Arch. Mech., 59, 2, pp. 97-117, Warszawa 2007
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THIS PAPER concerns the study of mixtures composed of a thermoelastic solid and
a viscous fluid. For these mixtures, the dissipation effects are connected with the
viscosity rate of one constituent and with the relative velocity vector. Using the
time-weighted surface power method, associated with the linear process, we obtain
some spatial decay estimates, characterized by time—independent and time—dependent
decay rates, respectively. The first type of estimate is appropriate for large values of
time, while the other is useful for short values of the same variable.
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1. Introduction

THE THEORY concerning thermomechanical mixtures can be found in works by
TRUESDELL and TouPIN [1], KELLY [2], ERINGEN and INGRAM [3, 4], GREEN
and NAGHDI [5, 6], MULLER [7], BOWEN and WIESE [8], BOWEN [9], ATKIN
and CRAINE [10, 11], BEDFORD and DRUMHELLER [12] and also in books by
SAMOHYL [13] and RAJAGOPAL and TAO [14]. Moreover, STEEL presents, in
[15], a linearized version of the above-mentioned theory for an isotropic mix-
ture of two solids, studying the propagation of plane waves. While an Eulerian
description is natural for mixtures containing fluids or gases as constituents, a
Lagrangian approach is suitable for mixtures in which one component is a solid.
The latter description is presented by BEDFORD and STERN [16, 17]. Following
them, IESAN derives, in [18], a theory for binary mixtures of thermoelastic solids
and establishes, in [19], a counterpart of the Boussinesq—Somigliana—Galerkin
solution, obtaining the fundamental solutions in the equilibrium theory of ho-
mogeneous and isotropic mixtures, under the hypotheses of positive definiteness
of the internal energy density. Moreover, IESAN proves the existence and unique-
ness theorems. Uniqueness results in the dynamical theory were also established
in [20, 21].

It is possible to study the classical Kelvin—Voigt viscoelastic model consider-
ing a mixture made of an elastic solid and a viscous fluid. In [22], QUINTANILLA
studies the linear problem of thermomechanical deformations for the previous
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model. Taking into account the results of linear operators semigroup theory, the
existence of solution is proved. IESAN [23] studies, through a Lagrangian de-
scription, a viscoelastic mixture resulting from a combination of a porous elastic
solid with a viscous fluid. He establishes basic equations for both the nonlinear
and linear theories.

Furthermore, we have to remark that Saint—Venant’s principle has a central
role in many theoretical and applied questions of elasticity. An important review
of the research on spatial decay for solutions of time-dependent problems is given
by HORGAN and KNOWLES [24], HORGAN [25, 26] and CHIRITA [27]. Although
it is possible to cite several papers regarding the subject in concern, such as [28—
31] we have to remark that, in [32], CIARLETTA and CHIRITA obtain, through an
innovative method based on a time-weighted surface power function, a domain
of influence in linear elastodynamics and viscoelastodynamics. They also get
spatial decay estimates with time-independent decay rate inside the domain
of influence. In the context of linear thermoelasticity, they also obtain spatial
estimates characterized by time-independent as well as time-dependent decay
and growth rates. Following [32], CIARLETTA and PASSARELLA [33] establish,
for a binary mixture, a spatial decay estimate of Saint—Venant type, with time-
independent decay rate for the inside of the domain of influence, in order to
obtain a precise determination of it.

In this article, using the time-weighted surface power function method, with
regard to viscoelastic mixtures, we describe the spatial behaviour of solutions
of given data in a certain time interval, also considering the heat conduction ef-
fects. In Sec. 2, we show the linear theory connected with the problem in concern
using a Lagrangian description while, in Sec. 3, we derive the first-order differen-
tial inequality satisfied by an appropriate time-weighted surface power function;
then, we obtain an exponential spatial decay estimate of Saint—Venant type for
bounded bodies, whereas we arrive at an alternative estimate of Phragmén—
Lindel6f type for unbounded bodies. In both cases, these estimates are charac-
terized by a time—independent decay rate. In Sec. 4, introducing another ap-
propriate function but applying a method similar to the one used in Sec. 3, we
establish spatial decay estimates with time-dependent decay rates for bounded
and unbounded bodies. The results obtained in Sec. 3 are suitable for large
values of time, while estimates of Sec. 4 are appropriate for short values of time.

With respect to classical methods used to estimate decay of solutions, the
time—-weighted surface power function method refers to mathematical techniques
useful to obtain explicit expressions for the decay rate in terms of single consti-
tutive parameters. This gives a possibility to regulate the velocity of decay in
function of a single component. In particular, we can affirm that the paper in
concern is interesting, considering its possible applications to the dissipation of
acoustic and seismic energies.
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2. Statement of the problem

Let B be a (bounded or unbounded) regular region of R?, occupied by a
mixture of two interacting materials s; and s, in a given reference configuration.
As described by IESAN [23], we will assume that s; is a viscous fluid, while so
represents an elastic solid.

The motion of the body is referred to a fixed orthonormal frame in R3. We
will denote the components of tensors of order p > 1 by Latin subscripts, ranging
over {1,2,3}. Summation over repeated subscripts will be implied. Superposed
dot or subscript k£ preceded by a comma will mean partial derivative with respect
to the time variable or to the corresponding coordinate xj, respectively. Greek
indices will range from 1 to2 and, in this case, summation convention will not
be used. In this connection, we will disregard regularity questions, simply un-
derstanding a degree of smoothness sufficient to ensure the analysis to be valid.

Following BEDFORD and STERN [16, 17], we assume that, in the reference
configuration, the typical particles of s; and se occupy the same position and
the mass of each s, (o = 1,2) is conserved. Furthermore, let us suppose that
chemical reactions between constituent materials are not possible and that the
partial stress tensors and the partial entropy vanish in the natural state.

Let u and w be the displacement vector fields of typical particles of s; and
s at time t, and ¥ be the absolute temperature measured from the one in the
reference configuration, Tj.

The linear theory for homogeneous and isotropic mixtures is described by
the following system [22, 23]

1 1 . 2 2 .
tl(k,)l — Dk + Qlf]g )= 01Uk, tl(k:,)l + D + Qka(; ) — 02Wk

equations of motion,

00Ton = qiu + 0o R equation of energy,

(2.1) tl(;? = (A +v)edi + 2(n+ Qe + (a4 v)groii + (26 + Q) qik
+ (27 + Qg — (31 + 222) 90 + N €O + 2007 ége,

2
tl(k) = vep O + 2Cer + agrrOrr + 28951 + 2vg1k — 2290k,
pr = Edg + 5 dy, + b D, 0on = 1€y + gy + av,

ar = KO + frdy,

constitutive equations,
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where §;; is the Kroneker’s delta and

1
(2.2) ekl = §(Uk,l + U k), Gkl = ULk + Wk, dp = U — W

In these equations, tl(:) are the components of the partial stress tensors asso-

ciated with s, pr are the components of the vector field characterizing the
mechanical interaction between the constituents, f,ga) are the components of the
body forces per unit mass acting on s,, 0, is the density of the material s, in
the reference state and g9 = g1 + g2. Furthermore, 7 is the entropy per unit
mass of the mixture, g are the components of the heat flux vector, R represents
the external heat supply per unit mass and unit time, while A, v, u, o, 3, ¢, 7,
i, 0, &, a, K, X, u*, €5, b, f* are constitutive coefficients. Unlike the theories
about solid-fluid mixtures studied in [9-14], in the present work the diffusive
force py depends on dy, dj, and Vg

We suppose the constituents at the same temperature and that every ther-
modynamic process that takes place in the considered mixture satisfies the
Clausius—Duhem inequality, so that [22, 23]

3N 4 2u" >0, w* >0, k>0, & >0,

(2.3) 1 2
AkE* > Tp <b* 1 Tof*> :

Defining ¢ and ¢; as (positive) constants with dimensions of length and velocity,
respectively, it is possible to introduce the following dimensionless quantities

/ / Wi / %
= — = — ’19 = —.

By extension, subscripts preceded by a comma will now mean partial differ-

entiation with respect to the variable x}, while a superposed dot will denote

differentiation with respect to the variable ¢'. For convenience, in what follows,

we will assume all variables to be dimensionless, avoiding the use of symbol ’.
Denoting by

1
()\07 o, 1o, €07 Qp, ﬁ0770) - W(A7 v, W, C')Oév/B?fy)a
1

T * % * ok
(%(1)7%[2)) = 72(%17%2)7 (A071u’0) = (A s )7

01¢7 Lorcq
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2 oe* Tob*
— —, * = s b* = 5 ag = T a/,
0 0163 % o1c1 07 0} 00
K Toao . I 02
Ko = ’ = 9 = ) =
0 Lagcy X glc% 0 Toag 01
1 2
PO _ (f 7@ _ plfs” g_ (oR
k 2’ k a Toagcr’
and
Wl(;i) = (Ao + v0)eroi + 2(po + Co)ew + (o + vo)grrOu
+ (260 + Co) gk + (270 + C0)gris
(2.4) 2)

2
T = VoerrOik + 2Coeki + a0 grrOk + 2809k + 27091k

Tl = Ao€rrOk + 216€1k,
the system (2.1) reduces to
(2.5) 7 — [+ F =iy, wpy+ Do+ E = piop,  Qu—h+5=0,
where

w0 =) b — (R )00, A =) — s,

(2.6)  ITj, = &ody, + &dy, + b0 s xh = (56 + 383)uyy + >9wyy + XV,
Qr = Ko¥ j + fidy.
Throughout this work, we will assume that

(2.7) o1 >0, o2 >0, x > 0;

furthermore, we will suppose that the following quadratic forms

1
& = §§Odkdka

1
(2.8) & = §>\oezz€kk + Ho€ikeik

1
+ 50409119% + Bogikgrr + Yok ik + Voeugrk + 2¢oeikgik
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are positive definite. The only eigenvalue associated with &y is ¢9 = &y, while
eigenvalues associated with & are

1
s1 =" — Bo, §2,3—2{ﬂoJr’YoJruoi\/(50+70—M0)2+4C§}7

1
a5 = 2{50+70+2M0i\/(50+W0—2M0)2+8C§},

(2.9) 1
S6,7 = 1{3)\0 + 2u0 + 3ag + 280 + 270

/18R + 210 — (300 + 260 + 290 + 4(3v0 + 260)*}.

We remark that the isothermal internal energy density is & = &y + &1. It is
possible to establish that, for an isotropic mixture, the conditions necessary and
sufficient to ensure £ to be positive in the variables di, e, and gi; are

& >0, 16| < 0, po > 0, 30 + 240 > 0,
(2.10) 3ag + 260 + 2v0 > 0, (Bo + v0) 1o > o2,

(30 + 2060 + 270) (30 + 2410) > (3v0 + 2¢0)*.
The inequalities (2.3) can be rewritten as follows

3\o+2u5 >0,  pp>0,  Ko>0, & >0,
(2.11)
AXKo&h > (0" + xf3)°

Now, Egs. (2.4)-(2.6) lead to a system formulated in terms of displacements and
temperature

Avugy + Asw i + Brwg i + Bowy g — &o(ur — wy,)
— MDD g, — €5 (g — 2ig) + ptveu + (N + 1)t g + F;il) = iy,

(2.12) Biugy + Bou i + Crwg gy + Cowy i + Eo(up — wy)
— My + & (i — i) + ) = piig,

XKo9 it — [(56) + 58) iy + 38y, ] — x40 + xS =0,
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where

A1 = po + 280 + 2¢o, Az = X + po + ap + 20 + 2790 + 2¢p,

By = 2vy + (o, By = ag + 19 + 260 + (o,
C1 = 20, Cy = 27 + ap,
MY = 5 + 58 + b}, MY = 5 — b},

Considering the isothermal theory, we obtain equations describing the behaviour
of a linear Kelvin—Voigt material, modelled as a mixture, i.e.

Ayug g + Aguy g 4+ Brwgy + Bowy g — Eody — &5k + pite
Ny O _
+ (A0 + 1o) gk + Fy, Uk,
Biuyy + Bauy g + Crwg g + Cowy gy, + Eody, + Edy, + F;EQ) = pg.

We consider the problem P defined by Egs. (2.12) with the following initial
conditions

(2.13)  up=ul, =1, wp=wd  wp=uY JI=19° on B x{0}
and the following boundary conditions (Dirichlet problem)
(2.14) wy =, wp=wp, ¥=1, on OB x[0,+00),

where B and OB are, respectively, the closure and the smooth boundary of
B. The right-hand terms of Egs. (2.13), (2.14) stand for (sufficiently smooth)
assigned fields; these are, along with F, k(a) and S, external data of the problem
in concern. Fixed 7y > 0, we introduce the support f)m of external data on the
time interval [0, 7p]. For convenience, we assume that D, is a bounded regular
region of B and we introduce the following sets

D, = {x €B: S(x,r)N bm #* @} , B, = B\Dy,, B(r1,7m2) = By \ By,

where r > 0, ro < r; and S(x,7) is the closed ball with radius r and center at
x. Then, we denote by S, the subsurface of 9B, contained inside B, and whose
outward unit normal vector is directed towards the exterior of D,.
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3. A time-weighted surface power function and related estimates

In this section, we describe the spatial behaviour of solutions, in the time
interval [0, 79|, for bounded or unbounded bodies under hypotheses (2.7), (2.10),
(2.11).

Let us start from introducing the following forms

(3.1) Mo = Nyéuérn + 2upéméne,  Hi = & didy, + xKoV 19 s + (b5 + xf3) U k-

Let o}, <, and o3, <3, be the smallest and greatest eigenvalues associated with
Ho and Hi, respectively, that is

O =min{2/5, 305 + 2110}, < = 3 [XKO +& — \/(XKO — &)+ (b + Xfo)Q] ;

* * * * * 1 * * >k *
onr = max{2pg, 3X + 210}, <y = 5 [XKO + & + \/(XKO — &)+ (b + Xfo)2] :

Egs. (2.7), (2.11) imply that all eigenvalues of Hy and H; are positive. Conse-
quently, Ho and H; are positive definite and it results that

oméikéi < Ho < opréién,
(3.2)
o (didi + 9 k9 1) < Hi < Gy (didy + 0 19 ).

Corresponding to a (regular) solution U = {u,w,9} of the initial-boundary
value problem P, we define the following time-weighted surface power function

(3.3) I(rt) // oo ({2 ie(s) + 72 ()i () + x9()Gu(s)| mudads,

0 S

where w is a prescribed strictly positive parameter. At a fixed ¢t € [0, 7], the
function I'(r,t) is non-increasing with respect to r. In fact, using the divergence
theorem, we obtain

(34)  I(ri,t) = D(rat / / [0 (in(5) + 72 ()i (5

+ x9(5)Qi(s) (Vs

)
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for ro < r1. In view of relations (2.5) and defining the kinetic energy as
L. . .

(3.5) T = i(ukuk + pwkwk),

we have

(3.6)  F(s)ina(s) + 7 (s)ini(s) + Mi(s)dr(s) + xh(s)9(s)

= [FD()in(s) + 72 (s)iin(s) + x)Qils)] | = Kot ()0 ()

)

— X S3di(5)9 k(5) + () FL (5) + pri(s) FL7 (s) + x0(s)S(s) — 8887(5).
On the other hand, from Egs. (2.4), (2.6), (2.8), (3.1), we get
(B.7) 7D (s)ig(s) + 7D ()i (s) + I(s)dr(s) + xh(s)9(s)
= (;1 Eols) + E1(s) + S0%(5)] + Ho(s) + Ha(s)

— XE0V 1 (8)9 1 (8) — XS5 di ()0 k().

If we take into account Eqgs. (3.4)—(3.7) and consider that external data vanish
on B, and S, we deduce

(38) F(Tl,t) — F(Tg,t)

- [ e {g [7(5) + Eo(s) + E1(5) + 5 0%(s)

t
0 B(r1,r2)

+ Ho(s) + Hl(s)} dVds;

therefore, by means of an integration by parts, we conclude that, for ro < 7y, it
results

(3.9)  I(ri,t) — D(ra,t) = — / vt [T(t) + Eo(t) + Ex(t) + %9%)] v

B(r1,r2)

[ e o [T e + el + 3o + Ho)

0 B(r1,r2)

+H1(s)}dVds.
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Through hypotheses (2.7), (2.10), (2.11) and Eq. (3.9), we prove that I'(r,t) is
a non-increasing function of r, for all fixed ¢ € [0, 79].
For a bounded body B, we can remark that

(3.10) I'(L,t) =0, Vtel0,],

where L = max min /|x —y| < oo. Putting r; = L and ro = r in Eq. (3.9),
xEB yebf}

Eq. (3.10) shows that I'(r,t) is a measure

(3.11) I(r,t) >0 forall rel0,L], tel0,7];

in particular, it is

P(rt) = / et [T (0) + Eo(r) + E(0) + 0(0)] av
By

t
+ / / e {w [7(3) + Eo(s) + E1(s) + 502(3)} + Ho(s) + Hl(s)} dV ds.
0 B,
For an unbounded body B, I'(r,t) is still non-increasing with respect to r
and, at a fixed t € [0, 9], it is
either I'(r,t) >0 Vr >0, or

(3.12)
37 >0 suchthat I'(r,t) <0 Vr>r.

In the next part of the work, we will need the following lemma.

LEMMA 1. Let U be a solution of the initial-boundary-value problem P and
let ﬁT be the bounded support of external data, in the time interval [0, 19|. Let the
hypotheses (2.7), (2.10), (2.11) be true. Function I'(r,t) satisfies the following
first—order differential inequality

0
(3.13) vi |(r,t)| + EF(T’, t) <0, for any 0<r tel0,7],
1

where

6 w1
(3.14) vy = | SM Fohw (L + €0)
2min{1, p}

and €y is the positive root of the algebraic equation

6snm 6[(58) + 58)2% + (548)?] 2 max{ f32, Kg}min{l,p}) @

(3.15) €2+ <1+

oW X0 w SO
~ (1 N 6*<M> 6l +8)° + )] _
oW XO 3w
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Proof. Eq.(3.9) directly leads to

(3.16) ‘?){(r, t)=— / et [T(t) + Eo(t) + E1(t) + gw(t)} da
Sr

t

- //e_ws {w [T(s) + &o(s) + &i(s) +§192(s)} + Ho(s) + 'Hl(s)} dads.
0 S,

or .
In order to estimate I'(r,t) in terms of — (r,t), we rewrite 7}, and Hy as

or

(3.17) T = ArskiCrs, Ho = ArskibrsCir,

with
Arski = Ao0rsOi + 201607105k

Through Schwarz’s inequality and Egs. (3.2)1, (3.17), we obtain
7rl*k7rl*k = Arsklérsﬂl*k < (Arsklérsékl)1/2(Arsklﬂ—:s7rl*k)l/2
< (Arsklérsékl)1/2(03{\/[7rl*k7rl*k)1/2
and we deduce

Now, for each couple of second-order tensors {wl(; ), wl(,f ) }, we introduce the vector
space V of all vector fields such that

E = {E11, Ex, Es3, E12, E13, E23, G11, Ga2, Gz, Gi2, G13, Gaz, Ga1, Ga1, Gaz },

with

Ey =FE, = (wl(kl;) + w,i?) s G, = WIS) + wl(,f)

N

It results

1 1
319) BB = Enell) < g [l + 5 (fPuld + oDul)] = oful?

Moreover, for each couple of second-order tensors {Ly, Fii}, using the well-
known property

1
(3.20) (Lig + Fir)(Lag + Fiie) < (14 €) Ly Ly + <1 + 6) Fi.Fy,
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we get
1 2 1) 2
(3.21) GG = (W) + W (W' + ) < 2Pl + WD),
Let us define the functional
= 1 - _ 1 _ _
F[E,E| = S0 EweEn + poEukE + 500GuGu + boGrGik
_ 1 _ _ _ _
+7%GuGir + SV (ExGu + GruEn) + CGo(EwGu + GuEu)
with E = {E11, ..., Fa3, G11, ..., G32} € V. Clearly, it follows that
(3.22) FIE,E| =E- BE, FIE,E] < sy (EEy + Gu.Gu,),
where B is the symmetric matrix associated with the positive definite quadratic
form &; and ¢y is the greatest between eigenvalues of B defined in (2.9). Equa-
tions (3.19), (3.21), (3.22) imply that
(3.23) FIE,E] < 3oy (wPwld) + w@w?).
Denoted by
§l(;1) = (Xo + v0) ErrOir + 2(po + Co) Eix + (o + v0)Grr i
(3.24) +(260 + )Gk + (270 + o) G
35(,3) = VB0 + 2¢ By + aoGrrdg + 280Gr + 270Gk,
we consider the corresponding vector field of V
1) . 1 n L/, . 2) (1), A2
(3.25) s= {sl(k ,slk)} with Sl(k) = s,(d) =3 (sl(k) s,(d)> Sl(k;) = s,(gl) ( ).
From Egs. (3.23)—(3.25) and using Schwarz’s inequality, we have
(1 2
s + 57 sl = 2F[B.s) < [2F[B,E])/2[2F]s, s])'/?
[2f[E E]]1/2[3§M(Sl(k)sl(li) + l(k) (2 ))]1/2
so that

(3.26) 55 + 33 < 6uFIE, E].
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For wl(;) = U, wl(lf) = wik, B = e, G, = gig, F[E,E] reduces to £ and

relations (3.24) become (2.4); 2. Consequently, Eq. (3.26) implies

(3.27) ﬂl(]i)ﬂ'l(,i) + TI'Z(]??TZ(,? < 6sprEr < 66pr(Ep + &1).

1

Furthermore, Egs. (2.6), (3.20) and the obvious relation 14+ — > 1 lead, for any
€0

e >0, to

(328)  AWEy + A < (L+e(mpmy) +mpmy)
1 1 1
+ <1 + 6>(1 + €) T + 3 (1 + 6) (1 + 6) [l + 58)% + (55)*] 2.
0

Using Schwarz’s and arithmetic-geometric mean inequalities in conjunction
with Egs. (3.5), (3.18), (3.27), (3.28), we arrive, for any €; > 0, at

3Snm [50 + 51]
€1 min{1, p}

+3[<%?+_%8)2+(%8)2] LY (1 L) X
e;min{l, p}x € e/ 2

O'X/[Ho 1
— |1+ -] (1 .
2¢; min{1, p} < - e) (1+¢0)

(3:29) |7 dwn + 7 | < 0T + (1+¢)

On the other hand, by means of Egs. (2.6)s, (3.2)2 and of relation
1

valid for any e > 0 and for each couple of vectors {Ly, Fy}, we get

2 max {f*z, Kg} H1

Sm

(3.31) QrQr < 2 <f6k2dkdk + K@,W,k) <

and

X Iax {f5‘2, Kg} H1

€26,

(3.32) ‘Xﬁle‘ < 62§192 + , Yea > 0.
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Collecting Egs. (3.3), (3.29), (3.32), we have, for any € > 0, ¢g > 0, €1 > 0,
€a > 0,

e;min{1, p}

rt|§/t/e { (s) + S o) + )]
0 S

T

. [3 [(%9+_%8)2+(%8)2] <1+ 610> <1+ 1) te

e min{L, p}x

* 1 *2,K2 H
UM?—KO(S) 1+ a )+ x max { fg*, Kg } Ha(s) dads.
2¢; min{1, p} € €25,

S0%(s)

If we choose the constants such that

61:3“}‘9*?9)2*(”3)2]<1+1><1+1>+62:??<M<1+e>

e;min{l, p}x €0 e;min{l, p}
w 1 wmax { 32, K?
— (1 +- (14 e€0)ons X U 0},
T 2q min{1, p} €26,

the following relations are valid

oy 3Sm
= 1 =,/ —(1
€= 6§M ( +€0) €1 \/mln{l,p}( + 6)7

meax{foz,Kg} min{1, p}
Sx 3§M(1+6)’

moreover, € is the positive root of the algebraic equation (3.15) and €; = vy, as
defined in (3.14). Consequently, we conclude that

(3.33) <2 / / “’8{ (5) +Eo(s) + Ex(5) + X0(s)]

+Ho(s) + Hl(s)} dads.

Therefore, Egs. (3.16), (3.33) lead to Eq. (3.13) and the proof is complete. ]
For a bounded body B, Egs. (3.11), (3.13) imply

(3.34) (57“ [F(r, t)e“ilr] <0, forall re€[0,L], te€]0,7),



ON THE EXPONENTIAL DECAY FOR VISCOELASTIC MIXTURES 111

while, for an unbounded body B, Egs. (3.12), (3.13) imply, for a fixed ¢ € [0, 9]

if for any » >0, ['(r,t) >0,= 88 [F(r, t)eﬁr} < 0;
r

(3.35)

0 _w
if for any r > 7, I'(r,t) <0= — [F(r,t)e Ulr:| < 0.

or

Using Egs. (3.13), (3.34), we can prove the next theorem, valid for a bounded
body. This theorem provides a spatial decay estimate of Saint—Venant type
through a time-independent decay rate.

THEOREM 1. (Spatial behaviour for a bounded body). Let B be a bounded
body and let the hypotheses of Lemma 1 be valid. It follows

(3.36)  I'(r,t) < I(0,t)e =", forall re(0,L], te[0,7). =

Now, we can formulate, with the aid of Egs. (3.13), (3.35), a theorem concern-
ing the spatial behaviour for an unbounded body. The obtained decay estimate
is of Phragmén-Lindelof type.

THEOREM 2. (Spatial behaviour for an unbounded body). Let B be an un-
bounded body and let the hypotheses of Lemma 1 hold true. It results, for any
fized t € [0, 719]:

ifforany r>0 I(r,t)>0= I(rt)<T0,t)e '
(3.37)
if for anyr > 7 D(r,t) <0= —I(rt)>-TF,0en" ™. a

4. Another surface power function and related estimates
In this section, we will investigate another cross-section function, in order

to obtain different exponential decay estimates suitable for short values of time.
We introduce the following function

(4.1) I(rt) = /F(T s)ds
0

S

///ew ﬁz;i)( Vg (T )+7rl(k)( Y (T) + xIH(T )Ql( )] nydadrds.
0 0

Sa
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As a consequence of Egs. (3.16), (4.1), it is

(4.2) %Z;l(r, p = — / / e [T () + Eo(s) + E0(s) + 202 (s)] dads

0 S
s

_/t//e—w {w |:T(7’)+50(T)+51(T)+§192(T):|
0 0 S

T

+Ho(T) + Ha (T)} dadrds.

Under hypotheses (2.7), (2.10), (2.11), for any fixed ¢ € [0, 70|, Eq. (4.2) implies

that
ory

or
and that I'i(r, t) is non-increasing with respect to r.
As for I'(r,t), also for I'1(r,t), when B is a bounded body, it follows

I'(r,t) >0 forall rel0,L], te]l0,70],

(rt) <0,  Vrel0,L]

while, if B is an unbounded body, then it is
either I(r,t) >0 Vr>0, or 37 >0 suchthat Iy(r,t)<0 Vr>r.

LEMMA 2. Let the hypotheses of Lemma 1 be true. For any fized t € (0, 7o),
Iy (r,t) satisfies the inequality

1 0
(4.3) UZ(t)\/%‘Fl (r, t)‘ + 5 Li(r 1) <0,
where
6tspr + ok, [1+ eo(t)]
(44) vall) = \/ 2mi]\r1[{1,p}

and €o(t) is the positive root of the algebraic equation

Gtonr _ 6t[(>) + 53)* + (5)?]

*
M X0 pm

2y max{f;? K2} min{1, p}) “
SmOM

(4.5) €2+ (1 +

=0.

- (1 B Sl 8

* *
Om XO v
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P r oo f. Remembering Eq. (3.29) and using the well-known relations

t s t t
(4.6) // z)dzds / (t —2)a(z)dz < t/a(z)dz,
0 0

0

where a(z) is any non-negative function, we get, for any € > 0, 9 > 0, 1 > 0,

(4.7) / / / —wT 7le Vg (7) + 72 (7)o (7) | mydadrds
0

gJ//

L WVE[oR 4 A+ (AP () (14}) xﬁ2(T>] dadr
3

eymin{l, p}x €0 2

\/5 T(7) + 3Vtour [Eo(7) + &1(7)]

g1 min{l, p} (1+¢)

t

+/// ‘“’ngfﬁﬁo{l )p} (1+i> (1 + eo)dadrds.

0

Moreover, using arithmetic-geometric mean inequality and by means of Egs.
(3.31), (4.6), it results, for any €2 > 0,

(48) / / [ @ mdadrds

0 0 Sa

Vit O/t 5[ e T2 (1) dadr " Vit /t / / e™“TxQy(7)Qi(7)dadrds

0 0 Sa

1/2

t

t s
2 *2 K2 H
gx/i//ewggxqz(ﬂdach _H/z///ewxmax{f ! 0} 1(T)dad7'ds.
0 So

S €2
0 0 Sa
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Collecting Egs. (4.1), (4.7), (4.8), we obtain

g1 min{1, p}

(49 [Nt < Vi / / e L eniT(r) + Y B+ E@)
0 Sa

. [3\/?: [ + 58)* + (-2 (1+ 1) <1+ 1) o

ermin{l, p}x €0

+ \/%O/to/s/e‘” [251;%133(;))}\/ (1 + 1> (1+ &)

| Xmax {£6° K&} Ha(7)

€26,

gzﬁﬂ (1) p dadt

] dadtds.

If e, €9, €1, €9 satisfy the following relations

I 5 (1te) = 3[04 +54)° + (54)?] (1 n 1> <1 n 1) L E2

e1min{l, p} g1 min{l, p}y £0 5 Vi
o* 1 max { f¥2, K2
SRS ¥ <1+>(1+50)—X i 0},
2e1 min{1, p}t £265V/T

we arrive at

o 3Su
— 1 =,/ — (1
¢ 6t§M( + o), el \/min{l,p}( +e),

_ xmax {f3% K¢} | min{1,p}
Sk 3t§M(1+8)’

where ¢ is the positive root of Eq. (4.5) and e1v/t = vs(t), as defined in (4.4).
Then, Eq. (4.9) can be rewritten as

(4.10) Iy (r, 1) < Vius(t) // _“’T T)+ Eo(T)+ E1(T)+ g’ﬁQ(T) dadr

T / / [ e pto() + #a(r)) dadras

0 0 S,
Finally, comparing Eq. (4.2) with Eq. (4.10), we obtain Eq. (4.3). .
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Using properties of I} and proceeding in the same way as for Theorems 1-2,
we establish an exponential spatial decay estimate of Saint—Venant type for a
bounded body and we also get an alternative evaluation of Phragmén—Lindel6f
type, for an unbounded body.

THEOREM 3. (Spatial behaviour for a bounded body). Under the same hy-
potheses of Theorem 1, it follows

T

(4.11)  Iy(r,t) < I1(0,t)e v2®VE, forall re[0,L], te(0,r]. .

THEOREM 4. (Spatial behaviour for an unbounded body). Under the same
hypotheses of Theorem 2, it follows, for any fized t € (0, 7o):
(4.12)

if foranyr >0 Iy(r,t) >0= Ii(r,t) < I1(0,t)e »20OVF;

1 (r—F
if for any r > 7 Ii(r,t) <0= —I(rt) > —Fl(ft,t)evgam(’” ).

5. Conclusions

In the present paper, we study the classical Kelvin—Voigt viscoelastic model,
using a Lagrangian description and considering a mixture made of an elastic solid
and a viscous fluid. In the context of linear theory used to describe the previous
model, we establish spatial behaviours of different types, defining appropriate
time-weighted surface power functions (3.3), (4.1) and studying their properties.
The estimates of first kind (3.36), (3.37) are characterized by a time-independent
decay rate, with results indicated for large values of time. The relations (4.11),
(4.12) show time-dependent decay rates suitable for short values of time. We are
able to establish spatial decay estimates of Saint—Venant type (3.36), (4.11), for
bounded bodies, and of Phragmén-Lindeldf type (3.37), (4.12), for unbounded
bodies.
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