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THE LINEAR THEORY of generalized thermoelastic diffusion with one relaxation time
is employed to study the interactions in a homogeneous, isotropic elastic solid, when
a distributed instantaneous source is acting on the free surface of the body. The
eigenvalue approach is adopted for the solution of a two-dimensional problem. The
Laplace—Fourier transform technique is used. The expansions of the stresses, displace-
ment components, temperature, concentration and chemical potential are obtained
analytically. Numerical results are given and illustrated graphically, employing nu-
merical methods for the inversion for transforms. Comparisons are made with the
results predicted by the theory of generalized thermoelasticity and elasticity.
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Notations

A, Lamé’s constants,
p density of the medium,
oi; components of stress tensor,
e;; components of strain tensor,
u; components of displacement vector,
CEg specific heat at constant strain,
t time,
T absolute temperature,
|T — To|

1
To <b

To reference temperature chosen so that
=T —-"1Tp,

K thermal conductivity,

err dilatation,

0;; Kronecker delta,
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P chemical potential per unit mass,
C' non-equilibrium concentration,
Co mass concentration at natural state,
c=C— Co,
D thermodiffusion constant,
7o thermal relaxation time,
7 diffusion relaxation time,
a measure of thermodiffusion effect,
b measure of diffusive effects,
Br = (BA+2u)ou,
B2 = (BA + 2p)a,
ap coefficient of linear thermal expansion,
a. coefficient of linear diffusion expansion,
Fy intensity of the applied mechanical load,
u displacement vector,
¢ scalar potential,
1Y vector potential,
) Dirac delta function.

1. Introduction

THE CLASSICAL UNCOUPLED theory of thermoelasticity predicts two phenomena
not compatible with physical observations. First, the equation of heat conduc-
tion of this theory does not contain any elastic terms. Second, the heat equation
is of parabolic type, predicting infinite speeds of propagation for heat waves.
Brot [1] introduced the theory of coupled thermoelasticity to overcome the first
shortcoming. The governing equations for this theory are coupled, eliminating
the first paradox of the classical theory. However, both theories share the sec-
ond shortcoming since the heat equation for the coupled theory is of mixed
hyperbolic-parabolic type. Keeping this shortcoming in view, a generalization
to the coupled theory was introduced by LORD and SHULMAN [2], who obtained
a wave-type heat equation by postulating a new law of heat conduction to re-
place the classical Fourier’s law. Since the heat equation of this theory is of the
wave-type, it automatically ensures finite speeds of propagation for heat and
elastic waves. The remaining governing equations for this theory, namely the
equations of motion and constitutive relations, remain the same as those for the
coupled and the uncoupled theories.

This theory was extended by DHALIWAL and SHERIEF [8] to general aniso-
tropic media in the presence of heat sources. Because of the complicated nature
of these equations, few attempts have been made to solve them. IGNACZAK [10]
studied uniqueness of solutions and SHERIEF [14] proved uniqueness and stabil-
ity. SHERIEF and HAMzA [17, 18] solved some two-dimensional problems and
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studied wave propagation and SHERIEF and ANWAR [13] solved a cylindrically-
symmetric problem with a line source of heat. SHERIEF and ANWAR [15] have
studied the state space formulation for two-dimensional problem of generalized
thermoelasticity with one relaxation time. A detailed study of thermoelastic
plane waves was made by [3, 19, 22].

Diffusion can be defined as the movement of particles from an area of high
concentration to an area of lower concentration until equilibrium is reached. It
occurs as a result of second law of thermodynamics which states that the entropy
or disorder of any system must always increase with time. Diffusion is impor-
tant in many life processes. There is now a great deal of interest in the study
of this phenomenon, due to its many applications in geophysics and industry.
In integrated circuit fabrication, diffusion is used to introduce “dopants” in con-
trolled amounts into the semiconductor substrate. In particular, diffusion is used
to form the base and emitter in bipolar transistors, form integrated resistors,
form the source/drain regions in MOS transistors and dope poly-silicon gates in
MOS transistors. In most of these applications, the concentration is calculated
using what is known as Fick’s law. This is a simple law that does not take into
consideration the mutual interaction between the introduced substance and the
medium into which it is introduced, or the effect of the temperature on this
interaction.

Thermodiffusion in the solids is one of a transport process that has great
practical importance. NOWACKI [4-7] developed the theory of thermoelastic dif-
fusion. In this theory, the coupled thermoelastic model is used. This implies
infinite speeds of propagation of thermoelastic waves. The cross-effects arising
from the coupling of fields of temperature, mass diffusion and that of strain in
an elastic cylinder, have been discussed by OLESIAK and PYRYEV [28]. SHERIEF
et al. [23] developed the theory of generalized thermoelastic diffusion that pre-
dicts finite speeds of propagation for thermoelastic and diffusive waves. The
reflection phenomena of P and SV waves from free surface of an elastic solid
with thermodiffusion was considered by SINGH [25]. SHERIEF and SALEH [24]
worked on a half-space problem of a thermoelastic half-space with a permeat-
ing substance, in contact with the bounding plane in the context of the theory
of generalized thermoelastic diffusion with one relaxation time. Some problems
on distributed loads for an orthotropic micropolar elastic medium have been
solved by KUMAR and CHOUDHARY [20, 21]. Recently, AOUADI [26, 27] stud-
ied a problem of variable electrical and thermal conductivity in the theory of
generalized thermoelastic diffusion, and discussed thermoelastic-diffusion inter-
actions in an infinitely long solid cylinder subjected to a thermal shock on its
surface, which is in contact with a permeating substance. The present study is
motivated by the importance of thermoelastic diffusion process in the field of oil
extraction.
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2. Basic equations and problem formulation

Following SHERIEF et al. [23], the governing equations for an isotropic, homo-
geneous elastic solid with generalized thermodiffusion at uniform temperature
Ty in the undisturbed state, in absence of the body forces and heat loads are:

(i) the equation of motion

(2.1) pi; = pug j; + (A + p)uja; — 510, —Facy
(ii) the generalized energy equation

(2.2) KO,ii = pCp(0 + 10) + B1To(eik + Toekr) + aTo(é + 10é),
(iii) the generalized diffusion equation

(2.3) Dpseppyii +Da®,;; +¢ + ¢ — Dbe,i; = 0,

(iv) the constitutive equations
(2.4) oij = 2peij + 0i5(Aegt, — 10 — Bac),
(2.5) P = —[aep, + bc — aB,

where 79, the thermal relaxation time, ensures that heat conduction equation
satisfied by temperature @ predicts finite speed of heat propagation and 7, the
diffusion relaxation time, ensures that the equation satisfied by the concentration
¢ also predicts finite speed of propagation of matter from one medium to the
other. The superposed dot denotes the derivative with respect to time.

We use a fixed Cartesian coordinate system (z, y, z) with origin on the surface
z = 0, which is stress-free and with z-axis directed vertically into the medium.
The region z > 0 is occupied by the elastic solid with generalized thermodiffu-
sion. A distributed load in (normal or tangential) direction of magnitude Fj is
assumed to be acting on the surface z = 0 of the medium.

We restrict our analysis to a plane parallel to xz-plane. The boundary of the
medium is assumed to be thermally insulated. The chemical potential is also
assumed to be a known function of time.

We shall use the following non-dimensional variables:

¥ = —u, ¥ = —z, t* = wt,
Cc1 C1
pwey % pwcy « Oij
ur = Uy, UL = , = ,
(2.6) BTy " 6T, T Y BTy
P
Co B2 1o
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where

A+ 2u pCpc?

Using the quantities given by (2.6) in Egs. (2.1)—(2.3), we obtain the equa-
tions in dimensionless form (dropping the asterisks for convenience) as

0%u, 0%, Pu, 0O Oc  O%uy,

2. _96 oc _
(28) 022 Moz0: T 292 " or ®or o2 O
d%u, Pu,  %u, 06O de  0%u,
(2:9) R M T R M T PR Tl
00 0 [ ou ou Oc
2.1 e+ b1 — | — z boTim— — b3V2O = 0,
(2.10) T@t+178t<8x+6z>+278t V0 =0
0 0 Oc
A1 — (V2 (2 2 oc 2. _
(2.11) o (Viug) + o (VZusz) + baV @+b5fnat bsVic = 0,
where
a = A+ p 4= " a3:ﬁ200
)\+2M7 >\+2u’ BTy’
by = B%To by = aCy by = Kw
p2c2Cr’ Cgp’ pciCr’
(2.12)
by — apcd b — pCoci b — bpCoc?
4 — ) 5 — B 6 — 5
B152 DB B Tow B1582To

B 9 B d , 2
Tm = <1+TO<9t>’ Tn = (1”&)’ V=92 T

With the aid of the expressions relating displacement components ug, u, to
the scalar potential ¢ and vector potential 1) in dimensionless form given by

_ 99 0 _ 99  OY
(213) A R
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in the Egs. (2.8)—(2.11), we obtain

2
(2.14) [VQ ;2] ¢ —6 —azc =0,
2, L0 _
(2.15) V2 T 0,
2 1 0|, ZL O g2y ’2 e _
(2.16) [v NPT e v ¢ may =0,
(2.17) V2 + 0, V20 + [bg)fngt — b6V2] c=

3. Solution of the problem
3.1. Formulation of a vector-matrix differential equation in transform domain

We now apply the Laplace and Fourier transforms defined by

(3.1) :c Z,Dp) /f x,2,t),e Pldt,
0
(3.2) f(ﬁ,z,p = /f x,z,p) e@dx,

where p and £ are the Laplace and Fourier transform parameters respectively,
so that under the homogeneous initial conditions the Egs. (2.14)—(2.17) reduce
to the form

d2¢ ~ ~ i
(3.3) T2 = Ri1¢ + R120 + Risc,
d26 ~ ~ s
(3.4) e R21¢ + R220 + Raac,
d%é . ~ _
(3.5) @ = R31¢ + R320 + R3sc,
& 2 P2 7
(3.6) [61,2“2 — <§ + @)] P =0,

where
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Rii = (p® +€?), Rip =1, Ry3 = as,
R = fi1, Rao = fo, Ra3 = f3,

g1 g2 g3
R31 = ; R3s = , R33 = ;
bg — as bg — a3

g1 =pt+ fi(1 +by),
g2 = P? + (fa — €2 (1 + by),
93 = az(p?® — &%) + f3(1 4 by) + bs7ip + b&?,

b 145 bias+b
fl = 717-;11)37 f2 = ( I)T:np+£27 f3 = ( 13 2)7-;1])7

*

T = 1+ T0p, Th=14+171p.

The system of Egs. (3.3)-(3.5) can be written in the form of a vector-matrix
differential equation as follows:

d

(38) @V(é-vzap) :A(g,p)V(f,Z,p),
where
o 000
O I ~
V:[*],A:[ ],U:@,O: 000/,
D*U Ay O 5 000
(3.9)
100 Ri1 Ri2 R
I=1010|, Ai=|Rax Ry Rs|,
0 0 1 R31 R32 R33

where D* denotes the differentiation with respect to z i.e. d/dz.

3.2. Solution of the vector-matrix differential equation

We now proceed to solve Eq. (3.8) by the eigenvalue approach. To solve
Eq. (3.8), we take

(3.10) V(& z,p) = X(§,p)e?,
so that
(3.11) A, p)V (&, z,p) = qV (&, 2,p),

which leads to an eigenvalue problem. The characteristic equation corresponding
to the matrix A is given by
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(3.12) det[A —qI] =0,
which on expansion provides us with

(3.13) = Mgt — X3 =0,
where

A1 = Ri1 + Rog + Raa,
A2 = Ri1Rog + R R33 + RsgRi1 — RioRo1 — RogR3g — Ra1Rig,
A3 = Ri1(Ro2R33 — Ra3R32) + Ria(Ra3R31 — RoiRss)
+ Ri3(R21R32 — Raa R31).

The roots of Eq. (3.13), which are the eigenvalues of the matrix A, are +g¢;,
i =1,2,3. We assume that real parts of ¢; are positive. The eigenvector X (&, p)
corresponding to the eigenvalues ¢; can be determined by solving the homoge-
neous equation

(3.14)

(3.15) [A —qI]X(&,p) = 0.
The set of eigenvectors X;(§,p), (i =1,2,3,5,6,7) may be obtained as
[ X p)

(3.16) xien = | Y],

where
Si 5iq;

Xit(§p) = | 7i | Xi2(§,p) = | ridi |

1 qi

q = q; 1=1,2,3

54 —S8iq;
X]1(§7p) = ri |, X]Q(é-up) = —riqi | ,
1 —qi

(3.17) Si1 — Si2 — Ra3sis
Roysi3
Rs1Ris — (Rss — ¢7)(Ri1 — q7)
Rss(Ri1 — ¢2) — Ri2Rs

sit = (R11 — ¢7)(Ra2 — ¢7)(Rs3 — ¢7),

si2 = R31Ri3(Ras — ¢7),

S; —

Ty =

si3 = (R32(R11 — ¢7) — RiaR31); i=1,2,3.
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The solution of Eq. (3.8) is given by

3

(318)  V(&2p) = Y [BXi(6p)et + BiyaXipa(€,p)e ]
i=1

and solution of Eq. (3.6) is

(3.19) i = Bye™* + Bge %%,

where B; (i =1,2,3,4,5,6,7,8) are arbitrary constants and

\/ a2

The Eqgs. (3.18) and (3.19) represent a solution of the general problem in
the case of generalized thermodiffusion elasticity by employing the eigenvalue
approach and therefore, they can be applied to a broad class of problems in the
domain of Laplace and Fourier transforms.

4. Application: interactions due to distributed load

In this section, the general solution for displacement, stresses, temperature
field, concentration and chemical potential presented in Egs. (3.18) and (3.19),
will be used to yield the response of a half-space subjected to a load distributed
over a strip of width 2, at the free surface of the medium. The constants B; will
be determined by imposing the proper boundary conditions. These constants,
when substituted in Egs. (3.18) and (3.19), enable us to obtain the required
physical quantities in the Fourier and Laplace transformed (¢, z, p) domain. The
final solution in the original domain (z, z,t) is obtained by a numerical inversion
of both transforms.

CASE 1. Load in normal direction. In the half-space, the load F(x) is acting
in normal direction. The surface z = 0 is assumed to be thermally insulated so
that there is no variation of temperature and concentration on it. Therefore, for
this loading case the boundary conditions are
06 dc

(4.1) 0., =—F(z)i(1), 0z =0, 5 0, 5 0, at z =0,
where F(z) = Fo(H(z +1) — H(x —1)).

CASE 2. Load in tangential direction. In the half-space, the load F(z) is
acting in the tangential direction. The boundary conditions in this case are
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8—9:0, @zo,atz:o.
0z

(4.2) 0., =0, 0. = —F(x)6(t), Oz

It can be seen that eight unknowns are to be determined in Eqgs. (3.18) and
(3.19) and only four boundary conditions appear in each case. For the half-space
the radiation conditions imply outgoing waves with decreasing amplitudes in the
positive z-direction. Therefore, the radiation conditions require that By = By =
B3 = B4 =0.

We obtain the expressions for the displacement components, stresses, tem-
perature field, concentration and potential as

0%, = e1Bse™ % 4 eg Bge 127 + e3Bre” B% + e4Bge™ 1%,
0yp = k1Bse 17 + ko Bge™ 2% + k3 Bre 3% — kyBge™ %7,
Uy = —1€[s1Bse” 1% + s9Bge™ % + s3Bre” ©3%] + g4 Bge™ 9%,

(4.3)
(4.4)
(4.5)
(4.6) . = —[s1q1Bse” " + saqoBge” * + s3q3 Bre %] — £ Bge U7,
(4.7)
(4.8)
(4.9)

4.7 O = r1Bse” U7 + ryBge 2% + r3Bre” B,
4.8 ¢ = Bge 1'% 4 Bge™ 2% + Bre 3%,
4.9 P = M Bse %% 4+ MyBge 9% 4+ MyBre 97,
where

Biyy = QSH?ZZ)AZ, 1=1,2,3,4,

M; = —¢*(q? — €%)si + bﬁc;“ - “E‘;”; i=1,23
A = (r3 —12)q2q3(e1ka + eaky) + (r1 — r3)q1g3(e2ks + eskz)

(4.10) + (re — r1)q1q2(e3ks + e4ks),

A
€ = qgsi_a*si_ri_b*; i:172731 64:/f‘£q4 <1_2> )
pey

20E8;qi b . M
ki = #; 1=1,2,3, k4=p7%(£2+<ﬁ)7
ot — ﬁlTo ot = )\752 b* — BQCO

pc% ’ IOC%’ ﬁlTO

CASE 1. In normal direction. The values of A;; i = 1,2, 3,4, when the dis-
tributed load is acting in normal direction, are
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Ay = Foka(ra — 7r3)q203,
Ay = Foka(rs —m1)q3q1,
(4.11)
Az = Foka(r1 — r2)q1g2,
Ay = Fy[ki(r2 — 13)q2q3 + ko(r3 — 71)q1g3 + k3(r1 — r2)qiqe] .

CASE 2. In tangential direction. The solution for this case as in Egs. (4.3)—(4.9),
only with the replacement of A;; 1 =1,2,3,4 as:

Ay = Fyeq(ra — 13)q203,

Ay = Fpeq(rs — r1)q3q1,
(4.12)
Az = Fpea(r1 — m2)q1q2,

Ay = —Fole1(r2 — 13)q2q3 + e2(rs — r1)q1g3 + e3(r1 — r2)q1q2].
Particular Case 1. By taking ¢ = D = a = b = 3 = 0, we obtain the

expressions for displacement components, stresses and temperature field in the
generalized thermoelastic medium as:

(4.13) 0% = e}Bie " + e3Bie 7 + €3 Bie %7,

(A1) 0% = K{Ble U 4 kBie U — k3Bje %°,

(4.15) 0, = —i€]s1Bje 7 + sy Bie ] 4 g} Bye 1,
(416 0. = ~[siai Bie 7 + s3asBiem ] — £ Bge 0,
(4.17) O = Bje 1% 4 Bie %7,

where

(4.18) g2 =Mt (_1)i+;\/m; i=1,2,

are the roots of the equation

(4.19) ¢' = XN¢*+ X5 =0,
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where
1= Ri1 + Roa, A5 = R11Ro2 — Ro1 Ryo,
@ = q3, B, 3 = 2sin(El) Ay /EA%; i=1,2,3,
A" = qi(e3k3 + e3k3) — G5 (e5kT + €e1k3),
. N . A
(4.20) ef = q?sf —a*sf —1; 1=1,2, ez = L&q3 <1 — 2) ,
peq
2 , 7
k= =5 (1€qrst) =1,2 ki = 1 (qi2 + €2
) pc% (quz Sz)’ v » S 3 pc% (qS +§ )’
Roy — ¢? .
= =1,2.
S’L RQI Y ? 9

CASE 1. In normal direction. The values of Af;¢ = 1,2,3, when the dis-
tributed load is acting in normal direction, are

(4.21) At = Fogoks, A5 = —Fogiky, Az = Folgky — qiks] .

CASE 2. In tangential direction. The solution for this case as in Eqgs. (4.13)—
(4.17), only with the replacement of A¥; i =1,2,3, as:

(4.22) Aj = Fogae, Ay = —Fogiez, Ay = Folgies — el

Particular Case II. If we neglect the thermodiffusion effect from the me-
dium considered, the corresponding expressions for displacement components
and stresses are given by:

(4.23) 0%, = €y Bye 0% 4 ¢y Bje” %%,
(4.24) 0 = K, Bhe % — kb Bhe9%?
(4.25) Uy = —(18) Bye % + gh Bje %?,
(4.26) U, = —q, Bye % 4+ 1£Bhe %7,
where
2
P
G = VP +E, b=\ TE
) Bj, = 2sin(€)A}/€A"s i =1,2, A= —(e1ky + ehky),
2

A
e = g2 — a* el — a1 = 2
1 ql ) 2 £QQ pC% )

2 4
ki = —5(ay), Ky = —5 (& +d5).
1 PCt
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CASE 1. In normal direction. The values of Al; i = 1,2, when the load is
distributed in normal direction, are

(4.28) | = Fyk), L = Fok).

CASE 2. In tangential direction. The solution for this case are as in
Eqgs. (4.23)—(4.26), only with the replacement of Al; i =1,2 as:

(429) All = F0€/2, AIQ = —Foell.

5. Inversion of transforms

The transformed displacements, stresses, temperature field, concentration
and chemical potential (4.3)—(4.9), (4.13)—(4.17) and (4.23)—(4.26) are functions
of z, the parameters of Laplace and Fourier transforms p and &, respectively,
and hence are of the form f(£, z,p). To get the function f(z, z,t) in the physical
domain, first we invert the Fourier transform using

(1) flaomn) = o [ e zpie
=+ [feostend. — vsin(en) e,
0

where f. and f, are even and odd parts of the function ~(§ , 2, p) respectively.
Thus, expressions (5.1) gives us the Laplace transform f (z,z,p) of function
flz, z,t).

Now, for the fixed values of &,z and y, the f(x,y,p) in the expression (5.1)
can be considered as the Laplace transform g(p) of some function ¢(¢). Following
HonNi1G and HIRDES [11], the Laplace transformed function g(p) can be inverted
as given below.

The function g(t) can be obtained by using

V+100
1 _
(52) o) =5 [ o,
V—100

where v is an arbitrary real number greater than all the real parts of the singu-
larities of g(p). Taking p = v + vy, we get

evt

"o

(5.3) o(t) / eg(v + uy)dy.

—00
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Now, taking e “'g(t) as h(t) and expanding it as Fourier series in [0,2L], we
obtain approximately the formula

(5.4) 9(t) = goo(t) + Ep,
where

T

goolt) = T+ vk, 0<t<2L,
k=1
(5.5)
= e—vtﬁ% e'T'g v+Lk—7r
Vi, = L g L 9

Ep is the discretization error and can be made arbitrarily small by choosing v
large enough. The value of v and L are chosen according to the criteria outlined
by HoNiG and HIRDES [11].

Since the infinite series in Eqs. (5.5) can be summed up only to a finite
number of N terms, so the approximate value of g(t) becomes

(5.6) gN(t) =2 +> v, 0<t<2L

Now, we introduce a truncation error F7 that must be added to the dis-
cretization error to produce the total approximation error in evaluating g(t)
using the above formula. Two methods are used to reduce the total error. The
discretization error is reduced by using the ‘Korrektur’-method, HonNIiG and
HIRDES [11] and then ‘e-algorithm’ is used to reduce the truncation error and
hence to accelerate the convergence.

The ‘Korrektur’-method formula, to evaluate the function g(t), is

(57) g(t) = Jo (t) - eivagoo(2L + t) + ED/,
where
(5.8) |Ep| < |Ep|.

Thus, the approximate value of g(t) becomes
(5.9) gn, () = gn(t) — e 7> gni (2L + 1),

where N’ is an integer such that N/ < N.
We shall now describe the e-algorithm which is used to accelerate the conver-
gence of the series in Eq. (5.6). Let N be a natural number and S, = > }" | v
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be the sequence of partial sums of Eq. (5.6). We define the e-sequence by
€0,m = Oa €1,m = Om,;
1
€ntlm = €pn—lmil + —————————; n,m=123,...
€n,m+1 — €nm

It can be shown, HONIG and HIRDES [11], that the sequence €1 1,€3.1,...,€n1
converges to ¢g(t) + Ep — v,/2 faster than the sequence of partial S,,, m =
1,2,3,.... The actual procedure to invert the Laplace transform reduces to the
study of Eq. (5.9) together with the e-algorithm.

The last step is to evaluate the integral in Eq. (5.1). The method for evalu-
ating this integral by PRESS et al. [12] involves the use of Romberg’s integration
with adaptive step size. This also uses the results from successive refinement
of the extended trapezoidal rule, followed by extrapolation of the results to the
limit when the step size tends to zero.

6. Numerical results and discussion

With an aim to illustrate the problem, we will present some numerical results.
The material chosen for the purpose of numerical computation is copper, the
physical data for which are given by THOMAS [9] in SI units:

To =293 K,  p=28954 kg/m® ~ 7,=002s, 7=02s,
Cp =3831J/(kgK), oa;=178x10"°K"' K =238 W/(mK),

A =776 x 10" kg/(m s?),  pu=3.86 x 10'° kg/(m s?),

o, = 1.98 x 107% m? /kg, D =0.85 x 1078 kg s/m?,
a=12x10"m?/(s*K),  b=0.9x10° m®/(kg s?).

The computations are performed at z = 1.0 in the range 0 < z < 10 for the value
of non-dimensional length [(= [/h) = 1.0, where h is a parameter of dimension of
length and initial concentration Cy = 1. The numerical values of dimensionless
normal displacement u,(= u,/Fp), normal stress o,.(= 0,,/F)), temperature
O(= O/F)) and deviation of concentration c¢(= ¢/Fp) for three different cases;
a solid with thermoelastic diffusion (THED), a thermoelastic solid (THE) and
an elastic solid due to normal and tangential distributed loads of width 2/, are
computed for the exact solutions obtained in physical domain. The variations of
field variables with respect to distance x, are presented graphically in Figs. 1-8.
The computations are carried out for two values of non-dimensional time, namely

t = 0.075,0.100.
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CASE 1. Normal load applied. The comparison of dimensionless normal dis-
placement u,, normal stress o,,, temperature © and mass concentration ¢ for
the three different theories, when normal load is applied, are shown in Figs. 1-4.
The variations of normal displacement u, with distance x are similar in na-
ture for THED and elastic theories for both the times, whereas for THE theory
the behaviour is different from them, as shown in Fig. 1. The original values
for THED theory have been divided by 10 to depict the comparison of all the
curves simultaneously in the same figure. Very near to the origin, the values of
normal displacement are smaller for THED and elastic theories as compared to
the values for THE theory. For THED and elastic theories the variations show
the sharp increase in initial range. For all the three theories, it is observed that
very near to the point of application of load, the values of displacement for time
0.075 are smaller than those for time 0.100.
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FiG. 1. Distribution of normal displacement u. (due to normal load) versus distance.

Figure 2 depicts the variations of normal stress o, for all the three theories,
after dividing the values for THE and elastic theories by 10. The flow of variation
for THED theory is just opposite to that for THE and elastic theories in almost
the whole range. For THED theory as time increases, the value of normal stress
decreases in the range near to origin, whereas this type of behaviour is just re-
verse in THE and elastic theories. The difference between the three curves at any
fixed point as well as at fixed time for the three theories is clearly visible from
this figure. The distribution of temperature for both the theories i.e. THED and
THE, is observed from Fig. 3, for both the times. It should be observed that the
variations for THE theory have been depicted after dividing the original values
by 100. It is clear that diffusion in thermoelastic medium plays an important
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role in temperature distribution in the medium as © varies very smoothly in
thermoelastic medium without diffusion, whereas its variation is more oscilla-
tory in thermoelastic medium with diffusion. Variation of concentration about
initial concentration is represented by Fig. 4 for THED theory. The difference
in the values of ¢ at a particular point for two different times can be easily ob-
served from the graphs. It is also clearly depicted in the figure that the values of
concentration ¢ are maximum at the origin for both the times, and after a small
oscillatory behaviour, they seem to be vanishing in the range far from origin.
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CASE 11. Tangential load applied. The comparison of dimensionless normal
displacement u,, normal stress ¢,,, temperature @ and concentration deviation
¢ for the three different theories and at both the times, when tangential load is
applied, are presented in Figs. 5-8. The variations in normal displacement u,
are shown in Fig. 5, where the original values for THE and elastic theories have
been multiplied by 100. Initially, the trend of change in displacement for THED
and THE theories is opposite in nature to the elastic theory at both the times,
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——1t=0.075, Thermoelastic diffusion
—e—1=0.100, Thermoelastic diffusion
- ---- t=0.075, Thermoelastic
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-0.2 1

037"
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Fia. 5. Distribution of normal displacemnet u. (due to tangential load) versus distance.
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whereas the behaviour of variations in time for all the three theories is same.
The numerical values for all the theories lie in the range —0.4 to 0.6 and have
oscillating behaviour.

The variations of 0., have been depicted in Fig. 6 after multiplying the
original values by 100 for THE and elastic theories. The behaviour of variations
is oscillating in the whole range whereas the values are decreasing with the
increasing range of distance x. The variations of temperature for THED and
THE theories are shown in Fig. 7 at both the times. It is observed that initially,
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the trends of variations for both the theories are just opposite to each other
for both the times. Deviation of concentration from the mean value for THED
theory has been depicted in Fig. 8. The values of concentration for a particular
range show considerable difference for the two times.
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F1a. 8. Distribution of concentration ¢ (due to tangential load) versus distance.

7. Conclusion

Analysis of normal displacement, normal stress component, temperature and
mass concentration developed in a body due to a distributed source (normal and
tangential) is an interesting problem of mechanics, having its applications in de-
termining the stability of a medium. It can be observed that the varying load
time has a significant effect on the normal displacement, normal stress, tem-
perature and concentration. The results for all the functions for THED theory
are distinctly different from those obtained for THE and Elastic theory. This is
due to the presence of diffusion in thermoelastic solid. The eigenvalue approach
is used, which has the advantage of finding the solution of equations in the
coupled form directly in matrix notations, whereas the potential function ap-
proach requires decoupling of equations. The method used in the present article
is applicable to a wide range of problems in thermodynamics.
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