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Invariants of a Cartesian tensor of rank 3
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General methods are applied to find complete sets of invariants of a tensor of
rank 3. When the results are specialized to the piezoelectric tensor, it is found that the
tensor has no linear invariant. Also under SO(2), as well as SO(3), the piezoelectric
tensor has five quadratic invariants. The sets of invariants are complete.
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1. Introduction

Let cijkl, i, j, k, l = 1, 2, 3, denote components of the elasticity tensor. It is
well-known that a complete set of linear invariants of the tensor, under SO(3),
consists of the following two invariants:

C1 = c11 + c22 + c33 + 2(c12 + c23 + c13),

C2 = c11 + c22 + c33 + 2(c44 + c55 + c66),

where, in the above, the familiar two-index notation has been used. For example
c23 = c2233 and c55 = c1313, etc. [5, 6]. Note that if the above notation is used
for the stiffness tensor, then a slightly different representation has to be adopted
for the compliance tensor [11, Ch. 3]. The completeness of the above set means
that any other linear invariant of the tensor must be a linear combination of
the two members of the set. Invariants of a tensor play an important role in
describing the physical phenomena. For example, consider an arbitrary set of
mutually orthogonal unit vectors ni, i = 1, 2, 3. Let vj(ni), j = 1, 2, 3, denote
the velocity of a body wave propagating in the direction specified by ni. Then

3∑

j=1

(vj(n1))
2 + (vj(n2))

2 + (vj(n3))
2 =

C2

ρ
,

where ρ denotes the density of the material [3]. Vannucci [14] has given an
excellent description and examples of practical usefulness of tensor invariants.
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In [13], Ting initiated the study of invariants of the product tensor, cijklcpqrs,
called the quadratic invariants of the elasticity tensor, and he found two in-
variants of this tensor. This number was increased to four by Ahmad [1]. The
question of completeness remained open until Norris [8] showed that the set
of seven quadratic invariants comprising four of Ahmad [1] and C2

1 , C
2
2 , C1C2,

indeed form a complete set. It should be noted that a quadratic invariant of
a tensor T is the same as a linear invariant of the product tensor T ⊗ T.

The task of checking the completeness of a set of invariants is made easier
if one knows a priori the number of elements in the set. The following result of
Ahmad and Rashid [2] is fundamental in this regard.

Theorem 1. The number of linear invariants of a tensor of rank r under
SO(2) or SO(3), is the same as the dimension of the space of isotropic tensors
of rank r, respectively in two or three dimensions.

An immediate corollary of the above Theorem is

Corollary 2. A tensor of odd rank defined over a space of an even dimen-
sion has no linear invariant.

By employing the methods of group theory, [4], the following results were
established in [2, 10]:

Theorem 3. The number of independent linear invariants of a tensor of rank
r under SO(2) and SO(3), respectively denoted by I2(r) and I3(r), is given by

I2(r) =







0 if r is odd,
r!

((r/2)!)2
if r is even,

I3(r) =

[ r+1
2

]
∑

i=0

r!(r + 1 − 3i)

i!i!(r + 1 − 2i)!
,

where [ r+1
2 ] denotes the largest integer less than or equal to r+1

2 .

It may be mentioned that the expression for I3(r) is equivalent to a result
of Racah [9]. The number of invariants may be less than I2(r) or I3(r), if the
tensor has symmetry with respect to one or more pairs of indices.

Invariants of a tensor of rank 3 play a significant role when electromechan-
ical coupling exists. Jerphagnon [7] used invariants of the third-rank Carte-
sian tensor to describe optical phenomenon. Schröder and Gross [12] have
developed an invariant formulation of the electromechanical enthalpy function
for the transversely isotropic materials. From Theorem 1, it easily follows that
a Cartesian tensor of rank 3 can have only one linear invariant. However, it
may have several quadratic invariants and Vannucci [14] has used the method
of polar analysis to find invariants of the plane piezoelectric tensor under the
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special orthogonal group SO(2), i.e. the indices are constrained to take values
1 and 2 and the coordinate transformations are represented by the rotation
matrix

[
cosϕ sinϕ
− sinϕ cosϕ

]

.

He found four independent quadratic invariants and one invariant of the fourth
order. We shall apply results of Theorems 1 and 2 first to find linear as well as
quadratic invariants of a tensor of rank 3, not only with respect to SO(2) but
also SO(3). Specialization to the piezoelectric tensor yields zero linear invariant
and five quadratic invariants under both SO(2) and SO(3).The set of invari-
ants, with respect to SO(2) i.e. the plane invariants, is equivalent to the results
of Vannucci [14].

2. Invariants of a tensor of rank 3

2.1. Invariants under SO(3)

Let Tijk denote components of a tensor of rank 3. First we shall find the
invariants without any assumption of symmetry, later we shall specialize to the
case of piezoelectric tensor which is symmetric with respect to the last two
indices. Theorem 3 predicts one linear invariant. Also the permutation tensor,
ǫijk, is the only isotropic tensor of rank 3 in three dimensions. Thus the only
linear invariant of T is the following:

(2.1) L = ǫijkTijk = T123 + T231 + T312 − T321 − T132 − T213.

The piezoelectric tensor eijk has symmetry with respect to the last two in-
dices. It is obvious that if we replace Tijk by eijk in the above expression, we get
L = 0. Thus there is no linear invariant of the tensor with respect to SO(3). Also,
by the Corollary of Theorem 1, no linear invariant exists with respect to SO(2).

Next we consider quadratic invariants of the tensor i.e. linear invariants of
TijkTpqr, which is a tensor of rank 6 such that the first three and the last
three indices can be interchanged, i.e. it has the symmetry ijk ↔ pqr. Ap-
plying Theorem 3, we find I3(6) = 15. Also tensors of the form δijδkpδqr,
with the indices permuted among themselves, are isotropic tensors of rank 6.
Their number is

(
6
2

)
= 15. Since every isotropic tensor must be of this form,

we conclude that this set is complete. From this set, we choose those mem-
bers which have the required symmetry ijk ↔ pqr. This gives us the following
tensors:



386 F. Ahmad

(2.2)

δijδkrδpq, δikδjqδpr, δipδjkδqr, δipδjqδkr, δipδjrδkq, δiqδjpδkr,

δirδjqδkp,
1

2
(δijδkpδqr + δirδjkδpq),

1

2
(δijδkqδpr + δikδjrδpq),

1

2
(δikδjpδqr + δiqδjkδpr),

1

2
(δiqδjrδkp + δirδjpδkq).

Thus we get the following complete set of quadratic invariants of Tijk under
SO(3)

(2.3)

T1 = TiikTppk, T2 = TijiTpjp, T3 = TijjTiqq, T4 = TijkTijk,

T5 = TijkTikj, T6 = TijkTjik, T7 = TijkTkji,

T8 =
1

2
(TiikTkqq + TijjTppi) = TiikTkpp,

T9 =
1

2
(TiikTpkp + TijiTppj),

T10 =
1

2
(TijiTjqq + TijjTpip),

T11 =
1

2
(TijkTkij + TijkTjki).

Since L is a linear invariant of Tijk, L2 must be a quadratic invariant of the ten-
sor and it must be possible to express L2 as a linear combination of the members
of (2.3). To see this, we use the identity

L2 = ǫijkǫpqrTijkTpqr

= (δipδjqδkr−δirδjqδkp+δiqδjrδkp−δipδjrδkq+δirδjpδkq−δiqδjpδkr)TijkTpqr

= T4 − T5 − T6 − T7 + 2 T11.

2.2. Invariants under SO(2)

Consider the tensor Tijk, i, j, k = 1, 2. The matrix representing a rotation
through an angle ϕ is

(2.4)

[
cosϕ sinϕ
− sinϕ cosϕ

]

,

and the coordinate transformations form the special orthogonal group SO(2).
Now we have a tensor of rank 3 in two dimensions. Such a tensor is usually
called a plane tensor. By Corollary 2, no linear or cubic invariant of the tensor
exists. We look for the linear invariants of the product tensor TijkTpqr. It has
rank 6 in two dimensions. From Theorem 3, I2(6) = 20. This means that there
are 20 independent isotropic tensors of the form δijδkpδqr or δijδklǫqr. In three
dimensions, there were 15 independent tensors of the first type. This number
reduces to ten in two dimensions because of identities of the form
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ǫijkǫpqr = δipδjqδkr − δirδjqδkp + δiqδjrδkp − δipδjrδkq + δirδjpδkq − δiqδjpδkr,

and the fact that, in two dimensions, the left side vanishes.

A complete set of nine independent tensors of the first type, with the sym-
metry ijk ↔ pqr, is found to be

(2.5)

δijδkrδpq, δikδjqδpr, δipδjkδqr, δipδjrδkq, δirδjqδkp, δiqδjpδkr,

1

2
(δiqδjkδpr + δjpδqrδik),

1

2
(δiqδjrδkp + δirδjpδkq),

1

2
(δirδjkδpq + δijδkpδqr).

A similar calculation with tensors of the form δijδklǫqr produces the following
set of independent tensors with desired symmetry:

(2.6)

1

2
(δikδpqǫjr + δijδprǫkq),

1

2
(δipδkqǫjr + δipδjrǫkq),

1

2
(δiqδkpǫjr + δirδjpǫkq),

1

2
(δirδkqǫjp + δkpδjrǫiq),

1

2
(δirδjpǫkq + δkpδiqǫrj),

1

2
(δirδjqǫkp + δkpδjqǫri),

1

2
(δipδjkǫqr + δipδqrǫjk).

Combining (2.5) and (2.6), we have the following set of sixteen plane quadratic
invariants of the tensor Tijk:

(2.7)

M1 = TiikTppk, M2 = TijiTpjp, M3 = TijjTiqq,

M4 = TijkTikj, M5 = TijkTkji, M6 = TijkTjik,

M7 =
1

2
(TijjTpip + TijiTjqq), M8 =

1

2
(TijkTkij + TijkTjki),

M9 =
1

2
(TijjTppi + TiikTkqq), M10 =

1

2
(ǫjrTijiTppr + ǫkqTiikTpqp),

M11 =
1

2
(ǫjrTijkTikr + ǫkqTijkTiqj), M12 =

1

2
(ǫjrTijkTkir + ǫkqTijkTjqi),

M13 =
1

2
(ǫjpTijkTpki + ǫiqTijkTkqj), M14 =

1

2
(ǫkqTijkTjqi + ǫrjTijkTkir),

M15 =
1

2
(ǫkpTijkTpji + ǫriTijkTkjr), M16 =

1

2
(ǫqrTijjTiqr + ǫjkTijkTiqq).

In the above, it is understood that a repeated index is summed over. The tensor
ǫij is the permutation tensor in two dimensions with ǫ12 = −ǫ21 = 1, ǫ11 =ǫ22 =0.



388 F. Ahmad

Also note that, although in Ti, i = 1, . . . , 11 and Mi, i = 1, . . . , 16 a pair of
expressions may appear identical, but they represent distinct invariants due to
different ranges over which the indices take their values. For example,

T1 = TiikTppk = (T111+T221+T331)
2+(T112+T222+T332)

2+(T113+T223+T333)
2,

but
M1 = TiikTppk = (T111 + T221)

2 + (T112 + T222)
2.

3. Quadratic invariants of the piezoelectric tensor

The piezoelectric tensor eijk is symmetric with respect to the last two indices
i.e. eijk = eikj . In this Section, we shall find complete sets of quadratic invariants
of eijk, both under SO(3), as well as SO(2), by simply replacing Tijk by eijk in
the results of the last section and using its symmetry to simplify the expressions.

3.1. Invariants under SO(3)

Quadratic invariants of Tijk, without any assumption of symmetry, are given
in (2.3). When we replace Tijk by eijk, we find that, due to symmetry in the last
two indices, the following relations exist among invariants:

T2 = T1, T5 = T4, T9 = T1,

T6 = T7, T10 = T8, T11 =
1

2
(T6 + T7) = T6,

leaving only five of them to be linearly independent. Thus a complete set of
quadratic invariants of the piezoelectric tensor consists of the following five mem-
bers, corresponding to T1, T3, T4, T6 and T8.

E1 = eiikeppk = e211 + e215 + e216 + e222 + e224 + e226 + e233 + e234 + e235

+ 2e16e22 + 2e15e24 + 2e11e26 + 2e15e33 + 2e24e33 + 2e16e34

+ 2e22e34 + 2e11e35 + 2e26e35,

E2 = eijjeiqq = e211 + e212 + e213 + e221 + e222 + e223 + e231 + e232 + e233

+ 2e11e12 + 2e11e13 + 2e12e13 + 2e21e22 + 2e21e23 + 2e22e23

+ 2e31e32 + 2e31e33 + 2e32e33,

E3 = eijkeijk = e211 + e212 + e213 + e221 + e222 + e223 + e231 + e232 + e233

+ 2(e214 + e215 + e216 + e224 + e225 + e226 + e234 + e235 + e236),

E4 = eijkejik = e211 + e215 + e216 + e222 + e224 + e226 + e233 + e234 + e235

+ 2e16e21 + 2e14e25 + 2e12e26 + 2e15e31 + 2e24e32 + 2e23e34

+ 2e13e35 + 2e14e36 + 2e25e36,
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E5 = eiikekpp = e211 + e222 + e233 + e11e12 + e11e13 + e16e21 + e16e22

+ e21e22 + e16e23 + e22e23 + e11e26 + e12e26 + e13e26 + e15e31

+ e24e31 + e15e32 + e24e32 + e15e33 + e24e33 + e31e33 + e32e33

+ e21e34 + e22e34 + e23e34 + e11e35 + e12e35 + e13e35.

In the above, we have used the commonly used two index notation. Thus e35 =
e313 = e331, e26 = e212 = e221 etc.

3.2. Independence of the invariants

The set of invariants {E1, .., E5} will be linearly independent if the condition

(3.1) a1E1 + · · · + a5E5 = 0,

holds if and only if a1 = a2 = · · · = a5 = 0, for arbitrary values of parameters
eiα, i = 1, . . . 3, α = 1, . . . , 6. In (3.1), let e36 = 1 and let all other parameters
vanish. This leads to a3 = 0. Subsequently, when we fix one or more parameters,
we shall understand that all other parameters have been made to vanish without
actually mentioning it. Letting e12 = 1, this gives a2 = 0. Thus (3.1) reduces to

(3.2) a1E1 + a4E4 + a5E5 = 0.

In (3.2) let e15 = 1. This leads to

a1 + a4 = 0.

Let e21 = e22 = 1. This gives

a1 + a4 + 2a5 = 0.

Finally, e11 = e26 = 1 produces the equation

4a1 + 2a4 + 2a5 = 0.

Thus a1 = a2 = · · · = a5 = 0, hence the set {E1, . . . , E5} is linearly independent.

3.3. Invariants under SO(2)

In Mi, i = 1, . . . , 16, replace Tijk by eijk. Symmetry of the tensor leads to
the following relations

M2 = M1, M5 = M6, M7 =
1

2
(M1 +M3 −M4 +M5),

M8 =
1

2
(M5 +M6) = M5, M9 = M7,

M10 = M11 = M12 = M13 = M14 = M16 = 0.
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Thus a complete set of invariants consists of five invariants corresponding to
M1,M3,M4,M5 and M15. Using the two index notations, the expressions for
these invariants become

F1 = eiikeppk = e211 + e222 + e216 + e226 + 2e16e22 + 2e11e26,

F2 = eijjeiqq = e211 + e212 + e221 + e222 + 2e11e12 + 2e21e22,

F3 = eijkeijk = e211 + e212 + e221 + e222 + 2(e216 + e226),

F4 = eijkekij = e211 + e222 + e216 + e226 + 2e16e21 + 2e12e26,

F5 =
1

2
(ǫkpeijkepji + ǫrieijkekjr) = 2(e11e21 − e11e16 − e12e16

− e12e22 + e21e26 + e22e26.

Linear independence of the set {F1, . . . , F5} can be established in a manner
similar to the one used for {E1, . . . , E5}.

In [14] Vannucci used polar analysis to derive five plane quadratic invari-
ants, D1, . . . ,D5. Ignoring the factor of 1/8, his invariants, in the present nota-
tion, are as follows:

D1 = e211 + 2e11e26 + 2e21e16 + e221 + 2e22e16 + e222 − e212 + 2e12e26,

D2 = 2(e11e21 − e11e16 − e12e16 − e12e22 + e21e26 + e22e26),

D3 = e211 + 2e11e12 + e221 + 2e22e21 + e222 + e212,

D4 = e211 − 2e11e12 + 4e11e26 − 4e21e16 + e221 − 2e21e22 + 4e16e22

+ e222 + e212 − 4e12e26 + 4e226 + 4e216,

D5 = e211 − 2e11e12 − 4e11e16 + 4e21e16 + e221 − 2e21e22 − 4e16e22

+ e222 + e212 + 4e12e26 + 4e226 + 4e216.

Each member of the above set can be expressed in terms of F1, . . . , F5 in the
following manner:

D1 = F1 − F3 + F4,

D2 = F5, D3 = F2,

D4 = 2F1 − F2 + 2F3 − 2F4,

D5 = −2F1 − F2 + 2F3 + 2F4.

Because of the relation D2
1 +D2

2 = D3D4 [14], it is possible to express any one of
them in terms of the other three. This means that only four of the plane invariants
are independent. This led to Vannucci’s dropping of D2 from his list of invariants.
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On the other hand, since none of the Di, i = 1, . . . , 5 or Fi, i = 1, . . . , 5, can be
expressed as a linear combination of the other four, each of the sets {D1, . . . ,D5}
and {F1, . . . , F5} is linearly independent. Both sets are complete in the sense
that any quadratic invariant of the piezoelectric tensor eijk must be a linear
combination of members of the set. However, the set {F1, . . . , F5} is simpler in
appearance since each member contains only six terms, compared to twelve of
D4 and D5.
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