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mode-III cracks in a functionally graded piezoelectric
material plate
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THE BEHAVIOR of three parallel permeable cracks with different lengths in a function-
ally graded piezoelectric material plane subjected to anti-plane shear stress loading
was studied by the Schmidt method. The problem was formulated through the Fourier
transform into three pairs of dual integral equations. To solve the dual integral equa-
tions, the jumps of displacements across the crack surfaces were directly expanded
in a series of Jacobi polynomials. The results show that the stress and the electric
displacement intensity factors at the crack tips depend on the lengths, spacing of the
cracks and the material parameters. It is also revealed that the crack shielding effect
is present in functionally graded piezoelectric materials.
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1. Introduction

ELECTROMECHANICAL COUPLING EFFECTS in piezoelectric materials have been
known for several years. However, only in recent years much interest has been
generated because of their application to electronic devices, such as actuators
and sensors. When subjected to mechanical and electrical loads in service, these
piezoelectric materials can fail prematurely due to defects, e.g. cracks, holes, etc.,
arising during their manufacturing process. Therefore, it is of great importance
to study the electro-elastic interaction and the fracture behavior of piezoelectric
materials [1-6], especially when multiple cracks are involved.

On the other hand, the development of functionally graded materials (FGMs)
has demonstrated that they have the potential to reduce the stress concentration
and increase the fracture toughness. Consequently, the concept of FGMs can be
extended to the piezoelectric materials to improve the reliability of piezoelectric
materials and structures. Some application of functionally graded piezoelectric
materials (FGPMs) have been made [7, 8]. The fracture problems of FGPMs
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have been considered in [9-14]. Lt and WENG [9] considered first the static anti-
plane problem of a finite crack in a functionally graded piezoelectric material
strip. Their results showed that the singular stress and electric displacements in
functionally graded piezoelectric materials had the same forms as those in the
homogeneous piezoelectric materials, but the magnitudes of the intensity factors
depended significantly upon the gradient parameter of the functionally graded
piezoelectric materials properties. The problems of electromechanical impact of
a Mode-I impermeable crack in a functionally graded piezoelectric medium and
a functionally graded piezoelectric strip were studied in [10, 11], respectively.
Quite recently, more advanced crack problems in FGPMs have been published by
other authors [15-18], considering Mode-I cracks with semi-permeable boundary
conditions or applying numerical techniques. Because functionally graded piezo-
electric materials are very brittle and cracked, functionally graded piezoelectric
materials obviously contain multiple cracks with an extremely high crack density,
the interaction between multiple cracks may significantly affect their fracture be-
havior. Knowledge of such a problem would allow us to fully exploit the merits
of functionally graded piezoelectric materials. For these interesting multiple-
crack problems in piezoelectric materials or in functionally graded piezoelectric
materials, many studies have been conducted.

The problems of two parallel cracks or four parallel cracks in the piezoelec-
tric materials were studied in [19-23]. The fracture problem of two parallel sym-
metric cracks in functionally graded piezoelectric/piezomagnetic materials was
considered in [24], where only the symmetric fracture problems were considered.
For the multiple cracks problems in piezoelectric materials or in functionally
graded piezoelectric materials, some results were also given in the literature
[25-28]. However, the number of cracks was infinite and the form of cracks was
symmetric in [25-28], where only the symmetric fracture problems were consid-
ered. These fracture problems in piezoelectric materials or in functionally graded
piezoelectric materials were solved by the representative crack unit method and
the integral transform technique for periodic cracks in [25-28]. Other unknown
variables of the dual integral equations were the dislocation density functions
in [25-28]. Based upon these papers, a series of significant achievements for
multiple cracks in piezoelectric materials or in functionally graded piezoelectric
materials have been obtained [19-28]. However, relatively fewer studies have
been conducted to deal with the interaction of multiple cracks in functionally
graded piezoelectric materials. To our knowledge, the electro-elastic behavior of
three arbitrary, parallel permeable cracks of different lengths in a functionally
graded piezoelectric material plane subjected to anti-plane shear stress loading,
has not been studied by using the Schmidt method [29], in which the properties
of the materials varies exponentially with coordinates normal or parallel to the
crack. It is with this in mind that we report the present work.
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The interaction of three arbitrary, parallel permeable cracks with different
lengths subjected to anti-plane shear loading in an infinite functionally graded
piezoelectric material plate, was investigated using the Schmidt method [29]
for two cases. In the first case it was assumed that the material properties
varied exponentially in y-direction with the exponent exp(fy), and the other
case assumed that the material properties varied exponentially in z-direction
with the exponent exp(f3z). Here, the direction of cracks is parallel to the x-axis.
[ is the functionally graded parameter.

2. Formulation of the problem

It is assumed that there are three arbitrary parallel permeable cracks 1, 2
and 3 of lengths 21y, 2]y and 2[3, parallel to each other in a functionally graded
piezoelectric material plane as shown in Fig. 1. A Cartesian coordinate system
(z,y) has the origin at the centre of crack 1, and z- and y-axis are parallel and
perpendicular to the cracks, respectively, as shown in Fig. 1. For the convenience,
we assume that h; = 0 (it was not labeled in Fig. 1). hg is the thickness of the
layer 2 and is also the distance between the crack 1 and the crack 2. h3 is the
thickness of the layer 2 and the layer 3, and it is also the distance between the
crack 1 and the crack 3. dyi, do and d3 are the x-coordinates of the centers of
crack 1, crack 2 and crack 3, respectively. Here, the center of crack is the middle
point between two crack tips. In the present paper, it is assumed that d; = 0
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Fic. 1. Geometry and coordinate system for three parallel non-symmetric cracks.
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(it was also not labeled in Fig. 1). pa and ps are the distances between the center
of crack 1 and the centers of crack 2 and crack 3, respectively. 1 and 65 denote
the location angles of the centers of crack 2 and crack 3 with respect to the
center of crack 1 measured from the z-axis, as shown in Fig. 1.

It was assumed that a distributed anti-plane shear stress loading 7,.(z,0)
= —719p (here 7y is the magnitude of the anti-plane shear stress loading) was di-
rectly applied on the cracks surfaces, which was equivalent to investigation of
the perturbation fields for a remotely loaded cracked-body through the standard
superposition technique in the fracture mechanics. Similar to Son’s [30] work,
since no opening displacement exists for the present anti-plane shear problem,
the crack surfaces can be assumed to be in perfect contact. Accordingly, perme-
able condition will be enforced in the present study, i.e., both the electric poten-
tial and the normal electric displacement are assumed to be continuous across
the crack surfaces. Therefore the boundary conditions of the present problem
were as follows:

D (@ hy) = 7 (2, hy) = =70,
M) U@ hy) = 6D (@, hy), DY (@) = DY (. hy),

v —d;| <l; (j=1,2,3),
Wt (2, ) = W (2, hy), T (@ hy) = 7 (2, hy),

(2) ¢t (2, ;) = 6 (2, hy), DY (x,h;) = DY (2, 1),

lz—dj| >1l; (1=1,2,3),

3)  wW(z,y)=¢V(z,y) =0 for Va?+y? oo (j=1,234),

where w")(z,y) and ¢U)(z,y) (j = 1,2,3,4) are the mechanical displacement
and the electric potential, respectively, Tz(i)(x,y) and D,(cj)(a:,y) (k = xz,y,
j =1,2,3,4) are the anti-plane shear stress field and in-plane electric displace-
ment field, respectively, in which all quantities with superscript j (j = 1,2,3,4)
correspond to the lower half-plane 1, the layer 2, the layer 3 and the upper
half-plane 4, respectively, as shown in Fig. 1.

The constitutive equations for the Mode-III crack in transversely isotropic
functionally graded piezoelectric materials can be expressed as follows:

) = el +eiso)

(4) (k=uz,y, j=1,2,3,4),

DY) = ejsufl) — 10,
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where ¢, e]5, €] are the shear modulus, piezoelectric coefficient and dielectric
parameter of the functionally graded piezoelectric materials, respectively.

Crack problems in functionally graded materials do not appear to be ana-
lytically tractable for arbitrary variations of material properties. Usually, one
tries to generate the forms of functionally graded materials for which the prob-
lem becomes tractable only. Similarly to the treatment of the crack problem
for isotropic non-homogeneous materials used in [31, 32], we assume that the
material properties are described for two cases as follows:

Case L

* * *
Cyq = C446ﬂy; €15 = 615€ﬁy7 €11 = 511€ﬂy7

Caskg I1.
* * *
iy = cane, els = e5e’”, e}y = ene™,

where [ is the functionally graded parameter. c44, €15 and €11 are the shear mod-
ulus, piezoelectric coefficient and dielectric parameter along the z-axis (Case I)
or y-axis (Case II), respectively. The expressions of Eq. (5) are assumed for
making the problem tractable without any loss of generality. In practice, the
piecewise-exponential model can be used to approach the arbitrary distribution
properties of FGMs, as discussed in [33].

The anti-plane governing equations of the functionally graded piezoelec-
tric materials with vanishing body force and free charges can be written as
follows:

Caske 1.
) () . (4)
C44 <V2w(j) +ﬁag—y> +e15 <V2¢)(]) +ﬁ%> =0,
(6—1) (] = 1727 374)
, ) , (4)
€15 (V2wm+ﬁag—y> —€n <V2¢(]) +ﬁ%> =0,
Caskg II.
2 () Hwd) 2 (i) AP
C44<V wV +ﬂw> +615<V (Z)j Jrﬂa—x) =0,
(6-11) (j=1,2,3,4)

A ©) . )
e1s (VQU/(])-Fﬁ%) —€n <V2¢(3)+ﬁa§—x> =0,

where V2 = 02/0x2 4+ 0?/0y? is the two-dimensional Laplace operator.
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3. Solution

By applying Fourier transform to Eq. (6), the general expressions for the dis-
placement components and electric potentials satisfying Eq. (3) can be written
as follows:

Cask L.
w(j)(x,y) — 2i [Aj(s)e—Vl(S)y+Bj(S)e—”m(s)y]QindS’
T
(7'1) A o . 1 o) |
¢(J)(;U,y) = ﬁw(ﬂ)(%y)_}_— /[Cj(s)e71(8)y+Dj(8)6’yz(s)y]ezsmds
€11 2w
(y € Rj, j=1,2,3,4).
Cask I1.
w(j)(;p,y) = 2i [Aj(5)6—7(8)y+Bj(S)e'y(s)y]eisxds’
T
(7-11) ) o
qﬁ(j)(x,y) = eﬁw(j)(x,y)_F— /[Cj(s)e'Y(s)y—FDj(S)e’Y(S)y]eisxds
€11 2
(y€ Ry, j=1,2,3,4).

where we assume for convenience that Aj(s) = C1(s) = Ba(s) = D4(s) =0,
and By(s), D1(s), Az(s), Ba(s), Ca(s), Da(s), As(s), Bs(s), Cs(s), D3(s), As(s),
C4(s) are unknown functions to be determined. Ry = (—o00,0], R2 = [0, hal,
R3 = |ho,hs], Ry = [h3,+00). 71(s) = (B + /32 +4s2)/2 and a(s) =
(B — /3% +4s%)/2 is valid for Case I, y(s) = y/s? —isf is valid for Case II,
where i = /—1.

So from Eq. (4), we have:

CASE L.
(4) e r —y1(s)
W) = =5 [nedss) + eyl
(8-1) +72(8) [0 B; (s) + e15D;(s)]e 12w eisz s,
0 e 7 ’
Dy’ (z,y) = o ell[vl(s)Cj(s)e_“(s)y —|—’yg(s)Dj(3)6_72(5)3/]6”’%3
(ye Rj, j=1,2,3,4).
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CAsE 1II.
() el
Tz (T,y) = o v(8){[oA;(s)+e15C;(s)]e 1)
(8-1I) —[10Bj(s)+e15Dj(s)]e7 P et ds,
() e’ T .
Dy’ (z,y) = or / 611’)/(8)[C’j(S)e—W(S)y_Dj(s)ev(S)y]ezszds
(y€ R, j=1,2,3,4)

o2
where g = cq4 + 15
€11
To solve the problem, the jumps of displacements across the crack surfaces
are defined as follows:

(9) fi(x) = w0 (@, hy) — w2, hy) (G =1,2,3).

Substituting Eq. (7) into Eq. (9), and applying Eq. (8) and the boundary condi-
tions Eq. (1) and Eq. (2), respectively, the following equations can be obtained
using Fourier transform.

Cask L.

(100) e [Xy) [é{“i] Femh X
J+

B ]
J+1

_ . A _ . B; fi .
_ o 2(8)hy J | _ omm(s)hy il —|Ji _

A B
(11_1) ’)/2(8)6_72(8)}% [XQ] |:C]+1:| + 71(8)6_71(8)]1] [XQ] |:D]'+1 :|
j+1 J+l

(1 =1,2,3).

j J

CAske II.

(10-I1) e 7&hi Xy [AJH] + e [x)] [Bm }
Cj+1 D]‘+1

e [x,] [gg‘] O [x] [?} - [ff} (j=1,2,3),

J J
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_ . Aji ‘ B
11-11 e YO [xo] | TN — vk [xp) | T
(111 x| g x|
A B; 0
_ ey 1x, J Y($hs [ T = =1,2,3
O D] | | O ]| [J (j=1.23)
where matrices
1 0 e
Xi)=|es |, w:[go o ]
- 11

and symbol f indicates the Fourier transform as follows:

(12) ﬂﬂ=/f@fmm

Solving the twelve equations of Egs. (10) and (11) with twelve unknown func-
tions Bi(s), Di(s), Aa(s), Ba(s), Ca(s), Da(s), As(s), Bs(s), Cs(s), Ds(s),
A4(s), Cy(s) and applying the boundary conditions Eq. (1) and Eq. (2), we
obtain:

Cask [

o0
8h 3
(13-1) C44e g / Zg(]) Ve(s)e™®ds = —19, |z — di| <1l; (j=1,2,3),

(14-1) /ﬁ@ﬁ“@:m e—dl > (G =1.2.9)

where
gl(ck)( ):_L (k:172a3)7
/52 + 432
( 82e~/2(s)h2 (1)( s2ewg(s)h3

Digy — S
92 (8) - \/mv g,?, 8) \/ma

@) g2e—1(s)h2 (2)( g2e72(8)(ha—h2)
= s

e R A

8267'}/1(3)h3 826771(3)(h37h2)

() _
NCEYTE 9 ) = e

g (s) = -
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Moreover,
(4) () (4)
1
Lim ) _ o O L g g tim 9 o k)
s—+o00 8 s——00 S 2 [s| =0 S
for Case I.
Cask II.
caqe” () n isz :
(13_11) T 9y (S)fk(s)e ds = —70, |.’I) - d]| < l] (.7 = 17273)7
o k=1

o0
e [ feeris =0 -l > (=123,
—0o0

where (s)
S
gl(gk)(s) = *’YT (k = 172’3)7
/y S 677(8)h2
o(s) = o2 (5) = - 1T
3 ’}/ S 6_7(8)h3
o (s) = o (s) = - 1T
2 3 /-Y S e_’\/(s)(hi“_h’l)
oD () = () = -1
Moreover,
() () (9)
g5 (s) _ogp(s) 1 : g5 () :
Lim = Lim = 5 (k=j) and |s|l—>nolo . 0 (k#y)
for Case II.

The above dual integral equations (13) and (14) must be solved to determine
the unknown functions fi(z), fa(z) and f3(x).

4. Solution of the dual integral equation

The Schmidt method [29] was used to solve the dual integral equations (13)
and (14). The jumps of displacements across the crack surfaces were represented
by the following series:

00 g _73271/2
ZajnP£1/2,1/2)<x dj) [1 b zd]) ] e —=dil <,
(15)  fi(@) = w0 i l

0, |z—dj|>1,
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for (j = 1,2,3), where aj, are unknown coefficients to be determined and

pit/A2) (x) is a Jacobi polynomial [34]. The Fourier transforms of Eq. (15)
are [35] as follows:

fJ(S) = Z ajnGn%JnH(Slj)e—isdj7
(16) n=0 (] _ 1’273)7

n!
where I'(z) and J,(x) are the gamma and Bessel functions of order n, respec-
tively.
Substituting Eq. (16) into Eqs. (13) and (14), Equation (14) is automatically
satisfied. Then Eq. (13) is reduced to the following forms after integration with
respect to x for [d; — [;, x], respectively:

)

Cask L.
C446 ®° els zs(d
(17-1) Z G, / Zakngk (8)Jnt1(slp)e™ 5 ds
k=1
:*To(x*dj‘Flj), ‘:L‘*dj| Slj (j=1,2,3).
Case II.
>0 elistBz _ (is+P)(dj~1;) B : A
C44 € (4) —isd
(17-1I) Z:OGn/ s 1 ) kzlakngk] (8)Iny1(sly)e **ds
= —7o(x — dj +1;), lz—d;| <l; (j=1,2,3).
The semi-infinite integral in Eq. (17) can be modified as follows:
Cask 1.
71 , 4
a8 [ o5e g ) I (sh) e - el
is?
— 00
—q —d.
! deos|(n+1)sin7t (2 ) | - (c)et2L 0 p218.5,7,.
n+1 lj
S . o
sin|(n+ Dsin (Z29) [ crel n=0,2,46,.
n—+1 lj

s ©)
. ] ;
/—-1 e o { = 2] Jn+1(slj)[e T ezs(drlj)]ds

18
0

1[99 1 : A
- / — e tsd { ] — 5] Jni1(sly)[e® — eWi~]ds  (j =1,2,3).
18 S
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Cask 1L
(18-11) / me_wdjg](j)(S)Jn+1(5lj)[€(i8+’6)x _ e(is+[3)(dj—lj)]ds

(n:fl{cos {(n—i— 1) sin~ ( >]eﬁz

— (1) +1)/28(d; l])} n=1357,...,

nil{Sin[(nJrl)sin ( >:|€ﬁac

+ (1)"/%5(%‘1]‘)}, n=0,246,...,

(7)

Ool —isd; g ( ) 1 zsa: is(dj—1;
0

[ 9(s) 1
= —isdj | 9 N[pisz _ is(dj—lj) .
JIn l it d =1,2,3).
b et |2 L e s (= 1,23)
It can be seen that the integrands of the semi-infinite integrals in the right-
hand sides of Eq. (18) approach rapidly zero when s — oco. The semi-infinite
integral in the left-hand side of Eq. (17) can be numerically evaluated easily.
Thus Eq. (17) can now be solved for coefficients a;,, by the Schmidt method [29,

36, 37]. Details of the Schmidt method are presented in the Appendix.

5. Intensity factors

Once we determine the coefficients a;,, we can obtain the entire perturbation
stress field and the perturbation electric displacement near the crack tips. How-
ever, in fracture mechanics, it is of importance to determine the perturbation
stress 7, and the perturbation electric displacement D, in the vicinity of the
crack tips. In the present study, TZSZ), ngg), ng), Dg(/l)7 Dg(f) and DZ(,?’) along the
crack line can be expressed, respectively, as follows:

Caskg L

(19-1) 7(x,hy) = TOH)(:U h;)

044€ﬁh = ) —isd
= Z a1n91 8)nt1(sl1) + azngs’ () Jni1(slo)e "%

+ agngé )( ) n+1(sl3)67i5d3] e ds (1 =1,2,3),
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(20-) DY (x,h;) = D<J‘+1>(x h;)

_ 6156‘% S () isds
= Z a1n91 n+1(311) + a2ngs (S)Jn-i-l(SlQ)e
—0o0
+ a3ng§])(S)Jn+1(sl3)e*i3d3] e*rds (j =1,2,3).
CAaske 1I1.

1910 D (@, hy) = 785 (a, hy)
0446,337 —isd
=2 / 0109 (5) Fs1 (1) + an g (5) Jus (sla)e 1502

+ agng3 (3)Jn+1(slg) wd3] e%ds (j=1,2,3),
(20-10) DY) (&, hy) = DY+, hy)

Bx

_ense

== Z / alngl n+1(3l1)+a2n92 ) (8) Jn 1 (slg)e 52
n=0 B

+ asng) (8) Jnsr (sl3)e “da]e"”ds (j=1,2,3).

The following relationships [34] are used later in the solving processes:

. cos[nsinfl(b/a)]’ a>b
22 — b2
/Jn sa) cos(bs)ds = i
a" sin(nm/2) b=
0 - ’ a,
Vb2 —a?[b+ Vb2 — o
sin[nsin~t(b/a)]
9] , a>b,
) Vva? —b?
Jn(sa)sin(bs)ds =
a" cos(nm/2)
0 , b > a.
Vb2 — a2[b+ Vb2 — a?|"

Cask I. From Egs. (19-I), (20-I) and (21-I), the singular parts of stress and
electric displacement fields near the right-hand tip of the crack j (j = 1,2,3)
can be expressed, respectively, as follows (d; + [; < x):
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(22-1)

where

o0
Bhj
Cqq€7"" (]
Tﬁz = _TzajnGn /Jn+1(slj)e”(“7 4) s
n=0 0

0

is(x—d; Cqq€”77
- / Tt (sl;)et dﬂ)ds} =— 4177 ZajnGann(x)z
o n=0
R 61565hj = T is(z—d;)
Dfy = —— > Gl [ Juga(sly)e i)ds
n=0
) J
. / Jn+l(slj)ezs(:r—dj)d5:| = _%ZajnGann(x),
S n=0

2(_1)(n+2)/2l;1+1

(¢ —dj)? — Lle — d; + \[(x — dj)? — 2]n+1

and the singular parts of stress and electric displacement fields near the left-
hand tip of the crack j (7 = 1,2,3) can be expressed, respectively, as follows

(.73 < dj — lj)I
Bh; &2 T
cqqe”’ (s
Tijz == 41 ZajnGn /JnJrl(Slj)ew(w Wds
Ny Cyq€7" *
- / Jn+1(3lj)ew(z dj)dS] T 4177 ZajnG”an(x)’
% n=0
(23-1)
DE =~ | > ajnGn / Jny1(sly)e @4 ds
& n=0 0
L e15e’’t «
N / T (sly)e’™t d])ds} B 71372%”(;”@1”(33)’
e n=0
where
2(_1)(3n+2)/21;t+1

(¢~ dj)? — Blla — dj| + \J(@ — d;)* — 2]

CasE II. From Egs. (19-1I), (20-1I) and (21-1I), the singular parts of stress
and electric displacement fields near the right-hand tip of the crack j (7 = 1,2, 3)
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can be expressed, respectively, as follows (d; +1; < z):

(o]
pz )
T]«Izz = —6416 E ajinG /Jn+1(slj)e”(m_df)ds
T
n=0 0

0
. . C 6
—/Jn+1(8lj)€ls(m_dj)d8:| = = Za]n nQ]n(x)

(22-11)

0o
R 615eﬁx - zs(mfd')
Dfy, = ——— > anGul| [ Juga(sly) ids
n=0 0

0
Bz 2
L e1se
- / Tt (slj)e dj)ds} o 14517r Z“J"G"an(x)’
S n=0

and the singular parts of stress and electric displacement fields near the left-
hand tip of the crack j (7 = 1,2,3) can be expressed, respectively, as follows
(LE < dj — lj):

I c

44
Tige = — E ajnGh
Jyz 4 m

Jnv1(sl; )ets@=di) g

0
_ / Jn+1(slj)e"3(m—dj)ds} C44e Za]nG Qi (),
(23-11) -

Bz .
DJLy = 6156 Zajn Jni1(sl)e*@=dids
n=0

0

pz 0
1s(x—d; 6156 *
— / Tt (sl;)et df)ds} =~ E_OajnGann(m)'

—00

CASE I. The stress intensity factor K7 R and the electric displacement inten-

sity factor K% ;D at the right-hand tip of the crack j (7 =1,2,3) can be obtained
as follows:

R _ : R
(24-1) K= xﬂ(gﬁl'ﬁ 2 —dj —1j) - 75,

04465 j

= I'(n+1+3 )
T

TL.
jnO
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25-1 KB = lim 2r—d DR
(25-1) ib z—(d;+1;)*+ ( b))
:el5eﬂh i I'(n+1+3 )_615KR
NGT i n! Ca4

Similarly, the stress intensity factor K ]L and the electric displacement intensity
factor K jLD at the left tip of the crack j (j = 1,2,3) are expressed as follows:

26-1 KF= 1 2w —dj +1; - &
( ) J xﬂ((iljnfllj)* ‘LL' J ]‘ ijz
Bh 1
C446 J n +1+ 2)

L _ : L
(27-1) Kk = w(gﬁzj)f V2lz—d;+1] - DE,

el & n F(”+1+%)_615 L
= s SNy, Lt IS e
n! Cyq4 J

CAsE II. The stress intensity factor K JR and the electric displacement inten-
sity factor K jRD at the right-hand tip of the crack j(j = 1,2,3) can be given as
follows:

R _ : R

cagePdth) & Iin+1+1)

= — ajn
7I'lj =0 n!
25-11 KE = 1 20z —d; —1;)- DE
( ) iD z—>(dljr£lj)+ (.f J J) JY
B eq5eB(ditl) 2 I'(n+1+ %) _e5n
= Qjp————— = —Kj;
il = n: C44

Similarly, the stress intensity factor K ]L and the electric displacement intensity
factor K jLD at the left tip of the crack j (j = 1,2,3) are represented as follows:

26-11 KEF= 1 —d; +1;
(26-11) i =, 2|z —dj + | - 7,
7. 1
_ C44eﬁ(d.7 lj) = (—l)najnp(n + 1+ 5)7
’/le 0 n!



152 J. LIANG
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6. Numerical calculations and conclusions

From the papers [29, 36, 37], it is known that the magnitudes of the unknown
coefficients aj, (j = 1,2,3) in the infinite series (17) decrease very quickly
with the increase of the number of terms n. The behavior of the sum of the
series remains steady with the increase of the number of terms in the infinite
series (17). The precision can be achieved satisfactorily if the first ten terms of
the infinite series (17) are adopted. For brevity, these expressions are not given
in the present paper. The stress intensity factors K and the electric displacement
intensity factors K p are calculated numerically. In all computations that follow,
the piezoelectric material constants are assumed to be cyy = 2.56 x 10*° (N/m?),
e15 = 13.44 (C/m?) and €17 = 60.0 x 1071° (C/Vm). The calculated stress and
electric displacement intensity factors at the crack tips are plotted in Figs. 2
to 23, respectively. We discuss the results and draw our conclusions as follows:

(i) In the present paper, the basic solution for three arbitrary parallel perme-
able Mode-III cracks with different lengths in functionally graded piezoelectric
materials was obtained by the Schmidt method, which is quite different from
the previous work on multiple cracks [25-28]. In [25-28], although the number
of cracks is infinite, the cracks are arranged in a regular pattern, such that the
fracture problems can be solved by the representative crack unit method and
the integral transform technique for the periodic cracks. The unknown variables
of dual integral equations are the dislocation density functions in [25-28]. Dif-
ferent from all these papers, in the present work, the crack distribution is non-
symmetric, the number of cracks is finite and the unknown variables of dual
integral equations are the jumps of displacements across the crack surfaces. The
number of dual integral equations is assumed to be six in the present paper.
Other the properties of materials of the present paper are different from the
ones of the previous work [25, 27, 28]. To solve the dual integral equations, the
jumps of displacements across the crack surfaces were directly expanded into
a series of Jacobi polynomials, and the Schmidt method was used for numeri-
cal calculations in the present paper. This is the major difference between the
present paper and the similar papers available in the literature [25-28].

(ii) The electro-elastic coupling effects can be obtained as shown in
Egs. (24)-(27). The results of the electric displacement intensity factors can be
directly obtained form the results of stress intensity factors through these equa-
tions. As shown in Eqgs. (17) and (24)—(27), it can be obtained that the electric
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displacement intensity factors of cracks depend on the material constants c44 and
e1s, the crack length, the geometric position of cracks and the distance between
three parallel cracks. However, the stress intensity factors of cracks depend only
on the crack length, the geometric position of cracks and the distance between
three parallel cracks. The stress intensity factors of cracks are independent of
material constants cqq and ej5 as shown in Egs. (17), (24) and Eq. (26).

(iii) In order to present the solving process and the calculation program, the
results of three symmetric parallel cracks in a homogeneous material plane were
calculated first and shown in Fig. 2. In this case, we obtain K& = K = KgL =
Kl = K; = K3 and K¥ = KI' = K,, what is consistent with the theoreti-
cal solution. The stress intensity factors of cracks increase with the increase of
the crack spacing, then they tend to a constant 1 which equal to the intensity
factor of a single crack in an infinite, functionally graded material plane. This
phenomenon is called the crack shielding effect, as discussed in [38], which also
proves that the solving process is correct.

CASE 1. (iv) The stress intensity factors of cracks increase with the increase
of the crack spacing and then they tend to constants as shown in Fig. 3. Here,
Kf = Kf = K1, Kf = K = Ky and K¥ = K = K3, with the parameters
chosen in the calculation. In this case, the stress intensity factors of crack 1 are
less than the ones of crack 3, but greater than the ones of crack 2 at the begin-
ning, and they all tend to a constant 1 with the increase of ho /Iy (or h3 /1), with
the parameters chosen in the calculation. This may be caused by the shielding
effects of the parallel cracks. In this case, increasing of the distance between the
two parallel cracks plays a similar role as decreasing of the length of crack for the
present problem. For the electric displacement intensity factors, they have the
same changing tendency as the stress intensity factors shown in Fig. 4 (K 1LD =

1.0
1.0r
0.91 0.9
@ 0.8f / \ K, /(To\/z) ~
- = 08t
< o K.l L) .
0.6f K3/(to\/Z) ~
061
0.5F ‘ ‘ 050
0 1 2 3 4 5 6 7 12
hl,
F1G. 2. Stress intensity factors of cracks ver-  FIG. 3. Stress intensity factors at the tips of
sus ha/li for Bly = 0.0, I2/li = l3/ly = 1.0, cracks versus ha/li for Bl1 = —0.5, l2/li =
dg/ll = dg/ll =0.0 and 2h2/l1 = hg/ll. l3/ll = 1.07 dz/ll = dg/ll =0.0 and 2h2/l1 =

hs/li (Case I).
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FiG. 4. Electric displacement intensity factors  FIG. 5. Stress intensity factors at the tips of
at the tips of cracks versus ho/l; for Bli =  cracks versus 3l for l; = 1.0, l2/l1 = 1.5,
—0.5, lo/ly = ls/ly = 1.0, do/ly = ds/ls = 0.0 I3/ly = 0.0, da/l; = 0.0, dz/ly = 0.0, ds /Iy
and 2hs/l1 = hs/l1 (Case I). = 0.0, ho/l1 = 1.0 and hs/l; = 2.0 (Case I).

KE = Kip, K&, = KIY) = Kop and KLy = KE) = K3p with the parameters
chosen in the calculation). This can be obviously obtained from Eqs. (24)—(27).
Hence, we only need to discuss the behavior of the stress intensity factors there-
after. However, the amplitude values of the electric displacement intensity factors
and the stress intensity factors are different. The amplitude values of the electric
displacement intensity factors are extremely small, as shown in Fig. 4.

(v) The geometric form of cracks is symmetrical about the y-axis and the line
of crack 2 in this case, so the stress intensity factors at the left-hand tips are equal
to those at the right-hand tips for every crack with the parameters chosen in
the calculation, as shown in Fig. 5. Here, K = K = K, KI' = K£ = K, and
K 3L = K = K3. The stress intensity factors of crack 1 increase with the increase
of (1, but the stress intensity factors of crack 3 decrease with increasing (l;.
The stress intensity factors of crack 2 decrease with increasing Gl; for Gl; < 0.
However, the stress intensity factors of crack 2 increase with the increasing 3ly
for 81y > 0, as shown in Fig. 5. It can be also obtained that K1 (5l1) = K1(—pl1),
K5(Bly) = Ko(—pl1) and K3(8l1) = K3(—pl) for this symmetric case, with the
parameters chosen in the calculation. This is also consistent with the practical
results. For #l; < 0, the stress intensity factors of crack 3 are larger than the
ones of crack 1. However, the stress intensity factors of crack 1 are larger than
the ones of crack 3 for Bl; > 0. It means that the stress intensity factors of
a crack on the stiffer side of the medium are always smaller than the ones of the
crack located on the less stiff side, when the lengths of cracks are the same and
the direction of the material properties variation is perpendicular to the cracks.
However, the stress intensity factors of crack 2 are always larger than the ones
of crack 1 or crack 3, because the length of crack 2 is larger than the ones of
crack 1 or crack 3, with the parameters chosen in the calculation.
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lo/ly = I3/l; = 1.0, ds/l; = 0.5, ha/l; = 1.0
and hs/ly = 2.0 (Case I).

(vi) As shown in Fig. 6, the stress intensity factors of cracks 1 and crack 3
decrease with the increase of lo/l; with the parameters chosen in the calculation.
In this case, we obtain K{ = K = Ky, K¥ = K = Ky and K¥ = KF = K3.
This phenomenon is also called the crack shielding effect as discussed in [38].
In this case, the increase of the crack length plays the same role as the de-
crease of spacing between two adjacent parallel cracks. However, the stress in-
tensity factors of crack 2 increase with the increase of ls/ly. This means that
the resistance expanding the ability of crack 2 decreases with the increase of its

length [s.

(vii) For all the three cracks, the stress intensity factors will tend to constants
for |da /11| > 4.5 as shown in Fig. 7 and Fig. 8. This means that the effects of da /11
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Fia. 8. Stress intensity factors at the right
tips of cracks versus dz/l; for gl = —0.5,
la/li =13/lh = 1.0, d3/l1 = 0.5, ha/l1 = 1.0
and hs/l1 = 2.0 (Case I).
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(Case I).
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on stress intensity factors will become mild for |da/l;| > 4.5. However, the stress
intensity factors of cracks oscillate with the variation of dy/l; for |d2/l1| < 4.0.
The stress intensity factors will reach different minimum and maximum peak
values at different positions of cracks. So it can be concluded that the crack
positions also play a very important role in the stress intensity factors of the
three parallel cracks for |day/l;| < 4.0.

(viii) As shown in Figs. 9-11, the plots of the stress intensity factors at both
crack tips of each crack are symmetric about the axis 65 = 90°, i.e. KI(90°4+0) =
KE90° ¥ 0), K£(90° £ 6) = KI(90° ¥ 0) and K£(90° £ 0) = KI(90° ¥ 0)
with the parameters chosen in the calculation. The stress intensity factor at
the right tip of crack 1 increases with the increase of 0. However, the stress
intensity factor at the left tip of crack 1 decreases with the increase of 6o, as
shown in Fig. 9. The stress intensity factors at the left tip and at the right tip
of crack 2 decrease with the increase of 65, to reach the minimum values at
f1 = 82.5° and 61 = 97.5°, respectively, then they increase as shown in Fig. 10.
The changing tendencies of stress intensity factors at the tips of crack 3 are
more complex, as shown in Fig. 11. They have both the maximum values and
the minimum values. These phenomena were also caused by the competition
between the crack shielding effect and the interaction of parallel cracks. Two
factors affect the results of the stress intensity factors of cracks: the first one is
the vertical spacing hs/l; — ha/l; between crack 2 and crack 3, and the second
one is the horizontal distance between the centers of crack 2 and crack 3. Again,
Figs. 9-11 are symmetric about the line of 65 = 90°.

CaAsE II. (ix) The crack shielding effects are also observed as discussed in
[38] for the Case II, i.e., the stress intensity factors of cracks start to grow
with the increase of the crack spacing, then they tend to constants as shown
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Fia. 14. Stress intensity factors at the left  FiG. 15. Stress intensity factors at the right
tips of cracks versus l3 for § = 0.2, [y = 1.0,  tips of cracks versus [3 for 8 = 0.2, I; = 1.0,
lz = 0.8, d2 = 0.0, d3 = 0.0, hz = 2.0 and lz = 0.87 dz = 0.07 d3 = 0.0, hz = 2.0 and
hs = 3.0 (Case II). hz = 3.0 (Case II).

in Fig. 12 and Fig. 13. However, the stress intensity factors at the tips of crack
2 decrease with the increase of hy/ly for hy/l; < 1.0. This was also caused by
the coupling properties of the crack shielding effects and the graded property of
materials.

(x) As shown in Fig. 14 and Fig. 15, the stress intensity factor at the tips of
crack 1 and crack 2 decreases rapidly with the increase of [3/l;. This phenomena
may be caused interaction of the parallel cracks. It also means that increasing of
the length of crack also plays a similar role as decreasing of the distance between
the two parallel cracks for the present problem. The stress intensity factors at
the tips of crack 3 first increase with the increase of its length, and then they
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FiG. 16. Stress intensity factors at the left  FiG. 17. Stress intensity factors at the right
tips of cracks versus dq for § = 0.2, [ = 1.0,  tips of cracks versus dz for § = 0.2, [; = 1.0,
lg = 1.0, l3 = 1.5, d3 = 0.0 hg = 1.0 and l2 = 1.0, 13 = 1.57 d3 = 0.0 h2 = 1.0 and
hs = 2.0 (Case II). hs = 2.0 (Case II).

all decrease with the increase of its length due to the large difference of material
properties at both sides of the crack tips. This phenomenon was caused by the
crack shielding effects.

(xi) The stress intensity factors of crack 1 and crack 3 will tend to constants
for |da/li| > 4.0, as shown in Figs. 16, 17. This means that the effects of da/l;
on the stress intensity factors of crack 1 and crack 3 will become mild for
|d2 /11| > 4.0. The stress intensity factors of crack 1 and crack 3 oscillate with the
variation of da/ly for |d2/l1] < 4.0, as shown in Figs. 16, 17. The stress intensity
factor at the left tip of crack 2 increases oscillatory with the variation of ds /Iy,
to reach the maximum value at do/l; = 3.5, then it decreases with the increase
of dy/l; for dy/l; > 4.0, as shown in Fig. 16. The stress intensity factor at the
right tip of crack 2 decreases oscillatory with the increase of dy/1; for do/l; < 2.0
as shown in Fig. 17. So it can be concluded that the crack positions also play a
very important role in the stress intensity factors of all the three parallel cracks.

(xii) As shown in Fig. 18, the stress intensity factors of crack 1 increase with
the increasing of (11, to reach two different maximum values at 8l; = —0.6 and
Bly = 0.6, respectively, then they all decrease with increasing of 3l1. The plots of
the stress intensity factors of crack 1 are almost symmetric to each other about
the line of 13 = 0 for |Bl1| < 1.0. However, the plots of the stress intensity
factors of crack 1 are not symmetric to each other about the line of 8l; = 0
for |Bl1] > 1.0. This was caused by the non-symmetric property of crack 3. As
shown in Fig. 19, the stress intensity factor at the left tip of crack 2 increases
rapidly with increasing of 311, to reach the maximum value at 8l; = —0.4, then
it decreases with the increasing of (§l;. The stress intensity factor at the right
tip of crack 2 increases with increasing of 3y, to reach the maximum value at
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Fia. 18. Stress intensity factors at the tips  FiG. 19. Stress intensity factors at the tips
of crack 1 versus Bl for l2/ly = I3/li = 1.0,  of crack 2 versus Gy for l2/l1 = l3/l1 = 1.0,
dg/ll = 007 dg/ll = 1.0, hg/ll = 2.0 and dz/ll = 00, dg/ll = 1.07 hg/ll = 2.0 and
hs/li = 3.0 (Case II). hs/li = 3.0 (Case II).

Bly = 0.6, then it decreases with increasing 3l;. As shown in Fig. 20, the stress
intensity factors of crack 3 increase with the increasing of (li, to reach two
different peak values K¥/(m9v/I3) = 3.17 and K£/(79\/I3) = 1.06 at 8l; = —1.8
and Bl; = 1.4, respectively, then they all decrease with increasing 3l;. As shown
in Figs. 18-20, the stress intensity factor at the left-hand tip of crack 3 is not
equal to one at the right-hand tip of crack 3 for Gl; = 0, because the geometric
position of crack 3 is non-symmetric. And the stress intensity factor at the left
tip of crack 2 is also not equal to one at the right tip of crack 2 for gl; = 0
due to the influence of non-symmetrical crack 3. However, the stress intensity
factor at the left tip of crack 1 is equal to one at the right tip of crack 1 for
Bly = 0 due to smaller influence of non-symmetrical crack 3. This means that
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Fia. 20. Stress intensity factors at the tips  Fi1a. 21. Stress intensity factors at the tips of
of crack 3 versus Sl for la/ly =13/li = 1.0, crack 1 versus 02 for Sli = 0.2, I2/li = I3/l
dg/ll = 007 d3/ll = 1.07 hg/ll = 2.0 and = 1.0, ,O2/ll = 1.5, p3/l1 =20 and 9'3 = 900
hs/li = 3.0 (Case II). (Case 1I).
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Fia. 22. Stress intensity factors at the tips of
crack 2 versus 0y for fl; = 0.2, la/li = I3/l1
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(Case II).
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Fic. 23. Stress intensity factors at the tips of
crack 3 versus 0y for fli = 0.2, Io/li = I3/l
= 1.0, p2/li = 1.5, p3/l1 = 2.0 and 63 = 90°
(Case II).

the graded properties of materials also plays an important role on the intensity
factors of cracks as discussed in [39].

(xiii) As shown in Figs. 21-23, the stress intensity factor at the left tip of
crack 1 decrease with the increase of 6. However, the intensity factor at the right
tip of crack 1 increase with the increase of 6. The stress intensity factors at the
tips of crack 2 decrease with the increase of 65 until they reach the minimum
values at the position of around 0y = 67.5° and 62 = 105°, respectively. Then
they increase with the increase of f. The stress intensity factor at the left tip
of crack 3 experiences increasing, decreasing and increasing with the increase
of 0, and reach the maximum value and the minimum value at ca 6y = 45°
and 62 = 112.5° respectively. The stress intensity factor at the right tip of
crack 3 experiences decreasing, increasing and decreasing with the increase of 6,
and reach the minimum value and the maximum value at about 85 = 75° and
02 = 135°, respectively. These phenomena were also caused by the competition
between the shielding effect and the graded property of materials.

Appendix

Equation (17) can be rewritten as follows:

(A1) Y @Al @) + Y anBI (@) + Y ag O (@) = U (@),
n=0 n=0 n—0
r1 < x < 29,
(A_2) Z alnAT(«?g) (1' Z a2p, B(23) Z a3n 0(23) — 23 (l‘),
n=0

r3 < x < 24,
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(A3) D an AP (@) + > a2, B (2) + ) a3 CF () = U (2),
n=0 n=0 n=0

r5 < x < xg,

where A£Z?’>(x), B (x), i) (z) and UG (z) (i = 1,2,3) are known functions.
From Eq. (A-3) it follows:

(A-4) > agnCE (2) = U (2) = Y~ 01, AP () = Y~ a9n B ().
n=0 n=>0 n=>0

It can now be solved for coefficients a3, by the Schmidt method. Here the form

U (2) =" a1n AP (z) = Y~ a2, BT ()
n=0 n=0

can be considered as a temporarily known function. We have

(A—5) as, = Z aliﬂ,'gli?)) =+ Z a2iﬂ7(12ig) + ngg)a
=0 1=0
with
(13) MY T e
_ nj
gl __ZW A () B () de,
J=n 55 Y gy
(23) My T ey,
_ nj
Bni ——ZW B (@) B () da,
J=n 55 N gy
. o B T ) )
33) __ nj 33
A= e | U
J=n 55 7Y g

where Mi(j?') is the cofactor of the element dg) of matrix DT(E’), which is defined
as follows:

M 403 3 3 3) ]
dyo doy dyy - di,)

3 3 3 3
£ a) a8 .
(A6) DP = | 4@ 4 4@ g0 |, dY = / ¥ (@) (@) dx
5

3 3 3 3
RN
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and N ;3) can be constructed by a set of functions Bj(-g)(:c), which satisfy the
orthogonality conditions as follows:

xe Z6
(A-T) / B9 @)B® (r)dz = NP6y, / B (a)2dz = N
x5 T5

and B](-B)(l‘) can be constructed from the function C’Z-(Bg)(:v):

J Mﬁ{i)
(A-8) B () =Y —L0 ().
= M)

Substituting Eq. (A-5) into Eq. (A-1) to Eq.(A-2), respectively, we have
(A-9) Z a1n AP () + Z a2, B () = UMD (1), 1 <z < x9,

(A-10) Z alnA(22) Z Qo B(QQ) =y (x), r3 < x < x4,

where
AZ(12)( A(13) Zﬂ(13)0(13)
Bz‘(u)( B(13) Zﬁ(%)c(m)
U0(a) = V09 (@) - 3 4EICH @),
and i

A§22)( A(23) Z /8(13)0(23)

Bz‘(22)( B(23) Z ,8(23)0(23)

UE(a) = U () = 3 AEICE a).
n=0
Repeating steps (A-4)—(A-8) for Eq. (A-10), we obtain:

(A-11) agn =Y 1,85 + 522,

=0
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where 6(1,2 and 6,222) can be derived in the same way as the above ones @(53)

5(23) B(33) For brevity, they were omitted in the present paper.
Substituting Eq. (A-11) into Eq. (A-9), we have

(A-12) ZalnAgl) (z) = UM (2), r1 <z <z,

where

(3

A(11)<$) 12) Z 12)B 12) (),

U (@) = U (@) = 3 BB ().
n=0

Repeating steps (A-4)—(A-8) for Eq. (A-12), the unknown coefficients ay,, can
be obtained as follows:

(A-14) arn =AM,

(11) (33)
where 3, ~’ can be derived in the same way as the above one concerning (5, .
For brevity, they have been omitted in the present paper.

With the aid of Eqgs.(A-14), (A-11) and (A-5), the unknown coefficients a1,
a9, and asg, can be obtained.
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