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On the thermoelastic problem of uniform heat flow disturbed
by a circular rigid lamellate inclusion
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A COMPLETE SOLUTION in elementary functions is given for the three-dimensional
thermoelastic field in an elastic space, containing an absolutely rigid circular inclusion
(anticrack) under a normally incident uniform heat flow. The inclusion is assumed
to be slightly conducting, with a certain thermal resistance. The analysis is based
on the potential theory method. The resulting boundary-value problems are reduced
to classical mixed problems of the potential theory. The temperature, fluxes, ther-
mal stresses and displacements in the inclusion plane are given in closed forms and
interpreted from the point of view of the failure theory.
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1. Introduction

PROBLEMS INVOLVING STRESS CONCENTRATIONS in deformable bodies con-
taining different kinds of imperfections have long been studied by researchers
from many fields, such as geomechanics, metallurgy, materials science. Cracks
(with traction-free surfaces) and rigid inclusions (with displacements-free sur-
faces) represent the two extreme cases of inhomogeneity that lead to the for-
mation of high stress concentrations. The safety of a structure containing these
defects can be determined basing on the knowledge of the magnitude and dis-
tribution of stresses following from all types of loads, including thermal loads.
Thus, it is essential to obtain the theoretical solutions of the realistic three-
dimensional thermoelastic fracture problems. The main advances in this field
dealing with cracks are discussed in monographs written by KASsIrR and StH [1],
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KiT and KHAY [2], DELLERBA [3]. The potential theory method proposed by
FABRIKANT |4, 5| has provided the basis for obtaining the analytical solutions
to many thermoelastic crack problems of practical interest (see KACZYNSKI [6],
KAczyNskI and MATYSIAK 7], CHEN et al. [8]). However, although 3-D isother-
mal problems involving rigid sheet-like inclusions in homogeneous elastic mate-
rials have been considered in numerous papers (see e.g. COLLINS [9], KASSIR
and SIH [10], SELVADURAI |11, 12|, SILOVANYUK [13], HUANG and Liu [14],
RAHMAN [15, 16|, KACHANOV et al. [17], CHAUDHURI [18], and the funda-
mental monographs by MURA [19], PANASYUK et al. [20] and ALEXANDROV
et al. |21]), thermal effects have been investigated to a much smaller extent and
are concerned with two-dimensional formulations (see SEKINE [22] and CHAO
and SHEN [23] and references cited therein). Only some inadequate results for
transversally isotropic bodies having rigid elliptic inclusions under thermal loads
can be found in PODIL’CHUK [24].

This contribution may be regarded as a companion paper to the publication
given by KAczyNskI and KozrowskI [25] in which, as an illustration of the
general considerations, the complete elementary solution was presented for the
rigid penny-shaped inclusion in thermoelastic space subjected to uniform per-
pendicular heat flow at infinity under a classical assumption that the faces of
the inclusion are thermally insulated. The present work is concerned with an
extension of 25| for more general thermal conditions by taking into account
the conductivity of the inclusion. A two-stage method for obtaining the solu-
tion is used. The steady-state temperature field is determined first with regard
to the heat transfer through a rigid inclusion. Next, the associated induced
thermal stresses are sought by using the potential method previously devel-
oped by KACZzYNSKI [6]. The resulting anti-symmetric problems are reduced to
classical mixed problems of the potential theory. The results obtained by FAB-
RIKANT [4, 5| are utilized to derive complete and exact expressions in terms
of elementary functions for the entire thermoelastic field. The properties and
singular behaviour of the thermal stresses near the inclusion border as well as
the influence of its thermal conductivity are examined.

2. Basic equations and general potential solution

Introduce a rectangular Cartesian coordinate system OX1X>X3, and de-
note at the point (x1, z2,x3) of the infinite thermoelastic homogeneous material,
the unknown quantities: the temperature (a small change from the stress-free
state) by T' and the components of displacement, stress, heat flux by w;, 0y, ¢;,
respectively.

Throughout the paper, the Latin subscripts run over 1, 2, 3, repeated indices
imply summation and a comma denotes partial differentiation.
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By neglecting the effects of both the inertia and coupling between tempera-
ture and strains, the general thermal-stress problem separates into two distinct
subproblems — determination of the temperature distribution and employing it
to find the induced stress field. The first thermal problem is governed by the
Fourier law of heat conduction and the three-dimensional Laplace equation for
the temperature field in absence of the heat sources (NOWACKI [26])

(2.1) ¢ = —KT},
(2.2) T =0,

where k is the thermal conductivity. Knowing the temperature distribution, the
resulting displacements and stresses may be found, respectively, from the gener-
alized Lamé equations and the Duhamel-Neumann stress-displacement relations
(in absence of the body forces):

(2.3) ptijj + (A + p)ug i — BT = 0,
(2.4) Oij = Mg k0i; + p(usj + uji) — BT0;5,

in which A and g are the Lamé constants, § = «(3A + 2u) with « being the
linear coefficient of thermal expansion, and d;; is Kronecker’s delta.

For problems connected with the discontinuities at z3 = 0%, a suitable general
solution to the above equations of thermoelastic equilibrium can be obtained
by four spatial harmonic functions (potentials): w — the thermal potential and
vi, © € {1,2,3} — the mechanical potentials such that the temperature and
displacements are represented in the form (KACZYNsKI [6])

(2.5) T = w3,
_ - -
(2.6) up = |¢1+ c/wdzxg +z3F | — 32,
L 3 3
_ - -
(2.7) us = |1+ c/wdmg +ax3F| 431,
L T3 1o
A+ 3u
2.8 = — F
(2.8) Uy = P1g o e + 23F3,
where
B
2.9 F=ustew, c=-—1".
(2.9) b2 20\ + 2p)

Using Eqgs. (2.5) and (2.1), the components of the fluxes are given by
(210) q; = —kw737;.
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Making use of the constitutive relations (2.4) and bearing Egs. (2.6)-(2.8) in
mind, the corresponding stresses are found to be

P2 + :ch,g] — 13,23,

(211) 031 — 2,& ©1,3 — b\ K
L 1

+ 1

)

(2.12) o032 =2p _@1,3 3 j_ MSOQ + 333E3] ) + 1313,
(2.13) o33 =2p L33~ );\4__'_2:@2,3 — I+ iE3F,3s] )
_ N -
(2.14) o1 =2u || 1+ C/wd$3 + 23 F T IUQD273 + @312 — 21|
L 3 )11 i
_ N .
(2.15) o2 =2u || 1+ c/wdarg + x3F -3 j\_ H(p273 — @312 —2cT'|
L T3 122 i
oo
(2.16) o012 =2u | p1 + c/wdajg + z3F
a3 12

3. Thermal rigid inclusion problem and its solution

Suppose that a homogeneous isotropic material occupies the entire space
except the region

(3.1) S ={(z1 =rcosb,xg =rsinf,xz =0) :

0§r=«/x%+x%§a,0§9<277},

where there is a rigid sheet-like inclusion (anticrack). The inclusion obstructs
the heat flow as shown in Fig. 1.

For the present thermal problem governed by the Laplace equation (2.2), we
have the boundary conditions at infinity

2) @=¢=0, @=-kTz——q as \/o]+z3+25— 00

and some conditions involving the thermal conducting properties of the rigid
inclusion.

Starting with the superposition principle, the total temperature field T' can
be represented in the form

(3.3) T=T7+T.
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rigid sheet-like AX;
inclusion (anticrack)

R

Fi1c. 1. A rigid penny-shaped inclusion in an elastic space under thermal flow.

Here 10“ is the temperature field corresponding to a perpendicular homogeneous
flow of uniform heat at infinity with the positive constant gradient gg (satisfying
Egs. (3.2)) and T is the disturbed temperature due to the presence of a rigid
inclusion.

It is readily found that

0
(3.4) T(w1,w9,3) = Dy,

k
It suffices to consider only the perturbed thermal problem, for which we have
to formulate the appropriate boundary conditions. At this stage, the general
model relations for thin heat-conducting elastic inclusions, devised by KIT and
KHATI [2], are utilized:

A@WFW [(f3)+—(f3)7} = —ﬁ [(£3)+—(£3)}
33 All- T4 o (Tt = ()] - 4D)

 B(k—kw) [0 0
T h(xy, m2)kin {(T’3)++(T73) }
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in which A and A stand for the differential operators given by

A() = (-)711 + ('),227
(3.6) | %1 . 2hy Vot RA(R) + (h1)? + (ha)?

V= h(xl,iﬂz) i h(l’l,ftg) )2 h2(ZE1,CL‘2)

and ki, is the thermal conductivity of the inclusion material, 2h(z1,x2) is the
thickness of the inclusion. Moreover, ( f~)jE are the values of function f for x5 =
+h(zy,22) and (T) =Tt + T~ [T] =T+ —T".

For the present problem, consider a special case regarding the inclusion
of negligibly small thickness and with a low heat conductivity. By using in
Egs. (3.5) the limits ki, — 0 and hg — 0 (where h(z1,z2) = hox(z1,22)) such
that kin/ho — const (> 0), we arrive at the following boundary conditions re-
lated to the anticrack S:

(3.7) f3($17$27$3 =07) - f3($1,5€2,~’63 =07)=0,
(3.8) |T(x1,29,0%) = T(x1,20,07)| — kR(x1, 22)T3(21, 22,0") = qoR(1, x2)

with

2h(x1,x2) _ 2hox(x1,22)
kin kin '

(3.9) R(z1,x9) =

interpreted as the thermal resistance of the inclusion. In addition, the disturbed
temperature at a sufficiently large distance away from the inclusion must vanish,
i.e.

3.10 T(r,x3) — 0 as r2 4 22 — oo.
( 3

The conditions (3.7) and (3.10) suggest to assume the sought harmonic func-
tion T as a Newtonian potential of a double layer of intensity v(x1,x2), dis-
tributed over the inclusion region S (KELLOGG [27]). In view of Eq. (2.5), this
function may be written as

3

and the remaining condition (3.8) yields the integro-differential singular equation
of Newton’s potential type for the unknown density ~

(312) 29(y, 1) — ER( :B1,:L'2 // = ﬁl,fz)dﬁ(;ifi = = qoR(z1,22).




ON THE THERMOELASTIC PROBLEM OF UNIFORM HEAT FLOW ... 315

The solution of this equation involves serious mathematical difficulties (see
KHAI [28] for a full account). However, assuming next that

(3.13) R(z1,22) = R(r) = Ry a? — r2, Ry >0,

we obtain an analytical solution to Eq. (3.12) in the form

2 res
(3.14) o a2) =) = Va2 — 2,

provided

1

(315) Qres = 5resq0 < q0, 5res = m < 17

remembering that [2]

(3.16) A // ViR - g -gdads,
S

V@ — )2+ (2 — &) - (z1,22) € 5.

Inserting Eq. (3.14) into Eq. (3.11) and using the exact results expressed
in terms of elementary functions for the thermal potential @ and its partial
derivatives obtained by FABRIKANT [5], it is found that for z3 > 0

(3.17)  w(x1,x2,23) = W(r, x3)
qa 2a% — 312

l2 a

= e [(2a2 + 223 — %) sin

l2_2
27k 2 a],

so the complete solution to the perturbed heat conduction problem, independent
of the angular coordinate 6, takes the form:

2
_ Zlres T3 sin~! a_ a? — l% , 23>0,
_ _ mk la

(3.18)  T(w1,22,23) = W3 =

2(res . _16a 5
- — + — 1?2 <0
L | Zasin L a 7)., w3 ,

and

(3.19) Gi(21, 20, 23) = —kT; = —k 3;
2Qresa2 Tiy/ a? — l% — 1.9
Z - ) )

T B

) 2 a a2 —a?
res <si1r11 -2 - ) , =3,

™

lh  2-12
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with Fabrikant’s notations

[\/(r—i-a)z—i-:v%—\/(r—a)?—i—x%},

W+ ad+ V-7 + 4

ll = ll (aa r, £U3) =
(3.20)

N — N —

12 = l2(aa T, $3) =
and their relevant properties
(3.21) l1|g5=0 = min(a, ), l2|z5=0 = max(a, ).

In particular, from the above expressions and in view of Egs. (3.3) and (3.4),
we find on the inclusion plane

2qy
j:q—l:;s\/aQ—rQ, 0<r<a,
7

0, r>a,

(3.22) T(r,0%) =

which is in agreement with the property of the single layer potential w [27], and

2(res r
T (r, 0% + _ 0<r<a,
ar(r,0%) = 2L ) =
aor
0, r > a,
(323) QB(T’ O:t) = _kr?)(’r’ Oi)
Gres — 4o = _(1 - 5res)q07 0<r< a,
2
fres sin~! a4 - qo, T > a.
™ r r2 — q?

A glance at these formulas shows that the rigid inclusion acts as an obstruc-
tion to the heat flow, producing thermal local disturbances such as a jump of
the temperature and an infinite increase of heat flux ¢3 in the vicinity of the
inclusion contour. Moreover, from Eq. (3.15) it follows that the heat transfer
ratio dres = Gres/qo as a function of Ry > 0 increases from 0 to 1, and by letting
Ry — 00 we get dres — 1, SO gres — ¢o, Obtaining the solution corresponding to
the limit case of thermally insulated rigid circular disc-inclusion (cf. [25]).

4. Thermal stress problem and its solution

Now we pass to the associated thermoelastic rigid inclusion problem. It is
divided into two parts: the first one corresponding to the simple flow of heat with

0
the temperature distribution 7' given by Eq. (3.4) and the second, non-trivial
part connected with determining of the induced state of stress and deformation
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resulting from the disturbed temperature T. Consequently (see (3.3)), we can
write

(4.1) U; = 19, +u;, Oij = g’,‘j + 5’,']‘,

where the components attributed to zero describe the principal state of inclusion-
free space, and the components having tilde represent the perturbations due to
the anticrack. The global mechanical boundary conditions resulting from the
fact that the inclusion is perfectly rigid and due to the given thermal loading,
may experience only a small vertical rigid-body translation € along the Xs-axis
(PopbIiL'cHUK [24]), are

(4.2) up = ug = 0, u3 = €, (r1,29,23 = Oi) €S,

where the parameter € must be determined from the equilibrium condition that
the net resultant force acting on the rigid inclusion vanishes, i.e.,

(4.3) // [033(331,:02, 0") — o33(21, 22, O_)]dazld:cg =0.
S

0
Solution of the basic Equations (2.3)-(2.4) with the given temperature T and
the stress-free conditions at infinity, yields the results:

0 118’ 0 i1’
uy(x1, 22, 23) = %961963, ug (21, T2, 23) = %3?29637
0 qox

(4.4) us(x1, T2, 23) = ﬁ(a:g — a;% — x%),

0
Uij(xl,.xg,xg) =0.

Next, our attention is focused on the thermoelastic perturbed problem
marked by tilde, its solution tending to zero at infinity and satisfying, in view
of Egs. (4.4), (4.1) and (4.2), the corrective displacement conditions related to
the anticrack S

a0

2kr2+s, 0<r<a.

(4.5)  a1(r,0%) = ag(r,0%) =0,  as(r,0%) =

Proceeding as in the case of 3-D rigid inclusions problems involving exter-
nal loadings (see [10, 16]), we shall seek the solution in a potential form tak-
ing into account the anti-symmetry of the temperature and of the deformation
state. As a result, the problem can be posed as a mixed boundary-value problem
related to the upper half-space x3 > 0 subjected to the following mixed boundary
conditions:



318 A. KACzYRSKI, B. MONASTYRSKYY

(4.6) a1 (r,07) = da(r,07) = 0, 0<r<a,
(4.7) i(r,0%) = Lo 4e, 0<r<a,
(4.8) a33(r,07) =0, r> a,
1
(4.9) =0 —— as /12 + a3 — oco.
R

Moreover, having obtained the distribution of the normal stress in the re-
gion S, the unknown rigid translation ¢ can be calculated from Eq. (4.3).

We now proceed to construct the potentials in the general solution (2.6)—(2.9)
with the knowledge of the thermal potential @ (see Eq. (3.17)) well suited to the
above boundary conditions. It is expedient to make the assumptions:

0o
(410) Y1 = —C/(:Jdl‘:;, Y2 = _f7 Y3 = 07
z3

which are substituted in Egs. (2.6)—(2.16) to give the following displacement and
stress expressions containing the harmonic function f:

(4.11) Uy = :E3(—f71 + 0@71), Uy = l’g(—fg =+ 0@72),
- A+ 3u . ~
4.12 = — T
(4.12) U3 )\+Mf+cw+x3( fa+T),
(4.13) 31 = 24 _>\i—Mf71 +cw+ :Eg(—f,gl + fl)] s
(4.14) G302 =2 _/\iufg—i-cu?g+x3(—f,32+i2)] ,
~ A+ 20 ~
4.15 =2 — T
(4.15) 033 = 24 g fa+z3(—fas+ ,3)] :
(4.16) 51y = 2 | —2 f3—2¢T + a3(—f11 + c@1)
. 011 =2 By 3 3(—/11 11)] 5
(4.17) G99 = 2 A fi3—2¢T + a3(—fon + c@92)
. 0922 = 2l _/\+M 3 3 ,22 22) |
(4.18) 5’12 = 2#1’3(—]0,12 + 0@712).

Note that on the boundary x3 = 0T, this representation automatically satis-
fies the condition (4.6). The remaining conditions (4.7) and (4.8), when expressed
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in terms of the potential function f by using Egs. (4.12) and (4.15), become

(4.19) flries =00 = 3 pr), o< <a,
(4.20) fa(r,z3=0")=0 r>a,
where the right-hand side in Eq. (4.19) is given by

(4.21) folr) = 202 e — ci(r,0").

2k

It is noteworthy here that only the values of @(r,0") from the perturbed temper-
ature problem are required. Making use of Egs. (3.11), (3.14), (3.15) and (3.17),
it is found that

(4.22)  @(r,0M) = dres // Va2 — & — & ddé = %(%2 —r).

-’k V(e —&)2 + (w2 — &)? 4k

Thus, the inclusion-perturbed problem reduces to the classical problem of the
potential theory (SNEDDON [29]) of determining the harmonic function f in the
half-space x3 > 0, which vanishes at infinity and satisfies the mixed boundary
conditions:

A+
) Jras =07) = S folr), 0<r <a,
falr,zs = 0t) =0, r>a,

with (see Egs. (4.21) and (4.22))

(4.24) fo(z1,22) = folr) = 227"24'54‘%(2@2—7”2)-
Comparing this relation with the corresponding relation (59) in [25] obtained
for the case of non-conducting penny-shaped rigid inclusion, we conclude that
they differ solely by the factor gres. In what follows, the results of the paper [25]
will be utilized.
The solution to Egs. (4.23) in the potential theory is represented by the
Newton potential of a simple layer distributed over the region S as

1 A+p 51,52)d€1d§2
(4.25)  f(x1,22,23) = 47FH A+ 2u1) // Ve — &)+ (m2 — &)2 + 3

where the unknown layer density o can be identified as the normal stress, namely

(4.26) 0'(331,1,‘2) = &33(x1,x2,x3 = O+), (a:l,xg) e=S.
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From the well-known properties of this potential, the second condition in
Egs. (4.23) is satisfied, and satisfaction of the first one yields the governing
two-dimensional singular integral equation (similar to that arising in classical
contact mechanics, see [4, 5])

51752 d§1d§2 _
(4.27) H// o e fo(z1,22), (x1,22) € S,

with fp given by Eq. (4.24), and a constant H is defined as

A+ 3

(4.28) = SOt

A closed-form solution to the above integral equation is obtained by using
the theorems of Dyson and Galin (full details are given in RAHMAN [16]). It is
of the following form:

Co — 027”2

(4.29) o(r)= PPN 0<r<a,
where ¢y and ¢y are the unknown constants to be determined.

Substituting Eq. (4.29) into Eq. (4.27) with the right-hand side of (4.24) and
equating the terms of the left and right-hand sides, we obtain a set of linear
algebraic equations solving them we obtain the following expressions for the
unknown coefficients (see [25] for more details):

2 2
c2a Bresa
4.30 = — —
(4.30) O T4kt O
2qo — GresC q00res A+ 6p 8
4.31 = =
(431) r k20120 T akRo

Additionally, Eqgs. (4.3) with (4.26) and (4.29) yield

2
(4.32) co = §a202

and from Eq. (4.30), the rigid vertical displacement ¢ is found to be

(4.33) co 9000 e’ a*(q00 + GresC)
' 3k 6k(A+2u) 3k :

The main harmonic function (4.25) giving a complete solution of the problem
expressed by elementary functions is (see the appendices in FABRIKANT |4, 5]
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for details and his notations (3.20))

c2(A+p) 2 2 3 92\ 10
4.34 == 7 -z fad
(4.34) f(r,zs3) et 30) [(a + 35 57 | sin L

3(2a2 - 313) /o,
B 2a VB

where use has been made of Egs. (4.26), (4.29) and (4.32), together with (4.31).

The full-space stress-displacement field can then be obtained by superim-
posing the two parts, as given in Eq. (4.1). All the derivatives of the governing
potentials @ and f that enter the formulas in Egs. (4.11)—(4.18) are derived
by using Fabrikant’s results (see Appendix A in [25]). To save the space of the
present paper, the results are omitted. In order to investigate the singular be-
havior of the stress field near the inclusion edge, however, the axially symmetric
solution on the inclusion plane 23 = 0F is presented below:

ul(h Oi) = UQ(T, Oi) =0, 0<r<ooq,

(4.35) €, 0<r<a,
2 qox . _1a
U3(7"7 Oi) g ; (5+ %T2> Sin 1 ;
L/ e L S
mk 2k
2 2_3 2
. G Paa 20”3 g
(4.36)  o33(r,07) = T Va?—r?
Lov r> a,
Baor, 0<r<a,
290 (7. 1@ p Bza®
— | Brsin™ ——
(4.37) o3 (r,0%) =4 7™ (ﬁ r AA+2p) ry/r2—a?

r > a,

Ba\/ r2—a?
r b
(4.38)  o1a(r,0%) = 0,6(r,0%) = 039(r,0F) =0, 0<r < o0,

(4.39) o11(r, Oi) = o9o(r, Oi) = o (1, Oi) = ogp(r, Oi)

2(]0 )\ﬁgaz 1 5 3
240 . * — 0<
=T [2()\4—2#) a?—r? TR, Dsr<a

0, r > a,

where the following notations are used:
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_ 4pcdres(A + 2p) A+ 64 8
(4.40) fs = 3k(\ + 3p) [2()\ o) kaJ :
~ o au
(4.41) g = 2%(\ + 3) [4p + Ores(3A + 2u)],
« _ 2ap 30res(3A +21)
(4.42) g* = RO 350 { 5 2)\} .

One can readily observe from the above solution that:

1. All components of the stress tensor (excluding o12) are singular near the
inclusion front r = a (strictly, singularities in 033,011, 0922 occur at the
points on the edge of the disc where r = a™, and in o3, — at the points
exterior to the disc where r = a™), with the familiar inverse square-root
singularity in classical fracture mechanics;

2. The normal thermal stress o33 suffers a jump across the anticrack surfaces
and changes the sign at r = \/%a;

3. The results for the limiting case of thermally insulated rigid inclusion are
obtained by letting Ry — 00, dres — 1 in Egs. (4.40)—(4.42); they are
precisely the same as those obtained in the companion paper [25].

In view of the linear fracture mechanics, it indicates that there are two major

mechanisms controlling the material cracking around the inclusion front:

e Mode II (edge-sliding) deformation characterized by the stress intensity
factor

. o qopBza+/a
(443) KH = 7nl_l)f(l;le 271'(7' — CL)O'37‘(7’, 0) = —m,

e separation of the material from the inclusion described by the stress sin-

gularity coeflicients

£ _ + B3qoar/a
(4.44) S; = rl_lgl_ 2n(a —r)o33(r,07) = F Jr
These parameters may be used in a suitable criterion for initiating the fractures
near the edge of the rigid inclusion (see RAHMAN [16]).
Finally, by comparison with the thermally insulated rigid inclusion, we see
that the consideration of certain conductivity leads to quantitative changes in
the thermomechanical behavior characterized by the factor dres (see (3.15)).
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