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IN THIS PAPER, firstly, the far field due to a line source scattering of acoustic waves
by a soft/hard half-plane is investigated. It is observed that if the line source is
shifted to a large distance, the results differ from those of [16] by a multiplicative
factor. Subsequently, the scattering due to a point source is also examined using the
results of line source excitation. Both the problems are solved using the Wiener—
Hopf technique and the steepest descent method. Some graphs showing the effects of
various parameters on the diffracted field produced by the line source incidence are
also plotted.
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1. Introduction

NUMEROUS FORMER INVESTIGATIONS have been devoted to the study of classi-
cal problems of line source and point source diffractions of electromagnetic and
acoustic waves by various types of half-planes. To name a few only, e.g. the line
source diffraction of electromagnetic waves by a perfectly conducting half-plane
was investigated by JONES [1]. Later on, JONES [2] considered the problem of
line source diffraction of acoustic waves by a hard half-plane attached to a wake
in still air as well as when the medium is convective. RAWLINS [3] studied the
diffraction of cylinderical waves from a line source by an absorbing half-plane in
the presence of subsonic flow. AHMAD [4] considered the line source diffraction of
acoustic waves by an absorbing half-plane using Myre’s condition. HUSSAIN [5]
analyzed the line source diffraction of electromagnetic waves by a perfectly con-
ducting half-plane in a bi-isotropic medium. Recently AYUB et al. [6] studied the
magnetic line source difffraction of electromagnetic waves by an impedance step.
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The phenomenon of point scource diffraction has also been investigated by
various authors, e.g., VLAAR [7|, BALASUBRAMANYAM [8], CHATTOPADHYAY et
al. 9] and AYUB et al. [10-12]. This consideration is important because a point
scource is regarded as a fundamental radiating device [13] and the solutions of the
point source problems are called fundamental solutions of the given differential
equation [14]. Keeping in view the studies mentioned above, in this paper we have
studied two problems of line scource and point scource diffraction of acoustic
waves by a soft /hard half-plane.

The continued interest in the problem of diffraction from a surface satisfying
soft (pressure release) boundary condition on upper side and hard(rigid) bound-
ary condition on the lower side, is due to the fact that it constitutes the simplest
half-plane problem that can be formulated as a system of coupled Wiener—Hopf
(WH) equations that cannot be decoupled trivially. RAWLINS [15] pointed out
that two unusual features arose in this boundary value problem and adopted an
ad-hoc method for the solution of this problem. After the lapse of many years,
BUYUKAKSOY [16] not only reconsidered the problem solved by [15] but also
proposed an appropriate method for the solution of the said boundary value
problem. The Wiener—Hopf technique provides a powerful approach for consid-
ering diffraction of waves by a single half-plane [17]. This was fairly extended
to diffraction by two parallel plates. However, there were problems in dealing
with other configurations and mixed boundary value problems which were first
attacked using the matrix formulation of the WH equations. A comprehensive
procedure for tackling the matrix version of these equations is not yet available.
The matrix appearing in the present problem is the same as in [16] and has been
factorized by BUYUKAKSOY [16] by using the DANIELE-KHARAPKOV methods
[18, 19]. A detailed survey of matrix factorization methods may also be found
in the paper of BUYUKAKSOY and SERBEST [20]. Diffraction from a two-part
surface is an important topic in diffraction theory and it constitutes a canonical
boundary value problem for diffraction because of abrupt changes in the mate-
rial properties [21]. BOYUKAKSOY [16] has considered the diffraction of plane
waves by a soft/hard surface. Using the Jones method [17], a beautiful account
of which is also given in his book [13], we have extended the analysis of [16]
to the case of line source and point source diffraction of waves by a soft/hard
half-plane.

The introduction of line source changes the incident field and the method of
solution requires a careful analysis in calculating the diffracted field. The consid-
eration of point source diffraction will help us to understand acoustic diffraction
and will go a step further to complete the discussion for the soft /hard half-plane.
The mathematical importance of this work lies in the fact that the introduction
of point source introduces another variable. The difficulty that arises in the solu-
tion of the integrals occur in the inverse transform. These integrals are normally



WIENER—HOPF ANALYSIS OF DIFFRACTION OF ACOUSTIC WAVES ... 159

difficult to handle because of the presence of the branch points and are only
amenable to solution using asymptotic approximations. The analytic solution of
these integrals is obtained and the far-field solution is presented.

To the best of our knowledge, no attempt concerning the line source and point
source diffraction of acoustic waves from a soft /hard half-plane is available in the
literature. Finally, the results of plane wave situation [16] can be achieved when
the line source is removed to infinity, which agrees well with the already known
results |1, 10, 11|. Some graphs showing the variation of various parameters on
the diffracted field have also been plotted.

2. The line source diffraction
2.1. Formulation of the problem

Consider the scattering of an acoustic wave due to a line source located at
the position (zg,yp) by a soft/hard half-plane located at z > 0, y = 0, so that
the edges lie along the z-axis. Thus we can assume that the field is independent
of the z-axis, and let 8y be the angle of incidence. The geometry of the problem
is depicted in Fig. 1.

y—axis Line Source
h
(x.¥) (=0-3)
P
Py
a | 60 Soft
> X—axis
Hard

Fig. 1. Geometry of the problem.

For harmonic acoustic vibrations of the time dependence e~ ™! which are

assumed and suppressed, we require a solution of the wave equation

0? 0?
(2.1) (5 + s +12) o) = 6o = 2003y — ).

where 1); is the total velocity potential, and the boundary and continuity condi-
tions are given as follows:
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(2.2) Pi(z,07) =0, >0,

(2.3) %@/’0_) =0, x>0,

(24) wt(x70+) = %(fﬂ,o_)a x <0,
and

87/)1‘/(377 0+) _ 8%(;2, 0_)
oy N oy

For a unique solution of the problem, it is required that the radiation condition

(2.5) x < 0.

(26) V(i) =0 =@ ) o

must be satisfied. Following [2, 3|, for the analysis purpose, it is convevient to
express the total field for the line source incidence as

Yi(z,y) +v(z,y) y >0,
¥(z,y) y <0,
where v;(x,y) accounts for the inhomogeneous source term and ¢ (x,y) repre-

sents the diffracted field. In Eq. (2.7), ¥;(x,y) is the incident field satisfying the
equation

(2.7) Ui (z,y) = {

0? 0? 9
(28) (5 + s +2) ate0) = bl — )ity — o)
and the diffracted field ¢ (z,y) satisfies the Helmholtz equation
0* 0*
2. — +— + &7 =0.
(29) (52 + 3z + 1) vl =0

For analytic convenience we shall assume that the wave number k has small
imaginary part for which k = k. + ik;, where k, and k; are both positive and
k; — 0T is the loss factor of the medium. The appropriate Fourier transform
pair is

(2.10); &mm—/wmwwwm

and

(2.10), view) = o [ Flaw)eda.
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Using Eq. (2.10)1, the solution of inhomogeneous Eq. (2.8) can be written as [17]

1

_ iazo+iK (o) |ly—yo|
2K () ’

(2.11) vi(a,y) e
where K(a) = Vk? — 2. Defining K(«), the square root function, should be
that branch which reduces to +k when a = 0 when the complex plane is cut
either from a = k to @ = koo or from o = —k to a = —koo.

For the diffracted field, the solution of homogeneous Eq. (2.9) satisfying the
radiation condition can formally be written as

~ Ap(a)eE@y g >0,
2.12 oY) = .
( ) Y(a,y) {AQ(Q)G_ZK(a)y y <0,

where Aj(a) and Ag(a) are the unknown coeffecients to be determined.
Taking the Fourier transform of the boundary and continuity conditions
(2.2)—(2.5), we arrive at

(2.13) J+(a,0+) = —/wi(x,0+)eio‘xdaﬁ,
0
8’(L\+(O"O_) _ ooawl(xvo_) iox
(2.15) Y (o, 07) = §_(a,07),
O (a,0%) _ 9Y-(a,07)
(2.16) oy = oy )

For a unique solution of the problem, the edge conditions require that ; and
its normal derivative must be bounded near x = 0, and these must be of the
following orders [16]:

Yi(x,0) = =1 4 O(z'/4), z— 0,

2.17
( ) %ﬁao) _ 0(3;3/4)7 z — 0.

The substitution of solution (2.12) into boundary and continuity conditions
(2.13)—(2.16) will yield

(2.18) Afa) = — / i, 05)e % 1+ 1 (a),
0
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. Ooalbl(xaoi) iax >
(2.19) K(a)As(a) = —ZO/ Te dz +Y_o(a),
(2200 Ay(a) - Ax(a) = Fya(a),
221 i)+ () = G2
where @Z_ 1,2(a) and 1Z+ 1,2(a) are defined as follows:
0
(2.22) J,l(a) = / (z,0M)e % dx,
s P(a,0)
(2.23) _o(a) = i_/ Temxdaj,
(2.24) Barfe) = [ [(2.0) = (.0l da,
0
~ 7 x + .0 .
e2) D)@ =i [ [aw(aéo ) QUL ey,
0

Due to the analytical properties of the Fourier integrals, 12)\,1,2 (o) and 1Z+1,2(a)
are regular functions of « in the half-planes Im a > Im k cos g and Im o < Im k,
respectively. By using the edge conditions in (2.17), we can show that when
|a] — oo in their respective regions of regularity, we have:

(2.26) b_1(a) = —% +0(a™/%),
(2.27) Y (a) = O(a™™/),
(2.28) baz(a) = O(a™14).

The elimination of A;(«) and Aa(a) between Egs. (2.18)-(2.21) leads to the
following matrix Wiener—Hopf equation:

0w () — 2| 9(@)
(2.29) G(a)Py(a) =20_(a) — 2 [r(a)] ,
where G(a), ¥4 (a), q(a) and r(«) are given as follows:

(2.30) G(a) = {_Kl(a) Wi(a)} ,
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o | Pa@
(2.31) Wy (cv) [wﬂ(a)],

(2.32) q(a) = /wi(x,0+)eio‘xdx,
0

o

(2.33) r(a) = i/%y’o)emmdx.
0

2.2. Solution of the matrix Wiener—Hopf equation

Incidently, the kernel matrix G(«), which can be written as

(2.34) G(a) :I+ﬁ [_(kgo_ ) (1)]

is the same as in [16], where I is the unit matrix. The matrix G(«a) has been
factorized by BUYUKAKSOY [16] by using the KHARAPKOV method [19] and the

result is as follows:

_ o174 | cosh x(a) sinh () /(@)

(2.35)1 Gla) =2 [y(a) sinh x(a) cosh x(«) ’
with
(2.35)2 G_(a) = Gi(—a),
where

1 o l o
(2.35)3 x(a) = 7 ArCCos 4, X(—a) = ~1 |:7T — arceos - |,
and
(2.35)4 v(a) = Va2 — k2.
Also as |a] — oo, we note that

i [ () (a)s
(2.36) Ga(o) ~ oany [0 ()

Using the factorization of the kernel matrix, Eq. (2.29) can be rearranged as

237)  Gli(a) = 2(G_(a)] L ¥_(a) — 2[C(a)] ! {Q(O‘)} |
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Equation (2.37) is the matrix Wiener—Hopf equation. To make it regular in the
upper and lower half-planes we need to split the term

To achieve this end, we shall apply the additive decomposition theorem [17],
which results in

e et 0] <[] [T ]S [B] 4 [5]

where

oco+-ic
(2.39) Ti(a) — i%m, / (gff(l)dg
—oo+ic
oco+ic 1
_ 41 2”4 [cosh x(—=§)q(§) — r(§) sinh x (=€) /v (=]
B i?ﬂi_oo/ﬂc (€ —a) dg,
and
1 oco+id g
(240) Sa(o) = %5 / < g) de
—oo+id
oo+id 1
_ 41 274 [=q(§)y(=¢) sinh x (=€) + (&) cosh x(=¢)]
_ j:2m,7 /M =y de.

Hence Eq. (2.37) can finally be arranged as follows:

(2.41) G,y () +2 {T“O‘)] =2[G_(a)] ' ¥_(a) — 2 [T—@} .
S_(a)

The left-hand side of Eq. (2.41) is regular in the upper half-plane Im(a) >
Im(k cosfy) and the right-hand side is regular in the lower half-plane Im(«a) <
Im(k), and hence by the analytic continuation principle they define an en-
tire matrix-valued function P*(«). By taking into account the order relations
(2.26)—(2.28), Egs. (2.35)2 and (2.36), we conclude from the extended Liouville’s
theorem that P* is a constant matrix of the form

(2.42) P* =p* [g] .
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Thus the solution of Eq. (2.41) becomes
(2.43) G ()] (a) - Egjﬂ - [ ﬂ |

where the unknown constant p* can be determined as follows.
From Eq. (2.43), we obtain

(2.44) U () = G_(a) [p* iéo_‘ia)] .

By considering the order relation in Eq. (2.36), the unknown constant p* can be
specified with the help of Eq. (2.44) by following [21],

0@ | gyt [ [ (—a)~i
24 LEZ(O‘)] ~ ) {p T_} —a)*i O (—a)%]
with
(2.46) T = lim oT._.

The correct behaviour of 15_1(04) and 1;_2(04) is recovered if we choose

(2.47) p =T =0.

Hence the expressions, from Eq. (2.44) for 12_1(&) and 1//1\_2(04), are given as

(2.48) b1 (a)
oco+ia ]
= |:coshx(a){21m_ / [cosh x(—&)q(&)—7(§) Sth(f)/’Y(f)]dg}

(§—a)

—oo+1a

211
—oo+1ia

oco+ia
sinhx(—a) f 1, 1 [=4(€)y(=€) sinh x(=§)+7(£) cosh x(=£)]
Ry {“ / (€a) d’g}]’

and

(249)  ¢o2(a)

oco+ia )
_ {wa) I {271r RS C R GRICERES dg}

—oo+ia

271 (£—a)

—oo+1a

oco-+ia .
e cosha(a) {2;]9*1 R R L I df}] |
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2.3. The far-field solution

Now by subsituting Eq. (2.48) into Eq. (2.18) and then the resulting equation
in Eq. (2.12) and taking the inverse Fourier transform, we obtain for y > 0:

(2.50)  ¥(z,y)

oo co+ia

L ety {-ok; [ o000 s (010,
—00 —oo+1a
oco+ia
sinhx(—a) Jo1 . 1 [—a(§)~(=§) sinh x (—&)+7(&) cosh x (—£)]
BECOR T = “

. 4 1 7|7 A . 4
XezK(a)y—zaxda_2_ / / Wi ($7 O+)ezazdx ezK(a)y—zaxda.
s
—00 0

To determine the far-field behaviour of the diffracted field we introduce the
following substitutions:

(2.51) x = pcosb, y = psiné (0<8<m),
(2.52) To = pPo COS Oy, Yo = po sin 0o (7‘(‘ < fy < 0),

and the transformation
(2.53) a = —kcos(f +i(),

where ¢, given in Eq. (2.53), is real. The contour of integration over « in
Eq. (2.50) goes into the branch of hyperbola around —ik if 7/2 < 6 < w. We fur-
ther observe that, in deforming the contour into a hyperbola, the pole o = £ may
be crossed. If we also make the transformation & = kcos(6y + i71), the contour
over £ also transforms into a hyperbola. The two hyperbolae will not cross each
other if 8 < 6y. However, if the inequality is reversed, there will be a contribution
from the pole which, in fact, cancels the incident wave in the shadow region [2].
The explicit expression for the unknown constant p* is determined with the help
of Egs. (2.40), (2.46) and (2.47) and it comes out to be

0
2 sin =2 kg + 7
21 \2mkpo

Omitting the details of calculations, using the method of steepest descent [13]
the field due to a line source at a large distance from the plate for y > 0 is

(2.54) P =
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given as

(2.55)1 w(p, 0) ~

0 . 0o . 0+ s 0 by . 0 i
: cos — sin — sin @ + sin — cos — sin ;
472 4 4 cos 6 + cos O k\/ppo

which after some trigonometric simplification reduces to

. . b . 0
6% Sin Z sin 1 0 0o etk(p+po)
2.5 0) ~ — 1 5 2 ) kooe
(2:55)2 ¥(p.0) V272 | cos@ + cos b < o 2 o 2 > k\/ppo

3. The point source scattering
3.1. Mathematical formulation

For the case of point source scattering we suppose that a point source is
occupying the position (xq, 1o, 2z0). Thus for harmonic time variation e, we
require the solution of the equation

2 2 2,
(3.1) (W + a2 toathk > Pi(z,y,2) = 0(z — 20)d(y — Yo)d(2 — 20),

subject to the following boundary conditions, for x > 0:

(3.2) &y(x,0,2) =0, x>0, -0 < z < 00,
0P (z,0”
(3.3) w:o, >0, —o00<z< o0,
)

and for z < 0:

(3.4) Qy(x,07, 2) = &y (2,07, 2), x <0, —00 < z < 09,
0Dy (x,0" 0Py (x,0”
(3.5) (2,07, 2) = (@ ’Z), x <0, —00 < z < 00,
dy dy

where @, is the total acoustic field, defined as
(36) dst(xvyaz) zéo(x,y,z)—i-@(a:,y,z),

where @ is the scattered field and & represents the effect due to a point source.
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Let us define the Fourier transform and the inverse Fourier transform with
respect to the variable z as follows

o

Bayop) = [ Doy e
(3.7) o
k x —ikuz
@(x,y, Z) = 2_ ‘p(l’ayaﬂ)e " dﬂ
s

Taking the Fourier transform of the Egs. (3.1) to (3.5), the problem with bound-
ary conditions in the transformed domain p takes the following form:

> 9? _
(3.8) (@ - o + k2n2> Py = ad(x — x0)d(y — vo),

with n = /1 — 2, and a = e?*r*0,

The transformed boundary conditions take the form

(3.9) &y(z,0%, 1) =0, x>0,
é —
(3.10) %;’“) —0, x>0,
(3.11) Dy (2,07, 1) = (2,07, ), x <0,
0Py(x,07, 1) 0Py(x,07, )
3.12 = , z < 0.
(3.12) oy oy

Thus, we see that the problem (3.8) together with the boundary conditions
(3.9)—(3.12) in the transformed domain g is the same as in the case of two
dimensions, formulated in the Sec. 2 except that k21?2 replaces k2 [8, 10, 11].

3.2. Solution of the problem

As mentioned before, the mathematical problem (3.8) together with the
boundary conditions (3.9)—(3.12) in the transformed domain p is the same as
in the case of two dimensions, formulated in the Sec. 2 except that k?n? re-
places k2. Thus by making use of the the solution obtained in Sec. 2, we calculate
the diffracted field due to a point source as follows.

For y > 0, we have

0

. . by .
B o3 [ sin 7 Sing 0 0\ etknptpo)tikuzo
313) P(pbp)=——|——1 (1 5 > ) T A
( ) (p, 0, 1) w2 | cosf+cosfy < Heos 2+COS 2 ) knv/2ppo
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The scattered field in the spatial domain can now be obtained by taking the
inverse Fourier transform of Eq. (3.13). Thus, for y > 0, we have

(3.14) D(p,0,z)

0 4 .0y . 0
k 6% S11 Z S Z 0 6 eikn(erpo)fiku(zsz) p
~ — —— | ——|(1 - — .
27 72 | cos O+cos by ( s 2 eos 2 > knv/2ppo a
— 0o

In order to solve the problem completely, we introduce the following substitutions
[10,11] in the Eq. (3.14):

(3.15) i = cos f3, n=+1—p2=sinp,

(3.16) p+ po = Risinv, z —z9 = Ry cosv,

(3.17) Ry = /(2 —20)%+ (p+ po)?.

Using the method of steepest descent [13], the integral appearing in Eq. (3.14)
can be evaluated asymptotically for large kR;. The contour of integration is
taken such that it passes through the point of steepest descent 3 = v. Therefore,
for kR; > 1, omitting the details of calculations, the final form of field for y > 0
is given as follows.

For y > 0,
1 sin " sin 1 9 0o\ | e kFrtig
318) ®(p,0,2) ~ - || —— | (1 B 2 )| VrkRipoe
(3.18) &(p,0,2) 272 || cos @ + cos by ( +eos 2 +cos 2 > wkR1ppo

4. Graphical results and discussions

In this section we shall present some graphical results showing the effect of
some dimensionless parameters such as the observer distance from the origin
kp, source distance from the origin kpg and the observation angle 6y at the
diffracted field ¢ produced by the line source. Figures 2—4 show the variation of
the parameter kpg by fixing 6y = 7/2 and kp = 1,2 and 3, respectively. It is
observed that by increasing the parameter kpg the magnitude of the diffracted
field decreases. Figures 57 are plotted to note the variation of the parameter
kp on the diffracted field. It is observed that the diffracted field decreases by
increasing the parameter kp and fixing the other parameters to be 6y = 7/2 and
kpo = 0.01, 0.05 and 1, respectively, but the field lines are almost very close in
these figures as compared to the Fig. 2-4. Figures 8-10 depict the variation of the
observation angle 8y on the diffracted field. It is observed that the highest curve
corresponds to the normal incidence and the magnitude of the diffracted field
decreases and the peaks shift toward right as the angle of incidence decreases,
which is as expected.
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5. Concluding remarks

In this paper, the line source and the point source scattering of acoustic

waves by the soft /hard half-plane are studied. By means of the Fourier transform
technique, the boundary value problem is reduced to the matrix Wiener—Hopf
equation, whose solution is obtained by considering the Wiener—Hopf factoriza-
tion of the kernel matrix. It is observed that our results differ due to [16] by
a multiplicative factor. The result of point source excitation is also obtained.
Some graphs, showing the effect of sundry parameters, for the case of line source
situation are also plotted.
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