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1. Introduction

THIS PAPER IS CONCERNED with the deformation of thin cylindrical shells made
from an elastic, anisotropic and inhomogeneous material.

We employ the theory of Cosserat surfaces to describe the mechanics of thin
elastic shells. The Reader is referred to the paper of NAGHDI [1] for the founda-
tions of this theory and to the monograph of RUBIN [2] for a modern presentation
of the Cosserat theories, together with several applications. A Cosserat shell is
a two-dimensional continuum, endowed with a single deformable vector (called
director) assigned to each of its points. Thus, the two-dimensional continuum can
describe the deformation of the middle surface of a three-dimensional shell, while
the variations of the director field give information about the three-dimensional
effects that occur in the mechanics of thin shells.

The problem of Saint—Venant has been investigated in many articles within
the classical theories of shells (see e.g. [3-5]). In the context of the Cosserat
theory, this problem has been discussed by ERICKSEN [6]. We mention that, for
isotropic and homogeneous Cosserat shells, the torsion problem has been solved
previously by WENNER [7], while the solution of the relaxed Saint—Venant’s
problem has been presented in [§].
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In this work, we consider anisotropic and inhomogeneous Cosserat shells.
The constitutive coeflficients are assumed to be independent of the axial coor-
dinate. We study the static deformation of cylindrical surfaces with arbitrary
(open or closed) cross-sections, under the action of assigned body loads and
external forces and couples distributed over the edges. On the end edges, the
resultant forces and resultant moments are given. Along the lateral edges (for
open cylindrical shells), we consider some tractions and couples, which are pre-
scribed pointwise. We give a solution to this general problem in the case when
the assigned body loads and the lateral loading are polynomials in the axial co-
ordinate. To this aim, we employ the method established by IESAN [9] for the
treatment of Almansi’s problem in three-dimensional elasticity.

We begin this paper by presenting a summary of the basic equations for the
linear theory of Cosserat shells. Then, we confine our attention to cylindrical
shells and formulate the problems of Almansi and Michell. We mention that
these problems have been extensively studied in the three-dimensional elasticity,
for anisotropic materials (see e.g., [10, 11]). The solution of Almansi’s problem
is based on some results concerning Saint—Venant’s problem established in [12],
which are summarized in Sec. 2.3 and in the Appendix. In Sec. 3 we present
a method to construct the solutions to the problems of Almansi and Michell for
anisotropic Cosserat shells. These results are applicable for any specific geome-
try of the cross-section and for various types of material symmetry, to determine
the static deformation of loaded cylindrical shells. We investigate in Sec. 4 the
deformation of an orthotropic and homogeneous circular cylindrical tube subject
to a hydrostatic pressure applied to its major surfaces, which depends linearly
on the axial coordinate. Finally, we solve in Sec. 5 the Almansi—Michell prob-
lem for Cosserat plates. The results are in very good agreement with the ex-
act solutions for three-dimensional plates made of orthotropic and homogeneous
materials.

2. Preliminaries

2.1. Basic equations for the linear theory

In this section we summarize the basic equations of equilibrium for the lin-
ear theory of Cosserat shells. We denote by S the reference configuration of
a Cosserat surface and by ¢ (o = 1,2) — a curvilinear material coordinate sys-
tem on S. The static deformation of the Cosserat shell is defined by the position
vector r(6,6?) and the deformable director d (6, 6?), assigned to every point of
the surface.

The reference configuration S, which is assumed to coincide with the ini-
tial configuration, is characterized by the the position vector R(6',6?) and the
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director field D(6!,62). We introduce the following fields:

OR A x Ay

21) Ag=——, Ag=_L1""2
(2.1) = A, < Ay

Aus = Ay -Ag, Bag=As- Ay s,
86@7 ﬁ /B ﬁ 3 7B

which represent the covariant base vectors along the 6%-curves, the unit normal
to § and the first and second fundamental forms of the surface S, respectively.
Throughout this paper, a subscript comma stands for partial differentiation
with respect to the coordinates (0%), while a subscript vertical bar denotes the
covariant differentiation with respect to the metric tensor A,3. Also, we make
use of the summation convention over repeated indices and assume that the
Latin indices take the values {1,2,3}, while the Greek indices are confined to
the range {1,2}.

In the linear theory, we introduce the infinitesimal displacement u and direc-
tor displacement & by

(2.2) u=r—-R, 5§=d-D.

The strain measures e,g, ; and p;, are defined by

Lo , . A
oy 0T gl tiae) ~Basla e =latisat Blig,

~

V3 =103, pPBa = 55@ — Baiiyg + BaBgyis,  psa = 03,0

where 4; = u- A; and & = & - A;. We consider the case of shells with constant
thickness in the reference configuration, which is characterized by the relation
D = A3 (cf. [1], page 447).

For an arbitrary curve c on S (which may also be the boundary 0S) we denote
by v the (outward) unit normal to ¢, tangent to the surface S. Let N and M
denote the force vector and the director force vector (also called director couple)
acting per unit length of ¢, and v, = v - A,. Then, we have the decompositions
of Cauchy type

(2.4) N = (NAs + VoA, M= (M¥A;)v,.
Let us introduce the surface tensor defined by N'®? = No8 4 B'eM 7%, For
anisotropic and inhomogeneous shells, the constitutive equations have the form
1 1 .. A ,
W = 50(041[)3766&5675 + iczgfﬁpmpjg + ngweagpm + Cafzea/g%

ijo

. 1
(2.5) + 0(2) YiPja + EC’({)%W,

Nw:%<aw aw>7 oW O

8eaﬁ 3€5a 8%’ B 3/%@ ’
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where W represents the strain energy density per unit area of §. The function
W = W(eas, Vi, Pia) is a quadratic form of its arguments, with coefficients C(O;l)
satisfying the following symmetry conditions:
afByé _ ~Bayd _ ~ydal iwajfB _ ~jBia
Co” =C =% Yoy =Cy
afiy _ ~Pasy afi _ ~Bai i ~J
Co =% > Yo =Cy  Co=Ch

The equations of equilibrium for Cosserat shells can be written as
(2.6) Naﬁ\@ —Bgva+f5:0’ Va\a‘*'BozﬁNaﬂ“‘fg =0, Mai|oa—Vi+li =0,

where f = f'A; and 1 = I’A; represent the assigned force and assigned director
force, respectively, measured per unit area of S.

For any displacement field v = (u, §), the strain energy of the Cosserat shell
is

(2.7) Uw) = /W(eag(v),%(U),pm(v))da.
S

Also, we consider the energy norm || - || and the scalar product (-, -) given by

lvll? =2U(v) = (v, ),

28) (5= / (N8 (0)eas (D) + Vi(o)3(D) + M (0)pia(5)] da.
S

2.2. Cylindrical shells

In this section we confine our attention to cylindrical Cosserat shells and
write the relevant field equations for this particular geometry of the surface.

We assume that the reference configuration S of the Cosserat shell is a cylin-
drical (open or closed) surface with arbitrary cross-section, with generators par-
allel to the axis Oxg of the rectangular Cartesian coordinate frame Oxjxox3 (see
Fig. 1).

The cylindrical surface S is situated between the planes 3 = 0 and x3 = Z,
and we denote by C, the cross-section boundary curve which belongs to the
plane z3 = z, z € [0, z]. Let us choose the surface curvilinear coordinates 8! = s,
6? = z on S, where s € [0, 5] represents the arc parameter along the curves C,
and z = z3, z € [0, Z]. We denote by e; the unit vectors along the Ox; axes. The
parametric equations of S are given by

(2.9) R =R(s,2) = z4(s)eq + z €3, D =D(s) = eagm'ﬁ(s)ea,

where the functions x,(s) are assumed to be of class C3[0, 5]. We denote by (-)' =
%() and €, is the two-dimensional alternator (e12 = —ez;1 = 1, €11 = €22 = 0).
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-

Fia. 1. Reference configuration of the cylindrical shell.

The end edge curves are Cp and Cs. For closed shells, the functions z4(s) (and
their derivatives) satisfy the continuity conditions at s = 0 and s = 5. For open
shells, we denote by L; and Lo the lateral edges characterized by s = 0 and
s = §, respectively. We remark that, for the surface S given by (2.9), we have

A =1(s) =2/ (s)eaq, Ay =e3, Az =n(s) = eapri(s)ea;

(2.10)
Anp = dap, By = —r71, Bi1s = By = By =0,
where T and n represent the unit tangent and normal vectors to C,, r is the
curvature radius of C, and d,5 is the Kronecker symbol. Thus, the physical
components of any tensor on the cylindrical surface coincide with the covariant
and with the contravariant components of the same tensor. Taking into account
that 8! = s, 02 = z and A3 = n, in what follows we shall employ the subscripts s,
z and n instead of the indices 1, 2 and 3, respectively, for any tensor components.
In particular, we can decompose any vector v as v = v;T+v,e3+v,n. Using this
notation convention together with (2.10), the geometrical relations (2.3) become

ou U 1/0u ou ou
ess:a—;+7n7 eszzezs:§<8—;+a—;)’ zzza—;a 'Ynzérw
ou ou 00 10u U
(2.11) —§. _Us  OUn — 5 4 LlUn _ 9% 29U | Un
78 S + as ) /}/Z z + 82’ bl pSS 88 r 88 T‘27

090, 00 00, 10us O0dy, 00y,
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The equations of equilibrium (2.6) can be written in the condensed form
(2.12) A(v) = —F,

where F = (fs, f2, fn,ls, L2, 1) and we have denoted by A the linear operator de-
fined on the set of displacement fields v = (u, 8), by A(v) = (A1 (v),..., As(v))
with

A1(0) = 5-Neo(0) + - Na0) + 1 V(o)

Ao(0) = - Nosl0) + 5o Necl0),

Ag(0) = V(o) + 5-Va(0) = 3 Nosle),
(2.13) . ]

Ay(v) = %Mss(v) + &Mm(“) — Vs(v),

A5(U) = %Msz(v) + %Mzz(v) - V;:(U)a

Ag(v) = %Msn(v) + %Mzn(v) —Vo(v).

We investigate the deformation of cylindrical shells loaded by assigned body
loads f and 1, by external forces and couples on the lateral edges (for open
shells) and by resultant forces and moments acting on the end edges Cy, Cs. The
boundary conditions on lateral edges (in the case of open cylindrical shells) are

(2.14) N=NO M=M onL, (y=1,2),

where N and M) are prescribed vector fields.

For simplicity, we use the notation sy = 0, so = 5. In the case of closed cylin-
drical shells, we consider the following continuity conditions for the displacement
field v = (u, &) at the end points of the interval [s1, s2]:

ov v 0% v
(2.15)  w(s1,2) = v(s2,2), %(sl,z) = %(82,2’), @(sl,z) = @(32,2),

where z € [0, z].

Adopting the usual approach of the relaxed Saint—Venant’s problem, we as-
sume that the resultant forces and moments acting on the end edges are pre-
scribed. For any displacement field v = (u, 8), we define the vectors

(2.16) R(v) = /N(U) dl, M(v) = /[R x N(v) + D x M(v)]dl,
Co Co
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which represent the resultant force and the resultant moment about O of the
external forces and director couples acting on the end edge Cy, corresponding
to the displacement field v. Relations (2.16) can be expressed using the tensor
components

Ri(v)e; = —/ [, N.s(v) + ea/gm’ﬁvz(v)}dl €n — /sz(v)dl es,
C() CO

(2.17) M;(v) e = / €802 N=2 (v) + 2, M. (v)]dley
Co

—i—/[eagxo’lngzs(v)—i— a2tV (v)—M,s(v)]dles.
Co

The boundary conditions on the end edge Cy are
(2.18) R(v) = R°, M(v) = MO,

From the conditions of equilibrium for the shell and the relations (2.14) and
(2.18), we can readily deduce the boundary conditions on the end edge Cs.

To resume, our problem consists in determining the equilibrium of a cylindri-
cal shell subject to the assigned body loads f, 1, the external loads on the lateral
edges (2.14) (for open cylindrical shells), and the resultant force and resultant
moment (2.18) on Cp.

Let us denote the problem formulated above by P(R%, M?, £,1, N M),
We mention that in the case when f = 1 = N = MO) = 0, this prob-
lem is the well-known relaxed Saint—Venant’s problem for Cosserat shells. On
the other hand, if the prescribed loads f, 1, N and M) are independent of
the axial coordinate z, then P(R%, MO £ 1, N M®) is called the Almansi-
Michell problem, by analogy with the corresponding situation from the three-
dimensional theory of elasticity. Also, if £, 1, N and M) are polynomials
in the axial coordinate z, then P(RO, MO £, l,N('Y),M(V)) is known as the Al-
mansi problem. In Sec. 3 we shall give a solution to the problems of Almansi
and Michell.

In the remainder of this paper, we consider anisotropic and inhomogeneous
Cosserat shells, with constitutive coefficients which are independent of the axial
coordinate z. Thus, we assume that the coefficients C&) of the strain energy
density W in (2.5) are functions of the circumferential coordinate s only.

We denote by D(f,1, N M) the set of all displacement fields
v = (u,8) € CYS) N C%S) which satisfy the equations of equilibrium (2.12),
together with the conditions on the lateral edges (2.14) for open shells,
and the continuity conditions (2.15) for closed shells. Then, the problem
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PR, M° £ 1,NO) M®) can be formulated in the following form: find
a displacement field v € D(f,1, N, M) which satisfies the end edge con-
ditions (2.18).

2.3. Some results concerning Saint—Venant’s problem

In this section, we summarize some results concerning the relaxed Saint—
Venant’s problem for anisotropic cylindrical shells which have been obtained
previously in [12]|. The results and the notations presented in this section will be
useful in the subsequent considerations.

The relaxed Saint—Venant’s problem is a particular situation of the problem

P(R°, M £, 1,NO) M®™), in which we have
f=1=0, NOY=MO"=0 ~=1,2

We shall denote by P(R°, M) the relaxed Saint-Venant’s problem, and by
K(R", M) the set of all solutions to this problem. Also, we shall use the
notation Dy = D(0,0,0,0). We observe that P(R", M) can be decomposed
into two problems:

(P1): the extension-bending-torsion problem, characterized by RY =0,
(P,): the flexure problem, characterized by R = MY = 0.

We denote by K;(RY, M?, MY, M3) and K;;(RY,RY) the sets of all solutions
v = (u, 8) to the problems (P;) and (P), respectively.

In [12], we have determined an exact solution of the extension-bending-
torsion problem (P;) expressed as a linear combination of four displacement
fields v, v@), v®) and v@. These displacement fields v*) are known and their
expressions are given in the Appendix. For any constants ax, k = 1,2, 3,4, we
denote by a the four-dimensional vector a = (a1, a2, as,as) and let v{a} be the
displacement field

v{a} = a1 + ago® + az0® + ag0®.

According to [12], the displacement field v{a} has the following properties:
(i) Ov{a}/0xs is a rigid displacement field; (ii) v{a} satisfies the equations of
equilibrium for zero body loads and the boundary conditions on the lateral edges
for zero external loads, i.e. v{a} € Dy; and (iii) the resultant force and resultant
moment corresponding to the field v{a} are given by

R (v{a}) = —(éngaQeg,

M (v{a}) = €ga < 24: Dﬁkak> €q — <§D4kak> es,

k=1

(2.19)
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where the coefficients Dy, are defined by
(2.20) Dir = = (0™ oMy ke e {1,2,3,4).

We have det (Dkr) Axd # 0. The solution of the relaxed Saint—Venant’s problem
is presented by the following result.

THEOREM 1. (i) The extension-bending-torsion problem (Py) for cylindrical

v
Cosserat shells admits a solution v° € K;(RY, M{, M9, M3) such that — is a

a$3
rigid displacement field. This solution is given by
(2.21) 00 = vfal,
where the constants ay are determined by the system of equations
4
(2.22) (Z Dy ar> = (M3, - MY, —RY, - M3).
r—=1 k=1,...4

(ii) The flevure problem (Py) admits a solution vI" € K (RY,RY) of the form

z3

(2.23) vl = /U{B} dxs +v{é} +w(s),
0

where b = (b1,b2,b3,b4), ¢ = (c1,c2,c3,c4) are constants and w(s) is a displace-
ment field which depends only on s. For this solution, the constants by are given
by

4
(2.24) (ZDM br) = (R}, -R3,0,0).
r—1 k=1,...,4

Theorem 1 has been proved in Sec. 5 (see Theorems 4 and 5) of [12]. We
mention that the constants ¢ and the field w(s) appearing in (2.23) have also
been determined in [12] and their expressions are recorded in the Appendix.

We mention that v© and vf" represent exact solutions to the linear equations
of problems (Py) and (P). In this context, we notice that the solutions v and v*'
possess properties which are analogous to those of the classical Saint—Venant’s
solutions in linear elasticity (see e.g., [9]).

3. Solution to the problems of Almansi and Michell

In this section, we shall give a solution to the Almansi and Michell problems
P(R°, M° £ 1, N(“/),M('Y)), as defined in Sec. 2.2. Thus, we study the defor-
mation of cylindrical shells subject to some assigned body loads f, 1, and some
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external loads on the lateral edges N, MO (for open shells). The resultant
force R? and resultant moment MY act on the end edge Cp.

Let us confine our attention first to the Almansi—Michell problem and assume
that the fields f,1, N, M) are independent of the axial coordinate z3. For this
case, the Theorem 1 of [12] admits the following consequence.

COROLLARY 2. Let v be a solution of the Almansi—Michell problem
PR, M° £ 1, NO) M0). If 86—” € CH(8)NC%(S), then 88—” is a solution
z3 3
of the relazed Saint—Venant’s problem P(G, Q) where

G= /fdl +(1—e)(NW + Ny,
Co

(3.1) Q = capRYean +/(R x f+D x 1)di

Co 9

+(1 — 5)2(}{(7)(0) x N 4+ DO 5 MO,
y=1

where we denote by

RO)(z) = [R(s,2)] D = [D(s)],_, (=12,

5=55"
and € is a parameter which takes the values € = 0 for open cylindrical shells and
e =1 for closed shells.

Suggested by Corollary 2 and Theorem 1, we search for the solution of the
Almansi—Michell problem in the form

xr3 T3 x3

(3.2) v_//U{B}dxgdxg+/v{a}dx3+v{a}+x3w(s)+w(s),
00

0

where @, b, ¢ are sets of constants to be determined, while w(s) and w(s) are
unknown displacement fields of class C?[0,5] which depend on s only. Indeed,
for the field (3.2) we have (modulo a rigid displacement)

3
ov N R
proe /v{b} dxs +v{¢} +w(s),

0

(3.3)

and the Theorem 1 asserts that (;3) can be a solution of Saint—Venant’s relaxed
problem for a suitable choice of b, ¢ and w(s). Let us prove the following result.
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THEOREM 3. Denote by X the set of all displacement fields of the form (3.2).
Then, there exists a field v = (u, 8) € X such that v is a solution of the Almansi—
Michell problem P(R°, M°,£,1, N M),

Proof Assume that v is a displacement field of the form (3.2). We want
to determine the constants a, b, ¢ and the fields w(s), w(s) such that v will be

a solution. By virtue of Corollary 2 and (3.3), if v is a solution of the problem
P(R°, M°, £, 1, NO) M), then we have

3

(3.4) / o{b} das + (¢} + w(s) € K(G, Q).

0

From (3.4) and Theorem 1 (see also the Appendix), we deduce that w(s) can
be determined as the solution of the cross-section plane problem, while the
constants b and ¢ are given by

4
(ZDM br) = (=Ga,0,0),
k=1,...,.4

4
(ZDkr Cr) _y = (€ap(Qp — Mp(w)), R3(w) — G3, M3(0) — Qs3),

r=1 PR

where 0 is expressed by @ = w(s) + fozv{é} dz. In what follows, we assume that
b, ¢ and w(s) are known. Let us determine @(s) such that the field (3.2) satisfies
v € D(f,1,NO) MO). The equations of equilibrium (2.12) reduce to

(3.6) A(w) = —F — A(V{b, &, w}),

where we have denoted:

z

V{i),e,w}:/Z/Zv{é}dzdz+/v{e}dz+zw(s).
00

0

Also, from (2.14) and (2.15) we obtain the boundary conditions:
(i) for open shells

o) N(w) = N - N(V{b,¢,w}),
M(@) = M) — M(V{b,é,w})  on Ly (y=1,2);
(ii) for closed shells

(3.8) w(s1) = W(s2), w'(s1) = w'(s2).
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Since the operators A and 0d/0z commute, we obtain that

% AV {b,é,w}) = A</Zv{13} dz +v{e} + w(s)> =0,

by virtue of (3.4). Thus, the right-hand side of (3.6) is a function independent
of z. Similarly, we see that the right-hand sides of relations (3.7) do not de-
pend on z. Consequently, the Eqgs. (3.6)—(3.8) constitute a cross-section plane
problem of the type (5.1)—(5.3) for the unknown field w(s) (see the Appendix).
We know that the problem (3.6)—(3.8) admits a solution w(s) if and only if the
conditions corresponding to (5.4) are satisfied. But, in our case the conditions
(5.4) reduce to

R(O/U{B} dz+v{é}+w(s)> =G, M3<0/u{8} dz+v{é}+w(s)> = Qs,

which hold true by virtue of (3.4). Hence, we can determine the field w(s) such
that v € D(f,1, N M®),

Finally, we find the constants a by imposing the end edge conditions
Ri(v) = RY, M;(v) = MY. We notice that the relations R, (v) = R are verified
in view of (3.4). Then, the remaining conditions R3(v) = RS, M;(v) = M? can
be put in the form of the algebraic system

4
(3.9) <ZD,W aT> = (eap(MG—Mg(0)), R3(w) —RY, M3(w)—M3),
r=1

k=1,...,4

where @ = V{b, ¢, w} +w. From (3.9) we determine a and the proof is complete.
O

Let us turn our attention now to the Almansi problem. As we have mentioned
above, in the case of the Almansi problem the external loads f,1, N(*) and M®)
are polynomials in the axial coordinate, i.e. we have

n n
m=0

m=0
(3.10)
n n
NO =N N7y M =% M g
m=0 m=0
where £,y and 1) are given functions which depend only on s, while N(Wm) and
M/ ) are known constants (y = 1,2).

(m
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In what follows, we shall present a method to construct the solution of the
Almansi problem P(R° M°, £, 1, N M),
Let us denote by (Ap) the Almansi-Michell problem P (RO,MO,f(O),l(O),

N&)),M&))) and by (A,,) the particular Almansi problem P(0,0,f(m):ng"”,
l(m)x?,Ngn)x?,MZm)x?), m = 1,...,n. Let Sm(f(m)xgl,l(m)a:gi,N(vm)x:T,

m

M(Zn)xgn) denote the set of all solutions to the problem P(O, 0, f(m)x5", Iim) @y,
N(Vm):zgn, M(zn)x?), m = 0,1,...,n. By the linearity of the theory, it is sufficient
to know the solution of each problem (A,,) in order to solve our initial Almansi
problem. We notice that we have already determined a solution of the problem
(Ap) in Theorem 3.

To obtain a solution of the problems (A,,) for all m > 1, we employ the
method of induction. As our induction hypothesis, assume that we know a so-
lution of the problem (A,,). This implies that we can find a displacement field
v* such that

(3.11) vt e Sm(f(m+1)m§n,l(m_,_l)x?’,N(’ZHH):U?,M(’Z”H):U?).

Let us determine a solution v of the problem (A, +1). To this end, we shall use
the following result, which is a consequence of Theorem 1 from [12].

LEMMA 4. Letwv be a solution of the problem (A+1) such that o € CHS)N

81)3
C%(S). Then, we have
1 v m m Y m v m
(312) o g € Smfenen 2 My 78 N 78 M, ) 78

The next theorem establishes the existence of a solution for the problem
(Ap41) and its proof shows how to construct such a solution.

THEOREM 5. Let v* be the displacement field given by (3.11). Then, there
exists a solution v to the problem (Ayu,+1) of the form

3

(3.13) v=(m+1) </v* dzs +v{a} + w*(s)),
0

where @ are some constants and w*(s) is a displacement field which depends only
on s.

P roof. Let us determine first the function w*(s) such that the field (3.13)

satisfies v € D(f(mﬂ):z:gnﬂ,l(mﬂ)x?H,NanH)xg”l,M&Hl):pgﬁl). The equa-

tions of equilibrium (2.12) can be written in this case as

1 z
(3.14) A(w*(s)) = e (f(m+1)zm+1,l(m+1)zm+l) - A</v* dz>.

0
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We notice that

9 r * 1 m+1 m+1
9 [A(/v dz> + m—H(f(m+1)Z + ,l(m+1)z + ):|
0
= A(v*) + (f(m+1)zm, 1(m+1)zm) =0,

by virtue of (3.11). Hence, the right-hand side of relation (3.14) does not depend
on z, and the Eq. (3.14) reduces to

(3.15) A(w*(s)) = —[A(/Zv* dz)](s,O), s € [0, 3].
0

Similarly, the conditions on the lateral edges for open shells reduce to

ST I S |
0

M(uts) = =[( [ )0 o
0

For closed cylindrical shells, the continuity conditions (2.15)1 2 become
w*(s1) = w*(s2), w*'(s1) = w*'(s2).

It is clear that the above conditions together with the Egs. (3.15) represent
a cross-section plane problem of the type (5.1)—(5.3) for the determination
of w*(s). The necessary and sufficient conditions (5.4) for the existence of a
solution w*(s) are equivalent to the relations R(v*) = 0, M3(v*) = 0, which
are valid by virtue of (3.11). Thus, from the Egs. (3.15) we can find the field
w*(s) with the desired properties.

To complete the proof, we have to determine the constants a such that the
field (3.13) satisfies R(v*) = 0, M(v*) = 0. These end edge conditions lead us
to the following relations:

= <eﬁa/\/l5</v*dz +w*>,R3 </v*dz +w*>,/\/l3 </v*dz +w*>),
0 0 0

which can be used to find the constants ar, k =1,...,4. ]
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Let us mention that the form (3.13) for the solution v of the problem (A,+1)
has been suggested by the result (3.12) presented in Lemma 4.

By the method of induction, we know how to solve any problem (A,,), for
m = 0,1,...,n. In conclusion, we can determine the solution to the Almansi
problem P(R%, MO £ 1, N0 M)

The results established in this paper concerning the problems of Almansi
and Michell, can be useful in the treatment of practical problems for loaded
cylindrical shells. Since the solution procedure is valid for the case of general
anisotropy, we can particularize it for different material symmetries. Provided we
know the constitutive coeflicients which characterize a specific anisotropic shell,
we can apply the above method to obtain the displacement field corresponding
to the given external loads. We mention that the constitutive coefficients for
isotropic and orthotropic Cosserat shells have been determined completely in
[1, 2], in terms of the classical elasticity constants. In the next section, we present
the case of orthotropic cylindrical Cosserat shells and determine the equilibrium
of a circular tube under the action of a hydrostatic pressure which depends
linearly on the axial coordinate.

The Cosserat theory has the advantage that it can be easily extended to
include some other effects, such as thermal and porosity effects [12, 13]|. Also,
we remark a strong analogy between the properties of solutions for Cosserat
shells and the corresponding classical results of the three-dimensional elas-
ticity.

4. Deformation of an orthotropic circular cylindrical tube

In this section we shall restrict our attention to orthotropic and homoge-
neous shells. We use the model of Cosserat surfaces and assume that the axes of
orthotropy coincide with the directions of the vectors {A1, Ag, As} = {T,e3,n}.

We consider cylindrical shells made of an orthotropic material with consti-
tutive coefficients denoted by c11, c92, ¢33, €12, €13, Co3, Ca4, C55 and cgg, such
that

t11 = c11€11 + C12822 + C13€33,
too = C12€11 + €22822 + €23€33,
t33 = c13€11 + C23€22 + C33€33,

to3 = 2c44€23, 131 = 25531, t12 = 2¢e6€12,

where t;; and €y, are the components of the stress tensor and strain tensor in the
three-dimensional linear theory, referred to the orthonormal basis {A1, Ay, As}.



210 M. BIiRsSAN

Let h be the constant thickness of the cylindrical shell. It is convenient to
introduce the notations

h3 I 1 /(h\?
I:_7 YT=7"5=75\" )
12 hr2 12\ r

di: — C13C13 dooy — €23C23 dio — C13€23
11 = C11 — ) 22 = €22 — ) 12 = C12 — .
€33 €33 €33

Then, the strain energy function (2.5); for orthotropic and homogeneous cylin-
drical Cosserat shells has the form (see [2], Sec. 4.27)

2W = h[cll(ess)Q + 022(62,2 + PYTPZZ)Q + C33(7n)2 + 2012653(6,2,2 + 'Yr,ozz)
+ 2c13€55Yn + 2023(€22 + YTP22)Vn + Caa(Vz + 17Pnz)7 + 55(7s)°
+ 666(265,2 + ’YTPSZ)Q] + ’Yh[dll(rpss — 2655 + ’711)2 + doo (szz)2

+ 2d12 (T,Oss — 2eg5 + ’Yn)(rpzz) + Ce6 (Tpsz + 7P — 2632)2]7

and the relations (2.5)2_4 can be used to derive the constitutive equations in our
case. We mention that the expressions of dng and the other coefficients which
appear in the constitutive equations have been determined in |2], Chapter 4, by
comparison between the solutions to some corresponding problems in the two
different approaches (three-dimensional and Cosserat surface). In this respect,
see also the paper [14].

Let us formulate the specific problem which will be treated subsequently.
We investigate the deformation of a circular cylindrical orthotropic shell under
the action of a hydrostatic pressure, acting on its surface. Assume that the
magnitude of this pressure depends only on the axial coordinate. The cylindrical
tube is also subjected to extension, bending and torsion, due to some resultant
forces and moments acting on its end edges. Thus, the system of external loads
acting on the closed cylindrical shell is given by

(4.1) f=0, 1=—h(Ps+P)n, R°=Rle;, M"=Me;,

where the resultants Rg and ./\/l? are prescribed, while Py and P, are given con-
stants. The component [,, specified in (4.1) accounts for the hydrostatic pressure
(Pix3 + Pp) acting on the major surfaces of the shell (see [1]|, Sec. 24177), which
is linear in the axial coordinate.

We shall determine the equilibrium of the circular tube subject to the exter-
nal loads (4.1), using the results presented in Sec. 3. For a circular cross-section,
the functions z,(s) which appear in the parametric representation (2.9) are
given by

(4.2) x1(s) = rocos = xa2(s) = rosin i, s € [0, 2mro],
o o
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where 79 denotes the radius of the cylindrical surface. We have r(s) = ro and
s = 271'?“0.

In the case of circular cylindrical orthotropic shells, the field v{a} has been
determined in [12], Sec. 6, and it has the following expression:

1
Ua = =5 a3 — as(€aprp)rs + (Dayzy + Gag)aa,

(4.3) u3z = (aaZo + az)rs, b3 = 15 (aata)Ts,
o = 7y [—as(€aprp)rs + (Baywy + Hag)ze + Fleysay25)eaps),
where the constant coefficients D, E, F', G and H are given by the equations

ci1D + ci3E = —ci12(1 +7),
(4.4) c13D + c33F + C55(D + F) = —023(1 + ')’),
(c55 + vdi1)(D + F) — ydi E = ydso,

and

(c11 +vd11)G + (c13 — vdi1)H = —ci2,

(4.5)
(c13 —vd11)G + (¢33 + vdi1)H = —cas.

The resultants corresponding to the field (4.3) are expressed by (2.19) where the
coefficients Dy, have the following values:

1
D1 = Doy = — T%gh{(l + ’}/) [022(1 + ’Y) + c19D + ngE]

[\)

+7[de2 — di2(D + F — E)] },
(4.6) D33 = 5h(coa + ¢12G + cosH),
Das = hr2ees(1+ 3y +72),
Dy, =0 for k #r.

Following the method described in Sec. 3, we divide our problem into two prob-
lems, with respect to the dependence on the axial coordinate. Thus, we determine
separately the deformation of the cylindrical tube due to the following systems
of external loads:

(4.7) f=0 1=—-hPm, R°=Ries;, M= Me;,
and

(4.8) f=0, 1=-h(Pizz)n, R°=0, M°=0.
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This split is necessary because the loads (4.7) give rise to a problem of Almansi—
Michell type, while (4.8) represents an Almansi problem (since the external load
1 depends on z3). In view of the linearity of the theory, the solution of our
initial problem is then obtained as a sum of the solutions for the two auxiliary
problems.

We observe that, for the external loads (4.7), we have a problem of Almansi-
Michell type, and consequently we can apply the technique presented by The-
orem 3 to derive the solution of this problem. On the other hand, in order to
solve the problem for the external loads (4.8), we follow the recurrence process
described by Lemma 4 and Theorem 5 for the treatment of Almansi’s problem.
After some simple but lengthy calculations, we obtain the following solution for
our initial problem corresponding to the loads (4.1):

1

Ua = 3 aa®3 — as(eaprs)rs + (Dayay + Gag)we + A(Przs + Po)za,

1
ug = (aqTo + as)rs + C<§ Pixs + P0> x3,

(4.9) 6o =15 [~as(eaprp)rs + (Bayx, + Haz)w,

+ F(eysayxs)eqprs + B(Pras + Py)al,

63 =1y" [(aaxa)xg —r¢P <A<1 + ’y@> + By (1 - @>>] .
Ca4 C44

Here, the notations D, E, F, G, H are specified by (4.4) and (4.5), while the
constant coefficients A, B and C' are given by the relations

(c11 +vd11)A+ (e13 — vd11) B + c12C = 0,
(4.10) (c13 — vd11)A + (33 + vd11) B + co3C = —1,
c124 + co3B + c92C = 0.
The constants aj are expressed in terms of the applied resultants by

oMy R M
Dy D33’ Dyy’

(4.11) Ao =

where Dy, are given in (4.6).
Finally, we consider the same problem in the limiting case of a very thin

12
then we obtain that the constants A, B, C, D, E, F', G and H are given by

1/ h\?
shell, i.e. h < r. If we apply the above results in the limit v = — <—> — 0,
7o

_ C12€33 — C13C23

C12€13 — C11€23
ok E = =
C11€33 — (013)

D=-F=G= 5
C11€33 — (013)
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and
c11A + c13B + ¢12C = 0,

c13A + ¢c33B + ¢c93C = —1,
c12A + co3B + ¢c22C = 0.
The form of the solution (4.9) is simplified and becomes

1
Uy = —3 a3 — as(eqprg)rs + D(ayxy + as3)rq + A(Przs + Py)zq,

1 _
us = (aqxo + az)xs + 0(5 Pixs + Po> x3, I3 =1, 1 [(aazna)xg — r%APl],
b0 = 7 [—as(€apr)r3+E(aymy + a3)T0—D(€y5ay25)eapr s+ B(Pizs+Py)za).

Here, the constants aj are determined by the relations (4.11), in which the
coefficients D11, D33 and Dyy are expressed by

1 2hs
Diy = 5 ——00 5 det (ciy) 5,5
2 C11€33 — (013
hs
Dy = —————5 det () 1.

€11€33 — (013

2
D44 = h?’o C66-

We mention that, for isotropic and homogeneous Cosserat shells, the problems of
Saint—Venant, Almansi and Michell have been solved in [8, 15| and the solutions
have been given in a closed form. The particular cases of circular cylindrical
shells and Cosserat plates have also been treated thoroughly. Using the identi-
fication of the constitutive coefficients in the isotropic case, we have compared
these results (see [13], Sec. 6.2) with the corresponding solutions from the clas-
sical theory (see e.g. [3-5]), and we have found a good agreement between the
two approaches.

5. The Almansi—Michell problem for orthotropic plates

We emphasize that the results presented in this paper are exact in the context
of linear theory and they involve no approximations. In order to show that the
results obtained by this method are correct, we shall make a comparison with
the exact three-dimensional solution of the Almansi—Michell problem for initially
flat shells.

In this section we confine our attention to the special case when the reference
configuration is a flat surface. This means that B,g = 0 and the cylindrical shell
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reduces to a rectangular plate. We can choose the coordinate frame Ozizoxs
such that the reference surface is situated in the x;Ox3 plane (see Fig. 2) and is
given by the parametric equations (2.9), with

(5.1) x1(s) =s— =, za(s) =0, s € [0, s].

DN | W

Thus, in our case we have A; = T = e, Ay = e3, A3 = n = —ey, and
the reference configuration occupies the region {(x1,z3); —5/2 < x1 < 5/2,
0<z3<z} Ca10xs.

AI -5 z e, J}~--
ue3 2 3‘ 7’
0}, 10
g 4
S| e, € *2 .t € *2
2 1 4

Fia. 2. Reference configurations of the Cosserat plate and the corresponding
three-dimensional plate.

Since the curvature radius r is o0 for flat surfaces, the geometrical equations
(2.11) written for Cosserat plates become

Ousg ou, 1 /(Ous Ou,
Css = g €2z = 5 eszzezs:§<az+as>7
vszéer%, '7225,2‘1'%) Yn = On,

06 06 06
Pss = 5= pzz =5 Psz = 5=

04, oy, a6y,
Pzs = 95 pns:ga Pnzzg-

If the Cosserat plate is made of an homogeneous and orthotropic material in
which the axes of orthotropy coincide with the directions of {A1, Ag, Az}, then
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the strain energy function has the form (see [14], and also [2], Sec. 4.27)

2W = h[cll(ess)2 + 622(622)2 + C33(7n)2 + 2c19€55€,; + 2013658’711
+ 2023622%1 + 044(7,2)2 + cs5 (75)2 + 4066(682)2] + I[dll(pss)2
+ d22(pzz)2 + 2d12psspzz + Cﬁﬁ(psz + st)2]~

From the constitutive equations (2.5)2_4 we get in our case

Ngs = h(ciiess + cr2ez. + c13mm), N.. = h(ciaess + ca2e2. + €237n),
Nsz = N5 = 2hcepes:, Vs = hesss, V. = hcas,
Vio = h(cizess + cazezz + 337n), Mss = I(d11pss + d12p22),
M, = M,s = Icge(psz + pzs), M. = I(d12pss + d22pzz), Msp = M,y = 0.

For this particular (flat) reference configuration, we shall present the solution
of the Almansi-Michell problem in terms of the displacement field in a closed
form. In other words, let us determine the equilibrium of the plate under the
action of the body loads f(z1), 1(x1), the tractions N and director couples
M on the lateral edges r1 = :l:% , the resultant force R? = R?ei, the resultant
moment M? = M?ei acting on the end edge x3 = 0. Here, f = f;e; and 1 = [;e;
are arbitrary functions of z1, while N, M) R? and M? are given constant
vectors. (The loads N and M() act on the edge 1 = —5/2, and the loads
N® and M® act on the edge 1 = +5/2.)

To find the solution of our Almansi—Michell problem, we follow the procedure
described in Sec. 3 by Theorem 3. First, we notice that the displacement field
v{a} corresponding to Cosserat plates is given by [12]

1 1
u=—3 a1(Ax? + 23) — agAzy, up = 5 az(Ax? — 23) + agw 23,

(5:2) uz = (171 + as)zs,

01 = agAxq + a4s3, 09 = B(alxl + ag), 03 = —asx3 + a p(ml),

where we denote by p(x1) the function

2 sinh(dz) . 2 [3cqy
(5:3) plan) = ¥ cosh(ds/2)’ with h\ cgp’

and the constants A, B, C are given by the expressions

_ C12C33 — C13C23 _ C11023 — €12€13 _ det(cij)3xs
A=———7"——7F, B=——"7"—, (=——"""3.
criess — (c13) crics3 — (c13) criess — (c13)
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Then, if we search the solution of our Almansi-Michell problem in the form (3.2)
and we follow the steps presented in the proof of Theorem 3, we arrive at the
solution v = {u, 8} given by

1 1 1 1 1
uL =3 Ax? (5 b1x§+01x3—|—a1> ~3 3 (E b1x§+§ clxg—l—al)
— Ary(cgzg+az)+a1 (1),
1 1 1 1 1
uz = 5 Ax? (5 b2x§+62x3—|—a2> ~3 3 <E bax?+ 3 02m3+a2>

1 -
+x123 (5 C4x3+a4> +ag(x1),

1 C 3C52
S 21 .2(4-
(54) =5 1371953[;03—1—3:1( 066>+ 4066:|

+§ z3(c1z1+e3) +as(arzr +as) +as(zy),

1 1 ~

(51 = Al‘l (5 bg$§+02$3+a2> “+x3 <§ c4x3+ay +61 (1‘1),
1 ~

09 = Bz (§ b1x§+claz3+a1> + B(cszs+as)+02(z1),

1 1 ~
03 = —x3 <6 ng%-ﬁ- B CQ:E3+CL2> +boxs q(x1) + (cazs+aq)p(z1) +I3(z1),

where the function ¢(z1) is defined by
1 As  cosh(dzq) 1 C
= A - L (24— — ).

a@) =5 AM =<5 S ws) 7 Co6
The functions @;(z1) and 0;(x1) which appear in (5.4) are known, and they
can be computed directly by solving simple linear boundary-value problems for
ordinary differential equations. More precisely, @1 (z1) and d2(z1) can be found
from the equations

i1y (z1) — e1304(21)

1 1
s fi(z1) — 3 by [0121426% - %(612 + c66) (x

=N
|
IS
N————

(5.5) 131 (1) — c3302(71)
1 1 1 2 C C _2-
= — — - A - O
; lo(z1) + 5 bicaz 1 [3 901( CGG) + Acog § Ik
B 5 1 ¢ 5\°
c11ii] — 136 (if): N = Zbie <A+—> <i—>a
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and the functions iig(z1) and 6y (x1) are determined by

e (@ (x1) — 0{(21))

- _% fo(x1) + caa [04(19(96'1) — 1) +b2 (‘I(xl) a %Ax%)] ’

Idnglﬁ(fﬂl) + hess (ﬂé(a?l) — 51(581))
= —li(x1) — I[(d12 + ce6) (cap’ (1) + baq’(x1)) + co6(ca + b2 Ax1)],

_, 5y _ 1
(32 51)<i2>_h055N2 ’

T W VO 5 5
51<:|:2> = Tdy, My A[C4p<i2> —|—b2q<:|:2>:|.

The functions s (1) and d3(x) satisfy the following uncoupled boundary-value
problems which are easy to solve:

(5.6)

- 1 C
g (z1) = " hees f3(x1) + (A - %) (c1z1 + c3),

(5.7) i 1 R §
Wl +2) = ™) L s s
u3<:|:2> e V3 +A[2 cl<j:2> +63<:|:2>:|

and

~ . 1 1 C
3(ar) = 0%8aan) = o alon) — o5 P4 4 4= ),

(5.8)

~ s 1 o) s
S E£= ) = — My" —cA- [ £ ).
3( 2> e 2 7 < 2>
The constants by, by, c1,...,cq and ay, . . ., a4 which appear in the Egs. (5.4)—(5.8)
are expressed in terms of the loads applied, by the relations

5/2
—12 2 1
by = w( / fi(w1)da +N1( )*Nl( )>’
—5/2
5/2
~12 2 1
(5.9) by = h3sC< / fal@)day + N§2 — Ny )>v
—5/2
5/2
12 5 (N{ 2
a=-3=5 [R? + / 1 f3(w1)dry — §(N?E '+ N )ﬁ’

—5/2
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5/2
12
69 =2 (R [ tsteondan +a? M§2>>,
—5/2
5/2
-1 2 1
Cc3 = @( / f3($1)d$1 +N?E ) — Ng( )>,
—5/2
5/2
1
c4 = —5[ / (z1f2(x1) + i (21)) day
e 50 L v O
+§(N2 + Ny™) = (M — M, ):|7
5/2
12 0 ~/ N
a] = ./\/l 1| C12U1 — 623(52 dl’l
hs3
—5/2

where D is the torsional rigidity in the Cosserat theory which is given by

h3ces (3 5 h3s 2 5
D= 3 <§+p<§>>_ 3 066[1—19—_tanh<2>}

(5.10)

2
_ 5%bicao <A
40

12 ~ (5 ~ (—5
a9 = _h3§C |:M(1) - Id11 <51 <§) — (51 <7>>

Is
_ I3bady e
12
5/2
az = h— <’R0 h / (Cuﬂ{ — 62352)(11'1),
—5/2

5/2

/
1 ]
(14:—B|:Mg—1066<192/1‘153d1'1—53<2> —|—53< 5 >>:|,

—5/2

h*C

Ca4

4C

C66

)

))

Thus, the displacement field (5.4) represents the general solution of the Almansi—
Michell problem corresponding to orthotropic Cosserat plates. For comparison
purposes, we shall consider now the deformation of three-dimensional plates, i.e.
orthotropic rectangular parallelepipeds.

The problems of Almansi and Michell for three-dimensional cylinders have
been considered in several books, e.g. [10, 11, 16]. Let us consider a cylindrical

body which occupies the region {(x1,z2, x3);

—5/2<x1<5/2, —h/2<xz2<h/2,
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0 < z3 < z} referred to the Cartesian coordinate frame Ozxjxozs (see Fig. 2).
The body is subjected to resultant forces and moments acting on the bases
x3 = 0, z, to the assigned body forces f* and to a prescribed stress vector field
p acting on the lateral boundaries z; = £5/2 and x9 = £h/2. We assume that
the loads have the form

(511) f* :f§($1,3§'2)63, p:p3(331a$2> €3, ROZR?eia MO :Mzoeia

where R" and M? denote the resultant force and resultant moment about O,
acting on the basis z3 = 0. We observe that the fields f* and p do not depend on
x3 and thus we have an Almansi—Michell problem. The solution of this problem
for orthotropic and homogeneous three-dimensional cylinders is presented in [16],
Sec. 4.8, in the form of the displacement field u* = u;e; given by the relations

1 1 1
uf = —3 s <§ 73 + Ax? — Bx%) ~3 ai(r3 + Ax? — Br3)
— Azzo(csxs + a3) — Az (ches + al) — ajzars,
1 1 1
(5.12) uy = ~3 chrs <§ 73 — Ax? + Bm%) ~3 ay(x3 — Ax? + Ba3)

— Brixa(cizs + af) — Bra(cies + al) + ajzi23,

z3(cir1 + chwo + ¢§) + x3(afwy + abwy + af)

l\9|l—‘

+ ajp(ry, x2) + X(21, 22),

This solution is exact in the context of a linear theory, and we shall use it for
comparison with our solution for plates in the Cosserat approach. The constants
¢’ and a; which appear in (5.12) are expressed in terms of the loads by

af:h-3cM %= s CM == hsCR
—12
CT = m(R? + /$1f§da+ /.’Elpgdl),
b)) ox

cy = 12(72 +/a:f*da+/a:pdl>

2 = 2 2J3 2p3 )
(5.13) h3sC J s

* —1 *

) ox

S
Ny
Il

-1 0 ox 105%
D_0<M3+/<C441‘18—1‘2 6665828—:171 da y
X
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where X' denotes the rectangular cross-section X' = {(z1,22); —§/2 < z1 < §/2,
—h/2 < x2 < h/2} and 90X is its boundary. The function ¢(z1,x2) is the so-
called torsion function which is given as the solution of the boundary-value
problem

0? 0? .
6668—5—1—0446—;5:0 in X,
(5.14) 5 ! 2 5 "
8—;;01 =9 for x1 = :I:%7 and 8—;’; = —x1 for x9 = ii’

while Dy is the torsional rigidity of three-dimensional cylinders

0 0
(5.15) Dy = /|:C44 €1 (8—;:; + xl) — Ce6 L2 (8—;01 - x?):| da.
P

The function x(x1,x2) appearing in (5.12) is determined by the boundary-value

problem
0%y 0%x . .
C66 75 + Caa 75 = —f3 + (c66 A+ caaB — C)(c1w1 + cawa +¢3) in X,
Oxy Oxs
0 1 1 3
(5.16) X = Ax1| = 121 + coxo + 3 ——clegj:p—S for a1 ::tﬁ,
B.Tl 2 2 C66 2
0 1 1 h
3—52 = Bz <01x1 + 3 Ccox9 + 03> ~3 02A$% + % for 9 = :|:§.

Let us compare now the solution (5.12)—(5.16) in the three-dimensional the-
ory with the corresponding solution (5.4)-(5.10) for Cosserat plates, and to show
a good agreement between the two approaches. In making the identification of
the displacement fields in the two approaches, we employ the relations (see [2],
p. 122)

h/2 h/2
1 1 ou*
( ) u h d/p u arsz, h J/P ékEQ X2,
—h/2 —h/2

and for the two load systems we have the expressions
h/2

o [ tmiens o) o))

—h/2
(5.18) h/2

NO) = / p<i§,x2)dx2,

—h/2
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h/2
(5.18 1= . h AN —h
[cont.]) 1_ :I:Zf dl’2+ 9 P{ Z1, 2 P\ %1, 2 ’
—h/2
h/2

—M(V): /m2p<:|:§,x2>dx2.

—h/2

The minus sign appearing in the left-hand sides of relations (5.17)2 and (5.18)3 4

is due to our choice of coordinate axes and the inverse orientation Az = —es.
Using the special form of the load system (5.11) appearing in the relation

(5.18), we obtain in this case that f, =0, I, =0, NO(Z/) =0, Mc(ﬂ) =0, and from

(5.9) and (5.5), (5.6) we deduce that by = by = ¢4 = 0, and @q = 0, 5 = 0.

Consequently, by comparison between (5.9) and (5.13) we get

(5.19) a; = a;, ¢ =cj, i=1,2,3.
In view of (5.19), we can verify that the relations
h/2 h/2
1 . 1 ou,
Uy = 7 / ug, dxa, —0q = 7 / 8:;; dzxs,
—h/2 —h/2

are exactly satisfied by the solutions (5.4) and (5.12) in the two different ap-
proaches (modulo a rigid displacement). According to (5.17), we still have to
check the equalities

h/2 h/2
1 1 *
(5.20)  wz = 7 / us dxa, —d3 = 7 / gzz dxa, and a4 = ay,
—h/2 —h/2

for the complete agreement of the two solutions to hold. In what follows, we
shall observe that the relations (5.20) are satisfied approximately, but neverthe-
less they are satisfied exactly in the thin plate limit, i.e. when h < 5. Indeed,
in view of (5.4)36, (5.9)10, (5.12) and (5.13)7, the relations (5.20) are verified
approximately provided we have

h/2
N I 1
ag(z1) ~ o Bz + 7 / X(z1, x2)dx2,
—h/2
= I 1 h —h
5.21 ~ i i _°
( ) 53(1'1)— 2 CQB h|:X<$172> X(xb 2 >:|7

5/2

/
2 = _ < E 5 __g ~ —8X — a—X
9 /:L‘163($1)d:r1 53<2> +53< 5 ) /(C%m?axl 441 8$2>da
>

—5/2
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and

(5.22) p(xl)z—%[go(xl,g> —go(xl,%h>], D =~ Dy.

Let us mention that the good agreement (5.22) between the torsion functions

and torsional rigidities in the two approaches has been proved in [2|, Sec. 3.15
h

and 4.15, where it is shown that for a thickness range such that — €66 < 2,
S Cq4

the value of D is very close to Dy. The limit values of the quantities in (5.22)

coincide as — — 0, and they are given by
S

1 h —h h3s
(5.23) p(x1) = ~% [(p(:{:l, 5) — go(a:l, —)} =71, D = Dy = — cg5.

Finally, for verifying the relations (5.21), we have to solve the boundary-value
problems (5.7), (5.8) and (5.16). In this purpose, let us confine ourself to a
simpler case when the load functions (5.11) are given by the expression

(5.24) f3(z1,22) = grz1 + gawa + g3, p3(z1,22) = Pg,

where g; and pJ are constants. Then, the functions @z(x1), d3(x1) can be cal-
culated from the ordinary differential equations (5.7), (5.8), and we obtain the
following expressions in the thin plate limit:

_ 1 1 2R 352 2
a3(z1) = = Aw%(g ciry + 03> + Fclﬁﬁwl (x% — —) 4P z?,

[\

(5.25)

—

53(:1)1) = — CQAIL'%, for h < s.

\V)

Taking into account (5.24), the boundary-value problem (5.16) can be solved by
means of the Fourier series expansions. We obtain the solution

1 1
(5.26) x(z1,29) = 3 A:c% <§ c1x1 — Cox9 + 03>

1 1 x2 x2
B2 — Z of f1 o, P2
+ 5 x2( c1xy + 3 CcoTo + 03> + p3 (8666 + hea

+oo
C (2n 4+ Dnx .
+ Z |:H2n+1(x1)81n% + G2n+1(x2)sm<
n=0
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denoting by n = /cg6/ca4 and

Hopy1(21)

(=) 4n? [h(gz + c2C — 2c9066A) ©seod cosh((2n + l)m]:nl/h)]

- (2n+1)373 (2n + 1)mcaq 240 sinh((2n + 1)7ns/2h)
Gont1(r2)

(=) 482 [3(91 +¢1C — 2c1cuB)  hey B cosh((2n + 1)7m’2/773)]

~ (2n+1)373 (2n 4 1)mees n  sinh((2n + 1)7h/2ns) |

By virtue of (5.25) and (5.26) we observe that the relations (5.21) are satisfied
exactly in the limit as h/5 — 0.

In conclusion, the solution of our problem in the theory of Cosserat plates
is in a very good agreement with the exact three-dimensional solution for thin
plates and moreover, the solutions in the two approaches coincide in the thin
plate limit, i.e. when h/s — 0.

To recapitulate, the solution of the Almansi—Michell problem for very thin
orthotropic plates (h < 5) with the load system (5.11), (5.24) is given by (from
(5.4), (5.23), (5.25))

1 1 1
up = —5 c123 <Aﬂ?% + 3 x§> ~3 al(Ax% + :c%) — Azq(c3zs + as),
1 2 1 o 1 2 2
uz = 5 €203 Azt 3 x3b ) + 5 az(Ax] — 3) + asz1 73,
1 (1 1,
uz = 5 Axy garite )+ z5(c1zy + ¢3) + x3(arz1 + ag)

2RY , 352 N
mﬁl(ﬂfl_— +—$1,

0 = Axi(cows + ag) + aqxs,
92 = Bzy(c123 + a1) + B(czzs + a3),
1

1
03 = 3 caAxt — 3 (5 cox3 + a2> + asxq,

where the constants ¢; and aj, are expressed in terms of the loads by

12 12 3
ay = h?’CM ag = — h3CM a3z = — hSCR a4 = —

1 0 1 0 1 h—l—s
—— +—R = —— +-—7R = +2
C <gl hs3 ) 2 C <92 h3s ) €3 - C <g3 p3 hs )

s 0
h35 C66

Ccl =
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From the above comparison we observe that the theory of Cosserat surfaces
produce very good results for thin bodies, and the derivation of solutions is much
simpler than that in the three-dimensional theory, since we reduce the prob-
lem to ordinary differential equations instead of two-dimensional boundary-value
problems. Moreover, in the case of curved shells the advantage of the Cosserat
approach is even more visible, because it can easily handle problems in which
the axes of orthotropy vary along the circumference of the cylindrical thin body,
as can be seen from the example in Sec. 4.

Appendix A
The cross-section plane problem

We recall that the solution of the relaxed Saint—Venant’s problem for ani-
sotropic three-dimensional cylinders reduce to the solution of some general-
ized plane strain problems associated with the cross-section of the cylinder (see
e.g. [9]). As a counterpart of these generalized plane strain problems we consider,
in the case of cylindrical shells, the following problem (called the cross-section
plane problem): find the displacement field v(s) = (u(s), 8(s)) which depends
only on s, and which satisfies the equations

(A1) A(v(s)) = —F(s).

and the boundary conditions:
(i) for open cylindrical shells

(A.2) N(v(sy)) =N M(v(sy)) =M on L, (y=1,2),
(ii) for closed cylindrical shells
(A.3) v(s1) =v(s2), v'(s1) =1'(s2),

where F(s) = (fs, f2, fn,ls,12, 1) represents the prescribed body loads, while
the external loads on the lateral edges N() and M) are given constants.

According to Theorem 2 from [12], the necessary and sufficient conditions for
the existence of the solution v(s) to the cross-section plane problem (A.1)-(A.3)
are the following:

/fdl T (1-¢) (N“) + N(2)> —0,
Co

(A.4) [/(Rfoerl)dl

Co 9

+(1-2)> RP(0) x NP+ DO x MW)| - e3 =0,
v=1
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where ¢ takes the values € = 0 for open cylindrical shells and € = 1 for closed
shells.

The solution of the problem (A.1)-(A.3) can be determined as in Sec. 4
of [12], provided the conditions (A.4) are satisfied.

The displacement fields v®

Let us define the fields v*), k = 1,2, 3, 4, which are employed to construct the
solution of the relaxed Saint—Venant’s problem for cylindrical Cosserat shells.

First, we introduce four displacement fields denoted by vﬁk), k=1,...,4,
and given by

a 1
vg ) — <— e, + zxaeg,zeaﬁxfgeg), v£3) = (ze3,0),
(A.5) 2
(4)

ve | = (—z€03%3€q, 2T, €4).

We observe that the strain measures corresponding to the fields (A.5) are inde-
pendent of the axial coordinate xz3 and that 8v£k) /Oxs is a rigid displacement
field.

For each k = 1,...,4, let us consider the cross-section plane problem (A.1)—
(A.3) for the given data
(A6) F(s) = A@P), NO = -N@®(s,)), MO = ~M(uP(s,)), 7 =1.2.

C

We can verify that the fields (A.6) satisfy the conditions (A.4), so that the
problem (A.1)—(A.3) with the system of external loads (A.6) admits a solution,
denoted by w*)(s).

Then, we define the displacement fields

(A.7) o) = ) o ®)(s), kE=1,23,4.
Let us remark that the fields v(®) have the following properties (see [12], Sec. 5):
v*¥) e Dy and Ra(v(k)) =0, k=1,....,4, a=1,2.

The field w(s) and the constants ¢

For the sake of completeness, we present here the expressions for the field
w(s) and the constants ¢ which appear in the solution (2.23) of the flexure
problem (P). The displacement field w(s) is determined by solving the cross-
section plane problem (A.1)—(A.3) for the external loads given by (see Theorem 5
of [12])
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F(s) = A(/xgv{z}} d:z:3>, N = —NOSU{Z)} d:c3> (5),
0 5 0

MO) = —M</U{IS} dx3> (s), y=12
0
Then, the constants ¢ = (¢, ¢, ¢3,¢4) are given by the system of equations

4
(EDua) = (Mol M), Ra(), Mal).
r=1

k=1,...,4

where we denote by w(s) = w(s) +f0$37){6}d$3. In this manner, we have specified
precisely the solution v’ of the flexure problem, introduced by Theorem 1.
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