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A CONSTITUTIVE FRAMEWORK of orthotropic elastic damage in initially-isotropic
materials is presented. The constitutive equations are developed within the phe-
nomenological approach of Continuum Damage Mechanics. Focus is made on secant
stress/strain relations that can be derived by the application of the so-called damage-
effect tensors, namely the fourth-order operators that define the linear transforma-
tions between nominal and effective stress and strain quantities. In the attempt to
provide selected forms of anisotropic damage approaching general orthotropy, several
proposals of damage-effect tensors are formulated. Such fourth-order operators are
obtained from the complete orthotropic representations as particular instances that
satisfy a duality requirement between compliance- and stiffness-based derivations.
A complete family of solutions based on a specific non-singular tensor generator is
derived in full invariant form.
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1. Introduction

STARTING FROM THE PIONEERING contributions by KACHANOV [11] and RABO-
TNOV [18], Continuum Damage Mechanics (CDM) has reached nowadays a rather
consolidated stage of development. This includes, among other features (for in-
stance the ultimate coupling between plasticity and damage, see e.g. MAIER and
HUECKEL [16]), the constitutive modeling of anisotropic elastic stiffness degra-
dation in quasi-brittle materials such as e.g. concrete, rocks, composites. The
CDM formulations are typically based on the introduction of damage variables

*)Part of this paper was presented at the International Symposium Anisotropic Behaviour
of Damaged Materials, ABDM 2002, September 9-11, 2002, Krakéw—Przegorzaly, Poland.
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of various tensor orders, i.e. scalars, vectors, second- and fourth-order tensors
(see the comprehensive reference lists provided in both research articles, e.g.
ZHENG and BETTEN [24], CAROL et al. [6, 7], BETTEN [3], and specific mono-
graphs dedicated to the subject that are now available in the literature, e.g.
LEMAITRE [14], KRAJCINOVIC [12], SKRZYPEK and GANCZARSKI [21]).

The present authors have contributed to the topic with a proposal of a
plasticity-type unified theoretical framework of elastic stiffness degradation and
damage based on a loading surface [6], and with the formulation of constitutive
models for anisotropic elastic stiffness degradation in initially-isotropic materials
[7, 8, 19]. The latter models are characterized by second-order symmetric tensor
damage variables with evolution laws expressed in terms of a (non-holonomic)
pseudo-logarithmic rate of damage. The resulting secant elastic relations corre-
spond to a restricted form of orthotropic material behavior that we refer to as
Valanis-type damage, see VALANIS [22] and ZYSSET and CURNIER [25].

During these investigations, the request of deriving more general forms of or-
thotropic elastic stiffness degradation arose spontaneously, together with the de-
sire of preserving at the same time a full duality between alternative compliance-
and stiffness-based derivations of the constitutive relations. These dual proper-
ties can be read-off directly from the structure of the so-called damage-effect
tensors, namely the fourth-order operators that, based on the underlying ten-
sor damage variables, define the linear transformations between nominal and
effective stress and strain quantities. The damage-effect tensors may be either
postulated directly or derived on the basis of specific considerations (e.g. mi-
cromechanical, an approach that is not followed here) and may be adopted to
prescribe in practice the secant relations of elastic damage (MURAKAMI and
OuNo [17], CORDEBOIS and SIDOROFF [9], BETTEN [1], LU and CHOW [15]).
Summaries of the different proposals of the damage-effect tensors available in the
literature are reported e.g. by LAM and ZHANG [13]|, ZHENG and BETTEN [24],
VoviapJis and PARK [23], BETTEN [3].

Recently, the authors have attempted, in a companion paper [20], a gener-
alization of these previous propositions by providing a set of dual orthotropic
damage-effect tensors which are obtained from the general fourth-order orthotro-
pic representations as specific instances that satisfy the duality requirement.
The present note reconsiders some of these new proposals, provides additional
instances of dual damage-effect tensors including those that complete a solu-
tion family based on a specific non-singular tensor generator and categorizes
systematically all the solutions belonging to such a family.

This paper has a theoretical character. The approach followed in the paper,
its target and content are mainly algebraic. We believe that, from this point of
view, it attempts in contributing to the understanding of key issues like those of
the definition of the damaged stiffness or increased compliance, possibly through
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the use of damage-effect tensors. Often in the CDM literature, to the damage-
effect tensors are given forms in which some terms of the general representation
are retained, some not, without apparent justifications, neither physical, nor
algebraic. This paper makes an effort towards a systematic approach of treating
damage-effect tensors (or directly elasticity tensors), at least from an algebraic
point of view, by privileging the role of duality. Though it is not said that these
convenient forms should be necessarily attached to damage cases of physical
meaning, they highlight out as likely the first to be checked for a corresponding
physical interpretation.

The paper is just dealing with secant relations, which is a single ingredient
of a constitutive formulation of elastic damage (which further necessitates the
characterization of other aspects, like for instance the definition of a damage
domain and of appropriate damage evolution laws). However, secant relations are
actually one of the key features of the formulation of a CDM model, often crucial
also in the subsequent definition of these further aspects of the formulation, as
we have experienced in the derivations of our previous CDM models presented
in [7, 8, 19].

The secant CDM relations of the elastic-damage model and the definition
of the damage-effect tensors are provided first in Sec. 2. There, the general or-
thotropic representations of fourth-order symmetric damage-effect tensors and
secant compliance and stiffness tensors, are introduced in terms of three ‘shear-
like’ and six ‘non-shear’ coefficients and the corresponding tensor addends, and
the requirement of duality is precisely stated. To elucidate the type of rep-
resentations that embed the sought dual structure, a few examples of both the
symmetric and non-symmetric dual damage-effect tensors are reported in Sec. 3,
including a new particular symmetric instance that lacks only two ‘shear-like’ co-
efficients and embeds all ‘non-shear’ coefficients. Then, Sec. 4 outlines a complete
family of symmetric solution instances based on a specific ‘shear-like’ generator,
starting from the more general one that includes all the ‘non-shear’ coefficients,
going through new solution instances that involve just subsets of the ‘non-shear’
coefficients (and hold with or without constraints on the coefficients), to arrive
finally at the sole ‘shear-like’ generator itself. All the solution instances of the
family are expressed in complete invariant form and are resumed in the synoptic
Table 1 at the end of the section. A few final comments are gathered in the clos-
ing section. Appendix A at the end of the paper collects the lengthy expressions
of some of the terms entering the various solution instances.

NOTATION

Compact or index tensor notation is used throughout. Second-order ten-
sors are identified by boldface characters (e.g. w, ®, €, 0), whereas fourth-order
tensors are denoted by blackboard-bold fonts (e.g. A,C,E). Symbols ‘-’ and
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‘> between tensors of various orders denote the inner products with single and
double contraction, respectively. Superscript T indicates the transpose operation
applied either to second-order tensors, or to fourth-order tensors; component-
wise (w');; = wj; and (A");j = Agi;- The dyadic product of second-order
tensors is indicated with ‘®” and defined as (A® B) : C = (B : C)A, for
any second-order tensors A, B, C, whereas ‘ ® ’ denotes the symmetrized dyadic
product of second-order tensors defined as (A®B) : C = A - C* - BT, for any
second-order tensors A, B, C, where C* = (C+C")/2 is the symmetric part of
C; componentwise (A®B);jx = Aij By and (A ® B)iji = (A Bji+Aq Bjr) /2.
I and [I°* = I®T are respectively the second-order and symmetric (major and
minor symmetries) fourth-order identity tensors; componentwise I;; = d;; and
I = (0ik0j1 + 0:10,%)/2, where 0;; is the Kronecker delta (6;; = 1 if i = j,
dij = 01if i # j). I* maps any second-order tensor A onto its symmetric part A®,
ie. 1% : A = A® and any symmetric second-order tensor B = BT onto itself,
i.e. I°* : B = B. Symbol ‘tr’ denotes the trace operator applied to second-order
tensors, i.e. tr A =1: A = A;;. For more detailed definitions see e.g. R1zzI and
CARoL [19, Appendix A].

2. Secant relations of orthotropic elastic damage

At any damage state the nominal (small) strain tensor € and stress tensor
o are related by the following secant elastic constitutive laws:

(2.1) e=C(Cyp,D):0; o=E(Ey,D):e,

where C and E are the current positive-definite fourth-order compliance and
stiffness tensors, inverse of each other (i.e. C : E = E : C = [*) and endowed
with both the major and minor symmetries. The current values of compliance
C(Co, D) and stiffness E(Eg, D) start from their initial values Cg, Eq in the un-
damaged state and evolve as functions of generally-defined tensor damage vari-
ables D, or of dual tensor damage variables D (overbars denote dual quantities).
Assuming that the undamaged behavior is isotropic, the initial compliance and
stiffness are expressed by the classical elastic relations

1 _ _
_ 11w I@I—§I®I;EO:2GOI@I+AOI®I,

(22)  C=-% :

in terms of undamaged Poisson’s ratio vy and Young’s modulus Ej, or undam-
aged shear modulus Gy and the first Lamé’s constant Ag. Alternatively, the
undamaged bulk modulus K could be employed instead of Ay through the stan-
dard relations 3Ky = 34¢ + 2Gy = Ey/(1 — 21p). This would privilege a more
convenient volumetric/deviatoric representation of Eq. (2.2) displaying directly
the volumetric/deviatoric decoupling of the isotropic response.
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Through a purely phenomenological approach, the damage-state relations
C = C(Co,D) and E = E(Ep, D) are derived here by following steps that
are typical of the CDM framework (see e.g. the references quoted in the In-
troduction and the schemes provided in [19, 8]): i) a constitutive law is intro-
duced for the undamaged material behavior, which relates effective strain and
stress quantities, €. and Oeg, acting in the intact material between microcracks:
€eft = Co : Oci, Oct = Ep : €efr, where Cp and Eq are given here by Eq. (2.2);
ii) a relation between nominal and effective (stress or strain) quantities is as-
sumed, in linear form, by introducing a non-singular fourth-order damage-effect
tensor which is a function of the damage variables, e.g. A(D) in the stress rela-
tion o = A(D) : o; iii) a second link between nominal and effective states is
postulated through an ‘equivalence’ principle, specifically that of ‘energy equiv-
alence’ (CORDEBOIS and SIDOROFF [9]), 0 : €/2 = O : €cf/2, which auto-
matically renders secant stiffness and compliance enjoying major symmetry. The
following nominal/effective relations are then consistently assumed/obtained:

oot =A (D) : o, e =A"(D) : e,
(2.3) o o
€t = AT(D) : €, 0c=A(D): ot ,

and compliance and stiffness are expressed by the symmetric forms:
(24) C(Cp,D)=A"(D):Co:A(D); E(Co,D) =A(D):Eo: A™(D),

where A(D) = A (D) and A (D) = A (D) are dual non-singular fourth-
order damage-effect tensors, inverse of each other (i.e. A: A=A : A = [°) and
endowed with minor symmetries (not necessarily major symmetries).

Concerning the dual underlying damage variables D and D entering the
dependence of the damage-effect tensors with the damage state, the model of
focus in the present paper makes use of positive-definite symmetric second-
order tensor variables: the so-called integrity tensor ¢ of VALANIS [22], varying
between I and 0, or its inverse ¢ = &)71, with complementary variation between
I and oo. The square-root tensors w = d)l/ 2 w= ci)l/ 2 are as well employed
in notation to express explicitly the functional dependence of A and A on the
damage variables. Positive-definiteness of tensors ¢, ¢, w, W is assumed in the
context of the development of the complete CDM constitutive equation [7, 8, 19].
The way these tensors vary at increasing, irreversible damage, is not considered
in this paper, which focusses just on current state secant relations, without
addressing evolution equations.

Now, since either the damage-effect tensor A(w) or the damage-effect tensor
A(W) could be postulated independently as the source ingredient of the con-
stitutive formulation, we are interested in seeking particular instances of the
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general orthotropic representations of A(w) and A(W), with the property that
their inverses do display the structure of the transposes of the tensors obtained
by replacing w with its dual inverse w (or vice versa). Indeed, notice that inverse
tensors A and A play the same role in Eqgs. (2.3), (2.4), except for a transpose
operation (which obviously matters only if the damage-effect tensors do not
enjoy major symmetry). The resulting damage-effect tensors are said then to
possess dual structures.

General representations of orthotropic fourth-order tensors can be obtained
either by algebraic decomposition (e.g. WALPOLE [26]), or through representa-
tion theorems (e.g. BETTEN [2], BOEHLER [5]), and could be used for either
the compliance and stiffness or for the damage-effect tensors themselves. The
damage-effect tensors could be represented in both the symmetric and non-
symmetric forms. In the present paper we focus mainly on symmetric represen-
tations. Non-symmetric expansions of the damage-effect tensors are considered
in [20]. Then, the general representation of a symmetric damage-effect tensor
A(w) representing orthotropic damage in initially-isotropic materials (LAM and
ZHANG [13]) can be given as follows, according to the ordering of tensor terms
adopted by ZYSSET and CURNIER [25]:

(2.5) A= IxI+alIxl+aswdw
+ ay (WRI+IBW) +a5 w2 QW + a5 WOW
+ar (WRI+I@W) +ag (WRW+wRw?) +ag (WRI+I®w?),

where the 9 scalar coefficients a;, i = 1-9, are any arbitrary functions of the
three principal invariants of w (which can be classically defined as follows, “I; =
trw, ¥I, = (tr’w — trw?)/2, “I; = detw = trw3/3 + tr¥3w/6 — trw trw?/2,
and enter the Cayley-Hamilton theorem applied to w, i.e. w® —*I; w2 +*I, w
—"I,I = 0). In the non-symmetric case each of the three coefficients a7, ag, ag
would split into a pair of two coefficients, namely a71, are, agi, asa, agi, age (e.g.
a71 and aro attached respectively to w ® I and I ® w, and so on), for a total of
6 + 6 = 12 coeflicients.

Notice that the three terms embedding the symmetrized dyadic products ‘ ®’
in representation (2.5) are attached to the three coefficients ag, a4, ag, that we
may label ‘shear-like’, and affect only the diagonal entries of a 6x6 matrix rep-
resentation of the damage-effect tensor in the principal axes of damage. The six
supplemental rank-one updates provided by the addends with standard dyadic
products ‘®’ are attached to the remaining six coefficients a1, as, as, a7, as, ag,
that we may label ‘non-shear’, to distinguish them from the previous ones, and
affect only the upper-left 3x3 submatrix representation of A (these issues are
discussed in details in [20]). The subdivision of terms and coefficients in these
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two classes is just formal and concerns the algebraic structure of Eq. (2.5): it
attaches names to objects for further reference; no implications in the mechani-
cal sense are really implied at this level. For example, this subdivision does not
necessarily correspond to the possibility of defining three independent shears, as
discussed e.g. by BLINOWSKI and RYCHLEWSKI [4]. Notice also that, during the
process of irreversible damage, the type of material symmetry that is described
by representation (2.5) may change, but within the algebraic structure therein
assumed.

Representations similar to (2.5) hold as well for the dual damage-effect tensor
A, in terms of the dual square root integrity variable w and dual coefficients
with bars, a;, i = 1—9 (generally functions of the three principal invariants
of W, I, = tr w,"I, = (tr> W — tr w?)/2, ¥I; = detw), and also for the
current compliance C and stiffness E in terms of the damage variables ¢, ¢
and analogous scalar coefficients c¢;, e;, i = 1—9. The links between alternative
representations of each fourth-order tensor in terms of either ¢ or w (and of ¢

or w) can be obtained through the representation of isotropic functions ¢ = w?,

w = ¢p'/? (and p = w2, W = _1/2).

Notice that a natural constraint on representation (2.5) (and dual one for A)
arises from Eq. (2.3) in the absence of damage: nominal and effective quantities
have to coincide and the linear transformations must reduce to the (symmetric)
identity. Then, for w = I (undamaged state), A(I) = [* = I®I, that is, when
all the scalar coefficients are evaluated in w = I:

(2.6) [(J,Q + 2a4 + a6] (I) =1, [a1 “+ a3z +as + a7 + ag + ag] (I) =0.

3. Significative examples of dual damage-effect tensors

Considering representation (2.5) for A and a dual one for A, the point un-
der consideration here is precisely that of seeking particular instances of such
general representations (possibly with a reduced number of tensor terms) that
correspond to each other through an inversion operation spanning the same set of
terms. In other words, if a coeflicient is taken out from the complete orthotropic
representation of A, say e.g. aq, while the others are kept in, the dual coefficient
a1, and none other, should disappear as well in the dual representation of A.

The task of seeking instances that solve the problem at hand has been tackled
in [20]. A set of solution instances has been advanced, based on either a rigorous
treatment, whenever possible (that takes advantage of matrix representations
on the damage-effect tensors in the principal axes of damage), or on guessing
procedures and guided searches, as well as on the use of tensor multiplication
tables and on the repeated application of Sherman—Morrison’s formula for the
inversion of a rank-one update of a given tensor.
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The rigorous analysis showed that solution sets including all the ‘shear-like’
coefficients a9, a4, ag are possible and that the unknown dual ‘shear-like’ coeffi-
cients asg, a4, ag can be readily expressed in closed form as follows (their deter-
mination is indeed decoupled from that of the ‘non-shear’ coefficients):

_—— a% + a4(a2w_[1 + a4w]’2 + a6wI3)

a2 d b
S

__Gg0Gg — ‘1421 w

(3.1) ay=—"—— "Iz,
S
5 — ay(ay + a,"T + ag™h) + ag 1y wf
6 ds 3

where
(3.2) ds = a23 + a22 (2 a4 WII + ag WIQ) + CL43 (Wfl WIQ — ng)

+ 2 ayg a62 WIZ w[3 + a63 w132 + CL42 aﬁ(w122 + wll WI3)

+as (as® ("I,2 + L) + ag® T, VI3 + asag (M, VT, + 3V5)) .

P r o o f. To prove quickly these relations in an independent way, consider
representation (2.5) for A in terms of w and dual one for A = A ™! in terms of
w =w L. Since it is required that A : A = I®1I, one expands the product of A
and A and retains only ‘shear-like’ terms with symmetrized dyadic product ®
(since those are the only ones that can fully span the identity, see observations in
the paragraph after Eq. (2.5)). By performing such operation, whereby one may
make use of tensor multiplication tables as those provided in [19, Appendix A],

one gets:
(3.3) A : A = (agas + 2a4a4 + agte) IQT + agao w @ W
+ (aqa2 + agay) (WRI+ 1R W) + asae W QW
+ (a2a4 + a4a6) ( WRI+IQ@ W) + a4a4 (WRW + WR W)
+ ... (‘non-shear’ terms with ®) .

Next w is expressed in terms of w through the Cayley-Hamilton theorem applied
to w, w=1/"I; (w?—"I; w—"I, 1) and substituted in the last three ‘shear-like’
terms of Eq. (3.3). Also, Rivlin’s tensorial identities [20, Appendix B], are em-
ployed to reduce the arising terms in w?:

W RI+IZW? = —"LIRI —-waw+ ", wRI+IQw)+ ... ;
(34) wRwr+waw = "LIRI+",wOW+ ... ;

W AW ="Lwew—"I; (wRI+I®w)+.. .
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By doing so, one gets:

&
S
I
|

w

<“’I1 I®RI— (W®I+I®w)> + .. ;

(35) woI+I

®
S
I
|

<WI2 I®I— W®W> + .

|

_ 1 _ _ _ _

WRW+WRW= W[<_ LIQI-"Lww+ ", (w® I+ I®w)>+
3

Finally, one collects terms I® I, w@w, w® I+ I®w and, to impose A : A =

I®I at any damage state w, sets to 1 the coefficient premultiplying I® I and

to 0 the coefficients premultiplying w®@w and w®1I + I® w, to gather the

following 3x 3 linear system of equations in the unknowns as, a4, ag:

a9 GQWIQ/w13+a4 alel/wIB+a4w12/wI3+a6

(3.6) —ag"l3 as + as™1; a4
—a4WI3 —a4“’12 — a6“’I3 a9
as 1
a4 = 0 )
ag 0

which renders Egs. (3.1)—(3.2). Notice that ds, Eq. (3.2), is the determinant of
the coefficient matrix in Eq. (3.6).

On the other hand, locating specific subsets of the ‘non-shear’ coefficients
ai,as,as,ar,as, ag and dual ones aq,as, as, ar, as, ag that correspond to each
other in the dual structures, turns out to be more involved. Particular solution
instances of this sort that miss one or two of the three ‘shear-like’ terms can
be conveniently identified from Eq. (3.1), in particular those containing only
either ‘shear-like’ coefficients ag, ag or ag, ag (in such cases the dual coefficients
simply become reciprocal, i.e. ag = 1/ag, ay = 1/ag or ag = 1/ag, ag = 1/ag).
These two possibilities are further explored in the present paper, specifically
the second one concerning ‘shear-like’ coeflicients ag, ag, which originates the
complete solution family presented in Sec. 4. A new general solution based on
‘shear-like’ coefficients a9, a2 and containing all six ‘non-shear’ coefficients is
derived as well in the paper and given below in the present section.

Before presenting the solution instances of the family characterized by ‘shear-
like’ coefficients ag, ag (Sec. 4), a few particular instances of damage-effect ten-
sors endowed with dual structures and based on both ‘shear-like’ generators
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a2 IRI, asI®T and agw @ W, agw @w are given below as illustrative exam-
ples of the sought correspondence. All the listed cases hold without placing any
constraint on the coefficients.

A first case is readily apparent:

SOLUTION (2.1). The isotropic case in which only the two-coefficients sets
(a1,a2) and (aj,as) are kept in the expansions of A and A (in the following
notations the pivoting ‘shear-like’ terms are always presented first):

(3.7) A=aI®Il+a IRI, A=aI®l+a, I®I,

with the classical ‘isotropic’ inversion relations

1 aj
( ) 2 ao ! as (3(11 + a2)

This assumption may lead to a general form of isotropic damage based on two
independent scalar damage variables (if the two coefficient functions aj,ag are
taken as independent), or to a restricted form of isotropic damage based on a
single scalar damage variable (if the two coefficient functions a;,ag are linked
to each other, as for instance is the case in the classical scalar damage models
of the so-called (1—D)-type), see e.g. JU [10]. Solution instance (2.1) is based
on ‘shear-like’ generators as I® I, a2 I® I (number 2 as the first label digit) and
contains a single ‘non-shear’ coefficient (number 1 as the second label digit).

A new solution instance based on the same ‘shear-like’ generators as I®1,
a2 I®T and representing a full generalization of Solution (2.1) that contains all
siz ‘non-shear’ coefficients a1, as, as, ay, ag, a9 (and thus without constraints on
the coefficients) can be derived as follows in full invariant form:

SOLUTION (2.6). Symmetric damage-effect tensors A and A with the seven-
coefficients sets (a1, as,as,as,ar,as,a9) and (ai,as,as,as,ar,as,ag) (lacking
only the two ‘shear-like’ coefficients a4, ag and ay, ag), form the symmetric dual
inverse pair:

A=aI@l+aI10I+a3WwQW+as w? @ w?

tar(wWRI+IQW) +ag (W OwW+wew?) +ag (w?RIT+I®w?),

A=a101+a I0l+a3wowW+a; W’ @ w?

+a; (WRI+IW)+ag (W Rw+wew?) +a (W ol+Iew?),
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with
1 — — fos W, 2
_ _ n21 _ na3 _ N5 13
az = —, a; = = az = = as = =
as az do az da az do
(3.10) — 3 wI e WI
_ noy _ nog VI3 nog VI3
a7 = ——=, 8§ = —, 9= — -
az do az do az do

where quantities do, 7io1, Mg, o5, No7, Mg, Moy represent lengthy expressions
that are reported separately in Eqgs. (A.1)—(A.7) of Appendix A.1.

In principle, this solution can be derived following arguments similar to those
already presented in deriving Eqgs. (3.1)—(3.2). The representations for A ad A are
taken without ‘shear-like’ terms attached to a4, ag and a4, ag, which are set to
zero, and with @ = 1/ag; the product A : A is formed by tensor multiplication;
the ‘non-shear’ coefficients with bars are identified by a system of 6x6 linear
equations that arises by imposing the equality A : A = I® I at any damage state.
On the other hand, to perform such a task in practice, the procedures that are
explained in [20] are employed, which go through matrix representations in the
principal axes of damage and are implemented with the help of a mathematical
symbolic software.

Selected reduced particular cases of this general solution based on both the
five and four ‘non-shear’ coefficients (including also non-symmetric instances
that are not comprised in the general relations provided here) are given in [20].
Further solution instances of this type could be obtained as well as particu-
lar cases of Solution (2.6) but would be given by even lengthier expressions.
From the general solution it can also be checked by inspection that there are
no particular cases of this general solution that hold without constraints on the
coefficients (besides of course the isotropic Solution (2.1) and the degenerate in-
stance containing only the ‘shear-like’ tensor generators as I® I, a2 I®T alone).
Thus, the family based on Solution (2.6) is not explored further.

Four additional significative cases based on ‘shear-like’ generators ag w @ w,
ag W @ w can be reported below (including two non-symmetric ones):

SOLUTION (6.0). The ‘shear-like’ generators attached to ag and ag taken alone
(i.e. zero ‘non-shear’ coefficients):

(3.11) A=aswWRw, A=agwWRw,
with
1
12 ag = — .
(3.12) s =

This case is remarkable since it renders, through Egs. (2.2), (2.4), the Valanis-
type compliance and stiffness [22, 25] in which the inverse integrity tensor
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(1):&)71 and integrity tensor ¢ just replace the identity I in the original isotropic
compliance and stiffness (2.2). Indeed, taking ag = ag = 1, i.e. by assuming
the so-called ‘basic’ damage-effect tensors Ap,s = d)l/ 2 @(bl/ 2 and Apas =
&)1/ 2 @&)1/ 2 inverse of each other, Valanis-type secant compliance and stiff-
ness are recovered [7]: C = (1+19)/Eod @b —1p/Egp Db, E=2Gop D P+
Ao R b.

SOLUTION (6.1). The implications of Solution (6.0) suggest that the symmetric
Valanis-type structure of compliance and stiffness could be taken by itself to
express the damage-effect tensors, i.e. by keeping only the dual two-coefficients
sets (ag,a3) and (a@g,a3) in the representations of A and A:

(3.13) A=agwWRW+a3wRw, A=agWRW+aswRwW,
with
1 as
3.14 G = —, d3=-———o3
( ) 6 ag 3 ag (3a3+a6)

Notice that the ‘isotropic’ inversion relation between as and as in Eq. (3.14)9
holds similarly to what is displayed by Solution (2.1), Eq. (3.8)2. Clearly, the
arising secant compliance and stiffness are no longer of the Valanis-type. This
solution represents the first symmetric generalization of Solution (6.0) based
on single additional ‘non-shear’ coefficients ag, az. Further symmetric general-
izations containing more ‘non-shear’ coefficients are pursued systematically in
Sec. 4.

Two supplemental non-symmetric instances based respectively on one and
four ‘non-shear’ coefficients are given instead below:

SOLUTION (6.1ns). A non-symmetric solution instance still based on the same
‘shear-like’ generators attached to ag, ag and in a sense similar to Solution (6.1),
is given by the dual non-symmetric damage-effect tensors embedding just two-
coefficients sets (ag,ag2) and (ag,ag;) (in the commented 12-coefficients non-
symmetric counterpart of representation (2.5)):

(315) A = ag w®w+a921®w2, A = ag W®W+a91 V_V2®I,
with

1 ag2
3.16 ag = —, g = ————"
(3.16) ag ag (3age + ag)
The arising secant compliance and stiffness still belong to the above-mentioned
Valanis-type structure, but include modified elastic parameters replacing un-
damaged ones and embed a convenient volumetric/deviatoric decomposition of
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the damage properties allowing to assign different weights to bulk and shear
damage components (‘extended’ formulation, see [8] for the details).

An additional non-symmetric case still based on the same ‘shear-like’ coef-
ficients ag, ag and generalizing the ‘extended’ model that may be derived from
Solution (6.1ns) can also be deduced as reported in [20]. This solution case
includes four ‘non-shear’ coefficients. It is remarkable because it comprises pre-
vious Solutions (6.0), (6.1), (6.1ns) and holds as well without constraints on the
coefficients:

SOLUTION (6.4ns). Five-coefficients sets (ag, as,ars, asa, ag2) and (ag,as,ar,
as1,ag1) give rise to the non-symmetric dual inverse pair (based on four ‘non-
shear’ coefficients):

A=ag WRW+az3 WRW+arn I@w+agww?+agp I®w?,
(3.17) )
A=agWRAW+a3wRW+ar WRI+ag W? @ W +agr w21,
with
1 __ apaz + 3(azagz — arzas)
ag = —, as = — = s
ae ag dns
_ agagz — "Iy /"I3(azagz — araags)
a’71 == - 37 )
ag dns
(3.18)
__ apag2 + 3(azage — araasz)
agy = — — ,
ag dns
_ agarz — "I (azags — arzas)
a81 - = 7 b)
ag dns
where
(3.19) Jns = CLG((LG + 3asz + 3age + a72w12/w13 + aggwfl)

+ (agagg — a72a82)(9 — wfl WIQ/WI3) .

Solution (6.1ns) is recovered from Solution (6.4ns) by setting consistently
as = ara = agg = 0, az = aye = agz = 0 in Egs. (3.17)—(3.19). Notice that ‘twins’
of Solutions (6.1ns) and (6.4ns) may be obtained as well just by inverting the
roles between coefficients with and without bars in Egs. (3.15) and (3.17).

4. A family of symmetric dual damage-effect tensors

In this section the complete solution family based on ‘shear-like’ tensor gen-
erators agw @ w, agw @ w is derived. The more general solution including all
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‘non-shear’ coeflicients is presented first. Then, all particular cases endowed with
the dual structure are systematically located by inspection and worked out in
full invariant form. One notable case with three ‘non-shear’ coefficients holds
without constraints on the coefficients (Solution (6.3)).

SOLUTION (6.6). A full solution instance based on ‘shear-like’ coefficients
ag, ag generalizing Solutions (6.0), (6.1) and containing all siz ‘non-shear’ terms
(thus without constraints on the coefficients) can be obtained by taking symmet-
ric damage-effect tensors A and A with the seven-coefficients sets (a1, a3, as, ag,
az,as,a9) and (ay,as,as, ag, az, as,ag) (lacking only the two ‘shear-like’ coeffi-
cients ag, asq and ag, aq):

A =agw QW + a; IQI+a3w@W+as w2 Qw2

tar (WRIH+I®W) +ag (W @wW+wew?)+ag (W2 @I+10w?),

A=agwadw+a Il +a3 weWw+ad; w’ Qw2

+ar (WRI+Iew)+as (W W +wWe W) +ag (W I+Iew?),

with
1 - - - — WI 2
_ ' _ ne1 _ n63 _ nes 13
g = — ay = — = a3 = — = a5 = ———= —
(4.2) ag ag de ag de ag dg
_ ne7 _ ngg I3 ngg “I3
a7 = — 7 ag = ki 9 9 — =
ag de ag dg ag dg

where quantities dg, N1, M63, 765, N7, Nes, Moo are given in Eqgs. (A.8)—(A.14)
of Appendix A.2.

Although still given by quite lengthy expressions, Solution (6.6) looks sim-
pler than its counterpart Solution (2.6) based on ‘shear-like’ generators a I® I,
a2 I®T (Sec. 3) and originates further interesting particular cases, which are ex-
plored systematically in the sequel. As stated right after Eq. (A.7), this solution
has been worked-out algebraically by the procedures reported in [20], which cor-
respond to impose the duality relation A:A=I®1 at any damage state, leading
to a linear system of 6x6 equations (recall that the 3x3 solution of ‘shear-like’
coefficients has been handled independently at the beginning of Sec. 3).

We start listing below the six solution cases that contain five of the ‘non-
shear’ coefficients and are obtained by eliminating in turn one of the ‘non-shear’
coefficients from Solution (6.6). The missing ‘non-shear’ coefficient is indicated
by the third label digit.
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SOLUTION (6.5.1). Symmetric damage-effect tensors A and A with the six-
coefficients sets (as,as,aq,a7,as,a9) and (as,as,ag,ar, as,ag) (lacking only
‘shear-like’ coefficients as, a4 and as, a4, and ‘non-shear’ coefficients a; and a;)
form the dual inverse pair:

A=acWwW+a3w W+ az w? @ w?

+ar(WRI+I®W) +ag (W2 @wW+wRWw?) +ag (W2 @I+1®w?),
(4.3)

A=GgWRW+ a3 W QW+ a5 W> @ w2

+ar(WRI+Iew)+as(Wow+wew?)+a (W I+Iow?),

provided that

a nis
3 = ;
3asag*ly? — 2a3(“1,* — 3%1,"1)
(4.4)
_ nis
a3 = wr 2 —2 /Wy 2 wT W ’
where
nys = ag"ls <a52,“’1'1 — 2(asar — agag)*I, — (asag — 3a§)“’13>
+ (2@5@% + ag(a6a9 — 4a7ag)> (“722 — 3W11W13),
(4.5)
nfy = ag™I5 (aﬁ”’“fl — 2(asar — agag)“I, — (asae — 3&3)”’%)
+ (2@5@% + ag(ELGng — 4@7@8)> (‘7722 - 3‘7"[1‘7"]3) ,
with
Go=—; ag= 4y = 1T
6 as ) 3 ag d12 ) 5 a6 d12
(4.6) Gy = ag(“’IZQ —2"I1"15) — (a5a6w_Ig + (asar — agag)“1y) "I,
Qg d1 ’
_ n1s WI3 _ 3a5a7""[3 — QQ(CLQWIQ + 3agwf3)

ag = ; ay Y3,

Qg 6712 Qg d1
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where quantities di, 713, 715, N1g are given in Eqs. (A.15)-(A.18) of Appen-
dix A.3. Solution (6.5.1) is obtained as a particular case of Solution (6.6) by
setting a; = 0, a; = 0, which leads to the constraint (4.4).

Notice that constraints (4.4) must necessarily hold to make (4.3) a dual pair
through either the correspondence A—A, as presented here, or A—A. On the
other hand, Eq. (4.6)2 gives the expression of as in terms of w as obtained from
the solution in the correspondence A—A, according to the following reasoning:
given A (in terms of coefficients a; and tensor w, with constraint (4.4); holding
on ag, find out A that is the dual of A, thus all its coefficients @; in terms of a;
and w). One may check that Eq. (4.6)2, in terms of w, turns out to be consistent
with Eq. (4.4)2, in terms of w.

SOLUTION (6.5.3). Symmetric damage-effect tensors A and A with the six-
coefficients sets (a1, as,aq,a7,as,a9) and (ai,as,as,ar, as,ag) (lacking only
‘shear-like’ coefficients as, a4 and as, a4, and ‘non-shear’ coefficients a3 and as)
form the dual inverse pair:

A:agw@w+a11®1+a5w2®w2

+ar (WRI+IQW) +ag(W@w+ww?)+ag (W @I+1I®w?),

A=agwaw+aII+a;w?Qw?

+ar(WRI+IeWw)+as (W @W+we W) +ag (W @I+Iew?),
provided that

1 31
a§ 9 —732_( —712_2 To)( —722_2 1,"13)
(4.8)
1 )
a1 =— — - — - —
' d§ 9W132_<w~712_2w~72)(wf22—2w11wf3)
where
— az(asar — 2agag) <9W1'32 — (“I,2 = 2"1,) (VI,* — 2W11WI3)>,
(4.9)

7%, = Geds (6a7 +ag("1,2 - 2%))“’732 + aga2("L2 — 2°1,°1)

— ar(asar — 2asas) (9“’”132 ~ (12 - 2L (L2 — 2“’”11“’”13)) ,
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with
6 as ) 1 ag d32 ) 5 ag d32 )
(4.10) d7 = —ag a7 ("Iy" — 21, {3) + 3ag™l; ’
ag d3
_ 3a7 + ag(M1 2 _9ov] - nigg 1.
ds = as (M1 2) 1,2, _ =y
Qg d3 Qg d3

where quantities ds, N1, Nas, N3e are given in Egs. (A.19)-(A.22) of Appen-
dix A.4. Solution (6.5.3) is obtained as a particular case of Solution (6.6) by
setting ag = 0, as = 0, which leads to the constraint (4.8).

SOLUTION (6.5.5). Symmetric damage-effect tensors A and A with the six-
coefficients sets (a1, as,aq,ar,as,a9) and (a1,as,ae,ar,as,ag) (lacking only
‘shear-like’ coefficients ag, as and ag, a4, and ‘non-shear’ coefficients a5 and as)
form the dual inverse pair:

A=asww+aIIl+azwedw

+ar(wRI+Iw)+ag (W @w+wew?) +a (W @I+Iew?),
(4.11)

A=agsww+a IQI+aswew
+ar(WRI+IW) +as (W @W+Wwe W) +ag (W oIl+Iew?),

provided that

ag (a1a6 —3a2+2(ajag—arag)*; —a%(wll2 -2 ‘”12))

az=-—
’ 3ayag — 2a2("1,% — 3™1,)
2a8(a1a8—2a7a9)(wll2—3WIQ)
3arag — 2a¢(*I,2 — 3%1,)
(4.12)
ag (a1a6—3a$+2(a1a8—@7ag)W11—ag(V’"112—2%))
a3 =—

3ayae — 2a3("1,* — 3%I,)

2ag(ayag—2arag)(*1,2—3"1,)
3ayag — 2a3("1,% — 3"I,)

)
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with
i _ 1 G — st G — 53 G — 57
6 %7 1 ag d52 ; 3 ag d52 ) 7 ag d527
ai (ag + ag“I,) — ag (a7 ™I, + ag (V1,2 — 2%I.
(413)  gg— “(wtas™h) o (a7 + a9 ("I 2)) o,

ag ds

. 3aiag — ag (3 a7 + ag‘”Il)

_ wy
“ ag ds °

where quantities ds, ns1, Ns3, N7 are given in Egs. (A.23)-(A.26) of Appen-

dix A.5. Solution (6.6) is obtained as a particular case of Solution (6.5.5) by

setting as = 0, as = 0, which leads to the constraint (4.12).

SOLUTION (6.5.7). Symmetric damage-effect tensors A and A with the six-
coefficients sets (a1, as,as,aq,as,a9) and (ay,as,as,ag, as,ag) (lacking only
‘shear-like’ coefficients as, a4 and as, a4, and ‘non-shear’ coefficients a7 and ar)
form the dual inverse pair:

A=agwOdw+a 1T+ a3w@wW+ asw? @ w?

+ag (W RwW+wew) tag (W @I+1ew?),
(4.14)

A=agwOwW+a Il +a3w W+ a5 W’ Q@ W2
+ag(W@w+wRwW?) +a (W QI+Iw?),
provided that

nis
a5 = — )
(4.15)
_ 1 n7s
aS_T,WW27ww2 wT 2w wr wy \ ’
where
*x wr 2 WT W wWT W w w1 2
nrs = ajagas(Vly* — 2V, V15) — asasag ™Iy + agag(ag + 3ag + ag™I; ) VI
+ (@103 + azag) ([ "T,* — 2V, 2V — 3V, T),
(4.16)

ks = aragas(“ly° — 2%, "I3) — asagto ™I, I3 + dgts (s + 3ag + as™I, ) 15>

+ (@183 + azag) ("1 V" — 2¥1,7T; — 371,"15),
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with
ZLG _ . al _ ((13(19“/]2 — a6a8WI3)WI3 j alag(“’122 — 2w]1w13)
ag ' ag dry '
wr 2 WwWJ W wr 2 _ wr 2
(4.17) a3 = —ay a1 (" = 20 "y) + (a6 + 3a9)"s , a5 = s Ty ;
ag drs ag dry dr3
WI wI WI 3 N w[
g — a1 1y +ag™ly Vg “, o — ajag — asag 1y W[32,

ag dr3 ag dr1

where quantities d7y, dr3, irs are given in Eqs. (A.27)-(A.29) of Appendix A.6.
Solution (6.5.7) is obtained as a particular case of Solution (6.6) by setting
a7y = 0, a; = 0, which leads to the constraint (4.15).

SOLUTION (6.5.8). Symmetric damage-effect tensors A and A with the six-
coefficients sets (a1, as,as,aq,ar,a9) and (a1,as,as,as,ay,ag) (lacking only
‘shear-like’ coefficients ag, a4 and ag, a4, and ‘non-shear’ coefficients ag and ag)
form the dual inverse pair:

A=agwRW+aI@I+a3w@wW+ a5 w? @ w?

+ar(WwRI+I®w)+a (W RI+Iow?),
(4.18)

A=agWwRW+aI1QI+a3W R W+ a5 W> @ W
+ar(WRI+Iew)+a (W @I+Iew?),

provided that

1 ng
a1=-— w wT 2w wr 2 Wl w ’
(4.19)
al=— — — Wt 2w wr 2 W W ’
where

(4.20) ng = atar™I; + (azal + asa?)(“I,2"T, — 2°1,% — 3V, V15)

+ a()‘ |:a/$w_[2 - a3a9w11w13 + a7 (3@9 + a5(w_[12 - 2w12)>w_[3i| B
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(4.20) Rk, = a2ar*ls + (asad + asa) ("I, 2", — 29,2 — 3%1,%1,)

[cont.]

+ag [a?% — G3ag”L,"I5 + <3a9 +as("L2 - 2@[2))‘”[3} ,

with

_ 1 _ ng1

ag = —, al) = ——=——=,

ag ag dg3 dgs
3 w2 — %]
Gy — —ay 961309 + a5("]y 2) v, |
ag dg3

(4.21)

_ agQ7 — agag“’ll + (15617(‘"[12 - 2“72) wr 2

as — — = [3 s

ag dgs
wI v . Y, —3 I
ZL7:(13 % 1 3:{_&9 27 a9:_a3a9 2 7015(17 3WI3)

ag dg3 ag dgs

where quantities dgs, dgs, ig1 are given in Eqs. (A.30)-(A.32) of Appendix A.7.
Solution (6.5.8) is obtained as a particular case of Solution (6.6) by setting
ag = 0, ag = 0, which leads to the constraint (4.19).

SOLUTION (6.5.9). Symmetric damage-effect tensors A and A with the six-
coefficients sets (a1, as,as,ag,a7,as) and (aq,as,as,as,ay,ag) (lacking only
‘shear-like’ coefficients ag, a4 and ag, a4, and ‘non-shear’ coefficients ag and ayg)
form the dual inverse pair:

A=agwWRW4+aI@I+az3w W+ a5 w? Q@ w2

+ar(WRIHI®W)+ag (W @w+wew),
(4.22)

A=agwRW+a Il +a3w @ W + ds W2 @ W2
+ar (WRI+I®W)+as (W@ W+ W ® w?),
provided that

aragas™ly + (a1a3 + asa?) (M1, V1, — 9%I;)

(4.23) az =

ag(3a1as + 3arag + asar™1) "1,
a1a5(w_[1w,[2 - 9WI3) ’
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(4.23) a araeas"Ty + (@103 + a5az) ("I, "I, — 9"T5)

[cont.] 3= d1d5 (\7\1[1\7&112 _ 9v'vI3) ’

ag(3a1as + 3aras + asar"l;) "Iy
aras (VI %I, — 9%15) ’

with
= 1 _ a1w12 + 3a7‘”I3
ag = — a = —a5 ————=———,
a6 ag do1
n 3 I
(424) as = —L’ as = —aq Lﬁz&’)l wI327
ag do1 dos ag dos
_ 3a1 + a7™l w _ ag™l5 + 3as™1I. w
ar = a5 —————1 1, g =a, —=2— >3 I,
ag dg1 ag dos

where quantities dgi, dgs, fig3 are given in Eqs. (A.33)-(A.35) of Appendix A.8.
Solution (6.5.9) is obtained as a particular case of Solution (6.6) by setting
ag = 0, ag = 0, which leads to the constraint (4.23). Solutions (6.5.7), (6.5.8),
(6.5.9) display a similar degree of complexity, which appears to be lower than
that shown by Solutions (6.5.1), (6.5.3), (6.5.5). These, in turn, look even more
involved than the source Solution (6.6) itself.

We consider now the only three dual solution instances that are based on
four ‘non-shear’ coefficients. The two missing coefficients are indicated by the
last two label digits.

SOLUTION (6.4.17). Symmetric damage-effect tensors A and A with the five-
coefficients sets (as, as, ag, ag, ag) and (as, as, ag, as, ag) (lacking only ‘shear-like’
coefficients ag, a4 and ag, a4, and ‘non-shear’ coefficients a;, a7 and ap, ar) form
the dual inverse pair:

A=asgWRW+az WwR® w+tas w? @ w?

+ag (W2 @ wtw @ w?)+ag (w? @ I+I @ w?);
(4.25)
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provided that
a5 = agas “Iy 0 — ag ag “I,"I5 + ag (1,2 — 2¥1,"T,)
ag Iy ’ a6 WI?,Q ’
(4'26) W — W w — Wy 2 wT W
a3:a6a8£ as:agag 1213+a9(j2 —2_[1 _[3)
with
_ _ 1 a,8 w[g
ag = —; ag=—-—— —->"——,
6 ag 3 ag 3a8‘"l3 + a9,
2ag(";% — 3%L,)"I wT 2 — VL)V
(4.27) as = a2 as ("1, 2) 23 + GQW( i 2) 2
ag (3@9 + aﬁ) (3&8 13 + ag IQ)
WL
ag agag 11 13 fo = — ag

- ag (3@9 -+ CL6) (3(18“’[3 + ag“’IQ)’

ag (3ag + ag)’

Solution (6.4.17) is obtained as a particular case of Solution (6.6) by setting
a; = a7 = 0, a3 = ay = 0, which leads to the two constraints (4.26). If con-
straint (4.26); is placed on ag instead on ag, relation (4.27)s for ag transforms
to the ‘isotropic’ inversion relation ag = —ag/[ag(3as + ag)] displayed by Solu-
tion (6.1), Eq. (3.14)2. Notice also that a similar ‘isotropic’ inversion relation

holds in Eq. (4.27)5 between coefficients ag and ag.

SOLUTION (6.4.58). Symmetric damage-effect tensors A and A with the five-
coefficients sets (a1, as, ag, ar, ag) and (a1, as, ag, ar, ag) (lacking only ‘shear-like’
coefficients ag, a4 and ag, a4, and ‘non-shear’ coefficients as, ag and as, ag) form
the dual inverse pair:

(4.28)

A=asww+a II+azswdw+a; ( wI+I®w)

provided that

(4.29)

a

a7"l, + ag(V,? — 2*1,)
9

ae

Y

a1 = ag

ae

)

+ag (W RI+1I®w?),

A=agsww+aIegl+azwew+ar (Wol+Iow)

+ag (W RI+1I®w?),

ae ay
as —

agwfl ’
_ ae ay
a3 = —¢

agwfl ’
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with

g = —: i = a2 2a7 ("> —3"1,"1;3) + a9WI1(WIQ2—2w11WI3)’

ag as (3ag + ae)? (a7 + ag™1;) 15>

_ ar
4.30 as = — ,
(4.30) s ag (3a7 + ag™1;)

_ ar ag I, _ ag

g (3ag + ag) (3ar + ag™;) VI3’ * 7 ag (3ag + ag)”

Solution (6.4.58) is obtained as a particular case of Solution (6.6) by setting
as = ag = 0, as = ag = 0, which leads to the two constraints (4.29). Once
again, if constraint (4.29)2 is placed on a7 instead on a3, Eq. (4.30)3 for as
transforms to the ‘isotropic’ inversion relation ag = —as/[ag(3a3+ag)] displayed
by Solution (6.1). A similar ‘isotropic’ inversion relation also holds in Eq. (4.30)5
between ag and ag.

SOLUTION (6.4.78). Symmetric damage-effect tensors A and A with the five-
coefficients sets (a1, as, as, ag, ag) and (a1, as, as, ag, ag) (lacking only ‘shear-like’
coefficients ag, a4 and asg, a4, and ‘non-shear’ coefficients ar, ag and ar, ag) form
the dual inverse pair:

A=agwdW+a Il +azwew+as w? @ w?

+ ag (w2®I+I®w2),
(4.31)

A=agwadw+a Il +a3wew+a; w’ QW
+ag (W RI+1I®w?),
provided that

(4.32)
_ _ Mg _ _
a1 = —ay TIQ’ a5 = —ag ""Il"_"Ig )
with
g = L. — ay W{22 as— - as
ag ag drs ag (3a3 + ag)
(4.33)
i — ag™1,* 15 L a0 1)1, T |
ag drs ag drs
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where
(4.34)  drg = ag™1; "I, T3 — 2ag (WIQQ ("1 % =) =1 (2 + 3w]2)) :

Solution (6.4.78) is obtained as a particular case of Solution (6.6) by setting
a7 = ag = 0, a; = ag = 0, which leads to the two constraints (4.32). Notice the
‘isotropic’ inversion relation between a3 and ag in Eq. (4.33)3 as it appears in
Solution (6.1).

The only particular solution which is based on three ‘non-shear’ coefficients
is considered next:

SOLUTION (6.3). Symmetric damage-effect tensors A and A with the four-
coefficients sets (a1, as, ag, ag) and (a1, as, ae, ag) (lacking ‘shear-like’ coefficients
az,as and ag, a4, and ‘non-shear’ coefficients ag, a7, ag and as,ay,ag) form the
dual inverse pair:

A=agw@w+a II+as w?@w?+ag (W2 RI+10w?),

(4.35) B
A=agwaw+a Iol+a; w2@w? +ay (W2RI+I®w?),
with
_ 1 _ (Cl,g2 - a1a5) (w122 - 2wfl w[3) — asag w[32
ag = — ; ap = ] ’
ag Qg d

J— 2 —_ w 2 _ w
(4.36) g, = 1% (a9? — aras) (*1)* —2"Ty)
Qg d

__agag + 3(ag® — ajas)
Qg J

2
ng ,

ol
e}
|

where

(4.37) d = (ag(as + 6ag) + 9(ag® — aras) + asag (VI — 2%1,)) 15>
Solution (6.3) is obtained from Solution (6.6) just by setting consistently
a3 = a7y = ag = 0, ag = ay = ag = 0 and holds without constraints on the
coefficients.

The two solutions embedding the two ‘non-shear’ coefficients that are indi-
cated by the last two label digits are now reported:

SOLUTION (6.2.59). Another solution instance arises as a particular case of
Solution (6.3) above by setting a; = 0, a; = 0, namely by taking symmetric
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damage-effect tensors A and A with only the three-coefficients sets (as, ag, ag)
and (as, ag, ag) (lacking ‘shear-like’ coefficients ag, as and as, a4, and ‘non-shear’
coefficients a1, a3, a7, ag and &1,@3,67,&8):

A=agwWRW+as w2 @w?+ag (W RI+1I®w?),
(4.38) )
A=agwWwRW+as W2 @WwW? +adg (W2 RI+1Iw?),

provided that

a2 ("I,2 — 2",V a2 (1,2 — 2%1,%I.
(4.39) a5 = 5 ("I, w21 3)3 a5 = 5 ( 2_ - 21 3)’
a6 I3 a6 WI3
with
1 2 wr 2 oW,
(440) ag = — ; as = ag( 1 22) ag = —L .
ag ag (3ag + ag) ag (3ag + ag)

Notice that the conditions a; = 0, a; = 0 imposed onto Solution (6.3) lead to
the constraint (4.39).

SOLUTION (6.2.19). A further solution instance which is an alternative par-
ticular case of Solution (6.3) is obtained by setting az = 0, a; = 0, namely by
taking symmetric damage-effect tensors A and A with only the three-coefficients
sets (a1, ag,a9) and (ay, ag, ag) (lacking ‘shear-like’ coefficients ag, a4 and ag, aq,
and ‘non-shear’ coefficients as, as, a7, ag and as, as, ar, asg):

A=asw@w+a I®I+ag (W RI+1I@w?),
(4.41)

A=agwadw+a Iol+a (W RI+Iow?),

provided that

w w - wr 2 w
(4.42) a4y = ag ("1,* —2",) | a) = a3 ("1, — 2%1,)
ae 7 ag ’
with
1 2 wr 2 QW[ W
(@43 a=—; a-2U 20T g W
a6 ag (3ag + ag)* I3 ag (3ag + ag)

Notice that the conditions a; = 0, as = 0 imposed onto Solution (6.3) lead
to the constraint (4.42). The presence of coefficients ag, ag is common to both
Solutions (6.2.59) and (6.2.19). Also, coeflicients ag, ag correspond to each other
with the same ‘isotropic’ inversion relation (4.40)3 or (4.43)s, which holds as well
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Table 1. Solution instances of dual symmetric damage-effect tensors Solution instances of dual symmetric damage-effect tensors based on ‘shear-like’
generator ag w @ w, Solution (6.0), missing two ‘shear-like’ coeflicients (a2 = a4 = 0, ag # 0). Solution (6.6) embeds all the six ‘non-shear’ coefficients
a1,as,as,ar,ag,ag and misses only the two ‘shear-like’ coefficients ag,as from the general orthotropic representation. It contains all the following
solutions as particular cases, which are obtained by suppressing sets of the ‘non-shear’ coefficients. Six-, five- and three-coefficients solutions hold
through constraints on the coefficients. Four-coefficients Solution (6.3) and two-coefficients Solution (6.1) hold without constraints on the coefficients
and are obtained from Solution (6.6) just by setting consistently a3 = a7 = ag = 0 and a1 = a5 = a7 = ag = ag = 0, respectively.

Solution | Damage-effect tensor Coefficients set Constraints
(6.6) ﬁHmo.éMé.TSH@HnT@wé@énfaméw®<<m+9ﬂ (WwRI+I® w)+as (W2 @ wt+w @ w?)+ag (w? @ I+1I ®@ w?)|7: (a1, a3, as, as, az, as, ag) none
(6.5.1) >H©m€®€+@w€®€+au€m®€m+:q (WRI+I®w)+asg (W2 @ wt+w ®@ w2)+ag (w? @ I+I @ w?) 6: (a3, as, as, a7, as, ag) 1 on a3
(6.5.3) |A=agw@w+ar1 IQI+as w? @ w2+ar (W I+I® w)+tas (W2 @ wH+w @ w?)+ag (W? @ I+I ® w?) 6: (a1,as,as,ar,as, ag) 1 on a;
(6.5.5) |A=asw@wW+a1 I®I+azw @ wtar (W I+I® w)+ag (W2 @ wt+w @ w?)+ag (W2 @ I+I® w?) 6: (a1,as, as,ar,as,ag) 1 on a3
(6.5.7) >H®m<<®<<+EH®H+Qw<<®<<+mm€w®<<m+@m (W2 @wt+w @ w?)+ag (W2 @T+I® w?) 6: (a1,as,as, as, as, ag) 1 on as
(6.5.8) BHQQ€W€+@HH®H+Qw€®€+Dm€m®<<m+@q (WRI+I®w)+tag (W2 @ T+I® w?) 6: (a1,as,as, a6, ar,ag) 1 on a;
(6.5.9) BH905®5+@HH®H+Qw€®€+Dm€m®<<m+@q (WwRI+I®w)+tas (W2 @ wt+w @ w?) 6: (a1,as,as, as,ar,ag) 1 on a3
(6.4.17) %,Hgm<<®<<+aw<<®<<+nu<<m®<<m+am (W2 @ wH+w @ w?)+ag (W2 @T+I® w?) 5: (a3, as, a6, as,a9) 2 on as,as
(6.4.58) |A=asw@w+a1 I®I+asw @ w+ar (w R I+I® w)+ag (W2 @I+I®w?) 5: (a1, a3, a6, a7, a9) 2 on aj,as
(6.4.78) BHQm€®€+QHH®H+Qw€®€+Qw€m®<<m+9@ (w2 QT+I® w?) 5: (a1, a3,as, a6, a9) 2 on ai,as
(6.3) |A=agw@w+arI®I+asw? @ w?+ag (W2 @ I+1I® w?) 4:(a1,as, a6, a9) none
(6.2.59) | A=ag w @ wW+as w? @ w2+ag (W2 @ I+1® w?) 3: (as,a6,a9) 1 on as
(6.2.19) | A=agwR@w+a1 I® I+ag (Ww? @ I+I @ w?) 3: (a1, a6,a9) 1on a;
(6.1) |A=aswQ@wW+azw@w 2: (a3, ag) none
(6.0) |A=aswQ@wW 1: (a v none




SECANT STRESS/STRAIN RELATIONS OF ORTHOTROPIC ELASTIC ... 159

for Solutions (6.4.17) and (6.4.58), Egs. (4.27)5 and (4.30)5, and, similarly, for
non-symmetric Solution (6.1ns), Eq. (3.16)2. Notice once more the similarity
between this relation and the relations that hold between a; and a; in Solu-
tion (2.1), see Eq. (3.8)2, and between a3 and ag in Solutions (6.1), (6.4.78),
see Eqs. (3.14)2, (4.33)3, and in Solutions (6.4.17), (6.4.58), see comments fol-
lowing Egs. (4.27), (4.30).

The remaining solution instances of the family that embed respectively only
one and none of the ‘non-shear’ coefficients are already given in Solutions (6.1),
(6.0), Sec. 3. The various solution instances of the family based on ‘shear-like’
generators ag W @ w, g W @ w are finally summarized in Table 1.

5. Conclusions

A complete family of symmetric orthotropic fourth-order damage-effect ten-
sors with dual structures has been derived in full invariant form. These instances
complement those already presented in a companion paper [20]. The solution
family is based on ‘shear-like’ generators ag w @ w, ag w ® w and includes fif-
teen solution instances (seven of which were not presented previously: Solutions
(6.5.1), (6.5.3), (6.5.7), (6.5.8), (6.5.9), (6.4.17), (6.2.59)), starting with a
more general Solution (6.6), which includes all the six ‘non-shear’ coefficients.
Most of the obtained solutions are particular cases of others and hold through
constraints on the coefficients. However, Solutions (6.6), (6.3), (6.1), (6.0) suc-
ceed in reaching the dual structure without constraints on the coefficients. The
new general solution based on ‘shear-like’ generators as I®I, a2 I®I and in-
cluding all the ‘non-shear’ terms (Solution (2.6)) is derived as well in the paper
in full invariant form. Particular instances of such a case are available in [20].

While from the algebraic point of view the problem posed in the paper looks
conceptually simple, the solution turns out to be non-trivial. Despite that the
target and content of the paper are mainly algebraic, the motivations and possi-
ble use of this work lay entirely in the task of formulating constitutive relations
of anisotropic elastic damage in quasi-brittle materials that can be conveniently
handled and implemented, ideally embedding a dual attitude towards either
stress- or strain-based derivations. Thus, we hope that the solutions advanced
in the paper should be of interest also to other researchers dealing with similar
constitutive derivations in the theory of elasticity.

These solution instances represent new propositions of damage-effect ten-
sors (or, directly, of damaged compliance and stiffness tensors) allowing for dual
compliance- and stiffness-based derivations of the constitutive relations in or-
thotropic damage. These damage-effect tensors should lead to damaged stiffness
and increased compliance embedding less restricted forms of orthotropic damage
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than that of Valanis-type, with a complexity which increases with the number
of additional coefficients that are kept in the representation. The ultimate con-
venience of any of the damage-effect tensors advanced here in the final develop-
ment and implementation of a constitutive model of orthotropic elastic damage
remains to be validated on physical grounds and explored both analytically and
numerically.
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Appendix A. Expressions of the solution terms

For the ease of reading, this Appendix gathers the explicit expressions of the
various quantities entering Solutions (2.6), (6.6), (6.5.1), (6.5.3), (6.5.5), (6.5.7),
(6.5.8), (6.5.9).

A.1. Terms entering Solution (2.6)

(A.1) dy = a% + (a1a3a5 — alag — a5a$ — ag(agag — 2azag)
+ as(azas — ag)) C(VI2VL2 — AV — AT VA8V, VL — 27052
+al (3a1 + 2a7°T, + (a3 + 2a9) ("I, 2 — 2°T,) + 2as (1,3 — 3"1,"T, + 3°1,)
T as ("Dt — T + 2T+ ) )
+2az | (a1a5 — ad) ("It — AV 2T, + V1,2 4 6V, MT)
+ <a1a3 — a2 + (ajag — arag)™I, + (asa7 — agag)‘”13> (“I,% — 3"I,)
+ (alag — arag + (asay — agag)™Iy + (agas — a%)WI?)) ("I, — 4V, T, + 9*T5)

— (azag — azag) ("I, 2T, — 41,2 + 3WI1WI3)} :
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(A.2) Mgl = (CL5CL$ —ay(aszas — a%) + ag(asag — 2a7a8))
(ML, - 20T, — AN VT 10V VLT, — 9V
— a3 {al + 207", + az™1,? + (2@9 + 2a8™I; + a5(“I,% — ‘"12)> (“I1,% — ‘"12)}
_ ag [2(a1a3 — @)("I,2 = L) + (a1as — a2) (2", 4 — 41,2, + 1,2 + 471,V
+ 2 (a1as — azag) (21, — 3*1, "1, + 3%13)
— 2(azag — azag)(“I;*"T, — 2"1,% + 3“1, "15)
+ 2 (asar — agag) (V12T — 21, "I, + 1,2V, + 3%1,"1;)
n (a3a5‘"112 — a2, — 2‘”]2)) (“1,% — 2°1,"1)
_9 (agwllwfg + azas(“T,2 — 3“’11"”13))“’12} ,
(A.3) N9z = (2@5&% — (2a1 + a2)(asas — a%) + 2ag9(agag — 2a7a8)>
(VI — AN VLT VT2V 6V, TP
+ a2 {(3(1%‘"[2 — (azas — ag)(w123 - 2WI32) + 2(azag — 617@8)(2‘"[22 - WI1WI3)>WIQ
— (3a1 + a») |:a3W122 n (a5(W11W12 L)+ 2a8“’12) (“I,*T, — WI3)}
+ <6a7a9“’12 — 2asar — asag) (2L,2 —"1,"I3) + 3a§("”]1w12—w[3)> (WI1WI2—W13)},
(A.4) Nos = 2(a5a% + ag(azag — 2arag)
— (a1 + @) (a3a5 — @) ) (*Ty? = 3T,Ty)
+ as [3(1% + 3ag(2a7 + ag™1,)™I; — (3a1 + a2) (ag + (2a8 + a5“’Il)‘"I1)

- 4((17(@8 +as"I;) — ag(as + a8w11)>w12 — 4(asas — a%)wllwlg} ,
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(A.5) oy = ((a1 + az)(asas — ag) — a5a$ — ag(aszag — 2a7a8))
: (WI1(W—723 +6"15%) — I T3 (471, — wIz))
+ a3 [(CW + ag™1,)"I; + (a9 + a5 - WI2))(w11w—72 — ")
— as(“1, My — 2°1,20T, + WIQQ)}
+ az {2 (alag — a2 + (asar — agag)"”[lWIZ)WIlWIQ
+ (a1as — a3) ("1 "I —13) (21,2 —1,)
— (a5a7 — agag — (agaz — a%)“’[l) 2V, — 3%5)",
— (aras — arag) (2"T, "1 — 4"1,*"1, + “1,°)

— (a3a9 — a7a8)(2WI1“’12 + WI3)WIZ} s

(A.6) Nnog = ((a1 + as)(asas — ag) — agag —ar(asar — 2a8a9)>
(213 — T,V T + 9%+ as [(3a1+ az) (a3W12 + a5 ("I, — ng))
—3(a? — a2¥I,2)"T, — 2(asar — agag)*I," 15 — 4(azas — a2 )"15>
- (3a7a9 — ag(3a1 + as) + 3a2*T, — 2(azas — ag)WIg) (2°1,"T, — 1)

— ((agag —arag) — (asay — agag)wll) (4””[22 — W11WI3)}

(A.7) flog = ((a1 + ag)(agas — ag) — a5a$ — ag(agag — 2a7a8)>
(VLML - AV PV + 3V M)
+ a3 (a7 + (ag + ag)"T; + a5 (“I;% — “I,)"T; + ag(2"1,* — ‘”I2))
+ asy [(2(a1a3 — a%) + 2(agas — a%)“’[lwly) + (ara5 — ag)(2""]12 —",)
+ (asa7 — agag)(2¥1 I, + WI3)>‘"I1
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A.2. Terms entering Solution (6.6)
(A.8) dg = a6< — 9ajas + 3azag + (ag + 3a9)? + 2agas™I;
+ asag("T,2 — 2°T,) + 2(asas — a2)(*I,2 — 3w12))w132
— ag [Q(agag —arag) ("I VI; — 9VI3) — 2<a6a7 — 3(a1ag — aray) )
+ 2(ar1az — a2)*I, — 2(asay — agag) (“’I ("2 — 2",) — 3“’[1‘"13)}‘"
+ ag <a1a6 + 2(araz — a2) + 2(ayag — azag)";
+ (0105 = ) ("7 2°Ty) ) ("L, — 21,"Ty)
— (alag —as(aras — a%) + ag(agag — 2a7a8)>-
(VLAY - AR — ATV 4 18V VT — 2705
(A.9) ng1L = ag [(a1a5 —ad)'
+ 2(asar — agag)*™Iy + <a5(3a3 + ag) — 3a§)wf3} VI,
— [2a1a§ —as (a1(2a3 + ag) — 2a%> + ag <a9(2a3 + ag) — 4a7a8)} .
(VL2 = 3V1M)
(A.10) Nes = ag (a3a6 + 6(azag — arag) + (azas — a3)("T;* — 2W12))WI32
— (alag —as(arasz — a%) + ag(azag — 2a7a8))
(12 = 21 (L2 - 21T - 9°T7)
+ag(araz — a7) ("L — 21 "T3)
(A.11) Nes = agp (3a% —a1(3ag + ag) — 2(ar1ag — azag)™l;
~ (aas — a3)(*, ~ 2°I))

+ 2<a1a§ —as(ajas — a%) + ag(agag — 2a7a8)> (“I,% — 3"1,) ,
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(A.12) figr = agag(ag + 3ag + ag™l; ) "I3% + ag(arag — arag) (VL2 — 21, "15)
+ (a5a$ + ag(asag — 2arag) — aj(azas — a%))
(ML - 21T) - 3
— "Iy (a7(3a5™T — as™Ty) + as(as"T, T + a”Dy) )
(A.13) nes = ag(arag — a%)‘"IQ + ag [3@10,8 — ar(ag + 3ag)
—az (agwll + a5 (V% — 2‘"]2)> + ag (CngII + ag (VI — 2‘"[2))}‘".73

- (alag — as(a1az — a2) + ag(azag — 2a7a8)) (WIQ(""II2 —2%1,) — 3‘”]1""I3),

(A.14) ne9 = ag(arag—arag)* I,
+ag (3(a1a5+a7a8)—a9(3a3+a6+3a9)+(a5a7—a8a9)“’11>“’13
+ (alag — as(a1az — a2) + ag(azag — 2a7a8)> ("L, — 9v) .
A.3. Terms entering Solution (6.5.1)
(A.15) dy = ag(3ag + as™1)) "5 + ag™I5(ag"Ty — ag™1, "I, + 9ag™1;)
— a3 (", VT, — 22V, — 3VI,"5)

(A16) s = 2a7"T; [a§a6W12W132(W112 — 2VT,)
+ 2asag(ag + 3ag)*Is ("L, — 3*1,"T3) + as (aGWI32(aGWI2 + 9as™I5)
— ag"Ty(ag™T,2"L,% — 2a5™T,3 — 6ag™T,"T; — 27a8""132)>}
+al <2aga9w12‘”13 — 2a5"T5 (a7, + ag™Ly) + a2("L,2 — 2“”]1””[3))
(ML - VL - 2V VI + AV LY I3 — 9V I2)
+ ag (a5a6 —3a3 + a2 ("I, - 2‘”]2))“’.734

— 2(16(19“']33 [aG(ag‘”IQ — 3a5‘”I3) + asg ((15 (“712 — 2“72)“72 + 9agwl3):|



SECANT STRESS/STRAIN RELATIONS OF ORTHOTROPIC ELASTIC ... 165

<A[éori];(]3> + (agaz + agad) ("L - 2717 — 2T
—a? (12a5a9‘”l32(“’122 — 3%, )

— agag";> ((a6 + 6ag) (VIy2 — 2V, I,) + 3"15(4ag™, + 3a5WI3)),

(A.l?) Ny = 3a7a5wl32 <a6(3a7 + QCLQWIl) + 2(&5@7 — 2a8a9)(‘“’[12 — 3“72))
2 wi 2wy 2 w

+ aj|asag™* V37 — 2a7(3a7 + 2a9™1,)

: (WIQZ —3""13) — QGS(WI23 - wIlgwI:s)

- 2<2a5a7“’12 — ag(2a9"T, + 3ag""I3)) (1,2 - 3WI2)WI3} ,

(A.18) fng = as(agas — 3aza?) (M, >V, — 21,2 — 3%, VI;)VI,?
—a? <3a5a6‘"I2WI32 — asagT,"T5("T,2 — 3"1,"T5) — 2a2("L,3 — 3WIIWI2WI3))
— 2a3"T5(agag — asar) (27T, >V, — 4713 — 3%T,3%15 + 3%, V1, ;)
+ ag (3a8(2a5a7 ~ asag)*Is? — ad("L,2 — 2W1'1WI3)> (“I,2VT, — 21,2 — 3¥1,MT3)
+ agag KBag""Il(ag +as"ly) — as(ag™l; + 6a8""I2)>WI33
+ ag*T, "I, (2a8WI2w13 + ag("L,% — 2w11w13))}
~arl, [aG <3a5(a6 +ag®ly + 5”2 — 2a5"T) "% + asag Ty (27,1, + 9W13))
— 2a3(ag + 3ag — ag”T) (*I,2 — 3WIIWI3)} .
A.4. Terms entering Solution (6.5.3)
(A19)  ds = ag <a7(W122 ~MIMTL) + 3agWI32>
+ ag (a7(wflwf22 — 2V, 20Ty — 3V, Ty) — ag T ("1, — 2%, — 3WI1WI3))

+ (asar — agag) (I 2"T,% — 271, — 213, + 4%, "I,"T, — 9%15%) |
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(A.20) n31 = (asar — agayg) [ag (2a8w12w13 + ag (VT2 — 2"”[1“"]3))
— asar(",2 — 2W11WI3)] (ML - 2V — 20T VT AV VLT — 9V
+al [2(17 (6a8W132 +ar("L? — 2W11W13)) (“1,2 — 3*1,"1,)
- TN - 2T - 27P)|

2
— asag (3as"T% + ar("y? — 2, "T) )

(A.21) nss = (asar — agag) [a7 (2((16 +ag"T;) + as ("I, — 2“’[2)>
— agag(""112 — 2‘”]2)}
(L - 20— 27T AV YT — 957
+ 3ar | asag (37 + 205("1)2 = 2°Ty) ) + 403 (T, (a6 — as™T,) + 3as™T, ) | T
+ aZas (2@6“’[1 (“L,% — 2T, VL) + ag(“I, 2V, — 2¥1, 3%, — 27“732))
+aj [GG (208“71 +as5("1,% — 2wa)> —2a3("1,* - 3wa)} (1, — 2¥1,) T,

+ag <6a7a8W132 +a3("? = 2v,) V157 + a3 (V1,7 — 2W1'1WI3)) :

(A.22) flgg = [3@%&%‘”]3 + asarag (a7“’12 — (6ag + ag‘”Il)WIg)
— ag <a7(a9W12 + 3ag™5) — ag(ag + 3ag + agwll)wfi)))}
(ML - 2V — 2V VT AV VLT — 9V
+ (ag(whWIQ = 9I;) + ag(as™, + 3a5wfg))
- (6a7as"Ty? + a3 % — 2°R)"T% + a3(*? — 2°1,7T) )
A.5. Terms entering Solution (6.5.5)
(A23)  ds = (ag™y + as("1, ™y — 9°T3) ) + ag(3ar + ag™, )
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(A24) 751 = an (a6(3a8wl3 + agL,)?
+ 2ag(3a1as — 6arag — 2a2*T,) ("I, — 3W11W13))
+ 242 <a7(3a7 + 2a9™1, ) (L2 — 31, 1)
— as(3as"T; + 209" ("1, = V1) + a3 (" — I,*T) )
(A25) N53 = [alag(alag — 2a7a9) — CLS (2(11@6 - a% + 2(&1@8 — a7a9)‘”I1
- ag(w—712 - 2w—’2))} ) (W112W—722 - 2w[13w—73 - 27WI32)
2 wi \wT 2 2 wr 2 wr \wT 2
+ag [a8(12ag + ag™)™, V% + 9(2aras — a2)*I,>
+ (a1a6 + 2(&1&8 — a7a9)‘"11) (w[22 — 2wIlw13):| }
—ar [(a(; + 6@9) <3a6a7 + 2&9(&6“’11 — ag“’Il2 -+ 3&8“’[2))
—al <6a6a9 + a2 +2a2("T,2 - 3WI2)) (“I,% — 2T,
— 2a3 (2a1a6 + 2(arag — azag)*T; — a3 (*I,? — 2“’]2))
(V137 — VL + 2V VL)
(A.26) Ns7 = ay [ag(SaSWIg + ag*Ty) "Iy — 2a2ag (V2 — 3%1,)"1,"I,
—3ar(ag"Ty? — as"I,"Ty — 2a9™1,*Ty) )}
— 2a3(ayag — arag) (2 *VT,% — 31,3 — 4™ 3T, + 3WIIWIZWI3)

<3a1a8 + 3a2a2 — ajag(6aras + agag) + ag(*1,> 2‘”[2))
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(A.26)

[cont.]

— ag [a7(3a7 + 2a9",) "L, + ag (2ag(“’112 VL)V,

+ag(“,2 — 2WI2)WI2)} } :

A.6. Terms entering Solution (6.5.7)

(A.27)

(A.28)

(A.29)

+ag("[2LE — 27,3 — 2703V 4+ AV VL, T — 9‘"132)),
drs = |ag(ag + 3ag + ag™1;)"I5 + a3 (3(% + 3ag)*I; — a9W11W12)} M3
+ay <2a3 ("2 — 3%,y + ag(“L,% — 2°1,™T5)
+ag (VM1 — 2717 — 3w]2w13)>7
— _ 2 w1 2 w w1 2 w wT wi 2
firs = agal <2a3( 1,2 — 3%1,) + ag("1,2 — 2 12)) 1,°I,
— a1WI3{a6ag(a6 + 3ag + agwfl)(w112 — 2WI2)WI3
+ a3 (306", Ty = 2a9(*1)2 = 3°1,)"T,
+as [a%wllwf3 + 6agag ("I, — 371,)";
+ ag <2a8(2‘"I12WI3 — 3L, — ag(“T,2 — 2WI2)WI2>} }

— af agas (1,2~ 2°T) ("I - 2°T, ;)
+ 2azag (27T, *"1,2 — 3"1,% — 47T, 3V, 43", “1," ;)

+ (3a§ + asag + a2(",% — 2W12)) (I ML2 — 27,2V — 3WI2WI3)} .



SECANT STRESS/STRAIN RELATIONS OF ORTHOTROPIC ELASTIC ... 169

A.7. Terms entering Solution (6.5.8)
(A.30) dsz = a2"T;+asar ("1, 21, —2%1,% — 3V, *T,)
+as (2a5 (V1,2 — 3%, "L —ag ("I, T, — 9“’13))
+ ag [a7‘"12+ <3a3+3a9+a5(W112 —2w12))w13} ,
(A.31) dgs = asa7(“I;2V1,% —2%T,% — 2%, 3T, + 4T, VI, "I, — 9*15%)
+ag <a3‘”12w13+a7(w[22 - 2“71“’]3))
+as (a5WI3 (“1,2"T, — 2", — 3", "1)
— ag(“T, "Iy — 2", >V, —3W12w13)> ;
(A.32) gt = azad*l, (zag(W122 —3%MT) + ag(VL? — 2W11W13)>
- ag{a7WI3 [aﬁ(wflz_2w12)(w122—2w11w[3)
+2a3 <2W122(W112 —OVL,) — 37T,V I (VT2 — WIQ))}
+ (a3(3a3 +ag) T2 + a2("L,2 — 2W11WI3)) (“1,2"T, — 21,2 — SWIIWI3)}
- a5{2a3a9(3a7 — a3"1)) (", — 3V, I3)",
+ a2, (a3W12WI3 +ar(L2 — 2W11W13))
+ ag [a7WI3 <(4a3 + 3ag)",2 — 6(az + ag)WI1WI3) + a2V ("L2 — 2°1,7T)
+ a3, (3a3W12W13 —ag™ ("I, — 2W11W[3))} } .
A.8. Terms entering Solution (6.5.9)
(A.33)  do1 = ar (3a6 + 2a5("T,2 — 3W12))WI3

—+ a3 [(CLG + ‘"Il(ag + a5“’11) — 2&5“72) WIQ — 3(3(18 + a5w11)“’l3 ,
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(A.34) CZ95 = (3@60,8“73 + a5(a7WI1W12 —9a7%I; + a6""Il""I3))WI3

(A35) i3 = a1*T; <a7(3a8 +as*L) (e + a5 ("L, * = 2°Ty) )T,
- {2@7(3a8 + as™T;) (ag + a5"1,*)",
— [2&5&7(3a8+2ﬁ5w11)w11‘|‘a6a8 (a6+(as+a5w11)wf1)}wl2
+ 2a5a6a8“’122}“’13 -3 [3a6a§ — as(ag + 9azag)
+ a2 <3a7‘”1'1 — ag("I,2 — 2WI2))] WI32>
+ a7 (ag + a5(“’I12 — 2“’[2)) [Sagagwfg, + as (aﬁ“’Il‘"Ig + a7 (VI — 9“’I3))}WI32
+af Kaﬁ(GSWIz +3a5"13) + a3 ("M, — 9WI3)> (V,? — 2", ")

+ as(ag™ly + 3as5 ;) (V12712 — 2¥1,3 — 213V, 4 47,1, — 9WI32)} :
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