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THE ONSET of surface-tension-driven convection is studied in a two-layer system com-
prising an incompressible fluid-saturated porous layer over which lies a layer of the
same fluid. The lower rigid surface of the porous layer is either perfectly heat con-
ducting or insulating, while the upper heat insulating fluid boundary is free and at
which the surface tension effects are allowed for. At the contact surface between the
fluid-saturated porous medium and the adjacent bulk fluid, both Beavers-Joseph and
the Jones conditions are employed. The resulting eigenvalue problem is solved exactly.
Besides, analytical expression for the critical Marangoni number is obtained for in-
sulating boundaries by using regular perturbation technique. The effect of variation
of different physical parameters on the onset of Marangoni convection is investigated
in detail. It is found that the parameter ¢, the ratio of the thickness of the fluid layer
to that of the porous layer, has a profound effect on the stability of the system.

1. Introduction

ONE OF THE CONVECTIVE INSTABILITIES that has been studied extensively
by many researchers over the years is the onset of convection in a thin layer of
fluid heated from below. The instability in such a fluid layer may either be due to
buoyancy driven convection, known as Rayleigh—Benard convection, or may be
due to surface tension driven convection at the upper free surface, referred to as
Marangoni convection. The Benard or Marangoni or coupled Benard—Marangoni
type of convective instability in a fluid layer has been studied in detail because of
its applications in many scientific and engineering problems (see PEARSON [1],
NIELD |2|, RUDRAIAH et al. [3], CHAR and CHEN [4] and references therein).
The convective instability in a porous layer due to buoyancy, known by Darcy—
Benard convection, has also received equal interest as found in the literature
owing to its natural occurrence and relevance in various fields such as chemical
engineering, industrial engineering, soil mechanics, geophysics, to mention a few
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(for details see NIELD and BEJAN [5] and VAFAI [6]). A limited effort has also
been put into understand Marangoni convection in porous media, but it is still
in an infancy stage (HENNENBERG et al., [7], and RUDRAIAH and PRASAD |[8]).

However, rapid developments in modern technology during the recent years
have posed challenges in studying convective instability problems in more com-
plicated two- and multilayer fluid dynamical systems. The use of such composite
systems can be found, for example, in the following applications: manufacture
of composite materials used in aircraft structures and automobile industries,
geophysics, bioconvection, nuclear reactors, solid-matrix heat exchangers, direc-
tional solidification of alloys and electronics cooling. There are several investi-
gations pertaining to convective instability in a two-layer system composed of
a fluid-saturated porous layer over which lies a fluid layer and also different
systems of superposed porous and fluid layers.

NIELD [9] was the first to study the onset of convection in superposed fluid
and porous layers when the system is bounded by two horizontal heat insulting
boundaries. The thermal stability for different systems of superposed porous and
fluid regions has also been analysed by TASLIM and NARUSAWA [10]. McKAY [11]
has considered the onset of buoyancy-driven convection in superposed reacting
fluid and porous layers. STRAUGHAN [12, 13| has studied a fundamental model
for convection in a porous-fluid layer system developed originally by NIELD [9].
He has obtained the eigenvalues and eigenfunctions numerically by utilizing the
Chebyshev tau method. In particular, the effect of surface tension is also allowed
for in the former paper, while in the latter, the effect of variation of properties
of relevant fluid and porous material on the control of convection is discussed
by considering the upper surface to be fixed or stress-free. CHEN [14] has inves-
tigated the effect of throughflow on the onset of thermal convection in a fluid
layer overlying a porous layer, with an idea of understanding the control of con-
vective instability by the adjustment of throughflow. KHALILI et al., [15] have
obtained the closed-form solution for Chen’s model by considering upper and
lower boundaries as heat insulating. The coupled capillary and gravity-driven
instability in a fluid layer overlying a porous layer has been studied by DESAIVE
et al., |16] using Brinkman’s model to describe the flow in the porous medium.
Recently, CARR [17] has studied penetrative convection via internal heating in
a two-layer system in which a layer of fluid overlies and saturates the porous
medium.

In the present study, the onset of convection in a composite porous-fluid lay-
ers system heated from below is considered only due to temperature-dependent
surface tension forces at the upper free surface of the fluid layer and neglect-
ing the effect of buoyancy forces. The problem under investigation helps in
better understanding of the Marangoni convection in a fluid-saturated porous
layer, as pointed out by NIELD [18] apart from its importance in many prac-
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tical applications mentioned earlier. The flow in the fluid layer is governed
by Navier—Stokes equation, while the Darcy equation is used to describe the
flow regime in the porous medium. The upper heat insulating fluid surface is
open to free atmosphere and convection driven by surface tension is allowed
for. The bottom boundary of the porous layer is considered to be rigid and ei-
ther perfectly heat conducting or insulating. The contentious issue here is about
the use of proper conditions at the contact surface between the fluid-saturated
porous medium and the adjacent bulk fluid, which depend on the type of equa-
tion used to describe the flow in the porous medium. If the flow in the porous
medium is governed by Darcy equation, then the well-established classical fluid
slip velocity condition postulated by BEAVERS and JOSEPH [19] is proved to
be more successful. For a Brinkman-type equation, however, the presence of
viscous stress term does not allow to formulate the proper compatibility condi-
tions for stresses at the contact surface of fluid-saturated porous medium and
the bulk fluid. One of the main problems of the compatibility conditions on
such a boundary is to determine viscous interactions of the bulk fluid with the
porous skeleton and fluid filling its pores during its flow tangent to the boundary
surface. This interesting problem has been analyzed recently by CIESZKO and
KUuBIK [20]. They have derived compatibility conditions for the tangential com-
ponents of relative fluid flow velocities at the contact surface. It is shown that
the results obtained from their linear compatibility conditions compare better
with the experimental results than those obtained using the Beavers-Joseph slip
condition.

Since we have adopted Darcy’s law in the porous medium, both the Beavers—
Joseph and the JONESs [21] conditions are used in the present study. These con-
ditions can be succinctly written in the following form:

ou ow «
(11) %—an—ﬁ(u—um),
ov ow o

(1.2) &‘i‘Xafy—ﬁ(U—vm),

where v and v are respectively the horizontal  and y components of the fluid
velocity, while u,,, and v, are the equivalent components in the porous medium,
« is the dimensionless material constant called the slip parameter and x is a con-
stant taking the value 0 for the Beavers—Joseph condition and 1 for the Jones
condition. The linearized stability equations with accompanying boundary con-
ditions are solved exactly. The critical Marangoni number and the corresponding
wave number are determined over a wide range of physical parameters of the sys-
tem. Besides, the solution to the eigenvalue problem is also sought for by regular
perturbation technique in the case of insulating boundaries.
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The paper is organized as follows. Secion 2 is devoted to the formulation of
the problem. The methods of solution to the resulting eigenvalue problem are
discussed in Sec. 3 and the results are discussed in Sec. 4.

2. Formulation of the problem
Let us consider the physical configuration consisting of an infinite horizontal

incompressible fluid-saturated porous layer of thickness d,,, underlying a layer of
the same fluid of thickness d, as shown in Fig.1.

Free surface T (<T)

Fluid layer <

S .

Porous layer

rigid surface

Fi1a. 1. Geometrical configuration of the system.

The bottom surface of the porous layer is rigid while the upper fluid surface
is free to the atmosphere, with a linear dependence of the surface tension on
temperature in the form [1]

(2.1) o =09 —or(T —Tp),

where oy is the surface tension of the fluid at temperature T and the constant
rate of change of surface tension with temperature, o, is assumed to be positive.
Also, the free surface has been assumed to remain flat (undeformed). A Cartesian
coordinate system (x, y, z) is chosen such that the origin is at the interface
between the bulk fluid layer and the fluid-saturated porous layer and the z-axis
points vertically upwards. The temperatures of the lower and upper boundaries
are taken to be uniform and equal to 7T; and T, respectively, with T} > T,.
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The governing equations for the fluid layer are:

(2.2) V-q=0,
0q 2
(2.3) Po | T (@-V)q| = -Vp+puV-q,
T
(2.4) %—t +(q-V)T = kV?T

and those for porous layer they are:

(2.5) Vi - Qm =0,
o Om _ _ B
(2'6) p or ViPm qu)
o1,

In the above equations, q = (u,v,w) is the velocity vector, T is the temper-
ature, p is the dynamic viscosity, p is the pressure, py is the fluid density,
K is the permeability of the porous medium, x is the thermal diffusivity of
the fluid, ¢ is the porosity of the porous medium, S = (pocp)m/(pocp)s =
[d(pocp)r + (1 — @) (pocp)s]/(pocp) s is the ratio of heat capacities of the fluid-
saturated porous medium to that of the fluid, ¢, is the specific heat and the
subscripts m, f and s refer to the porous medium, fluid and solid, respectively.

The basic steady state is assumed to be quiescent and we consider the solution
of the form

('LL, v, W, p, T) - [07 0, 0, pb(z)7 Tb(z)]

in the fluid layer, and
(Um’ Vm,s Wmy Pm Tm) = [O’ 0,0, pmb(zm)a Tmb(zm)]y

in the porous layer, where the subscript b denotes the basic state. The tempera-
ture distributions T} (z) and Ty,p () are found to be

Ty — T,
(2.8) T, (2) :TO—W 0<z<d,
Ty — Ty) 2m
(29) T (zm) = To — W —dm < 2 <0,

where Ty = (kpTyd + KTydy) / (Emd 4+ kdy,) is the interface temperature.
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In order to investigate the stability of the basic solution, infinitesimal distur-
bances are introduced in the form

(2.10) (u, v, w, p, T) =10, 0,0, pp (2), Ty (2)] + (u', o p, T') ,

(2-11) (um7 Umy Wms Pm, Tm) = [07 0, 0, pmb(zm)a Tmb(zm)]
+ (ugna U;na w;nn p;n, T'r,n) )

where the primed quantities are the perturbed ones over their equilibrium coun-
terparts.

Now Egs. (2.10) and (2.11) are substituted in Egs. (2.2)—(2.7) and linearized
in the usual manner. Next, the pressure term is eliminated from Egs. (2.3) and
(2.6) by taking curl twice on these two equations and only the vertical component
is retained. The variables are then nondimensionalized using d, d?/k, x/d and
Ty — T, as the units of length, time, velocity and temperature in the fluid layer
and d, dfn /Kms Km/dm and Ty—Tj as the corresponding characteristic quantities
in the porous layer. Note that separate length scales are chosen for the two layers
so that each layer is of unit depth. In this manner, the detailed flow fields in both
the fluid and porous layers can be clearly discerned for all depth ratios, ¢ = d/d,,.
The dimensionless equations for the perturbed variables are given by

(2.12) [}}r; - vﬂ Viw = 0,
(2.13) [gt - v2] T = w,
(2.14) [;zigt + 1] V2w, =0,
(2.15) [Sgt - v%n] Ty = Wi

For the fluid layer, Pr = v/k is the Prandtl number, V? = 02/022 + 92 /0y?
+ 0?/02? is the Laplacian operator and for the porous layer Pr,, = v/km¢
is the Prandtl number, Da = K/d?, is the Darcy number and V2, = 9?/022,
+02/0y2,+ 02 /022, To solve the set of Eqs. (2.12)-(2.15), we need ten boundary
conditions, which are detailed below.

The bottom boundary of the porous layer (z,, = —1) is assumed to be rigid
and either perfectly heat—conducting or insulating, so that

(2.16) Wy, = 0, Tm =0 at  zpy, = —1,
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or

oT,,

Ozm, -

(2.17) W, =0, 0 at 2z, = —L1

The upper free surface of the fluid layer (z = 1) at which convection driven by
temperature-dependent surface tension forces is allowed for and considered to be
insulating, so that

or
0z
and the balance between shear stresses and surface tension gradients, written in
the non-dimensional form, give

(2.18) w =0, 0 at z=1

Ou_ 4,07
0z ox
(2.19) at z=1,
v _ 0T
0z oy

where M = or (Ty — Ty,) d/pk is the Marangoni number. Equations (2.19) are
differentiated partially with respect to x andy respectively, and the results are
added to get, after using Eq. (2.2), the following condition:

0w B
022
where V7 = §?/0x2 + 0?/dy? is the horizontal Laplacian operator.

At the interface (i.e., at z = 0) the normal component of velocity, tempera-
ture and heat flux are continuous, which yield

¢

(2.20) MVAT  at z=1,

(2.21) w = ;wm,
(2.22) 7=,
¢
or 9T,
(2.23) =

We note that two more conditions are required at z = 0. To derive these con-
ditions we start with Eqgs. (1.1) and (1.2). Differentiating Eqs. (1.1) and (1.2)
partially with respect to x and y respectively, adding the resulting equations and
using Eqgs. (2.2) and (2.5), the condition in non-dimensional form is

@—XVQU)— al 8711)_04{3 1 | Qwn
022 vDa 8zm

(2.24) at z=0,

e VDa 0z ET
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where e = k/Kky, is the ratio of thermal diffusivities. Further, the continuity of
normal stress at the interface requires that

(2.25) Pm =D — 2/1?;;) at z=0.
We differentiate Eq. (2.25) partially with respect to z and y and substitute for
Op/0x and Op/dy from Eq. (2.3), and for Op,, /0y, and Opy, /Oy, from Eq. (2.6).

After using Eqs. (2.2) and (2.5), the following interface condition is obtained in
non-dimensional form:

0%\ ow 1 0 [Ow
2.2 2, 2 )= 2 (22
(2:26) <3vh+8z2> 0z Pr6t<8z>
__g 1 8wm_ 1 Q 0wy, ; 0
~ ep |Dal 9z, Pr, 0t \ 9zn, a oz

We make the normal mode expansion and seek solutions for the dependent vari-
ables in the fluid and porous layers according to

(2.27) (w,T) =[W (2),0 (2)|exp [i (lz + my) + wt],
(2.28) (W, T) = [Win (2m) » Om (2m)] exp [z (zfxm + mym) + wmt} :

where ¢ and m are the wave numbers in the x and y directions respectively,
in the fluid layer, while ¢ and m are the corresponding wave numbers in the
porous layer and w = w, + iw;(= er/C?wy,) is the growth parameter of the
disturbances. Here, w, is the growth rate of the instability and wj is the frequency.
If w, > 0, the infinitesimal disturbance grows and the system becomes unstable
with respect to that disturbance. If w, < 0, the infinitesimal disturbance decays
and the system becomes stable. The convective motions in the neutral state are
divided into the stationary state (w; = 0) and the oscillatory state (w; # 0).
In the linear stability theory, the principle of exchange of stabilities often plays
an important role and is assumed to be valid; that is, if w, = 0, then w; = 0
automatically. This principle has been proved to be valid (i.e., instability occurs
via stationary convection) for the Marangoni convective instability in a single
fluid layer [1, 22], in a porous layer [7, 8] and also in the composite fluid-porous
layers system for the heated-below situation considered here (for details see [9]
and [12]). We follow these earlier analyses and conveniently take w = 0 in our
further discussion.
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Substituting Eqgs. (2.27) and (2.28) in Egs. (2.12)-(2.15) and setting w = 0,
we obtain the following equations relevant to neutral stability:

(2.29) (D? - a®)*W =0,
(2.30) (D*—a®) ©=-W,
(2.31) (D% —a2) Wy, =0,
(2.32) (D% —a2) Op = —Wpn,

where D and D,, denote differentiation with respect to z and z,, respectively,
a = V2 +m?and a, = V2 +m?2 are correspondingly the overall horizontal
wave numbers in the fluid and porous layers. If matching of the solutions in the
two layers is to be possible, the wave numbers must be the same for the fluid
and porous layers, so that we have a/d = ay,/dp,, and hence ( = a/ay,.

The ten boundary conditions given by Egs. (2.16) or (2.17), (2.18), (2.20)—
(2.23), (2.24) and (2.26), using Egs. (2.27) and (2.28), now take the form

(2.33) Wp=0, On,=0 at z,=-1

or

(2.34) Wi, =0, DpOm =0  at zpm=—1,
(2.35) W =0, DO=0 at z=1,
(2.36) D?*W + Ma*6 =0 at z=1

and those at the interface (i.e. at z = 0) become

W = in,
S
DO = D,,0,,,
6 ="Lo,,
(2.37) ¢
D a3
D? 4 ya?— Py - Dy Wi,
X vDa ervDa
C4
[D? — 3a*] DW = — mWin



80 I.S. SHIVAKUMARA, S.P. SUMA, KRISHNA B. CHAVARADDI

Thus the convective instability problem has now been reduced to an eigenvalue
problem consisting of a sixth order ordinary differential equation in the fluid layer
and a fourth order ordinary differential equation in the porous layer subject to
five boundary as well as five interface conditions.

3. Methods of solution

The resulting eigenvalue problem is solved exactly, in general with M as an
eigen-value. Besides, an analytical expression for the critical Marangoni num-
ber is also obtained by regular perturbation technique with wave number a as
a perturbation parameter for the case of insulating boundaries.

3.1. Exact solution

Since Egs. (2.29) and (2.31) are independent of © and O,,, they can be
directly solved to get the general solution in the form

(3.1) W = Ajcosh (az) + Agsinh (az) + A3z cosh (az) + A4z sinh (az),
(3.2) Wi, = A sinh (am2m) + Ama cosh (amzm) ,

where A1 —Ay4, Am1, and Ay are constants to be determined. Using the boundary
conditions (2.33)1, (2.35)1, (2.37)1, (2.37)4 and (2.37)5 in Egs. (3.1) and (3.2),

we obtain
(3.3) W = Aj [cosh (az) + Ay sinh (az) + Agz cosh (az) + Aszsinh (az)],

(34) W, = Al% [coth ayy, sinh (ap, 2m ) + cosh (amzm)],

where

Cayy, coth an,

A1 =
! 2a3Da

. . al? coth ay, alalq
2a (cosha + Ay sinha) —sinha (a2 (v + 1) + > —
AQ _ ( 1 ) < (’Y ) \/m \/m

2a cosh a + a( sinh a/\/ Da

)

Ag = — (1 + Az) cotha — Aj.

The heat Egs. (2.30) and (2.32) have now to be solved defining their right-
hand sides by the expressions given by Egs. (3.3) and (3.4), respectively. As
mentioned earlier, two types of temperature boundary conditions are considered.
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The solution obtained for © and ©,, using the boundary conditions (2.34)a,
(2.35)2, (2.37)2 and (2.37)3 (i.e., for the case when the lower boundary of the
porous layer and upper boundary of the fluid layer are insulating), is found to be

(3.5) e K sinh(az) + Ly cosh(az) + f(2)],

= 1a2 |

B CLKl — )\4 ETZm .
(3.6) O = A{ [ o QCam] sinh(am,2m)

erLy  epcoth(amzm)
+[ c Car, }cosh(amzm)}

while the solution obtained for © and ©,,, using the boundary conditions (2.33)2,
(2.35)9, (2.37)2 and (2.37)3 (i.e., for the case when the lower boundary of the
porous layer is isothermal and upper boundary of the fluid layer is insulating), is

(3.7) e = Iil? [K1 sinh(az) + Ly cosh(az) + f(2)],

CLKQ — )\4 ETZm

am 2Cam,

(3.5) 0, =4{] [ sinhanz,)

erLy  epcoth(amzm)
[ - 2Can, } cosh(amzm)}.

Here
K; = (M cosha + Agsinha — aL;sinha)/acosha, (i=1,2),

cosh a(Ag — A\q cosh ay,) + cosh a,, (A1 cosha + Ay sinh a)

L = - p
am(cosha sinhay,,/er + acosha,, sinha

)

B A5G, cosh a + sinh a,, [(A4 — A1) cosha — Ay sinh ]

Ly =
am(cosha coshay,/er + acosha coshay, ’

f(2) = [(As — 2a)z — Asaz?] sinh(az) + [Agaz® + (As — 2a)z] cosh(az),
with )

M= 12

{ 242 + (a2 —1)As +2A1a + aAg} ,

1
)\2:@{2a+2a2A1+aA2+(a2—1)A3}7
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€T

A3 =
3 2Cam,

{ (ay, — cotha,,) cosh ay, — (ay, cotha,, — 1)sinha,,},

1
)\4 = @ {QCLAl — AZ — QCLAg},

- 2an
Substituting Egs. (3.3) and (3.5) or (3.7) suitably in the coupled boundary con-
dition (2.36), we obtain an analytical expression for the Marangoni number M
which can be conveniently written, for both types of temperature boundary con-
ditions, in the form

A5 (coth a,, cosh a,, — sinha,,) .

(3.9) M — da[(a + Aga + 2A3) cosha + (2A3 + Aja + Aga) sinha]
' ‘o K;sinha + L;cosha+ f (1) ’

(1=1,2),

where M; is the Marangoni number corresponding to the case when the lower
boundary of the porous layer and upper boundary of the fluid layer are insulat-
ing, while M5 is the Marangoni number for lower isothermal and upper insulating
boundaries. The critical Marangoni numbers M;. and M, are obtained numer-
ically by minimizing M; and My respectively, with respect to the wave number
a for various fixed values of (, e, Da and «.

3.2. Solution by regular perturbation technique for insulating boundaries

From the exact analysis carried out in the former section, it is observed
that the onset of Marangoni convection corresponds to a vanishingly small wave
number in the case of insulating boundaries. This fact has been exploited here to
solve the eigenvalue problem for the assumed temperature boundary conditions
by employing regular perturbation technique with wave number a as a pertur-
bation parameter. Such a study helps in not only knowing the accuracy of the
results obtained by this technique, but also provides a justification for using this
technique, to solve those convective instability problems in general for which the
critical stability parameter has to be found numerically.

The dependent variables in both the fluid and porous layers are now expanded
in powers of a2 in the form

N .
(3.10) (Win, Om) =>_ (a?)" (W3, 6,),
=0
N CL2 7
(3.11) (Wi, Op) = Z (C> (Winis Omi) -

I
=)

(2
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Substitution of Egs. (3.10) and (3.11) into Egs. (2.29)-(2.32) and the boundary
conditions (2.34), (2.35), (2.36) and (2.37) yields a sequence of equations for the
unknown functions Wj(z2), ©i(z), Wii(z) and Oy, (z) for i =0,1,2,....

At the leading order in (a?) Eqgs. (2.29)-(2.32) become, respectively,

(3.12) D*Wy =0,
(3.13) D26y = — W,
(3.14) D2 W, =0,
(3.15) D2 Oy = — Wi,

and the boundary conditions (2.34), (2.35), (2.36) and (2.37) become

(3.16) Wine = 0, DO = 0, at  zpm = —1,

(3.17) Wy =0, D6y =0, D*Wy =0, at z=1

and at the interface (i.e. z = 0)

WO = inoa
ET
€
60 = ?T@moa
(3.18) DOy = DOy,
3
D*Wo — -~ pwy = ——2_p W, .
0 vDa 0 ervDa 0
3 ¢t
D°Wy = — D, W
0 sTDa n 0

The solution to the zeroth order Egs. (3.12)—(3.15) is given by

(3.19) Wo=0, =L,

(3.20) Wing =0, Oy = 1.
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At the first order in (a?), Eqs. (2.29)—(2.32) then reduce to

(3.21) DWWy =0,
(3.22) D*6, — %T = -,
(3.23) D2 W, =0,
(3.24) D20, —1=-Wy,,,

the boundary conditions (2.34), (2.35), (2.36) and (2.37) become

(3.25) Wy, =0,  DpOpm, =0 at  zm = —1,
(3.26)  Wy=0, DO =0, DW;+ M%T —0, at z=1
and at the interface (i.e. z = 0)
1
Wy = 7Wm )
' Cer '
ErT
@1 - ?lev
1
(3.27) DO, = ?Dméml,
al? al
D*W; — DW; = — Dy Wiy,
! vDa ! ervDa !
3 —¢
_D Wl == 6TDaDmey

Integrating Eq. (3.22) between z = 0 and 1, Eq. (3.24) between z,, = —1 and 0,
using the boundary conditions (3.25)s, (3.26)2, (3.27)3 and adding the resulting
equations, we obtain the following solvability condition:

1 0
1 er 1
0 —1

The general solution of Egs.(3.21) and (3.23) are respectively given by

(3.29)1 Wi=M [Cl + Coz + 0322 + 0423]
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and
(3.29) Wi, = M [Cs 4+ Cgzp] -

The constants C; — Cg are determined using the boundary conditions (3.25)1,
(3.26)1.3, (3.27)1, (3.27)4 and (3.27)5, and are found to be

VDaep/al? +e7/2C
14¢2/avDa + ¢+ ¢3/3Da’

C2=< ¢ +C>Cl—%7

C1 =

ayvDa al?
20y er
“ = Da 2’
GGl
Ca = 6Da’

Cg,:C@:ClCST.

Substituting for W; and W,,, the values given by Eqgs. (3.29); and (3.29)2 re-
spectively, in Eq. (3.28) and performing the integration, we obtain an expression
for the critical Marangoni number M, in the form

er 1
<c * g)

3.30 M. = .
( ) C1+CQ/2+03/3+C4/4+C5/2€2

The expression for M, thus obtained is evaluated numerically for different values
of physical parameters (, Da, ep and the results are discussed in the following
section.

4. Results and discussion

The onset of surface-tension-driven convection in a two-layer system consist-
ing of a fluid layer overlying a porous layer saturated by the same fluid is inves-
tigated theoretically. The eigenvalue problem is solved exactly and an analytical
expression for the Marangoni number is obtained for two types of temperature
boundary conditions, viz. (i) lower rigid surface of the porous layer and upper
free surface of the fluid layer are insulating, and (ii) lower rigid surface of the
porous layer is isothermal and upper free surface of the fluid layer is insulating.
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The critical Marangoni numbers for these two temperature boundary conditions
are denoted by M. and My, respectively. For the case of insulating temper-
ature boundary conditions, the resulting eigenvalue problem is also solved by
regular perturbation technique to obtain the critical Marangoni number. It is
assumed that the porous medium consists of 3 mm diameter glass beads ran-

a) 100 -

a=>5

o

b)

" L1 aaa " MR | " Ly
102 10" 10° ¢ 10' 107

Fi1a. 2. Variation of a) Mi. and b) Ma. with ¢ for different values of « when er = 0.725 and
Da = 0.003.



ONSET OF SURFACE-TENSION-DRIVEN CONVECTION ... 87

domly packed and depth of the porous layer being 3 cm, resulting in the Darcy
number vDa = 0.003 and e = 0.725 [14]. The values of slip parameter o chosen
here are 0.1, 1 and 5 which are the representative values for aloxite and foam-
metals. In addition to these values, we have also used different values of Da and
e7 to know their effect on the critical Marangoni numbers M. and Ms.. As men-

a)

" TR " Lol " AT " L
10? 10" 10° Q 10' 107

PR R L aaanl PR BRI
10° 10" 100 ¢ 10 10°

Fia. 3. Variation of a) Mi. and b) Ma. with ¢ for different values of Da when e = 0.725
and oo = 1.0.
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tioned earlier, at the contact interface between fluid — saturated porous medium
and the adjacent bulk fluid, both the Beavers—Joseph and the Jones conditions
are used to examine their influence on the onset of Marangoni convection. The
numerically evaluated critical Marangoni numbers and wave numbers for the
Beavers—Joseph slip condition are presented graphically in Figs. 2-5.

a)
90r

b)
75

25_ L 1 L 1 1 L 1 " J

F1a. 4. Variation of a) M. and b) My, with e for different values of o when and ¢ = 1.
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0.1 . 1C . 10

Fi1G. 5. Variation of a. with ¢ for different values of Da when o = 1.0 and e = 0.725.

The curves in Fig. 2a show the evolution of M;. with the depth ratios (¢) for
three values of slip parameter a = 0.1, 1 and 5 when ez = 0.725 and Da = 0.003.
As a result of the variation in the depth ratio, three distinguishable regions
are evident from the figure for all the values of « considered. We note that
M. increases only negligibly with ¢ for small values of {; increases significantly
with ¢ up to 0.95 or 1, at which maximum values of M;. are reached and then
decreasing trends are found for ¢ values above 1. That is, the presence of thin
layers in the extreme cases of ( < 1 and ¢ > 1 is found to have a destabilizing
influence on the system. Also, all the curves of o merge into one as ¢ becomes
very large. Moreover, the variations in M7, with « are found to be noticeable for
values of ( < 0.2 and also for ¢ > 0.5. This is to say that Marangoni convection
is important when the depth of the fluid layer is relatively large or also when
the depth of the fluid layer is relatively thin. Nonetheless, the situation observed
for the lower isothermal and upper insulating temperature boundary conditions
is quite different as far as the effect of ( on Ms, is concerned and the same is
evident from Fig. 2b. From this figure we note that My, increases, for all values
of a considered, continuously with ¢ without showing any decreasing trend as
noticed in the case of insulating boundaries (see Fig. 2a). This may be due to
the asymmetric temperature boundary conditions considered at the lower porous
and upper fluid surfaces. However, o plays again a similar role in the stability
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of the system with ¢ akin to the previous case. As { — oo, both M. and M,
attain different constant values 48 and 79.6, respectively, which are the exact
values known for the case of single fluid layer [1, 22].

To analyze the influence of permeability of the porous layer on the onset
of Marangoni convection, we have plotted in Figs. 3a and 3b the critical val-
ues Mi. and My, respectively, as a function of ¢ for different values of Da
when ep = 0.725 and o« = 0.1. It is seen that the decrease in Da increases
the critical Marangoni numbers in both cases and thus making the system more
stable. This is because low permeable porous layer dampens the fluid motion,
requiring an increased critical Marangoni number to have surface tension-driven
convective instability in the system. Also, the variation in Da has no signifi-
cant effect on the onset of convection for values of ( <« 1, while the curves
of different Da merge into one for ¢ > 1 as expected. The critical Marangoni
numbers obtained by regular perturbation technique are also shown in Fig. 3a
by dotted lines. We note that the results are in excellent agreement with those
obtained by the exact method. This also suggests that the regular perturba-
tion technique with wave number a as a perturbation parameter can conve-
niently be used in solving convective instability problems in the case of insulating
boundaries.

The variations in M. and My, as a function of thermal diffusivity ratio ep
are shown in Figs. 4a and 4b, respectively for Da = 0.003 and o = 0.1, 1 and 5
when the depth of the fluid layer is the same as the depth of the porous layer
(i.e., ¢ = 1). From the figures, it is obvious that an increase in the value of e is
to decrease the critical Marangoni number and thus having a destabilizing effect
on the system. Nonetheless, increase in the value of slip parameter « increases
the critical Marangoni numbers and hence its effect is to delay the onset of
convection.

The critical wave numbers are found to be vanishingly small (i. e., a. = 0) for
various values of physical parameters chosen in the case of insulating boundaries.
However, for lower isothermal and upper insulating surfaces, the critical wave
number is found to be varying with physical parameters. Figure 5 shows variation
in a. with ¢ for four different values of Da = 0.01, 0.003, 0.002 and 0.001 when
a =1 and e = 0.725. We observe that an increase in ( and decrease in Da is
to increase a. and hence their effect is to reduce the size of the convection cells.
Also, a. ~ 2 as ( — oo, which is the critical value observed in a single fluid
layer [1].

The critical Marangoni numbers Mi. and Ms. obtained by employing both
the Beavers—Joseph and the Jones interface conditions for different values of
¢ when o« = 1, ep = 0.725 and Da = 0.001 are presented in Table 1 for
comparison.
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Table 1. Comparison of critical Marangoni numbers for Beavers—Joseph (BJ)
and Jones conditions.

¢ | Mic (BJ)| Mi. (Jones) | Regular Perturbation | Ma. (BJ) | Ma. (Jones)
Technique(M.)

0.2 23.419 23.421 23.421 34.370 34.382

04| T77.872 77.951 77.940 54.763 54.629

0.6 103.405 103.170 103.148 61.065 61.002

0.8] 103.841 103.758 103.683 64.161 64.130

From the Table it can be seen that there is a negligible difference in the
critical Marangoni numbers whether Beavers—Joseph or the more generalized
Jones condition is being used. Thus the use of Beavers—Joseph slip condition is
justified in trickling flow situations as we have considered the onset of convection
only due to variation of surface tension with temperature. In the Table, the
critical Marangoni numbers (M.) obtained by regular perturbation technique
are also given. Again, we note that M, values are in very good agreement with
those obtained by the exact method.

From the scenario envisaged, it is evident that it is possible to control the
Marangoni convection effectively in a composite fluid and porous layers system
by appropriately choosing the values of {, «, Da and e7.

Acknowledgments

This work was supported by UGC under the CAS Programme. One of the
authors (SPS) expresses her heartfelt thanks to the management of New Horizon
College of Engineering, Bangalore for its encouragement. The authors are highly
thankful to anonymous referees for their useful comments and suggestions.

References

1. J.R.A. PEARSON, On convection cell induced by surface tension, J. Fluid Mech., 4, 489—
500, 1958.

2. D.A. NIELD, Surface tension and buoyancy effect in cellular convection, J. Fluid Mech.,
19, 341-352, 1965.

3. N. RubprAiaH, V. RAMACHANDRAMURTHY, O.P. CHANDNA, Effects of magnetic field and

non-uniform temperature gradient on Marangoni convection, Int. J. Heat Mass Transfer,
28, 1621-1624, 1985.

4. M.I. CHAR, C.C. CHEN, Effect of non-uniform temperature gradient on the onset of
oscillatory Benard—Marangoni convection of an electrically conducting liquid in a magnetic
field, Int. J. Engg. Sci., 41, 1711-1727, 2003.



92

I.S. SHIVAKUMARA, S.P. SUMA, KRISHNA B. CHAVARADDI

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

D.A. NIELD, A. BEJAN, Convection in porous media, 2nd Edition, Springer-Verlag, New
York 1999.

K. Vara1, Handbook of porous media, Marcel Dekker, New York 2000.

M. HENNENBERG, M.Z. SAGHIR, A. REDNIKOV, J.C. LEGROS, Porous media and the
Benard-Marangoni problem, Transp. Porous Media, 27, 327-355, 1997.

N. RubpraiaH, V. PRASAD, Effect of Brinkman boundary layer on the onset of Marangoni
convection in a fluid saturated porous layer, Acta Mechanica, 127, 235-246, 1998.

D.A. NIELD, Onset of convection in a fluid layer overlying a layer of a porous medium,
J. Fluid Mech., 81, 513-522, 1977.

M.E. TasuiM, V. NARUsawA, Thermal stability of horizontally superposed porous and
fluid layers, ASME J. Heat Transfer, 111, 357-362, 1989.

G. McKay, Onset of buoyancy-driven convection in superposed reacting fluid and porous
layers, J. Engg. Math., 33, 31-46, 1998.

B. STRAUGHAN, Surface-tension-driven convection in a fluid overlying a porous layer,
Comput. Phys., 170, 320-337, 2001.

B. STRAUGHAN, Effect of property variation and modelling on convection in a fluid over-
lying a porous layer, J. Numer. Analyt. Meth. Geomech., 26, 75-97, 2002.

F. CHEN, Throughflow effects on convective instability in superposed fluid and porous
layers, J. Fluid Mech., 23, 113-133, 1990.

A. KHALILI, I.S. SHIVAKUMARA, S.P. SuMa, Convective instability in superposed fluid
and porous layers with vertical throughflow, Transp. Porous Media, 51, 1-18, 2001.

T.H. Desaive, G. LEBoN, M.H. HENNENBERG, Coupled capillary and gravity driven
instability in a liquid film overlying a porous layer, Physical Review E, 64, 66304—66308,
2001.

M. CARR, Penetrative convection in a superposed porous-medium-fluid layer via internal
heating, J. Fuid Mech, 509, 305-329, 2004.

D.A. NIELD, Modelling the effect of surface tension on the onset of natural convection in
a saturated porous medium, Transp. Porous Media, 31, 365-368, 1998.

G.S. Beavers, D.D. JoseEPH, Boundary conditions at a naturally permeable wall,
J. Fluid Mech. 30, 197-207, 1967.

M. Cieszko, J. KUBIK, Derivation of matching conditions at the surface between fluid-
satuarated porous solid and bulk fluid, Transp. Porous Media, 34, 319-336, 1999.

I.P. JoNES, Low Reynolds number flow past a porous spherical shell, Proc. Camb. Phil.
Soc., 73, 231- 238, 1973.

A. VipaL, A. Acrivos, Nature of the neutral state in surface tension driven convection,
Phys. Fluids, 9, 615-616, 1966.

Received January 4, 2005; revised version December 17, 2005.



