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The effect of surface elasticity on a Mode-III interface crack
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WE STUDY THE CONTRIBUTION of surface elasticity to the anti-plane deformations
of a linearly elastic bi-material with Mode-III interface crack. The surface elasticity
is incorporated using a version of the continuum-based surface/interface model of
Gurtin and Murdoch. We obtain a complete semi-analytic solution valid throughout
the solid (including the crack tips) via a Cauchy singular, integro-differential equation
of the first kind. Our solution demonstrates that the surface elasticity on the crack
face leads to finite stresses at the crack tips and stress discontinuities across the
material interface.
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1. Introduction

THE ANALYSIS OF THE PROBLEM of a crack at the interface between dissimilar
elastic materials is critical for the understanding of failure modes and in the
general stress analysis of advanced composite materials (for example, laminar
and fiber-reinforced composites) where, for example, a high possibility of material
debonding and cracking or sliding of the interface exists. Consequently, this
problem has been the subject of research and discussion in the classical literature
on elasticity theory.

Recently, it has been shown that a more accurate and comprehensive analysis
of the deformation of an elastic solid with one or more surfaces, can be achieved
by incorporating a description of the separate surface mechanics near each sur-
face of the solid. In the case of a solid containing a crack, a comprehensive
model includes surface effects corresponding to the two surfaces (faces) of the
crack. In the context of continuum-based analytical models, the surface model
proposed in [1, 2| has been used extensively in a number of studies including
several problems dealing with fracture mechanics (see, for example, [3, 4] and
the bibliographies contained therein). In this paper, we further extend this idea
and consider anti-plane deformations of a linearly elastic solid consisting of two
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(perfectly) bonded dissimilar isotropic elastic materials (here represented by two
bonded half-spaces), in the presence of a crack along the material interface. Most
significantly, the crack faces are assumed to have elastic properties different from
those of each of the bulk materials.

Using complex variable methods, we reduce the corresponding problem to
a system of coupled Cauchy singular integro-differential equations [5| which is
solved numerically using an adapted collocation technique [6]. This leads to
a complete semi-analytic solution, valid throughout the entire domain of inter-
est (including at the crack tips). Finally, we show that, among various other
interesting phenomena, the stress component (o,,) demonstrates a discontinuity
across the bi-material interface, which is in contrast to the classical results from
linear elastic fracture mechanics |7, 8].

Throughout the paper, we make use of a number of well-established symbols
and conventions. Thus, unless otherwise stated, Greek and Latin subscripts take
the values 1, 3 and 1, 2, 3, respectively, summation over repeated subscripts
is understood, (x,z) and (z,y, z) are generic points in the (z, z)-plane and R3,
respectively and d;; are the Kronecker delta. Finally, we note that the generic
points (z,z) and (z,y,z) may also be labelled (x1,2z3) and (z1,22,x3), when
reference is made to {e;}3_;, the standard basis for R3.

2. Anti-plane interface crack problem with surface stress:
governing equations

It is well-known that in absence of the body forces, the equilibrium and con-
stitutive equations describing the deformation of a linearly elastic, homogeneous
and isotropic (bulk) solid are given by:

(2.1) Oijj = 0, Oij = )\5ij5kk: + 2,&6@',
1
(2.2) gij = 5 (Ui + uji),

where A and y are the Lamé constants of the material, u; is the i** component
of the displacement vector u in R3, (),; denotes differentiation with respect to
xj, and o0yj, €;; are the components of the stress and strain tensors in the bulk
material, respectively.

2.1. Surface equation

Although Egs. (2.1)—(2.2) remain true in the bulk material, equilibrium on
the (crack) surface is now described by the equations (see [1, 2| and [9] for
detailed derivations):

(2.3)1 008,00 T [0ajnje,] = 0, (tangential-direction),
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(2.3)2 kapogs = [oining], (normal direction),
and
(2.3)3 058 = 000ag + 2(1° — 00)ens + (A° + 00)e5, 00 + 00 Vsu.

Here, the suffix s denotes the corresponding quantity on the crack face as
a result of the surface elasticity, [*] = ()™ — (¥)°"* denotes the jump of the
quantity “x” across the surface (here “in” and “out” refer, respectively, to the in-
side and outside of the body) and oyq is the surface tension. The curvatures kqg
are defined in such a way that they are positive if the center of curvature is within
the “—” side (here, the “—" and “4” sides denote the lower (y < 0) and upper
(y > 0) half-planes, as depicted in Fig. 1). Finally, n = (n1,ng,n3) is the unit
normal vector of the surface pointing from the “—" side to the “+” side. We men-
tion here that Egs. (2.3) lack the additional term (namely the surface gradient
term) present in the original Gurtin—-Murdoch model. This term is intentionally
neglected here since it does not contribute to the resulting equilibrium condition
on the (crack) surface, i.e. in the analysis of anti-plane deformations only the
out-of-plane displacement component w(zx,y) is considered.

® ®©0:®
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Material Interface Upper crack|face (47, ,u",q,)+
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Fi1a. 1. Scheme of the problem.

REMARK 1. It is well-known that the relation between the surface stresses
(0 ) and surface energy (I') can be determined by

or
Eaﬁ



270 C. I. Kim, P. ScHIAVONE, C.-Q. RU

In the Gurtin-Murdoch surface elasticity model, it is suggested that the surface
energy (I') takes the form of a quadratic function of the surface strain invariants:

1 1
D =2 (X" +00)(e5a)” + (17 = 00) (eap80p) + 005 [Vsul?,

from which the expression for the surface stresses can be obtained. It should be
noted here that the interface stress-strain law depends on several factors, includ-
ing the physical assumptions of the surface/interface elasticity and the geometri-
cal changes of the surface with initial stress. This means that the stress-strain law
may assume different forms, depending on the particular mathematical /physical
assumptions adopted. Currently, there is no clear physical evidence in favor of
any specific surface model.

2.2. Complex-variable formulation

In the anti-plane shear of an isotropic elastic medium, we assume that the
displacement vector w with components now denoted by (u,v,w), satisfies the
condition

Pw  Pw
(2.4) w=w(z,y), u=uv=0, W+8—y2:0'
In view of Egs. (2.1)—(2.2), we have:
2ue w 2ue o

ag. = = —_— g = = -,
(25) Tz HExz /«Laxa Yz HEYz = 8y
Opy = Ogg = Oyy = 0, = 0.
Since w(x, y) is a harmonic function, we denote by ¥ (x, y) its conjugate harmonic
function. Introducing the complex variable z = x 4 iy, we can now write

(2.6) w=Re[2(z)],  2(z) = w(z,y) +ih(z,y),

where 2(z) is an analytic function of z in the domain under consideration (in our
case, ST U S~ = S exterior to the crack, as depicted in Fig. 1). From Eq. (2.6)
we then have that

2.7) %(z) — () = g—: - ig—:) - %(am _ioy)
and
(2.8) 0 = S0 - VG, 0w = S[2(2) + 2

In addition, noting that (in our case) the normal to the crack face is aligned
with the ey or y-direction, the equilibrium conditions on the (crack) surface is
now obtained from Eqgs. (2.3)1-(2.3)2 as:

(2.9) 0%+ [0y2] = 0.
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2.3. A traction-free Mode-III crack problem with surface stress

We consider anti-plane deformations of two bonded dissimilar half-planes,
incorporating a single crack [—a < z < a], (y = 0) on its interface and subjected
to uniform remote shear stress oy, = 0,7 (see Fig. 1). Let the upper half-plane
(y > 0, occupied by material “1”) and the lower half-plane (y < 0, occupied by
material “2”) be designated the “—” and “+” sides of the crack, respectively. The
elastic properties of material “1” and material “2” are, in general, different. We
further consider the situation when the interface under consideration is perfectly
bonded, across which the traction (o,.) and displacement (w) are continuous
(note that o, is not necessarily continuous across the interface). Then the dis-
placements and stresses for the upper and lower half-plane can be expressed as:

1 _
wt = 5[_(21(2) + 21(2)], for upper half y > 0, ST,
(2.10) B B
w” = 5[_(22(2) + 22(2)], for lower half y <0, S,
pat
Cf;rz = 7[91(2) — 21(2)],
i for upper half y > 0, S,
e sl
2.11

2t
o7 = P2 0y() - ) )
for lower half y < 0, S,

0re = Z1B(2) + B,

where subscripts “1” and “2” represent the quantities from the upper half-plane
(ST) plane and lower half-plane (S™), respectively.

From Eq. (2.9), the boundary conditions on the (crack) surface can be written
as

8 S
Owz | (0y2)" — (0y2)” =0, on the upper face,
Ox
(2.12) o

—22 4+ (o)t — (042)” =0, on the lower face.

ox

where, in the case of the present crack problem, the terms (o,.)” in (2.12);
and (oy,)" in (2.12) are zero. In view of Eqgs. (2.1), (2.2) and (2.3)3 and the
assumption of a coherent interface (6‘243 = £43), the surface stresses can be

expressed explicitly in terms of body (bulk) stresses as

W — oo
I

(213) Uiz = Q(MS - 00)5132 =

Ogz-
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Therefore, the surface conditions on either side of the crack face [—a < x < a,
(y = £0) can then be formulated as follows:

9o 02wt
(Uyz)+ = - g;z =—(p° — Jo)JraTw, on the upper face,
(2.14)
a S 82 —
(0yz)” =+ g;z =+(p* — Jo)_a—;;, on the lower face,

where (u® —0g)™ # (u° — 09)~, in general. Adding and subtracting Eqs. (2.14)
we obtain

_ s O*w ™ s _ (0w~
(0y2)" + (0y2)” = —(" — 00)" <W> + (1* — 00) (W) ,
(2.15) Pt P20
+ - _ S + s -
(UyZ) - (Uyz) = —(p* —0o) <W> — (u* — 00) (W) .
where, from Egs. (2.10),
0wt 0w~
Ox? Ox?
The aforementioned assumptions imply that the displacements and stresses are

continuous across the bi-material interface away from the crack (y = 0, || > a).
Therefore, we derive from Egs. (2.10)—(2.11) that

2 (=) = 20()"] = pal2%(2)” — %),

AT+ ) =)+ ), y=0, x> |d|.

(216) = 12 + T, = 124()" + )

By applying the relations Qi(z)+ = 2/(2)” on y = +0, we have
2 () 202 (2) T = pa(2)” + m2i(2) 7,
D1(2)F = TH(2) = 2a(2)” — ()

Now, in view of Egs. (2.17), we define analytic functions 6(z) and ¢ (x) in the
whole plane (ST US™ =8) cut along L = —a <z < a,y =0 as:

182 (2) + pad25(2) = pa82(2) + m 2 (2) = 0(2),
D(2) = 2h(2) = 2(2) — 27(2) = P(2).

(Again, with the surface energy 0(z) # 0, as w™ # w™ on —a < z < a,
y = £0). Therefore, Eq. (2.18); can be rewritten for the upper and lower half-
planes as:

(2.17)

(2.18)

— 1
2(z) = —ﬂQi(z) + —0(z2), for upper half-plane,
(2.19) M2 M2

1
2(z) = —%Qé(z) +-0(:),  for lower half-plane.
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From Eq. (2.19), Eq. (2.18)2 becomes

1
2z = 120E 1y
p1+ pe o g1+ e
1
R (]
M1+ 2 p1 Tt 2
Then, by applying Eqgs. (2.19)—(2.20), Eq. (2.16) can now be re-formulated in
terms of of ¥(z) and 6(z):

PPwt _ 1[ K2 /

for upper half-plane,
(2.20)

for lower half-plane.

2)T = (2)7) +

(O(2)" + e’<z>—>] ,

(2.21) 0x® 2 [+ p pir + p
T =3[ v W o)
Ox? 2 [ 1+ p2 pa - p2 ’

By substituting Eqgs. (2.21) back into Egs. (2.15), we have

T e 2 A e 2

(2.22)

(0y2)+ — (oy2)

A+ o 2 A+ o

o <w’<z>+—w/<z>—> D’ <e’<z>++9’<z>—>’

where
A® = pa(p® — 00)" + i (p® —00)”, B°=(u° —00)" — (u° —00)7,
C* = pa(p® — 00)" — pu(p® = 00)~, D* = (u° — 00)" + (1 — 00) ™.

In addition, now the left-hand side of Eqgs. (2.22) can be expressed via Egs. (2.11)
and (2.19) as:

(0y2) "+ (0y2) ™ = 52021 (2) " + 20225(2) " — (0(2)" +0(2) 7)),

N = NS

(0y2)™ = (0y:)™ = 5[0(x)" = 0(2)"]-

Therefore, we obtain from Egs. (2.20) that

| 2upe p JR - Bl - YR
(0y2)" + (0y2)” = 5 7M1+M2(¢( )T+ 1h(2) )+7M1+/~L2(9< )T —0(2)7)|,

(2.23) ‘
[0(2)" —0()7]-

(Jyz)+ — (0y2)

N | =

Consequently, from Egs. (2.23), Eqgs. (2.22) take the following forms:
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| 2Hape M1 2 _
v m(¢(z)++¢(z) )+m(9(z)+—9(z) )

— A’ /ZJr_ /z*_i /z+ /Zi
(2.24) a N1+,u2(w() vi(z)7) M1+,u2(0() +6'(2)7),
i0(2)" —0(2)7] o N
Tt (W) =v'(2)7) - p1+ p2 (' (2)" +0'(2)7).

Next, if we write the unknowns v (z) and 6(z) as Cauchy integrals [5], noting
the endpoint conditions which characterize the requirement that the stresses
should be bounded at the crack tips, we have that

“+a
1 t
L f()dt+ul+u2[g°°

¥(z) = 2ir ) t—z i - Y
(2.25) _ja Y Y
oy L[ f®dt _ Tf@]" 1 [fHdt 1 [ f(t)dt
w(z)%/(t—z)Q [t—z]a+2m t—z 2w ) t—z’
where

flto) =9(2)" =v(2)",  fla) = f(-a) =0,

+a
1 t
1 IO 4 4 _
2im ) t—tg T 2

—a

V()" = 3 (o) + M o5,

“+a
1 t
1 f()dt+u,1+u2[g;§.
2w | t—ty T 2

—a

In addition, in view of Eqgs. (2.24) and (2.25)2, (6(2)T — 6(2)~) must be purely
imaginary. Therefore, we express the unknown 60(z) as:

+a
0(z) = i/m(“dt,

V() = 3 (t0) +

C2m ) t—2z
+a +a
(2.26) 0(z) = — / ia()dt __ fia(®)])* 1 / il (t)dt
. C2mi ) (t—2)?2  |t—z] , 2mi t—z

+a
1 i (t)dt

:ﬁ t—=z
—a

)

where
ialty) = 0(=)* —0()",  ala) = a(—a) =0,
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+a
1. 1 ia(t)
+ = S
0(z)" = 2za(to) + 5 /t—todt’
—a
1 1 i)
_ . e
0(z)” = —iza(to) + 5 / P— dt.

—a

Finally, from Egs. (2.24-2.26), we obtain the following Cauchy singular in-
tegro-differential equations for the unknowns f(t) and a(t), t € (—a,a):

+a
2uipe [ f(1)
s t—1o

—a

o) T

Cs D3 “+a O/(t)
a(ty) = "(to) + / dt.
(fo) M1+M2f(0) (1 4+ p2) J_o t—to

dt + 4(p1 + p2)loy2] — (1 — p2)e(to)

3. Solution of singular integro-differential equations
by a collocation method

The equations appearing in Eqgs. (2.27) are coupled first-order Cauchy sin-
gular integro-differential equations. Although similar types of equations have
been well studied, classical methods of their solution are not directly applicable
here without additional mathematical intervention. In this section, we employ
the T—! operator from [8] and [10] and a collocation method [6] to analyze the
problems mentioned above.

By replacing a(tp) in Eq. (2.27); and f/(¢p) in Eq. (2.27)2 by their counter-
parts, we derive the following new system of equations:

+a s s Ds
/_Z’Cf‘#f(t) + (Ds _ C’A§ )O/(t)dt
t —to
C* — 47 C% (1 +
=ﬂ<u1+uz—7mj48 Mz))ﬂ(toH—ﬂ (Zi MZ)[ vel-

(3.1)

dt

=2 pa f(t) + (% - BS) o' (t)
/ t—to

:W(AS—C (Nl_/J'Q)
M1+ 2

—a

)f’(to) )
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Assume t/a = z in Egs. (3.1) and obtain

A () 1 (D1 - ) e
/ (a)dx
a(z — xo)
21
_ C* (1 — p2) AmCP (1 + p2) | oo
=7 | p1+ p2 — T 04(@370) + T[Uyz]a
(3.2)
+1 D (pu1—p2) s\ da(azx)
/ it (P ) S ()
a(z — xp)
21

. C*(p1 — p2)\ df (axo)
- (A j1 + pio ) d(azo)

Rewriting © — ¢, 9 — to and further defining f(at) = u(t), a(at) = n(t), from
Egs. (2.21), we obtain

+dm(pn + p2)oy].

+1

[ 2 g,
t—t
=1
C3(uq — 4nC*(uy + oo
=7 (ul + pi2 — %) n(to) + #[ vl

(3.3)

7 —2mntt) + (RSS! - &) w0
/ t—1o
-1

AT O — u2)> /

— — T2 () + dm(p + p2) [0S,
(%~ St ) e +anon + o)
where 1 < tg <1, u(l) = u(—-1) =n(1) =n(— ) 0.

We now utilize the first inverse operator 77, defined in the following manner
(see [8] or [10]):

Tyt (t) ﬂ/lﬁ

1
Ve
(3.4 5 [t e

T(T™ ') = ¢
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It follows then from Eq. (3.3); that

20 H1H2 D? C3B* ’
B -+ (2 -5 )n (t0)
1
\/1—152 208 D% C°B?*
m/l i+ pig — cs (u1 12 ) u1+u2)[ayz]dt
™ (t—to)V1— '

Similarly, by applying the second inverse operator T2 g s defined by the relation
in [6]

Tyh(t) = —~—s / b(t)dt

W\/l—tg
1—¢2
(3.6) /V O g e (-1,1),
1—t0 t—to

T(T ') =9,
we obtain from Eq. (3.3)2 that [3]

B 1= |2t + (2B )

L ot + (2t B ]
-1

a(pr +p2) o«

i/jm KAS C* (1 — )

t—to a(u1+u2)> "(t) + 4(p1 + p2)loy ]]dt

If we assume that the functions v and 7 have an (approximate) expansion of
the form

N N
(38) u(to) =Y amTmlto),  nte) =Y bmTm(to)), m=0,1,2,...,
m=0 m=0

where T),(t9) represents the m-th Chebychev polynomial of the first kind, the
Egs. (3.6)—(3.7) can then be transformed into the following system of equations
(see details in [3, 11| and the associated properties of Chebychev polynomials
therein):
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(3.9) i ame@o){awz 1_tg+m<§_M>}

> ol + 12
2 () (e - )
= —dto(p1 + p2) [0,
where
o (SR )

X

D5 Cs B C's _
Uml(to){(7_ 0As >m+ 1—t%<ﬂl+ﬂ2—w>}

Q- (ym)/i-B (E B OSBS)

a aAs

and the end conditions u(1) = u(—1) =n(1) =n(—1) =0 as:

N N
d an(-1)" =0, > an=0,
m=0 m=0
3.11
1) "
> bp(-1)™ =0, > bm=0, m=0,12,...
m=0 m=0
We now select the set of collocation points as given by to = to; = — cos(im/N)

fori=1,2,..., N — 1. In addition, by evaluating Chebychev polynomials of the
first kind 75, (to;) and the second kind U,,—1(to;) with respect to each collocation
point, we obtain that

(3.12)

Consequently, in view of Eq. (3.12), Egs. (3.10)—(3.11) further reduce to the
following system of linear equations:
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o B () ()

m=0
2pape  (1H(=1)™
T 1—m?2

e LG RCT )]

where

b = Kay,,

(3.14) Kea <_ 203#1#2) [ 1—(cos(%r))2 <1t(_13m>+cos<m—ﬂ->]

As T -m N

[ Yo i ) (1)

(1-(-1™) 1—(cos(%>>2(g_0538> )

a aAs

™

for 1 <i < N — 1. In addition, from the end conditions Eq. (38), we have that

N
> am =
m=0

by =0, for i =0,
(3.15)
b (—1)™ =0, for i = N.

4. Results and discussion

In this section, the numerical solution of Eqs. (3.13)—(3.15) is performed
for a range of surface parameters. The listed values are estimated properties
of “GaN” obtained from the work of SHARMA and GANTI in [12]. A series
of Gallium nitride (GaN) material distinguishes itself by high heat capacity
and mechanical stability and therefore, it is used in the manufacture of semi-
conductors.
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s_
S, =-H "% 865%x107° < S, <0.0865 10 nm < a < 10 um,

(41) 7 a(u + po)
pf =161.73 (J/m?),  oo=1.3(J/m?),  u=168 (Gpa).

Throughout the analysis, we have considered the situation where the material
properties of the upper half-plane are assumed to be ten times greater than those
of lower half-plane (i.e. 1 = 168 (Gpa), p2 = 16.8 (Gpa)), whereas the surface
material properties on the upper and lower crack faces are set to be equal (i.e.
(u® — 00)T = (u® — 09)~). This is only because we currently have very lim-
ited sources of surface material properties available [12]. However, the method
presented here is sufficiently general since it incorporates the case in which the
surface material properties from the upper and lower crack faces are different
((p* —00)™ # (u* — 00) 7, see Egs. (2.22) and (3.13)—(3.15)) and a wide range
of surface parameters in the physical domain.

4.1. Comparison with known classical results

We first examine how the solution obtained here, in the presence of surface
effects, differs from the solution of the classical interface anti-plane crack prob-
lem. The corresponding analytical solution of the latter problem can be found

in [5] and [7]: .
W(z) = (Ml +H2> —120522 .

12 22 — @2

Evaluating ¢(z) at (—a < t < a), we have that

+_ 1+ p2
e = < H1H2

—ZU

)
- <MLL52> \/7
)

on the upper face,

(4.2)
_ 1+ o
v = ( -
Hip2 \/ — a —t
o>t
= <“1 + ,u2> L on the lower face.
41 fh2 a? — t2

Then the corresponding difference between the upper and lower faces can be
defined from Egs. (2.25) by

—205%t
4.3) ()t — () = ft) = (“Lx?) \/ﬁ —a<t<a.
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Also, in the classical case, 0(z) is found to be zero. Thus, we have that
(4.4) 0(z)" —0(2)” = at) = 0.

Returning to our problem, the values of f(t) can be estimated using Eqgs. (3.13)—
(3.15) and are plotted in Fig. 2, where the parameter S, is varied by changing
the dimension of the crack (i.e. 20 nm < 2a < 20 pm).

Figure 2 clearly indicates that our solution reduces to that of the classical
case as the surface effect becomes negligible. We have also found that, in contrast
to the classical results (see Eq. (4.4)), a(t) has indeed non-zero values (see Fig. 3)
resulting in a noticeable contribution to the stress field, especially on the real
axis. This will be the subject of the following section.

The solution of f(t) with respect to surface parameter (Se)

Classical Case
—— Se=8.65e—5
Se=8.65e—4
—+—— Se=1.73e-3
—%—— Se=4.23e-3
——— Se=8.65e—3
—*—— Se=8.65e—2

—10 ! ! ! ! ! ! ! ! )
=1 —098 —-096 —094 -0.92 —-0.9 —088 -086 —-0.84 -0.82

oo
Tyz

p1tpe

F1a. 2. The solution of f(t) with respect to surface parameter (Se), when =0.1.

03 - I

—>— Classical Case
Q(t), a=40nm
(), a=20nm

025 -~

02F - P

015 F- - - L

005 /o N

—-0.05
-1

Fic. 3. The solution of a(t), when —¥— = (.1.
p1tpe
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4.2. Analysis of the stress distribution under the influence of surface effects

From Egs. (2.11) and (2.20), stresses (o,,) on the upper and lower half-planes
can be determined by

7 = g (1) +02) = 20(5) — 03]
O = S [V + ) + () + )
for upper half-plane y > 0, ST,
0;=§Cf%;5;mw@%+ﬂd—uﬂz5—wa;
O = 5o () + 0(2) + i v(z) +0(2))

"= 200 + ) L
for lower half-plane y < 0, S,

where the complex potentials ¢ (¢) and 6(¢) can be obtained via Eqgs. (2.25); and
(2.26); with known solutions of f(¢) and « (t). These results are presented in
Figs. 4-5 with clear indication of rapid convergence of the method (in approxi-
mately 30 iterations).

We have found that, in contrast to the classical case (where surface effects
are completely neglected), the stresses at the crack tips remain finite and do
indeed converge to the solutions from classical linear elastic fracture mechanics
as the surface effects become insignificant (see Fig. 6). More importantly, the
results in Figs. 6 and 7 illustrate the fact that oy, is continuous across the bi-
material interface, whereas o,, jumps across the interface. The result is in sharp
contrast to the classical fracture mechanics solution and due mainly to the non-
zero contribution of the complex potential (z) in presence of the surface effects
describing more accurate situation of stress discontinuity across the interface.

Stress Convergence
25

Classical Case
—>— N=41
—+— N=39
N=37

—*— N=17
—— N=7
—a— N=5

—+— N=3

—e— N=1

o0
F1G. 4. Stress convergence for o,,, when —2— = (.1.
vz H1the
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Stress Convergence

—0.05 |- ——N=7 |1
——N=11
N=17

—oa1} —+—N=23 | {
—%— N=25

-0.15 - R

-
= oot g
¥
<
= o2 E
o
B
| @ JRE . g
-035 F B
—0.4. 4
oas ; ; ; ; ; ;
1.01 1.02 1.03 1.04 1.05 1.06 1.07
va
oo
s

Fia. 5. Stress convergence for 0., when =0.1.
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Stress distribution along the real axis (G =)
25

Classical Case
—>— Se=9.43e-5

—+— Se=9.43e—4
—%— Se=1.86e-3
—— Se=9.43e-3
——— Se=1.86e—2

Gz /(M1

1 1.01 1.02 1.03 1.04 1.05 1.06 1.07
t/a
O_OO
F1a. 6. Stress distribution (oy.) with respect to surface parameter, when —%:— = (.1
v ’ p1tp2

Stress distribution along the real axis (O'xz)

O XX XK XK XK KA K Ko XK X Ko XoHe XK Ko XX Ko Ko XX
I SR e
—005 1 —— Classical Case
—+— Gz onthe upper crack face (Y= +0)
o1} —— Oz on the bottom crack face (Y= —0)
T
+ 0415
=
=
=
No—02f
©
—0.25
—03}
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1 1.01 1.02 1.03 1.04 1.05 1.06 1.07
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F1G. 7. Stress (0z-) jump across the bi-material interface.
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REMARK 2. In the theory of linear elastic fracture mechanics, o, is contin-
uous across the bi-material interface, since its values are zero on both sides of
the interface:

" -
oF = m [M2¢(z) + Mﬂ)(z)}

12

=0y, = 2 + ) [M@Z)(Z) + Mlﬁ} =0,

- 1)(z) = Im, ony = =0, z > |al.

However, the interface condition under consideration indicates that traction (o)
and displacements (w) are continuous across the interface, yet o,, are not nec-
essarily continuous. Perhaps, the continuity in stress (o), = o,) indicates the
symmetrical nature of the problem in which the solution of Mode-III interface
crack problem can be obtained by superposing solutions of two half-plane prob-
lems with distinct material properties on either side of the interface. In the case
when the surface elasticity is present, the symmetry breaks down due to the
effect of surface mechanics and therefore, the above-mentioned statement can
no longer be satisfied. In fact, stress (0,,) on both sides of the interface can be

estimated as:

+ _ H1 TN — 0t

Ogz = 2(N1 +:U’2) |:0(Z) + 9(2’)} ’ ony 0 y T > ’a‘v
- 42 TR -

Ogz = 2(”1 +M2) |:9(Z) + 0(2)} ’ ony 0 y T > |(I|

This clearly indicates that the estimated stresses differ according to the material
properties (u1, u2) of the upper and lower half-planes.

Finally, we see from Fig. 6 that stress distribution along the real axis increases
when the surface effect becomes negligible and converges to the value 0.1 (which
is the magnitude of the applied remote stress use in the computations) as we move
away from the crack tips. Further, since the surface parameter S, is controlled
by variations in the crack length, our results also indicate that the corresponding
stresses are strongly dependent on crack size [12, 13].

5. Conclusions

In this paper, we have incorporated the effects of surface elasticity into
a classical Mode-III interface crack problem arising in the anti-plane shear de-
formations of a linearly elastic solid. The surface mechanics are employed us-
ing a version of the continuum-based surface/interface model of Gurtin and
Murdoch. Complex variable methods are used to obtain a system of coupled
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Cauchy singular integro-differential equations of the first-order which is solved
numerically using an adapted collocation method. We have obtained a com-
plete semi-analytic solution (not simply a crack-tip solution) which demon-
strates several interesting phenomena, when the bi-material solid incorporates
a traction-free crack on its interface and is subjected to uniform, remote load-
ing. In particular, we note that the stresses at the (sharp) crack tip remain
finite but more importantly, the stress (0,.) jumps across the bi-material in-
terface, in contrast to the classical result from linear elastic fracture mechanics.
We also mention that the solutions obtained here reduce to those obtained for
the homogeneous material case (see [3]) by setting 3 = pg and (u¥ — 0¢)t =
(1® —00) ™.
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