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THE MAIN AIM OF THIS PAPER is to estimate the effective moduli of an isotropic elastic
composite, analyzed within the framework of the Kirchhoft-Love theory of thin plates
in bending. Results of calculations provide explicit functional correlations between the
homogenized properties of a composite plate made of two isotropic materials, thus
yielding more restrictive bounds on pairs of effective moduli than the classical (un-
coupled) Hashin—Shtrikman—Walpole ones. Applying the static-geometric analogy of
Lurie and Goldenveizer, enables rewriting of these new bounds in the two-dimensional
elasticity (plane stress) setting, thus revealing a link to the formulae previously found
by Gibiansky and Cherkaev. Consequently, simple cross-property estimates are pro-
posed for the plate subject to the simultaneous bending and in-plane loads.
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1. Introduction

THE HISTORY OF ESTIMATING the averaged constitutive moduli of multi-
phase materials goes back at least as far as the introduction of the harmonic and
arithmetic (Voigt—Reuss) estimates and it is worth pointing out that, despite
their simplicity, they proved to be optimal (i.e. attainable on certain microstruc-
tural layouts of constituent materials) for some macroscopically anisotropic mix-
tures. However, in general these bounds can be improved, hence new ideas leading
to more accurate estimates have emerged, see MILTON [11] for the treatment of
this topic in exhaustive detail.

In this paper we tackle the problem of calculating the range of the homog-
enized effective moduli (kp, pp) of a Kirchhoff-Love isotropic elastic composite
plate made of two materials, whose Hooke’s tensors are also isotropic. To this
end we estimate the energy accumulated in a particle of a two-material mix-
ture subject to three linearly independent plate moments or curvature tensor
components with fixed macroscopic values. Our research is thus related to the
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“G-closure” problem for a set of basic materials U (G,,U for short), which
consists in finding the totality of effective constitutive tensors for all possible
microstructural layouts of constituents, mixed in fixed proportions expressed by
m € (0, 1). In CHERKAEV [1, Ch. 10], see also MILTON [11, Ch. 30.3|, it is
shown that G,,U is estimated from outside by minimizing sums of energies and
dual energies, but the question of its precise calculation is still open in broad
elasticity setting.

In the present work we investigate the Kirchhoff-Love theory of thin plates
in bending for an outside estimate of a particular subset of G,,,U, consisting of
its isotropic members. It is well known that for “well-ordered” basic materials,
the smallest rectangle containing this subset can be determined through the
Hashin—Shtrikman variational principle in two-dimensional elasticity as well as
plate theory settings, see HASHIN and SHTRIKMAN (6], L1 [8]. The counterpart of
Hashin—Shtrikman estimates in case of “badly-ordered” materials was found by
WALPOLE [14]. An important point to note here is that the Hashin—Shtrikman—
Walpole (HSW for short) estimates are independent (uncoupled).

Mutually dependent bounds on kj and pp were introduced in CHERKAEV
and GIBIANSKY [2]| in case of plane stress elasticity, see also GIBIANSKY [4]
for a discussion of the same problem from a different viewpoint, and it follows
that admissible values of pairs (kp, ) occupy a region that is smaller than
the one predicted by HSW principle. In their research, authors of both papers
make use of the quasi-convexity theory-based method, developed by F. Murat
and L. Tartar and independently, in alternative setting, by K. A. Lurie and
A. V. Cherkaev. In the remainder we follow the latter approach based on the
estimation of energy accumulated in the mixture subject to macroscopic fields of
any type, see CHERKAEV |1, Ch. 8] or MILTON |11, Ch. 24, Ch. 25.1], where the
Lurie-Cherkaev’s variational approach is compared to the Murat-Tartar’s idea
of compensated compactness.

The main idea of calculations follows from the definition of the outer es-
timate of G,,U. Roughly speaking, constitutive tensors of basic materials are
translated by a certain constant fourth-order tensor and then the classical har-
monic mean bound is applied. Thus, following MILTON [10], the estimation tech-
nique is referred to as a “translation method”. Its quality depends on the choice
of a translator which in general can be any quasi-convex function, but here
we restrict ourselves to quasi-affine quadratic functions, see e.g. CHERKAEV |1,
Ch. 8.2] and MILTON [11, Ch. 24.3]. We refer the Reader to these works for the
thorough derivation of the translation method and its application to modern
mechanics.

The problem of bounding the effective properties of a multiphase composite
is less developed if it is set in a theory of plates in bending. Some of its aspects
are dealt with in LEWINSKI and TELEGA |7, Ch. 22|, where HS estimates were
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derived by the translation method. LURIE and CHERKAEV [9] used the same
approach to characterize the “G-closure” of the set of basic materials with equal
shear moduli.

In the present paper we wish to investigate the Kirchhoff-Love theory for
the analytical formulae, establishing (ky,, up)-coupling of an isotropic assembly
of two isotropic constituents whose moduli k,, pi, @« = 1,2 are arbitrary. We are
looking for correlative bounds which are tighter than the known HSW (uncou-
pled) estimates obtained in LEWINSKI and TELEGA [7], see also LI [§].

2. Basic equations of a composite thin plate in bending

The Kirchhoff-Love theory of thin plates can be discussed from different view-
points, hence the exposition of its equations ranges from the classical develop-
ment based on the kinematical assumptions imposed on a thin three-dimensional
body to the precise, mathematical justification of the theory; for details we refer
the Reader to e.g. TIMOSHENKO and WOINOWSKI-KRIEGER [13|, CIARLET [3].
Below we recall the formulae necessary for further considerations.

Let (e1,es) denote the Cartesian basis in R?, also referred to as a “physical
basis”, and introduce an orthonormal basis:

1 1
E=— —

V2 V2

(2.1) | |
E3=—(e1®e2+e2®e1), E4:—<61®62—92®61),

V2 V2

convenient for representing the second-order tensors related to E = R? ® R?, i.e.
for any f = fope, ®eg, o, 3 = 1,2, we may write f = F; E;, where

(e1®e; +e2®er), E; = (e1®e; —ex®ey),

0 P = %(fn + fo2), Fp= %(fn — f22),
F3 = %(fm-i-fm), Fy = %(fm—fm)-

Note that subspaces E; and E, of symmetric and antisymmetric members of
E respectively, admit bases {Ej, Eq, E3} and E4. Moreover, E; corresponds to
the one-dimensional subspace of hydrostatic tensors, while {Es, Es} span the
two-dimensional subspace of symmetric deviators.

Write Q € R? for the mid-plane of a plate and set w for a scalar field of
its transverse displacement (deflection). According to the Kirchhoff kinematical
assumption, the rotation angles of a segment perpendicular to {2 and components
of the mid-plane curvature tensor k = k.3 €, ® eg are respectively denoted by

(23) 1904 = —Waq, Rapg = 19‘1,57
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where o, 8 = 1,2, and k,g satisfy the compatibility condition

(2.4) k11,22 + k22,11 — 2K12,12 = 0,
where (-) , = 0 () /0zq. Since K is a symmetric tensor, thus in (2.1) we have
V11 + V22
L [ 9110 — V22
2.5 DU T ,
(2.5) vARELE
0

Assume that ¢ stands for a scalar field of transversal loading applied to §2
and let M = M,ge, ® eg denote the symmetric tensor field of plate moments.
Components of M are related by the local equlibrium equation

(2.6) Mopap = —4,
hence the stress functions ¥y, ¥, see e.g. GOLDENVEIZER [5, Ch. 3.21], such that
(2.7) My = Yo 0, Mso = V1 1, 2Mip = 2Mo = —(V12 + ¥a1),

satisfy Eq. (2.6) for ¢ = 0. In the sequel we refer to o € E given by

U1+ %2

L [ W1 —Wp

2.8 o=— ’ ’
(28) V2 | Y12+ ¥,
U9 — Yo

Suppose that the mid-plane Q2 of a plate is built from microscopic cells w and
each cell is occupied by an arbitrary mixture of two isotropic elastic materials,
whose bulk and shear moduli are denoted by
E,t3 E,t3

2. ka = . U a = 5771 1 .
(29) 2401 —va) M7 U0+

a = 1,2, where F,, v, stand for Young’s modulus and Poisson’s ratio of material
« respectively, and ¢ denotes the thickness of a plate. Consequently, matrices
D, = diag [2 ko, 2 Pas 2 Ha OJ,

do = diag[1/(2ka), 1/(2pa), 1/(2pa), 0],

represent plate stiffness and compliance tensors. Area fractions of constituent
phases in w are given by m;j(w), ma(w) such that

(2.10)

(2.11) mi(w) + ma(w) =1,

while their distribution in the direction perpendicular to §2 is homogeneous.
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Our main interest lies in estimating the range of macroscopic elastic proper-
ties related to the microscopic mixture of basic materials in w. By the theory of
G-convergence applied to the case under study and due to the Dal Maso—Kohn—
Raitums theorem, see LEWINSKI and TELEGA [7, Ch. 26|, without any loss of
generality we can restrict our considerations to the w-periodic distributions of
materials in €2, where w denotes a basic periodicity cell. Obviously, the effec-
tive tensor also reflects the microscopic layout of materials in w and it is worth
pointing out that this tensor is not necessarily isotropic. Following the idea of
periodicity, in the remainder we assume that ¥, ¥, and 1,19 are represented
by their w-periodic expansions in an appropriate Fourier space. Consequently,
we write g = (0) and kg = (k) for the constant macroscopic fields, where

(212) <F> =m1 F1 + maoFs

for F1, F acting in w. The effective stiffness and compliance tensors are respec-
tively calculated by

(2.13) ki Dyxo = min (k! D k),
KEV

(2.14) oldy oy = inf (c'do),
o€V,

where

(2.15) Vi = {k : k is represented by (2.5), w-periodic and (k) = Ko},
(2.16) V, = {0 : 0 is represented by (2.8), w-periodic and (o) = 09} .

3. Outline of the estimation method

3.1. Quasi-affinity of the translation functional

Energy accumulated in a particle of a composite plate in bending can be
understood as a measure of simultaneous action of n < 3 (dimE; = 3) indepen-
dent mean fields acting at w and according to CHERKAEV [1, Ch. 16|, complete
derivation of effective property bounds involves consideration of all sums of pri-
mal and dual energy components. Following MILTON [10], for the convenience
of calculations in the sequel, we transfer the problem to the higher-order tenso-
rial space E ® Eg thus defining the above-mentioned sum of energies as a single
functional.

For a basis {E;},i =1,2,3, see (2.1), let

(3.1) Vo = {q) P = f(l) QR Eq —i—f(Q) ® Es —I—f(3) ® Es, where f(z) € {VH, VU}}
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denote a set of 12 x 1 supervectors and define a 12 x 12 constitutive supertensor
(32)  Au=CHOEIQ®E +CoE ®E;+C; @E;®Es,

where C|;) stands for a stiffness tensor D, if f(;) € Vj; or a compliance tensor d,,
if £(;) € V5. It is easily seen that A, is represented by a block-diagonal matrix.
By similar notation we denote the translation supertensor:

(33) T = T(zg) QE; ® Eja 1, =1,2,3,

whose components T'(;;) will be derived in the remainder of this section. Conse-
quently, we define the energy functional in the form

3

(3.4) 2U0(®,A) = ZBA(f(i)7f(i))7
=1

where

(3.5) Ba(fa), £a) = £ Ci £y

Next, we introduce a quasi-affine function T'(®), i.e. such that
(3.6) (T'(®)) =T (®))
for any periodic field ® € Vg. From (3.3) we deduce that T is given by

Tay Taz Tas
(3.7) T=1|To) Taz Tes |,
Ty Tz T

hence T'(®) admits the following notation:

3 3
(3.8) T(®) =YY Br((fu). ;).
i=1 j=1
where
(3.9) Br({(£a), (€)= ()" Taipy (£5))-

Determination of T'(;;) satisfying (3.6) is the key issue of the translation method.
To this end we make use of the well-known result for the function

(3.10) J(Vu, Vv) = det <“’1 “’1> :

u72 U72
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where u, v denote two potentials. According to CHERKAEV and GIBIANSKY [2],
see also references therein, this function is quasi-affine, i.e.

(3.11) (J(Vu,Vv)) = J((Vu), (Vo))

provided u, v are periodic. This result is valid for the linear combination of
functions defined in (3.10), that is for any vector-valued periodic functions

(3.12) g = g1e1 + g€z, h = hie; + haey
and for arbitrary parameters 71,...,74 in R, the function
(3.13) T1 J(gl, hl) —+ T J(gl, hg) + 73 J(QQ, hl) —+ 74 J(QQ, hg)

is also quasi-affine. By rewriting Vg and Vh in the form of (2.2), we deduce
that (3.13) is compatible with (3.9), i.e.

—t1 —ty —l3 —i4
o t1 —tyg —t3
t3 t4 t1 1o
g t3 —t2 —1y

(3.14) Br(Vg,Vh) = Vg’ Vh

and tg, k = 1,...,4, are linearly dependent on 73. Obviously, Vg and Vh can be
taken as two arbitrary fields belonging to V,; or V,,, whose components are defined
as derivatives of periodic potential functions, see (2.15), (2.16). By applying
(3.14) in (3.7) we deduce that T'(®) admits 36 different translation parameters,
but this number can be reduced to 4, as will be shown in the sequel.

3.2. Symmetry and isotropy of the translation matrix

Following MILTON [10]|, we take into account the invariance of T'(®) with
respect to rotation of the physical basis. Moreover, we limit our concern to sym-
metric translators since in the course of calculations, T admits certain properties
of the constitutive supertensor. Our exposition extends the result in GIBIAN-
SKY [4].

The symmetry of T is handled by setting
(3.15)1 T(

_ T
i = T

in (3.7) and, if ¢ = 7,

(3.15); £ = 4D = 4D = 0,
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To satisfy the isotropy of T'(®) we will set the conditions of its invariance
with respect to the rotation of the physical basis. For this purpose we assume

q1
f(l — g5 + q7 _

g6 + qg
qa

(3.16)

a5 — g7 d6 — g8

q2 + q11 | Bt a2

@B+aqe |’ @7 -
q9 q10

in (3.1) and we reshape ® to a 4 x 3 matrix form

(3.17)

® = (fo) fo) fis) -

Next, we introduce a rotation operator R+ defined as

(3.18) R+® = Ry PRYE,
where
1 0 0
R3; =10 cos(2¢) —sin(2¢) |,
0 sin(2¢) cos(2¢)
(3.19) 10 0 0
R — 0 cos(2¢) —sin(2¢) 0
Y710 sin(2¢) cos(2¢) 0
0 0 0 1
Basis By, ..., B2 composed of 4 x 3 matrices such that
B, = E; ® Eq, B; = E2 ® Es + E3 ® Eg,
B3 = E3 ® E; — E; ® E3, By = E4 ® Ey,
(3.20) B; = E; @ Ey + E; ® Eq, Bg = E1 ® E3 + E3® Eq,

B; = Es ® E1 — E1 ® Eg,
B9 :E4®E27
B = Es ® E;s — E3 ® Eg,

Bgs = E3® E; —E; ® E3,
By = E4 ® E3,
By = E3s®E; + E; Q Es

is convenient for representing of ® € Vg as a sum of orthogonal components,
stable under rotation of a physical basis. We will show that

(3.21)

where

P = (binv + (I)ng + ¢4<p7

Py = q1 B1 + g2 B2 + q3 B3 + q4 By,

(3.22)
P4, = q11 B11 + q12 B12

P9, = g5 B5 + qs B + q7 B7 + qs Bs + q9 Bg + q10 Bho,
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and ®;,, denotes a rotationally invariant supervector, whereas ®5, and P4,
stand for supervectors remaining stable if the physical basis is rotated by angles
7w + 2km and w/2 + 2k, k € N, respectively. Application of (3.18) leads to

(3.23)1 R+ (¢;B;) = ¢ Bi = ¢; B;
ifi=1,...,4,
(3.23)2 R *(¢:Bi + ¢i+1Bit1) = ¢/ Bi + ¢{11Bi+1
= (g; cos(2¢) — qi+18in(2))B; + (¢; sin(2 @) + ¢i+1cos(2¢))Bit1

if i =5,7,9 and
(3.23)3 R« (q11B11 + q12B12) = q{1B11 + q{sB12

= (q11 cos(4 ) — qr2sin(4d ¢))B11 + (q118in(4 ) + q12 cos(4 ¢)) B,
hence the decomposition (3.21) follows. The requirement of isotropy
(3.24) T(®)=T(Rx+®),

is satisfied if 7' (®) is represented as a linear combination of invariants of super-
vectors @iy, ®o, and P4,. An easy computation shows that

iinv - {q1/7 QQ/7 Qéa qzi}v
. 2 2 2 2 2 2
inp = {(q5)* + (45)°, (a7)° + (a8)°, (29)° + (¢10)?,
(3.25) a5 47 + 46 98> 95 410 — 96 99> 97 910 — s o5
! ! ! ! ! ! ! ! ! / ! !

4548 — 46 97, 9599 + 46 G105 9799 + G810}
) 2 2
iso = {(q11)" + (a12)*}

denote the sets of invariants with respect to the corresponding rotation angles.
Moreover, only 6 elements of iy, are independent, as

[(a2)? + (a¢)?] [(a9)? + (a2)%] — (a2 a3 + abad),
[(@)? + (a)?] [(8)? + (a10)?] — (a2 aio — ab4)”,
[(a9)? + (a2)%) [(a8) + (a10)?] — (a3 o — a8 ag).

In the sequel we take six invariants on the right-hand sides of (3.26) as indepen-
dent and we observe the invariance of

2
(3.26)1 (g2 498 — a6 a7)

2
(3.26)2  (q5a9 + 4é aio)

2
(3.26)3 (g7 49+ a8 a1p)

(3.27) (g5 + @7 + a10)® + (a6 + a5 — a9)*.
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3.3. Summary of the procedure for determining the translation supertensor

We satisfy the requirements of quasi-affinity and symmetry of T'(®) by ap-
plying (3.14) and (3.15) to (3.8). Next, we calculate T'(®) for f;), i = 1,2,3,
given by (3.16) and we reshape the result in terms of a 12 x 1 vector F(®)
divided into 5 following components

(3.28) F(®) = ((QM - ++44), (45,97, q10) (96, 98, —99), (q11), (q12))T7
thus obtaining
(3.29) T(®) = F(®)" G(T) F(®),

where G(T) denotes a matrix whose components conform with the requirement
of isotropy, i.e. all components linking ¢;, ¢, ¢,7 = 1,...,12, from different
subvectors in (3.28) are equal to zero. We obtain G(T) in a block matrix form

AT) 0 0 0 0

0 B(T) o0 0 0
(3.30) Gg(T) = 0 0 B(T) O 0 ,
0 0 0 C(T) o0
0 0 0 0 ¢C(T)
where matrices
—11 —213 0 0
- 2ty — 21y 0 0
A(T) o 2ty — 2ty —2t3 |’
sym —1
3.31
( ) t1 —to + 213 t1 + to —t3 — 14
B(T) = th—ly —2t3 —t3+1s |,
sym —t2

C(T) =2ty + 21y

depend on 4 free parameters, which have to be optimally adjusted during the
calculations of estimates for the effective constitutive properties. The non-zero
components of matrices T in (3.7), see also (3.14), are thus given by

(3.32) i =1, ty? =t =~ = %) =1,
’ t§22) _ t§33) —ty, t5123) _ —tff’Q) _—

Choosing different invariants in s, as independent would obviously result in
different representation of matrices in (3.31). However, in such cases the num-
ber of free parameters in their description would decrease to 2, hence imposing
redundant constraints in calculations of estimates.
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3.4. Algorithm of the effective properties estimation routine

Taking
(3.33) A,=A,—T+T

and estimating the underlined term from below by harmonic mean, yields the
translated constitutive supertensor

(3.34) Ar=(A-T)H 1+ T.

Denoting an effective constitutive supertensor by

(3.35) Ap=Cly®E @E + Cly 9 Es @ By + Cly ® B3 ® Eg,
we express the energy accumulated in a particle of a composite plate as
(3.36) U(®o, Ap) > U(Po, A¢),

see (3.5), where ® € Vg is a 9 x 1 supervector whose components are given in
the form of (3.16) with ¢4 = g9 = g10 = 0, as they are symmetric tensors from E.
Translated constitutive supertensors are admissible in (3.34) if for any T they
retain their symmetry and semi-positiveness, that is

(3.37) A,—-T2>0, a=1,2.
Arbitrariness of ®q clearly forces
(3.38) Ap>{((A-T) ) +T,

hence determining the translation bound on the effective supertensor Ay.
Analogously to Sec. 3.3, formula (3.37) can be transformed into a system

(3.39) A(A,—T)>0, B(A,—-T)>0, C(A,—T)>0.

Indeed, for given v = 1 or 2 we first calculate U(®,A,) by (3.4) with f(;),
i =1,2,3, and A, set by (3.16) and (3.2), respectively. Next, we reshape this
obtained result in terms of F(®), see (3.28), hence determining

(3.40) U(®,Aa) = F(@)" G(Aq) F(@),

where G(A,) is a block-diagonal matrix with components A(A,), B(A,) and
C(A,). Next, we conclude that

(3.41) U@, ,A,) - T(®)=F(®)G(A, - T)F(®) >0
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and this inequality has to be valid for any choice of ®, hence establishing (3.39).
However, it is obvious from the comparison of (2.5) and (3.16) that if any of the
fields in @ is symmetric, then g4 = 0 and/or g9 = 0 and/or g9 = 0. If this is
the case then we delete appropriate rows and columns from the representation
of G(A, —T). By the observation made in CHERKAEV [1, Ch. 8.3] and MILTON
[11, Ch. 25.2|, the optimal translation parameters in T retain non-degeneracy of
matrices in (3.39) and they are extremal, i.e. such that

2
(3.42) Z (rank(A(A, — T)) + rank(B(A, — T)) + rank(C(A, — T)))

a=1

achieves its minimal value.

We will also make use of Y-transformation of a tensor, see e.g. CHERKAEV
[1, Ch. 16.2] and MILTON [11, Ch. 24.10|. The Y-transformed estimates of Ay,
do not depend on volume fractions of materials in w and (3.38) assumes a simple
form

(3.43) Y (Ap)+T >0,

valid however only if the tensor A; — Ag is nonsingular. To deal with this
incovenience we follow CHERKAEV and GIBIANSKY [2| in introducing matrices
P and Q as projectors on the non-degenerated and degenerated subspaces of
A — Ay respectively and rewriting (3.43) in the form

(3.44)1 Yp(Ap) > 0,
where
(344)2 Yp(Ap) =Y ([P A,P")+PTP' —(PTQ")(QTQ") (QTP").

Full construction of ((3.44)2) is omitted here and we refer the Reader to CHER-
KAEV and GIBIANSKY [2] for detailed exposition of this formula. Let us only
mention that shapes of matrices P and Q depend on the fields defining the
supervector ®. Influence of this fact on the calculations is clarified in Section 4.

For isotropic Ay, the Y-transformation can be applied directly to scalar
components of the effective tensor. The following three equalities:

—1\—1
xp — (x
y(xh)xl7$2a m17m2) - @;fxi(m}ltl + mle))

1
(3.45) y(zh, 1,22, M1, M2) = 7
y(xh y L1 5Ty 7m1am2)

)

ylaxpy, azxy,axe, mi,me) = ay(xy, r1, 22, M1, M),
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see (2.12) for (-), hold true for any a € R and for z;, being the effective modulus
of isotropy. In the sequel we write y(z,) for short when no confusion can arise.
Formula ((3.44)1) is easily transformable to the form

(3.46) AYp(An) 20,  B(Yp(Ap) 20,  C(Yp(An) =0

by the procedure similar to the one developed in the prequel for (3.37). Let us
assume that the projectors P and Q are given and optimal translation parame-
ters, denoted by t¥, i =1,...,4, are calculated with help of (3.42), hence defining
(3.7) through (3.32). This, in turn, allows for calculating of the projections of
Ay and T in (3.44)2. Obviously, the dimensions of the non-reduced supertensors
conform with those of A,. Then, for f(oi), i =1,2,3, given by (3.16), we calculate
U(®o,Yp(A})) by (3.4) and we reshape the result in terms of F(®), see (3.28),
hence establishing (3.46). Examination of the determinants of these matrices will
lead to the most restrictive bounds on effective properties of a composite.

4. Calculating bounds on effective isotropic moduli
4.1. Summary of known bounds

The estimation method outlined in Sec. 3 is general, therefore capable of
predicting bounds on any anisotropic effective tensor. However, in the remainder
we restrict our concern to the simplest isotropic case. For this purpose, we take
into consideration that the response of a composite material to any deviatoric
field has to be identical, hence we limit the class of admissible supervectors to

(4.1) ®=fH QB +fP) @B, +fP) @ Es,

where f() and £(P) respectively denote hydrostatic and deviatoric w-periodic
fields. The well-known HSW uncoupled bounds on the bulk and shear moduli
are obtained by estimating the energy in specific directions. Indeed, taking

(4.2) &=k @B, and ¥, =" E,

respectively, leads to the lower and upper HSW bounds on kj. The effective
shear modulus py, is estimated by exposing the composite to the simultaneous
action of two deviatoric fields of the same type , i.e.

13) ®=kP @B+« ®BE; and & =0” 9Ey+ o @ Es.

The ranges of Y-transformed effective moduli of an isotropic composite plate
in bending were found in LEWINSKI and TELEGA [7, Ch. 23.4|. They are given
by

(44) y(kh) € [/1’27 /1’1] , y(ﬂh) € [2 Fmin + M2, 2 kmax + :ul] s
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where kpyin = min{ki, k2}, kmax = max{k, k2}. Taking
(4.5) ki > ko, 1 > p2, y(up) € [2ka + p2,2k1 + pa,

in a “well-ordered materials” case leads to the Hashin—Shtrikman estimates for
y(pp) in (4.4). In the sequel, these bounds are referred to as y(up) € [HS;, HS,]
whereas for “badly-ordered materials” we assume without any loss of generality
that

(4.6) ki1 < ka, 1 > 2, y(pn) € 2kt + po, 2ke + ],

which gives y(un) € [Wi, Wy] denoting the Walpole bounds in (4.4).

Placing no restrictions on the direction of searching for extremal values of
energy potentials in (3.4), leads to coupled estimates on pairs (kp,up) of an
isotropic composite, as will be shown in the sequel.

4.2. Coupled estimates for “well-ordered materials”

4.2.1. The upper bound Let us consider a supervector

(4.7) P=k®E +0E;+ 0o®Es3,

and the corresponding constitutive supertensors of basic materials (o = 1,2):
(4.8) Ay, =D,®E;®E| +dy®Es ® Es +d, ®E3z ® Es.

We note that (4.7) corresponds to g4 = 0 in (3.16), as k is a symmetric field.
Procedure described in Sec. 3.4 yields the following form of matrices in (3.39):

2ka + t1 213 0
1
— — 2ty + 2t 0
(4.9)1 A(Aq—T)= e 2T 1 ,
sym — — 2tg + 214

«
(4.9 B(A,-T)
1 1
2 — =1 to — 2t 2 - — —t1 =t t t
Ma+2ka 1+ 12 3 Mo e 1— 12 3+ 14

1
2o+ 5 —li+Hta+ 283 83—ty |7
2k,

sym to

1
(4.9)3 C(Ay—T)=— — 2ty — 2ty.

e
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Next, we attempt to fulfill the requirement set in (3.42) by assuming

1
4.10 tg = — — to.
( ) 2p 2

This gives C(A; — T) = 0 and C(A2 — T) > 0 in (4.93) and we see that
det A(A, — T) and det B(A, — T) are expressed by (A.1); and (A.2). Since
ts € R, then inequalities go(Hq, t1,t2) > 0 restrict the domain of pairs (¢1,%2) to

oy 3 )
411 Sy =3 (t1 ) : (t1,t0) € [~2kn, 2pug] X |—tt L
1) 8= {0t () € 2o 2] x5

We check by inspection that g1 (Ha,t1,t2) > 0 for any (t1,t2) € S; hence we
limit our search to those translations whose parameters (1, ta,t3) correspond to

(4.12) 92(Ha, t1,t2) — t5 = 0.

This task can be reduced to the following algorithm based on a simple geometrical
interpretation: examine each intersection of all planes defined as

(413) 772(7_‘04) 181 g?(HOz7t17t2> - t% =0.

Straightforward calculations lead to the conclusion that the set of mappings
{m2(A2), ma(B1), m2(B2)} yield optimal values of translation parameters

(kvpaHS) — kopn HSy )Wy + (p2)?pa (k1 — ko)
(eHS; — i HSy )Wy + 2kopa(ky — ko)

2k Wy — 2kopo HS, — py (k1 — ko)t]

B dpg (p1 — p2) HS Wy, ’

1 1
th =4/ (2ky + ¥ <—+——t*>,
3 \/( 2 1) Ao m 2

th=— —t.

#= 2

t

(4.14)

Matrix A1 — Ag has two zero eigenvalues, hence we introduce the projectors

I 0 O
(4.15); P-loPo) | Q=<g @ g>2 .
X
9x11
where I denotes a 3 X 3 unity matrix and
1000
(4.15)9 P= , Q=(0 00 1).

0100
0010
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Next we apply the algorithm defining matrices in (3.46) thus obtaining

2y(kp) — t} —2t5 0
1
— + 2t — 2t}
(4.16)1 A(Yp(Ay)) = () T2 2 1 0 ’
— 4 2t5 — 2t}
o y(u) * 77
(4.16)2 B(Yp(An))
1 1
2 + + 2 - +
) 3y Ty
(t5 + 1) (t3)° — (t3)

ot 25+ S+t +

t5
2(n) + —— +
y(un) + ——
. 2y(kn)
ym (t5 —t3)°
T

t
1

4.16)3 C(Yp(Ap)) = —— + 2% + 2t%.
(4.16)3 C(Yp(An)) ) Tt
The most restrictive upper coupled estimate on pairs (y(kp), y(ur)) is given by
(4.17) det A(Yp(Ap)) =0
and reads
(4.18) y(kn) € 2, ml,  y(pn) < ha(y(kn)),
where

1 2y(kn) — £
(4.19) hi(y(kn)) = = AV — —-

2 (2y(kn) — t)(t5 — t3) + 2(t5)?

4.2.2. The lower bound. Next, let us consider a supervector

(4.20) P=0RE +k®E;+k® Eg,

and the corresponding constitutive super-tensors of basic materials (o = 1, 2)
(4.21) Ay =dyRE1QE + D, ®Eys®Es + D, ® E3 ® Es.

Field k is symmetric, hence g9 = ¢10 = 0 in (3.16). Matrices in (3.39) take a
form
1
e +11 2t3 0 0
(4.22); A(AL—T) = Ao — 2to + 2ty 0 0 ,
At — 2o + 24 213

sym t1
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(4.22);  B(An - T)
1 1
—— 4 2ky — t1 + 1o — 2t3 — — 2k, —t1 — 1o
2pa ) 200

sym —— 4 2ky — t1 + 1o + 2t3
20

)

(422)3 C(Aa - T) == 4,ua - 2t2 - 2t4.
By setting
(4.23) t4 = 2#2 - tg,

we obtain det A(A, — T) and det B(A, — T) through (A.1);, (A.1)2 and (A.3).
Similarly to Section 4.2.1., we restrict the range of (¢1,t2) to

(4.24) Sy = {(tl,tg) (b1 ta) € [o, 21?] X [-2 k2,2,u2]}.

We next examine all intersections of planes

T (Ha) : S2 = g1(Ha,t1,t2) — t3 = 0,

(4.25) 2
WQ(HQ) : SQ — gZ(HOmtlatZ) - t3 = 0’

hence the set of mappings {m1(Az2), m2(B1), m2(B2)} yield

B 1 k1 — ko
tl - = 3
2 (k1 + p2)pn — (k2 + pa)pe
e _ okipz — ko — 21 po(ky — ko)t
(4.26) 2 p1 — p2 ’
ty =/t (2u2 — t3),
tz = 2/12 — t;.

Matrix A1 — As has one zero eigenvalue, hence the projectors on the subspace
of non-degenerate matrices are given by (4.15)2 and

(4.27) P = , Q=(Q 0 0), -

9x10

coN
o~NO
~NOo O
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The procedure put forward in Sec. 3.4 leads to (3.46) with matrices

(4.28)1 A(Yp(Ap))

1
— — t* —2t% 0
2y(kn) ’
= 4y(,uh) + 2t5 — 2t 0 , |
4(t%
o () + 215 — 207 + 20
1

(4.28)2 B(Yp(Ap,T))

1
— + 2y(kp) + 7 — t5 + 23
2y (n) b

1
—oy(kp) +tE+ 8
%y(uh) b

1 2y(kp) + £ — 5 — 2t
By /TG

sym
(4.28); C(Yp(Ap, T)) = dy(un) + 265 + 283,

The most restrictive lower coupled estimate on pairs (y(kp),y(un)) is due to

(4.29) det A(Yp(Ap)) =0

and reads

(4.30) y(kn) € [p2, pa],  ha(y(kn)) < y(un),
where

(1.31) pay(n)) = 520

g%

2y(kn) !

1
(3507 1) 5 - 1)+ 21

New estimates attain HSW points, see Fig. 1, that is

hi(p2) = 2ka + 1, hi(p1) = 2k + pa,

(4.32)

ho(p2) = 2ka + p2,  hao(p1) = 2k1 + po
and it is worth pointing out that the ordering of HSW estimates strongly depend
on kq, fa, @ = 1,2. For chosen characteristics of the constituent materials,
k1 =3, p1 = 3, ka = 1, us = 1, order of the Walpole estimates, see (4.6), is
inversed.
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2k, + 1,
: [ y(ky) Ky

Fig. 1. “Well-ordered materials”, k1 = 3, 1 = 3, k2 = 1, u2 = 1. Coupled estimates on
effective stiffnesses (y(kn),y(pn)) are shown by solid lines H-C and A-F; the Hashin—Shtrikman
rectangle — by dashed line A-B-C-D; the Walpole points correspond to H, F.

4.3. Coupled estimates for “badly-ordered materials”

4.3.1. The upper bound In case of “badly-ordered materials”, see (4.6), we first
consider a supervector

(4.33) P=0®E +0®E;+ 0®Es,
and corresponding constitutive supertensors of basic materials (o = 1, 2)
(4.34) A,=d,®E; ®E| +dy ® E; @ Eg + d, ® E3 ® E3.

Using notation (3.39) we obtain

1
— 4+t 2t 0 0
2ka+ 1 3

1
2ty 2t 0 0
(4.35)1  A(A,—T) e 2l

1
— — 2ty + 2ty 2t3
o
sym 3]
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(4.35)y B(Aq—T) =

1 1 1 1
b —— ity =23 — — —— —t — 1y t3+1
2Ma+2ka 1+t 3 12ua 12ka 1— 12 3+ 1
—F+ — =t t 23 ts —t4 |7
2Ma+2ka 1+ t2+2t3 13 — 14
sym 12

1
(4.35)3 C(Aq—T)=— — 2ty — 2t,.
[

By setting

1
4.36 tg=——1
( ) ! 2 2

we obtain det A(A, — T) and det B(A, — T) through (A.1)1, (A.13) and (A.4).
By restricting the range of (¢1,t2) to

(4.37) Sz = {(tl,tQ) H(tista) € [0’ 2;1] 8 {2u1 (M]f2+2k‘2)’ 2;1}}

and examining all intersections of planes

T (Ha) : S5 g1(Ha,t1,t2) — t53 = 0,
(4.38) 9
7T2(Ha) : S3 = 92(Ha7t17t2) - t3 = 0’

we conclude that the set of mappings {71 (A1), m2(B1), m2(B2)} yield

. (k2 — k1)
Y220 (1 4 k)W — 2ua(py + ko) HS,,

kopn HSy — kipoWy — 2(u1)? 2 (ke — k1)t;

2 2p1 (p1 — p2) HS W, ,
(4.39)

ty =4[t} ! t3

3 1 2/«111 2|

t = 1 ts

Matrix A1 — Ay has three zero eigenvalues, so projectors are due to (4.15)2 and

P oo Qo
(4.40) P= P o , Q=0 @
0 00

0
0 0 .
0 PJ o1 Q/ 5012
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The procedure put forward in Sec. 3.4 leads to (3.46) with matrices

(441);  A(Yp(Ap))

1
g ot 0
2y(ky) * 3
1
(4.41)5 - s + 215 — 2t 0 ,
1 A(t5)?
sym — + 215 + —— — 2t}
y(Mh) 2 (21 4
(441)3 B(Yp(Ap))
1 N 1 N 1 1 N
2y(pn)  2y(kn) 2y(pn)  2y(kn)
(t5 +t3)? t5)% — (t3)?
+t>{—t;+2t§+T 45+ =
(441)y = 2 [ S 2 )
sym 2y(un)  2y(kn) : .
* * * 3 B t*
-t — 2% + 3t*4

(4.41)5 C(Yp(Ap)) = m + 215 + 2.

The most restrictive upper estimate on pairs (y(kp),y(un)) is determined by

(4.42) det A(Yp(Ap)) = 0
and reads
(4.43) y(kn) € [z, ], y(un) < hs(y(kn)),
where
1 *
5. /1.y ‘1
O O .
(50— 1) (G- 1) +2 (37

4.3.2. The lower bound Finally, let us take a supervector
(4.45) P=kRE + kR Es; 4+ k® E3,
and the corresponding constitutive super-tensors of basic materials (o = 1,2)

(4.46) A, =D, E;®E1 +D,®E;®Es+ D, ® E3 ® Es.
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Next, we observe that g4 = g9 = q10 = 0 in (3.16), because k is a symmetric
field. Using notation (3.39) we obtain

2ko + t1 2t3 0
A(A, —T) = Apg, — 2t + 2ty 0 ,
sym Apg — 2to + 2t4

2Ma+2ka_tl+t2_2t3 2Ma_2ka_t1_t2
sym 2 + 2k —t1 + 1o+ 2t3 )’

C(Aa - T) = 4ua - 2t2 - 2t4.
By setting
(4.48) ty = 2ug — 12

we obtain det A(A, — T) and det B(A, — T) through (A.1); and (A.5). By
restricting the range of (¢1,t2) to

(4.49) Sa = {(t1,t2) : (t1,t2) € [—2k1,2u2] X [—2k1, 1us]}
and examining all intersections of planes

(4.50) Ta(Ha) : Sa— g2(Ha,t1, t2) — 13 = 0,

we conclude that the set of mappings {ma(A1), m2(B1), m2(B2)} yield

ki(p1HSy — poHS;) — 21 po (ko — ki)

t* = 2 )
! Wi — Wy, — 2k1 (kg — k1)
o 2kopio — 2k1p1 — (k2 — K1)t}
(4.51) 2 p — p2 ’
t5 = \/ (k1 + 1) (o + o2 — 13),
tz = 2/,L2 — t;.

Matrix A1 — Ao is positive-definite provided k1 # ko and p1 # ueo, thus the
projector P is given by a unity matrix, hence matrices in (3.46) take the form

2y(kp,) — t —2t3 0
(4.52)1 A(Yp(An)) = dy(pn) + 2t5 — 2t} 0 ,
sym Ay(pn) + 2t5 — 2t}
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(4.52)2 B(Yp(Ap))

_ <2y(uh) +2y(kn) + 7 — 3+ 265 2y(un) — 2y(kn) + 1] + 43 >
sym 2y(pn) + 2y(kp) + 17 — 85 — 2857

(4.52)3 C(Yp(Ap)) = 4y(un) + 2t3 + 2t].

The most restrictive lower estimate on pairs (y(kp),y(ur)) is obtained by

(4.53) det A(Yp(Ap)) =0

and reads

(4.54) y(kn) € [p2, pl, ha(y(kn)) < y(un),
where

1 (2y(kn) — 1)t — 13) +2(t3)*
2 2y(kn) — 11 '

New estimates attain HSW points, see Fig. 2, that is
h3(p2) = 2k 4+ p1,  ha(pr) = 2k + pa,

(4.55) ha(y(kn)) =

(4.56)
ha(p2) = 2ka + 2, ha(pr) = 2k1 + po

2k, + 1

Fig. 2. “Badly-ordered materials”, k1 = 1, u1 = 3, k2 = 3, u2 = 1. Coupled estimates on effective
stiffnesses (y(kn),y(ur)) are shown by solid lines H-C' and A-F; the Walpole rectangle — by
dashed line E-F-G-H; the Hashin—Shtrikman points correspond to A, C.
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and, as it was mentioned in case of “well-ordered materials”, the ordering of
HSW estimates strongly depend on k,, pq, @ = 1,2. For chosen characteristics
of the constituent materials, ky = 1, uy = 3, ko = 3, us = 1, order of the
Hashin-Shtrikman estimates, see (4.5), is inversed.

5. Disscussion of the results and conclusions

5.1. Obtaining 2D elasticity bounds by the statical-geometrical analogy

The link between the results obtained in Sec. 4.2 and 4.3 for the theory of
thin plates in bending and those calculated in CHERKAEV and GIBIANSKY [2]
for two-dimensional elasticity, exists through the correspondence between the
equations of both theories (KL and PS for short), known as the static-geometric
analogy. It was discovered in the 1940’s by A.L. Lurie and A.L. Goldenveizer in
the context of the theory of thin shells. For a deeper discussion of this topic we
refer the Reader to GOLDENVEIZER [5, Ch. 5.36.] or NAGHDI |12, Ch. 7.].

Write N for the in-plane force tensor of two-dimensional elasticity. Its com-
ponents can be expressed in terms of the Airy function x derivatives, see e.g.
GOLDENVEIZER [5, Ch. 3.21]. Thus we can substitute w ~» x in the definition
of k, see (2.5), by observing that the compatibility condition (2.4) is preserved
for kap = —(\/ﬁ/t)emeug]\f,\#, a, B, A\, 1 =1,2; €43 denotes a permutation sym-
bol and ¢ stands for the thickness of the plate. Set u = uye, for the in-plane
displacement field and e for the corresponding strain tensor. Applying (purely
formal) relation Mg = (t/V12)exa€uger, yields the equilibrium equation (2.6)
for ¢ = 0 in terms of €. By introducing the scaling coefficient v/12/t in the re-
lations above, we avoid the field measurement unit mismatch. Next, we write
Va8 = Exa€upliny in (2.8). The stiffness properties interchange according to

1 1 1
KL P KL P KL P
kl Mklszkg(L, ey MMIS: §L7 k2 MkQS:k{(L’
(5.1) 1 1 1
pp o s = KL’ kfIL(L“”kfILDS:kKL’ PR~ g = KL’
H1 h Hh,

thus we conclude that bounding effective constitutive properties of a Kirchhoff—
Love plate is formally equivalent to the two-dimensional elasticity problem with
materials whose stiffness moduli are properly redefined. This observation was
made in LEWINSKI and TELEGA |7, Ch. 23.4], for Hashin—Shtrikman estimates
obtained independently for bending and in-plane load cases, but it also remains
valid for Walpole bounds. Consequently, the coupled estimates of effective prop-
erties k,lf 3, uf S of two-dimensional elasticity can be re-established by means of

functions hj ... hy derived in Sections 4.2 and 4.3. By straightforward computa-
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tion in cases of “well-” and “badly-ordered materials”, we respectively obtain
1 1 1 1 1 1 1 1 1 1
PS -1 -1
Yy € h (7a_7_7_7_)7h (77_3_7_7_>:|’
(a™) [ V\yRES) ko ki e ) \y(kPS) ke Ry e’

1 1 1 1 1 1 1 1 1 1

PS -1 —1

e h ) ) ) ) 7h b ) ) ) )
y(uh ) |: s <y(k}1135) k1" ko o Nl) 4 <y(k55) k1" ko' o ,LL1>:|

and one can easily check that (5.2) coincide with estimates calculated in CHER-
KAEV and GIBIANSKY [2].

It is worth pointing out that although the Cherkaev—Gibiansky estimates for
two-dimensional (plane stress) elasticity and those reported in the present paper
can be derived by the same method, the correlation between them strongly relies
on the statical-geometrical analogy. In other words, both results are complemen-
tary in the sense of the above-mentioned purely mathematical formalism, linking
two physically different phenomena of the theory of elasticity.

(5.2)

5.2. Conclusions

Simple cross-property bounds for (k:h, ,u,IfL , ,uf o ) related to the thin plate
subject to simultaneous bending and in-plane loads, follow from the results ob-
tained in Sec. 4 and 5.1. They are valid only if bending and membrane effects
remain uncoupled, e.g. like in the theory of shallow shells. New bounds are tighter
than those obtained by aggregating HSW bounds given by the paralellepiped:

(5.3) H = {(/ﬂmuhKL,MfS) y(kn) € [pa, ],
y(ukt) € 2kEE + uKL 2k KL 4 ]| see (4.4),

y(ukS) € [2k55 + ubS 2kES 4+ uPS], see (5.1)},

min max

see Figs. 3, 4. Superscripts in kp can be dropped in the description of H because,
up to the scaling factor mentioned in the previous section, the range of admis-
sible values for effective bulk coefficient (or its Y-transformation) is the same,
regardless of the underlying theory.

In cases of “well-” and “badly-ordered materials’, we respectively set

(5.4) Hyy = {(kn, i ™, 18®) 2 y(kn) € [pa, ],
y(ur ™) € [ha(y(kn)), ha(y(kp))], see (4.18), (4.30),

y(uf%) as in (5.2)1 ),



278 G. DZIERZANOWSKI
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Fig. 3. “Well-ordered materials”, k1 = 3, u1 = 3, k2 = 1, u2 = 1. Coupled bounds on shear

moduli XL, uF 5. Dotted line rectangles A, B, C, D, E respectively correspond to cross-sections

of Hy for kn = pa + {0,0.25(u1 — p2),0.5(p1 — p2), 0.75(u1 — p2), 1.0(u1 — p2)}. Dashed line
rectangle illustrate the cross-section of the HSW paralellepiped H.

Fig. 4. “Badly-ordered materials”, k1 = 1, u1 = 3, k2 = 3, u2 = 1. Coupled bounds on shear

moduli X%, uf 3. Dotted line rectangles P, @, R, S, T correspond respectively to cross-sections

of Hy for kn = p2 +{0,0.25(u1 — p2),0.5(p1 — p2),0.75(u1 — p2), 1.0(u1 — p2)}. Dashed line
rectangles illustrate the cross-section of the HSW paralellepipeds H.
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(5.5) Hy = {(kn, ph ", 15, ®)  y(kn) € [p2, ),
y(un ") € [ha(y(kn)), ha(y(kn))], see (4.43), (4.54),

y(uf®) as in (5.2)2}.

Appendix
Two general equations (o = 1,2, Ho € {A(An), B(AW)})
(A1y) det H(Aq — T) = g1(Ha, t1, t2) [92 (Ha, t1, t2) — (t3)7],
(Alg)  detH(Ay = T) = [g1(Ha t1,t2) = (3)%] [g2(Has t1, t2) — (£3)%],

express det A(A, —T), det B(A, —T) in Sec. 4. The formulae are shown in the
following order: (A.X); — det A(A; —T), (A.X)y — det A(A2 —T), (AX)3 —
det B(A; —T), (A.X)s — det B(Ag — T), where X = 2,3,4,5.

Determinants of matrices in Section 4.2.1

(A2), 16 (2%“ - t2> [(tl +2k1) (2—;1 - t2) - (t3)2] ,

(A.2>2 16 <4—;2 + ﬁ — t2> |:(t1 + 2k2) <4LM2 + i — t2> — (t3)2:| ,
2 (p1 + 2k1) k

(A.2)3 # [(QM — 1) <t2 - m> - (t3)2] ;

R e (6= g ) 7]

It is easily seen that all determinants correspond to (A.1);.

Determinants of matrices in Section 4.2.2

(A3 16011 + p2 —t2) — (t3)? [ou T 1) (% n tl) - <t3>2} ,

(A3)2 16 [t1(2un — t2) — (t3)?] {(2;@ — tg) (2—11@ + t1> - (753)2] ,
(A3); 4 K% - t1> (to + 2k1) — (tg)z] ,
(A3), 4 K% — t1> (ta + 2ks) — (tg)Q] :

Formulae (A.3)1 2 correspond to (A.1); and (A.3); 2 are related to (A.1);.
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Determinants of matrices in Section 4.3.1

(A4) 16[t1 (2%1 —t2) - (t3)2:| K% +t1) (2%1 —tg) - (t3)2],

(Ad)g 16{151 <4—;1 + 4—;2 - t2> - (t3)2:|

Formulae (A.4); 2 correspond to (A.1)z and (A.4)34 are related to (A.1);.

Determinants of matrices in Section 4.3.1

(A5)1 16(p1 + piz — t2) ((2k1 + 1) (o + 2 — t2) — (13)%),
(A5)2 16(2pa — t2)((2k + t1) (22 — t2) — (£3)*),

(A.5)3 4((2p1 — t1)(t2 + 2k1) — (t3)?),

(A.5)4 4((2ug — t1)(t2 + 2k2) — (t3)?).

It is easily seen that all formulae correspond to (A.1);.
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