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THE THERMOMECHANICAL RESPONSE of beams made up of thermoplastic polymer
is analysed in the case of cyclic bending. The material behavior is modelled by a
viscoelastic law depending on temperature and frequency. Inertia effects are neglected.
The stress, strain and temperature distributions are expressed as functions of the
beam geometry, the loading parameters and the material characteristics. The stability
of the steady-state solutions is analysed with use of a linear perturbation approach.
The conditions for thermal runaway (thermo-mechanical instability) are explored.
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1. Introduction

THE DYNAMIC RESPONSE of polymeric materials is of great interest to design
such structural elements as vibration dampers and to anticipate catastrophic
self-heating, which may occur under particular conditions. Thermal runaway re-
sults from unbalance between the loss energy and heat transfer; this phenomenon
is worsed by high temperature sensitivity and low thermal conductivity of ther-
moplastic elastomers.

Experimental aspects of thermal failure in polymers have been explored by
HERTZBERG [5], RATNER and KOBOROV [8] and RIDELL et al. [9] MENGES and
ALF [7] showed the continuous increase of temperature in the case of pulsating
tensile load. CONSTABLE [1] explored the cyclic torsion and bending; he related
the cyclic thermal softening to the compliance loss, the specimen geometry and
the magnitude of cyclic load.
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HuAaNG and LEE [6] studied the thermomechanical coupling phenomena of
viscoelastic rods loaded alternatively. TAUCHERT [18] analysed the influence
of testing conditions on the internal heat generated in polyethylene rods and
showed the existence of high-frequency regime, leading to thermal failure before
the thermal equilibrium. TING [19] for alternative torsion solicitation and TING
and TUAN [20] for cyclic internal pressure, proposed with use of complex vari-
ables, a simplified formulation of the coupled thermomechanical problem. They
calculated by iteration the temperature distribution and the stress response de-
scribing the equilibrium state.

TAKAHARA et al. [10, 11] have calculated the temperature field by assum-
ing a uniform distribution through the sample. LESIEUTRE and GOVINDSWAMY
[15] determined the dynamic response in simple shear through generic damping
elements introduced in finite element calculation. The temperature effects were
introduced owing to a time-dependent shift factor. This description, in terms
of reduced time, was also developed by WINEMAN and KOLBERG [21] to deter-
mine the continuous response of a polymeric beam subjected to pure bending.
SCHAPERY [16] and SCHAPERY and CANTEY [17] studied the thermal response
of a viscoelastic material subjected to harmonic shearing for two loading situa-
tions: imposed displacement or inertial driving. They have shown the existence
of an instable response of the system in accordance with their experimental
observations of thermal runaway. Considering the frequency and temperature
dependence of viscoelastic materials, the temperature distribution has been ob-
tained in closed form by MOLINARI and GERMAIN [12] for a cyclic compressive
loading. They also analysed the stability of the steady state solutions and cor-
roborated the conditions of thermal runaway to experimental observations, see
also LEROY and MOLINARI [13] and [14] for analogies with shear stability prob-
lems. Using the same thermosensitive law as in [12], DINZART and MOLINARI [3]
extended the previous study to torsional loading of plain or hollow cylinders.

This paper is devoted to the analysis of the thermomechanical response of a
viscoelastic beam under cyclic pure bending. The classical assumptions of beam
theory are made, i.e. plane sections remain plane so that the strains vary lin-
early through the thickness of the beam. Thermal runaway is explored for a
beam under curvature control or under bending moment control. The bending
moment and curvature are expressed as functions of the cross-section geometry,
the material parameters and loading conditions. The linear viscoelastic behav-
ior is specified as a Boltzmann law, where the storage and loss moduli depend
linearly on the temperature. The material is assumed to be isotropic and incom-
pressible. An example of real material is provided by thermoplastic elastomer
whose Poisson’s ratio is close to 0.5. Inertia effects are neglected. The formula-
tion is restricted to conditions of small strains and rotations; thermal expansion
is not taken into account.
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The paper is organised as follows. The governing equations and the descrip-
tion of pure bending assumptions are introduced in Sec. 2. The mean temper-
ature over a cycle and the bending moment are expressed as functions of the
strain amplitude in Sec. 3. The fourth section is devoted to a parametric study.
The conditions of existence of steady-state solutions are established in the last
section. A simplified linear stability analysis is conducted under the assumption
of uniform temperature distribution, which leads to closed-form conditions of
thermal runaway.

2. Governing equations

2.1. Geometry and mechanical fields

The sample is a straight cylindrical beam of rectangular cross-section of
characteristic half-height e and half-width [. The z-axis coincides with the line
drawn through the centroids of the cross-sections. The y-axis and z-axis are
placed along the lines of symmetry. The beam is loaded only by bending moments
M (t) about the z-axis at the end faces A and B. The intersection of the beam
segment with the z — y plane of symmetry is described in Fig. 1 for undeformed
and deformed states.
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1-b Deformed segment of beam

Fic. 1. Geometrical description of the beam.
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Standard assumptions concerning pure bending deformation are applied at
each time t. The deformation is small enough to neglect the change in shape
of the cross-section. Each plane cross-section rotates about the z-direction and
remains plane. The line segments initially straight along the y-axis rotate into
radial line segments which may intersect at the common point O. The line seg-
ments initially straight along the z-axis are curved into circular arcs of center O.
These segment lines are alternatively elongated and shorten.

The neutral axis is at the distance R(t) from the center of curvature O. The
inclination angle between the end faces A and B is denoted ©(t). As the length
L of the beam along the neutral axis remains constant, the curvature is related
to the inclination angle by

(2.1) R(HO(t) = L.

Taking advantages of the symmetry of the problem and of the isotropic behavior
of the material, the strain and stress distributions and the temperature do not
depend on the spatial variables (z,z). A local description of the cross-section
along the normal direction e, is provided by the variable

y=r— R(t),
where 7 is the coordinate of a line segment from the center O.

Mechanical boundary conditions

The first type of loading conditions considered in this paper consists in pre-
scribing the rotation angle @(t) in the form of superposition of a periodic loading
to a static deformation ©,,:

(2.2) O(t) = Op, + Opsinwt

with @0 > 0.
Alternatively, a second type of loading is analysed when the beam is loaded
by a bending moment applied to the end face B:

(2.3) M(t) = My, + Mo sinwt

with My > 0. The opposite bending moment is applied at the end face A.
The inclination angle ©(t) is then controlled by the prescribed moment. The
curvature or the bending moment are transmitted with no normal resultant
force acting on a cross-section and without shearing.
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Strain and stress fields
The stress tensor is expressed in the following form:
(2.4) oij = —Pdij + Sij,
where p is the hydrostatic pressure and s;; the stress deviator. The linear

isotropic incompressible viscoelastic behavior is described according to the Bolz-

mann law:
t

(2.5) sij—2/G(t—t',T) gy (t) dt

t
= 2Ga (T) ey +2 / (G (t—.T) — oo (T)) &; (&) dt,
where G (T') is the equilibrium modulus at the temperature 7". The thermal

effects are included in the temperature-dependence of the relaxation function G.
Inertia effects are neglected as the frequency w is sufficiently small, i.e.

1 [FEI
w K 12 P
quadratic moment of the cross-section about the z-axis and S the cross -sectional
area (see CHRISTENSEN [2]).

Under the assumption of pure bending and small deformation, each material
element is under uniaxial stress state o, (y,t) (other o;; = 0).

As the temperature variation is small during a cycle, the temperature
distribution appears in the first approximation as an even function of the co-
ordinate y: Ty, (y,t) = T, (—y,t). The material presents the same response
in tension and in compression and consequently, the uniaxial stress state is
an odd function of the coordinate y: 0,.(y,t) = —0z(—y,t). The deviatoric
stresses and the hydrostatic pressure are also odd functions of the coordinate y:
s5ij(y,t) = —sii(—y,t) and p(y,t) = —p(—y,t). As the radial stresses (oyy,0:-)
are assumed to be negligible in pure bending, the stress decomposition (2.4)
induces syy = 5., = p(y, t).

The usual development under small deformation assumption leads to the
following expression for the axial strain €,, at the coordinate y at the time ¢:

Eon (4, 1) = %@(t).

Using the prescribed kinematic assumption (2.2), the axial strain is expressed as:

where F is the Young modulus, p the volumic mass, I, the

(2.6) es (1) = % (em + o sinwt)
)

eO,,

with ¢, = and gy =
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The deviatoric stresses are expressed after substitution into the Boltzmann

law (2.5). As €;; = 0 due incompressibility, we obtain e,y = €,, = —£;5/2. It
yields syy = 5., = —Sz4/2 = p(y, t). The axial stress has the form:
(2.7) Oz = (3/2)8zg.

2.2. Visco-elastic behavior in cyclic loading

The amplitude of temperature oscillations resulting from the sinusoidal so-
licitation is small enough to substitute in the constitutive law the temperature
averaged over a cycle T), = w/2m tZOHW/ “T(t)dt in place of the temperature 7.

After substitution of the strain tensor (2.6) into the constitutive law (2.5),
it follows that:

(2.8)  Suw = 2Goo (Tin) em% + 260 [G(w, Ty sinwt + G (w, Ty cos wt] %

where &, is the strain response to the static loading ©,,. The frequency and
temperature-dependent storage and loss moduli, G’ (w, T;,) and G” (w, T},,) given
by

G' (W, Tm) = Goo (T) +w / (G (u, Tn) — Goo (Ti)) sin(wu)du,
0

o
G (w0, Tp) = w / (G (1, Ton) — Goo (Tin)) cos(w)du,
0
are proportional respectively to the average stored energy and dissipated energy
in a cycle.

MOLINARI and GERMAIN [12] conducted the tests for different frequencies
and various temperatures on a Peba elastomer and have demonstrated the ex-
istence of master curves describing the storage and loss moduli in the range of
tests. Similarly, we describe the variations of the moduli in terms of the reduced
temperature T, = T — (1/0) In (w/wq), where 3 and wq are material character-
istics:

(29) G, (w,T) == hl - hQTr7
(2.10) G"(w,T) = g1—gT, =92 (T, = T).
The frequency-dependent temperature 7, is introduced for the sake of simplicity:

_n

1
(2.11) T. . + 3 In (w/wp) .

The material parameters describing the behavior of a Peba elastomer are given
in Sec. 4.
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2.3. Heat equation

The evolution of the temperature is assumed to be governed by the linear
heat equation using the assumption of transverse heat transfer:
or 9T

2.12 c— —k—= = Q,
(2.12) e 52 Q
where p is the density, ¢ the specific heat capacity, k£ the heat conductivity and
Q the energy dissipated per unit time and unit volume.

Under steady state conditions, the heat generated through dissipation over
a cycle is balanced by the heat loss into the surroundings. The averaged tem-
perature T}, over a cycle is time-independent. The spatial distribution of the
averaged temperature T, satisfies the heat equation (2.12) averaged over a cy-
cle:

T, w

2.13 —k = X AQt = A"

where AQSt is the time average per cycle of the energy dissipated per unit
volume:

27w
(2.14) A—Q“:% / O(t)dt.
0

Since the dissipated energy per cycle is given by the hysteresis loop, we have:
27w
st w

T or
0

(2.15) AQ

O'ijé-fijdt.

Thermal dilatation is not taken into account in the following analysis. The
end faces A and B (Fig. 1la) are assumed to be adiabatic. The temperature
distribution appears also as an even function of the variable y. The thermal
boundary conditions specify the heat transfer at the lateral boundaries y = e
and vanishing of the heat flux along the neutral axis y = 0:

dTm,
(2.16) kd——l—)\(Tm—Tg):O at y=e,
Y
dT,
2.17 k—— =0 at =0
(2.17) i at y=0,

where A is the heat transfer coefficient at the external boundary and Ty is the
external temperature.
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3. Steady state response

The steady state response is analyzed first; in that case, the heat generated
by dissipation during a cycle is exactly balanced by the heat transferred to the
surroundings.

3.1. Temperature distribution

The dissipated energy is evaluated from Eq. (2.15):

—“~~st 3w
(3.1) AQ T = 56—253y2G”(w,Tm),

where the dissipation modulus is expressed by Eq. (2.10). As a consequence of
(2.13), the average temperature satisfies the differential equation

d*T,
(3.2) dy;" — YT = —d®y’T,,
3
(3.3) with a? = ﬁ%gﬁg'

The temperature distribution 7}, involves the modified Bessel functions I; 4
and I_; ;4 (WATSON [23]):

(3.4) T(y) = To + s1vyl_1/4(ay®/2) + kov/ylh ja(ay®/2),

with (K1, k2) determined so as to satisfy the thermal boundary conditions (2.16)
and (2.17). As the derivative of the function \/yI_;/4(ay®/2) versus y is
%y3/213/4(ay2/2) and vanishes for y = 0, it can be shown using Eq. (2.17) that
kg = 0. Taking account of the thermal boundary condition at y = e (2.16), the
temperature distribution reads:

(3.5) Ton(y) = Ty + k1/yI_1/4(ay’/2)
with
(3.6) Ky = ATy~ 1)

[kae3/213),(ae?/2) + Ay/el_y4(ae?/2)]

3.2. Resulting bending moment

In some experiments, a prescribed bending moment is transmitted to the
specimen at the end face B, the end face A remaining fixed. The relation be-
tween the amplitude of the bending moment and the axial deformation has to
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be established. The phase angle between the applied curvature and the result-
ing moment derives from the dissipative effects. In case of uniform tempera-
ture distribution, the phase angle is identical to the loss tangent defined as
Gl/ ,T
tany = 7@} m)

G (w,Ty)

e
The bending moment is calculated in terms of stress by M(t) = 21 [ o4,ydy

—e

e
=3l [ szzydy which can be transformed to:

—e

(3.7) M = M,, + My sinwt + My coswt = M,, + My sin (wt + @),

where

l e
(3.8) My = 12£Em/Goo (T (y)) v dy,

0

(3.9) My = \/ M} + M3,
(3.10) tanp = My /M,

! / 2

My =12-e0 | G' (w0, Tim) y™dy,

(3.11) ’

M = 12550/@’ (w, Trw) y2dy.
e
0

Using (3.5), we have:

h 1

_ 2 1 g1 2

(312) M1 = 4le EOhQ |:<h—2 — g) — 3/?1@[3/4(0,6 /2)
l

(3.13) M, = —125e1/25092m[3/4(ae2/2).

4. Parametric analysis

The cross-section of the beam drawn in Fig. 1a is defined by its half-height
e = 5-107% m and its half-width [ = 25 - 1073 m. The parametric analysis is
conducted at the reference temperature Ty = 320 K. The influence of the loading
parameters is described in terms of deformation amplitude, bending moment
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and pulsation frequency. Effects of the geometry are studied in connection with
their contribution to the heat diffusion process. The material considered here is
a thermoplastic elastomer, where the amorphous polyether phase is crosslinked
by a semi-crystalline polyamid (PEBA). The material tests for characterising
the storage and loss moduli G'(w,T') (2.9) and G”(w,T) (2.10) are conducted at
different frequencies and various temperatures. The results can be synthetised
on a single master curve (FERRY [4]). The melting temperature is 441 K. The
mechanical and thermal properties are presented by MOLINARI and GERMAIN
[12] in the following table for a Peba of Shore D and hardness 40.

The coefficients h1, he, g1 and g2 are constant in the temperature interval
T. > 314 K.

Material parameters
Peba | MPa wo 628 rad/s
b | 91 g 0.4 K*
ha 0;?3 k 0.2 Wm 'K
z; 0.006 20 WK
pc 2 10° Wm™K!

4.1. The influence of the loading parameters

The evolution of the mean temperature T;, for increasing deformation is
represented in terms of the deformation ¢ in Fig. 2 for w = 50 rad/s and for
em = 0. The largest temperature is observed at the specimen center where the
heat diffusion towards the surroundings is limited.

460 ~ T, (K)
440 -

420
400 -
380 ~
360 -
340

320 - g,

00 002 004 006 008 01 012 014 016 018 02

Fic. 2. Temperature at the center y = 0 and at the lateral boundary y = e with respect to

€0 = % (for w = 50 rad/s).
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For a given frequency, we have M,,, = 0 and the bending moment M (calcu-
lated from Egs. (3.9) with (3.12) and (3.13) presents an extremum M§" at a crit-
ical value e (Fig. 3). Two types of loading conditions are analyzed: a prescribed
curvature (2.2) or a prescribed moment (2.3). Under the cyclic kinematic €,,, = 0,
when the deformation amplitude 9 = e@y/L and the frequency w are imposed,
only one bending moment M) is associated to steady state regime. For a bend-
ing moment My larger than Mg", the solution presented in Fig. 3 shows that no
steady state regime can be established. When the prescribed bending moment
My is smaller than M*, two steady-state regimes can be described provided that
the melting temperature is not reached. The stability of the regimes is analyzed
in the next section.

Alternatively, the bending moment My may be analysed in terms of frequency
w when the deformation ¢ is fixed (Fig. 4). The thermal softening effects are
amplified at high frequency regime since the dissipated energy is less evacuated
to the surroundings. For larger values of g, the frequency associated with the
extremum of bending decreases.

The critical deformation e defined before decreases when the frequency
increases (Fig. 5). As a consequence, for an assumed value of the moment My, the
steady-state solution becomes unstable when the frequency w reaches a critical
value. For instance, in Fig. 5, the critical value of w is 100 rad - s~ for My = 3
Nm. SCHAPERY and CANTEY [17] have already discussed in their Figure 10 the
existence of this type of instability.

M, (Nn)
6

> M,” 500y
4 -
Momnsent

2 - o=

- 500v
11 cr ,+"'—'+

h 80 i .++ /(@4)

0 o 500v
1 4—0——-@—:&—:‘:"':*_"—“:*_ e (¢ = 03)
27 0500w
-3

0100 0002 0004 006 008 010 012 014 016 018 0.aFo

F1G. 3. Evolution of the bending moment My in terms of eg = e@g/L (for w = 50 rad/s).

Note the evolution of the rate of growth v as a function of the boundary conditions. The

neutral stability point defined by v = 0 under prescribed moment (¢—o0) corresponds to

the maximum of the Mo versus the e curve. The ascending branch is stable (v < 0) and
the descending branch (v > 0) are unstable.
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Fic. 4. Evolution of the bending moment in terms of the frequency w.
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Fi1G. 5. Amplification of the thermal effects with larger values of the frequency w.

The axial stress profile defined by o¢(y) = 3€0g\/G’(w,Tm)2 + G"(w, T))?
e

for €, = 0 is analyzed for two deformation amplitudes ¢ in Fig. 6. The bending
moment My can be related to an equivalent axial stress og. introduced when

a linear stress distribution of the form o, (y) = g(fo@ is considered: M (t) =
e

21 ffe %gfdy = %Iz, where I, = 4le3/3 is the quadratic moment of the
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cross-section area about the z-axis. Figure 6 shows that the axial stress profile
oo (y) differs from the equivalent stress profile o, (y) when the amplitude of
the deformation gg increases: the boundary layers of the beam appear more
constrained.

57 o,(Mpa)

4 - =01
linear equivalent stress distribution P

3 ] _Goc _____ Goc ,"”

T g 202

2 4 P

1 4 _-'__- "
y (m)

%600 0.001 0.002 0.003 0.004 0.005

F1c. 6. Axial stress profiles at two values of €9 = e©q /L.

4.2. Effects of the geometry

The maximum axial stress at the lateral boundary og(e) =

360\/G’ (W, Tpn)* 4+ G" (w, Tpn)? is plotted in Fig. 7 versus the amplitude de-
formation for various widths. For increasing width, the maximum amplitude of
the axial stress at the boundary o’ (e) and the corresponding critical amplitude
deformation e decrease.
Let us consider the first-order expansion of the modified Bessel functions
—1/4
I_yyy (WaTsoN [23]): T_y 4 (ay?/2) = V2 F“ a0
totic expansion of the temperature distribution (3.5) with respect to ay? for
both loading modes has the form:

—-1/2

Y . The first-order asymp-

TO - Tw
wgse
(Greb+1)

At the first order, the temperature distribution does not depend on the varia-
ble y.

(4.1) Ton(y) = T, + +o(ay®) .
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F1G. 7. Evolution of the amplitude o¢(e) of the axial stress at the boundary versus g = e,

The bending moment M is also approached by its expansion versus ay? at
the first order:

h 2 1 h g 97 1/2
4.2 M, = 4le?e T, - T, 1+(—2> [1 S — <_1__1>]
( ) 0 092 ( w m) 92 (Tm _ Tw) h2 7
+ o (ay?)
. TO - Tw . . .
with Tp, = T, + -5 526 5 . The contribution of the heat transfer coefficient
ey + 1)
ox 0

A at the external boundary may be analyzed in connection with the width influ-
ence. When the ratio A/e is kept constant, the temperature (4.1) is unchanged
while the bending moment (4.2) is multiplied by a factor £? when the width e is
changed by ke (Fig. 8 ). As a consequence, the amplitude of the critical bending
moment M§" corresponds to the same critical deformation amplitude " and
critical temperature 7.5 for a constant ratio \/e.

5. Linear stability analysis

So far, the analysis has been restricted to the mathematical existence of
the steady-state solutions, but their physical existence, which depends on their
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10 M, (Nm)

W K" e=0.0025 m
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A =30 W™K e=0.0075m
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80
0+ T T T 1
0.00 0.05 0.10 0.15 0.20

Fia. 8. Effect of the heat transfer coefficient A on steady states.

stability, was not established. This section is aimed at analysing the influence
of the loading conditions on the stability of steady states.

5.1. Preliminary consideration to the linearized stability analysis

We consider weak instabilities for which the characteristic time of growth
is large with respect to the period of a cycle. The temperature evolution is
described using two time-scales:

— the fast time ty = t describes the variations of temperature, stress and

strain in a cycle,

— the slow time t; = et — with € being small parameter — follows the de-

velopment of the instability troughout the successives cycles. The average

temperature T over a cycle is defined as
t0+27r/w

_ w
(51) T (yvtl) = % / T (yvt{)atl) dt6

to

The time-dependence of T is slow since the evolution of the averaged tem-
perature is controlled by the weak instability. The stability of the steady state
solution is inferred by considering a small perturbation of the stationary tem-
perature profile T}, (y) and looking on the evolution of the average temperature

T (y,t1) at times much larger than the period 27 /w. Time averaging in a cycle
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of the heat equation (2.12) leads to:

_ o
or ka_T:—Q

(5.2) pca - P

To demonstrate (5.2), we have used the following relationships:

0 oT oT
aT (y,to,t1) = oo + Bt

and _ _ B _

oT oT or or

ot~ o o ot
(expressions developed by MOLINARI and GERMAIN [12]). The energy dissipated
per unit volume and per cycle at the time ¢ is expressed as:

to+2m/w
- w .
(5.3) Q= o / oij (y,t0, t1) i (y, to, t1) dt;
to

and is considered as the superimposition of a perturbation to the heat generated
in stable regime:

(5.4) AQ = mgt + AQexp vt

with mgt given by (3.1). The average temperature is considered as the super-
imposition of a perturbation 07 (y,t) to the steady temperature T}, (y):

(5.5) T (y,t) = T (y) + 6T (y,t) = Trn (y) + 6T (y) exp vt.

The perturbation is supposed to be separated into space and time contributions,
where v denotes the rate of growth of the perturbation. The steady state solution
is linearly stable if the real part of v is negative. After substraction of (2.13)
from (5.2), a differential equation governing the perturbation 6T (y) is obtained:

pC n 2oT(y) 1 -
5.6 (—5T )—7:—A )
where the expression AQ is determined as the local increase of energy
dissipated per cycle. When instability occurs, the amplitude of the response
varies with time. We define the amplitude of the axial strain by ¢, and a sim-

ilar decomposition as for the temperature perturbation (5.5) is considered (see
Appendix A):

(5.7) €q = €0 + 0&(t) = €9 + 0é exp Vt.
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Note that €., is given by (2.6) where ¢ is replaced by ¢,. The bending moment
given by M (t) = M, + M, sinwt with M, decomposed into:

(5.8) M, = Mo+ 6M(t) = My + §M exp vt.

The increment of energy dissipated per cycle can be expressed as a function of
deformation and temperature increment (see Appendix A):

R 0é .
(5'9) EAQ = a2y2 25 (Tw — T (y)) —oT|.

The temperature perturbation 6T (y) has also to satisfy the thermal bound-
ary conditions and the symmetry condition at y = 0:

(5.10) kd(s%y(y) +XT (y) =0 at y=e,
dsT (0)
(5.11) k & 0.

5.2. Stability analysis for a prescribed curvature

Prescribed deformation imposes ¢ = 0. From Egs. (5.6) and (5.9), it follows
that the temperature perturbation satisfies the differential equation:

T (y) _

e —a2y25T(y).

(5.12) v (5267 ()
The conditions of neutral stability ¥ = 0 corresponds to vanishing of the rate
of growth of the perturbation. It is seen that 67 (y) satisfies the same type of
equation as the homogeneous part of the Eq. (3.2) governing the steady state
temperature T,,. The solution is expressed as 07 (y) = Xl\/§1_1/4(ay2/2) +
X2y /4(ay2 /2), where the constants (x1, x2) are determined by the thermal
boundary conditions (5.10) and (5.11). It is numerically observed that no values
different from (x1 = 0, x2 = 0) can be found to satisfy the condition of neutral
stability v = 0. Therefore, the sign of v is determined by considering a particular
loading, for instance a zero amplitude of strain. Then the evolution of §7 (y)
. d*5T
satisfies the equation: v (%5T (y)) - T(y)
Y
associated thermal boundary conditions are similar to those analyzed by LEROY
and MOLINARI [13]. These authors have shown that v < 0. Consequently, the

steady state solutions under prescribed curvature are stable.

= 0. This equation and the
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5.3. Stability analysis for a prescribed bending moment

The amplitude M, of the bending moment is given by M, = \/M? + M2
with M; and My obtained from (3.11), where gg is replaced by &, and T,
by T. The substitution is valid when weak instabilities are considered. Then
6M is derived from (5.8) (see Appendix B). For a prescribed moment, M =
0. A combined linearisation of €, and T at the first order gives the following
relationship:

(5.13) 0g _ [‘of (h2G" (w, Tin) + 92G" (@, Tom)) 2dy} [Ofe 5Ty2dy]
| <f ¢ 2dy>2 (f G" (@, Tm) 2dy>2]

Using (5.6) and (5.9), the temperature perturbation satisfies the differential
equation:

[Q)
o

d*5T (y)

(5.14) v (%ﬁ (y)) -3

J 06 .1 + 020" @ T | ot e

(e, 2dy>2 +(fore )2dy>2]

’ (Tw — T (y)) - 6T(y) :

The critical steady state corresponds to neutral stability (v = 0) and is ob-
tained for the value €f of the amplitude. No closed-form solution is available
for the mtegro—dlfferentlal equations (5.14) with v = 0. However, by using the
Bubnov—Galerkin method, one could give, as in DINZART and MOLINARI [3],
an estimation of the critical axial strain e’. The amplitude of the perturba-
tion 67'(y) is expressed as a linear comblnatlon of basis quadratic functions
((251 =a1 + by —y%, $o = as + bay® — y4) such that 5T(y) = 1P1(y)+c2Pa(y).
The constants (ai,bq,az2,b2) are determined in order to satisfy the thermal
boundary conditions. The orthogonality conditions written for the residuals of
the differential equation (5.14) provide a linear system for (cj,c2). Setting the
determinant of this system equal to zero provides the critical amplitude ef" of
the steady state corresponding to the neutral state. It can be shown that steady
states of amplitude g( are stable for €' > £¢ and unstable for ef < &o.
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5.4. Assumption of temperature uniformity in a cross-section

Simple stability results are obtained when some simplifying assumptions are
made. When the specimen is thin enough, the temperature within a cross-section
can be assumed as quasi-uniform. Then, explicit results are obtained concerning
the critical strains ef and the corresponding values of the moment MS" . The
energy equation (2.12) is first averaged over the thickness of the sampled:

(5.15) pc <%> —k <LT8?§§’ t>> = <Q> ;

0°T (y,t)
Oy?
boundary conditions. The resulting energy equation is averaged over a cycle in

view to determine the mean temperature evolution:

where k:< > is simplified to A (T'(t) — Tp) when considering thermal
e

O 2 (w0 - ) = @)

(5.16) pc

where (AQ) is defined from the space averaging of the energy dissipated
per unit volume and per cycle by (5.3). The perturbed temperature T () is
expressed as the superposition of the steady temperature T, and a small per-
turbation 67T (t). Instability is related to the growth of 67 (t) with time. It is
seen that the steady temperature T), satisfies the equation derived from (5.16)
(see Appendix C):

(517 A T—m) = 30" = 2 1 -1,
Then the mean temperature is written as:
2 3_/\3 To wg2e s Ty
(5.18) Tn=— be Lo, = 2 jw T,
a” + Led o\ 0

The evolution of the perturbation §7 (t) is obtained as the difference of Egs.
(5.17) and (5.16):

déT (t) A

(5.19) pe—z= + 20T (1) = (AQ) — (AQ™).

UThe notation “( )” corresponds to spatial averaging in a cross-section: (f(y,t) =

% /f(y, t)dy.
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The axial strain and bending moment amplitudes are expressed as a function
of the mean temperature over a cycle:

(5.20) ea (T(t)) = 0 (Tyn) + 62 (6T (1)) ,

(5.21) M, (T(t)) = Mo (T,,) + 6M (0T (t)) .

The energy increase (AQ) — (m8t> is evaluated in Appendix C:

(5.22) ((A—Q> _ <A—Qst>> _ ke2a2 [265(5T (1))

. (Ty— Ty — 54 .

€0

By inserting (5.19) into (5.22), the energy equation takes the following form:

(5.23) pc + 26T (t) =

déT (t) N - ke?a? 255(6T(t))
dt e 3 [

O 7, - 1) - 54 .

The linear dependence of 2 upon 67" will be expressed later. The growth rate v
of the perturbation, as defined by (5.5), follows the Eq. (5.24) according to
(5.23).

déT(t) _

(5.24) = —voT(t) =0.

5.4.1. Prescribed curvature. For kinematically controlled boundary conditions,
we have 0¢ = 0. The evolution of the perturbation §7" (¢) is governed by:
asT (t) M- ke?a® -

=0T (t) = — T
dt +e5() 3(S

pc

. 3 w .
with a? = ok 22 ggag. As a consequence, the rate of growth is expressed as:
e

1 [wgeed A
pc 2 e

Since v, is negative, all steady states are stable for kinematically controlled
boundary conditions.

5.4.2. Prescribed bending moment. For prescribed bending, the strain ampli-
tude perturbation is expressed as in Sec. 5.3 and simplified under the hypothesis
of uniform temperature distribution in a cross-section:

0€ —
(5.25) — =—-G(T)n) 0T,

€0
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dG’ o el o
with G (T,,) = dT el g; (T5n,). After substitution of this expression

into (5.23), the rate of growth of the perturbation is expressed as:

1 [ wgeed A
(5.26) vy = —— ( 920 (9G (Tpp) (T — Ti) + 1) + —) .
pc 2 e
The critical temperature 7)) at the stability transition satisfies vy = 0.

By using Eqgs. (3.3) and (5.17), this condition can be written as:

(5.27) 1+ % (2G (T) (T, — T) + 1) = 0.

It is worth noting that T5) depends on the external temperature T and the
pulsation frequency.

The corresponding strain amplitude is given by substituting (5.27) in (5.26)
with vy = 0, or by using (5.18):

(5.28) e = 2A (T~ To)
ewgs (T, — TSr)

and the critical bending moment is obtained after substitution into (3.9) and
(3.11). Under the assumption of temperature uniformity, it follows that:

o) [t ()]
1+(— 1+ — =
<g2 (Tw - Tﬁ{) ha g2

For a cyclic solicitation conducted at the frequency w = 50 rad/s and the
room temperature Tp = 320 K, the critical temperature is 7)) = 381.78 K for

the Peba elastomer. The corresponding strain amplitude and bending moment
are: e = 0.113 and M§" = 4.559 Nm.

1/2
8Ale /

Cr

(5.20)  MS = 225 (1 — 1)

5.4.3. Mixed mechanical boundary conditions. Mixed boundary conditions can
be expressed as follows:

(5.30) (c0—&) — ¢ (Mo - M) —0,

where €&, M and ¢ < 0 characterise the loading conditions. The limiting cases
¢ = 0 and ¢ = oo correspond respectively to the prescribed curvature and
the prescribed bending moment. The perturbation of the bending moment is
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~ SE _
expressed as IM = My [5—6 +G () 5T]. The perturbation of the strain am-
0
plitude 62 must satisfy the prescribed boundary condition, thus & — ¢6 M = 0:
0e _
(5.31) == (570 - 1> G (T},) 0T
€0 E— oM

The rate of growth of the perturbation is given by:

(5.32) vy = —% <%253 <1 —2 <€fﬁ - 1> G (Tpn) (T, — Tm)> + 2) :

The critical temperature 757 at the stability transition is a solution of the equa-
tion vy = 0, which by using (3.3) and (5.17) is written in the form:

(5.33) 1+ % <1 i <€fﬁ - 1> G (T) (T, — Tf;)) — 0.

For a prescribed bending moment (¢ = o0), the stability condition (5.27) is
retrieved. The strain amplitude and the bending moment at the point of neutral
stability are obtained as in the previous section by means of Egs. (5.28) and
(5.29).

Alternatively, for ¢ = 0, we have from (5.30) € = g, and v given by (5.32)
cannot vanish, therefore the stability is always insure for kinematically pre-
scribed boundary condition.

Figure 3 shows that for a prescribed moment (¢ = 00), the steady states at
the neutral stability are unstable on the descending branch of the My versus gg
curve. When the value of ¢ is decreased to zero, the range of stable steady state
increases. For the value ¢ = 0, all the steady states are stable.

6. Conclusion

The cyclic response of a rectangular beam made of viscoelastic material has
been analyzed for pure cyclic bending. The behavior of the elastomer was as-
sumed to be linear isotropic and incompressible. The loss and storage moduli
following from the Boltzmann law were expressed as functions of the frequency
and the temperature, thus inducing a thermomechanical coupling. The stress,
strain and temperature fields were determined under stationnary regime. The
stability of these steady states has been analyzed by considering a weak pertur-
bation in temperature, leading to a pertubation in the stress and strain fields.
As already demonstrated in the case of compressive loading [12], a prescribed
bending moment may initiate an unstable regime leading to a thermal runaway.
When mixed boundary conditions are considered, stable and unstable regimes
can also be defined.
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Appendix A.

The perturbed temperature 67 (t) = T — T,, satisfies the differential equa-
tion following from the difference between Eq. (5.2) and the steady state heat
Eq. (2.13):

o(T—Tm) P(T-Tm) —

(A1) pe 5 —k a7 =AQ - AQ,

which, if 6T (y,t) is decomposed into space and time contribution, may be ex-
pressed as

0 (5T (y) exp l/t) - k32 (5T (y) exp Vt) _ A0 - AQ"

(A.2) pc 5 a7

This operation is valid, because the instability process is supposed to be slow;
therefore T', ¢, and M, can be considered as quasi-constant over several cycles.

—— 3w
From (3.1), we have AQSt 352

with T and g9 with e,, AQ = §—5ay gg( ) AQ — AQ is calculted

after substitution of €, by g9 + (55 expvt and T by T), + 671 exp vt and using of
the definition (3.3) of a?:

—e2y’gs (T, — Tpy), and by replacing T,

Q-AQ™ _
koY

st

2 <1+i—§expyt>2(Tw—(Tm—i—(ST(y)eXth))—(Tw—Tm) :

This expression is approached at the first order by
AQ — AQ” 5é .
% = a’y? [<1+2€_€ exp yt)((Tw —Tm)—0T (y) exp Vt) — (T, — Tm)} ,
0
9 9 |, 0¢ -
=a%y 25_ (T, — Ton) — 0T (y) | exp vt,
0

from which the result (5.9) follows.

Appendix B.

Using (3.11) and the fact that 9 and T, have been replaced respectively

by €, and T, the bending moment is expressed as M, = VME+ M2 =

2 . 21 1/2

12 ~€a /G’ 2dy + /G" (w,T) y2dy

0
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After subsitution of e, by g + 6é exp vt and T by T}, + 6T exp vt and deve-
lopment to the first order we have:

e 2

l .
M, = 12— (50 + 0¢ exp vt) /G’ T) y2dy — /hgéTdey exp vt
0
e e o-1/2
+ /G//( ) y2dy — /ggéj’y2dyexput
0 0

After factorisation by

2-1/2

MO = 12 60 /G/ 2dy /G” Qdy 5
we obtain:

52
M, = My <1 + —Eexpyt)

€0
. 1/2
{f (heG" (0, Tn) + 92G" (W, Tyn)) Qdy} [f 5Ty2dy]
x |1—2-2 5 57 eXD vt ,

<fG/ Qdy) <IG// ) 2dy> ]

which is simplifed as

M, = My <1 + @ expyt)
€0
(6 0. ) + 6 T, Qdy] Jatay
x |1 0 0 exp vt

(fe G (w,Tm)dey>2 (f G" (w, Tm) 2dy>2]

0
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This expression is developed at the first order as:

M, = My + Mpexpvt

o [[0a6 @I e @B ) [[otia

As a consequence,

52 {f (hoG" (w, Tip) + 92G” (w,Tm))dey} [f5f’y2dy]
SN = M, |25 — 10 0

e

<0f6 G’ (w7Tm)y2dy>2 + <f G" (w,Tm)dey> 2]

0

€0

For a prescribed moment oM = 0, we have

5 L}f (heG' (w, Tn) + 92G" (w,Tm))y%ly} [bfgfyzdy]

€0

0

<f6 G’ (w7Tm)y2dy>2 + (Ofe G" (w,Tm)dey> 2]

Appendix C.

Using the expression (3.1) of the dissipated energy (E“) per cycle for a
stationary process, we obtain by spacial averaging through the cross-sectional
area:

B ke?a?

(C.1) (BQ") = == (T = T).

For a non-stationary process, the averaged dissipated energy (AQ) is ob-
tained from spatial averaging of AQ). This result is obtained from (C1) by re-
placing T, with T" and &g with ¢,

e2a? =\ 2 —
(©2) 35 =5 (1+5) (T - (T +9T ).

€0

At the first order, the expression (5.22) follows.
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