhTigq)-

In the above, it is understood that a repeated index is summed over. The tensor
€;j is the permutation tensor in two dimensions with €12 = —€21 = 1, €11 =€22=0.
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Also note that, although in 73, ¢ = 1,...,11 and M;, i = 1,...,16 a pair of
expressions may appear identical, but they represent distinct invariants due to
different ranges over which the indices take their values. For example,

Ty = Tyt Tppre = (Tu11 +Too1 +T331)° + (Th12+ Tooo +Ta32)* + (Th13 + Thos + Th33)?,

but
My = Ty Tppk = (Th11 + Ta21)? + (Ti12 + Tozo)?.

3. Quadratic invariants of the piezoelectric tensor

The piezoelectric tensor e;j, is symmetric with respect to the last two indices
i.e. e;;, = ejx;. In this Section, we shall find complete sets of quadratic invariants
of ejj, both under SO(3), as well as SO(2), by simply replacing Tj; by e;;p in
the results of the last section and using its symmetry to simplify the expressions.

3.1. Invariants under SO(3)

Quadratic invariants of Tj;, without any assumption of symmetry, are given
n (2.3). When we replace Tj;j, by e, we find that, due to symmetry in the last
two indices, the following relations exist among invariants:

1> =17, T5 =Ty, Ty =11,
1
Ts=T7, Tw=Ts, Tiu= §(T6 +T7) = T,

leaving only five of them to be linearly independent. Thus a complete set of
quadratic invariants of the piezoelectric tensor consists of the following five mem-
bers, corresponding to 1,715, Ty, Tg and Tg.

Ei = eiikeppr = €11 T €f5 + elg + €3y + €3y + e + ey + ey + ey
+ 2e16€e92 + 2€e15e94 + 2€11€96 + 2e15€e33 + 2e04€33 + 2e16€34
+ 2eg0e34 + 2e11635 + 2eg6€35,

By = ejjjeiqq = €11 + €1z + €13 + €31 + €3 + €53 + €3 + €35 + €33
+ 2e11e12 + 2e11€13 + 2e10€13 + 2eg1€22 + 2e21€23 + 2e2€03
+ 2eg1e32 + 2e31e33 + 2e3oe33,

E3 = ejjpeije = €11 + €1o + €13 + €31 + €55 + €53 + €3 + €3 + €33
+2(efy + efs + elg + €3y + €35+ e3g + €y + eds + €dg),

Ey = ejjrejix = e%l + 6%5 + 6%6 + e%z + 6%4 + 6%6 + e§3 + e§4 + e§5
+ 2e16€e21 + 2€e14€e95 + 2€10€96 + 2e15e31 + 2e04€39 + 2e€93€34

+ 2e13€35 + 2e14€36 + 2€95€36,
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2 2 2
Es = ejirerpp = €11 + €39 + €33 + e11e12 + e11e13 + e16e21 + e16€22
+ e21€22 + €16€23 + €22€23 + €11€26 + €12€96 + €13€26 1 €15€31
+ ea4€31 + €15€32 + €24€32 + €15€33 + €24€33 + €31€33 + €32€33

+ e21€34 + €e22€34 + €23€34 + €11€35 + €12€35 + €e13€35.

In the above, we have used the commonly used two index notation. Thus eg5 =
€313 = €331, €26 = €212 = €321 etc.

3.2. Independence of the invariants
The set of invariants {E1, .., E5} will be linearly independent if the condition
(3.1) arEy+---+asE5 =0,

holds if and only if a1 = a2 = --- = a5 = 0, for arbitrary values of parameters
ia, t =1,...3, a =1,...,6. In (3.1), let e356 = 1 and let all other parameters
vanish. This leads to as = 0. Subsequently, when we fix one or more parameters,
we shall understand that all other parameters have been made to vanish without
actually mentioning it. Letting ejo = 1, this gives as = 0. Thus (3.1) reduces to

(3.2) a1 By + ayEy + asE5 = 0.
In (3.2) let e;5 = 1. This leads to
a1+ aqg = 0.
Let ea; = ego = 1. This gives
a1+ aq + 2a5 = 0.
Finally, e;; = eg¢ = 1 produces the equation
4aq 4 2a4 + 2a5 = 0.
Thus a; = ag = -+ = a5 = 0, hence the set {F1, ..., F5} is linearly independent.
3.3. Invariants under SO(2)

In M;, i = 1,...,16, replace Tj;; by e;j;. Symmetry of the tensor leads to
the following relations

1
My = My, Ms = Mg, M7=§(M1+M3—M4+M5),
1
Mg = §(M5 + M) = Ms, Mgy = My,

Mg = M1 = M2 = M3 = My = Mg = 0.
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Thus a complete set of invariants consists of five invariants corresponding to
My, M3, My, M5 and M;js. Using the two index notations, the expressions for
these invariants become
2 2 2 2
Fy = ejpeppr = €11 + €59 + €7 + €56 + 2e16e22 + 2e11 €96,
2 2 2 2
F2 = €45j€iqq = €11 + €12 + €91 + €99 + 2611612 + 2621622,
2 2 2 2 2 2
Fy = ejjreijr = €11 + el + €51 + ez + 2(ejg + e3g),

2 2 2 2
F4 = eijkekij = €1 + €99 + €16 + €9 + 2616621 + 2612626,

1

Fs = §(€kpeijk€pji + €ri€ijrerjr) = 2(e11€21 — e11€16 — €12€16

— €e12€22 + €21€26 + €22€96.

Linear independence of the set {F},..., F5} can be established in a manner
similar to the one used for {Ey,..., F5}.

In [14] VANNUCCI used polar analysis to derive five plane quadratic invari-
ants, D1, ..., D5 Ignoring the factor of 1/8, his invariants, in the present nota-
tion, are as follows:

Dy = e + 2e11e36 + 2 + €31 + 2 +edy —ely+2

1= €11 11626 €21€16 T €21 €22€16 T €32 — €12 €12€26,

Dy = 2(e11€21 — e11€16 — €12€16 — €12€22 + €21€26 + €22€26),
2 2 2 2

D3 = €11 + 2611612 + €91 + 2622621 + €99 + €19,

Dy = €}, — 2e11e12 + derrexs — dearers + €5 — 2ea1€22 + dergens
+ €3y + efy — derzens + deig + et

D5 = €3, — 2eq1e19 — dejers + degrers + €3 — 2ea1e90 — dejgens
+ e%z + e%z + 4ejsegs + 46%6 + 46%6.

Each member of the above set can be expressed in terms of Fi,...,F5 in the
following manner:

Dy = Fy — F5 + Fy,
D, = F5, D3 = F3,
Dy = 2F) — F» + 2F5 — 2F),
Dy = —2F, — I 4+ 2F3 + 2F).
Because of the relation D? + D3 = D3Dy [14], it is possible to express any one of

them in terms of the other three. This means that only four of the plane invariants
are independent. This led to Vannucci’s dropping of Dy from his list of invariants.



INVARIANTS OF A CARTESIAN TENSOR OF RANK 3 391

On the other hand, since none of the D;, i =1,...,50r F;,i=1,...,5, can be
expressed as a linear combination of the other four, each of the sets {Dy,..., D5}
and {Fi,...,F5} is linearly independent. Both sets are complete in the sense
that any quadratic invariant of the piezoelectric tensor e;;r must be a linear
combination of members of the set. However, the set {F},..., F5} is simpler in
appearance since each member contains only six terms, compared to twelve of

D4 and D5 .
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