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TECHNOLOGICAL METAL FORMING processes of extrusion, forging and rolling with
imposed cyclic torsion or shear deformation have been recently studied in view of
their advantages with respect to monotonic loading processes, cf. BOCHNIAK and
KORBEL [2-4]. The present work is aimed to analyze such process in the case of
simple tension or compression of a cylindrical tube with imposed cyclic torsional
deformation. The material element response is assumed to be rigid-perfectly plastic or
elastic-perfectly plastic. For these models, the analytical solutions can be provided for
the steady cyclic responses and the effect of two process parameters, namely the ratio
of shear and axial strain rates 7 and the amplitude of shear strain ~,,, can be clearly
demonstrated. Three different regimes of cyclic response can be visualized in the plane
7, ¥m- The cyclic response of a cylinder under combined axial compression and cyclic
torsion is predicted by considering a simplified model of a set of concentric tubes and
neglecting their radial stress interaction. The axial force and torsional moment are
then specified by averaging the responses of consecutive tubes. The cyclic response
diagrams for the cylinder are then generated in terms of axial force and torsional
moment related to axial deformation and angle of twist.

1. Introduction

IN RECENT YEARS there has been a growing interest in the metal forming
processes assisted by cyclic loading. The so-called KOBO-type forming pro-
posed by KORBEL and BOCHNIAK [2-4, 13] and applied to extrusion of tubes
and wires has demonstrated essential advantages with respect to classical form-
ing processes. The significant reduction of required load for forming, growth of
ductility, possible reduction of the dissipated energy of forming and finer grain
structure are the main beneficial factors, cf. also KONG et al. [11, 12].

At the micro-mechanical scale, it is observed that destabilization of the devel-
oped dislocation substructure occurs with subsequent generation of coarse slip
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bands propagating in a transgranular mode, thus reducing the stress level re-
quired for progressive deformation. Such effects of instabilities of hardened states
at large plastic deformation were discussed already by BASINSKI and JACKSON
[1, 7]. Also COFFIN [8] noted in his work that imposed cyclic deformation could
be applied to facilitate the progressive metal forming process.

The present work is aimed at studying such cyclic deformation-assisted process
by applying simple constitutive models of plastic response of metals. Our objec-
tive is to provide an analytical solution of the steady cyclic deformation process
and discuss the effect of two basic parameters 1 and ~,,, representing, the ratio
of shear and axial strain rates and the shear strain amplitude. The analysis will
be carried out for a perfectly plastic material model satisfying the Huber—Mises
yield condition. The types of steady cyclic responses are presented by the in-
teraction diagrams in the plane ~,,, 7. Both the piecewise linear and harmonic
shear strain controls are considered. The plastic dissipation in axial and torsional
straining is presented and referred to the dissipation in the monotonic tension
or compression process.

The study will be pertained to a circular cylinder or tube axially deform-
ing with a specified rate and subjected to alternating twist with specified rate
and amplitude. Most cyclic loading experiments available in literature have been
performed at the specified axial stress values in order to study the ratchetting
strain induced by cyclic torsion. The numerous formulations of constitutive mod-
els assumed combined isotropic and kinematic hardening rules with account for
recovery effects. Here we mention some papers by MROZ [14], MROZ and RODZIK
[15], TRAMPCZYNSKI and MROZ [18], CHABOCHE [5], OHNO and WANG [16],
KANG et al. [9], KHOEI and JAMALI [10], PORTIER et al. [17] where further
references can be found. In this paper we shall refer to the tests performed by
BocuNIAK and KORBEL [2] and GROSSMAN |[6] for the case of tension or com-
pression of cylindrical specimens with imposed cyclic torsion. The analysis will
be presented first for a case of cylindrical tube and next the response of a cylin-
der will be predicted by superposing solutions for a set of tubes of decreasing
radii. The analysis with account for material hardening and recovery effects will
be presented in a separate paper.

2. Problem formulation for a thin-walled tube

Consider a thin-walled tube of initial radius r¢, length [y and wall thickness
to, subjected to axial tension or compression. Assume the axial strain rate to be
specified and constant. The alternating torsion is imposed in order to reduce the
axial stress and the applied axial force in order to execute the process. Denote
by €, and 7y;, the axial and shear strain components and their rates by €., ¥zy.
The Cauchy stress components referred to the actual configuration are o, 7.
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For simplicity, first the small strain formulation is considered which can next be
improved by considering configuration changes for large compressive or tensile
strains (see difference in Fig. 1b).
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Fic. 1. Axial and torsional deformation program: a) tube dimensions, b) longitudinal
strain e;(t), c¢) piecewise linear variation of shear strain, d) harmonic variation of shear
strain gy (t).

The deformation program is shown in Fig. 1. For uniform in time length
variation (I = lp(1+ &t)), the axial strain and strain rate are |e;| = dt, |€5] = &,
where ¢ = |I|/ly. The shear strain is assumed to oscillate within the range 27y,
and the period T'. For piecewise linear oscillation, Fig. 1c, we have 6 = Yy =
47,,/T. Denote the ratio of rates of shear and axial strains by 7, thus

. ' s,
(2.1) n= é = const, 5 = L

3> 0 v > 0.
5 T 6 >0, a >

For the harmonic variation of v, Fig. 1d, we can write

. 27rt . T 5 27rt
= sin [ — = —fBcos | —
ey = Tm ") Ty T")

and the ratio of strain rates is

Yey (t) s 27 T 27 |5 T lex]
2.2 =n— —t) =n= — ) =n= 2L
(22) B R S\ T w ) TR\, )
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where E, = 47,,/n is the strain period corresponding to time period 7T'. Let us
note that the time measure can be replaced by the axial strain |e,| = at.

In this paper we have assumed the uniform extension or compression of tube
and the piecewise linear or harmonic shear strain control. Such programs were
executed in experimental works [2] and [6].

3. Deformation analysis for a rigid-perfectly plastic material model

To understand the constitutive model assumptions in the analysis of cyclic
response of a tube, we provide the analytical solution for the elastic-perfectly
plastic material model assuming the Huber—Mises yield condition and the asso-
ciated flow rule. The constitutive equations can be written in the form:

e yield condition

(3.1) F=,/o2+372,—00=0,

e rate equations

—_ 2€ —
o=t = E )\00’

} } . T, 3T
’me:’Ygegy‘i"ng:%‘i’)\ O'zy’

where A > 0, F <0, AF = 0, FX\ = 0. Here ‘dot’ denotes the rate with
respect to the process evolution parameter, such as increasing axial strain, F
and G are the elastic Young and Kirchhoff moduli and oy denotes the yield
stress.

In this section we shall analyse the rigid-perfectly plastic material. Neglecting
elastic strains, from (3.2) we have

. . 1 Ox . . \ 3Txy
(33) Ex = 65 == )\0_70, Yoy = 7£y == )\TO

Inverting (3.3), the dissipation function can be specified, namely

d . . \ g 1 2
D = 0, + Tuyihy = 00A = 00\/(55:)2 + 5 (92y)°
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and
oD b
Or = F3p — 00
ek . 1.
e+ S,
(3.4) )
. .
oD 3 Vzy
Ta:y = a’ygy = 0p

o Lop2
Y aen,
For the piecewise-linear shear strain oscillation, Fig. lc, we obtain from (3.4)

PR A .
n 1+77

A1+ = 1/ £
+3 3

and the specific dissipation power equals

- ) 772 o 172 _ .
(36) D—O’0|€m‘ 1—|—§ =Dy 1—}—3, D0—0'0’€I|.

For the harmonically varying shear strain, in view of (2.2), we obtain the stress
components in the plastic state

(3.5)

V39

Op —

and the dissipation power is expressed as follows:

. 2 . 2
(3.8) D= Uo|€'x!\/1 + 772% cos? (27’22) = Do\/l + 772% cos? (277'22’).

Some interesting conclusions can be drawn from this simple analysis. For the
case of piecewise linear shear strain control, the stress path AB at constant axial
stress value corresponds to consecutive combined plastic flow periods followed
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by rigid unloading to a reverse shear straining point on the yield surface, Fig. 2a.
The shear hysteresis loop is shown in Fig. 2b and the axial stress variation in
Fig. 2c. It follows from (3.5) and (3.6) that the axial stress value depends on 7
and is always reduced, whereas the dissipation power increases with increasing 7.

For instance, for n = 3, there is 0, = 500 and D = 2Dy = 200|é,|. Thus, the

axial stress reduction occurs at the expense of increasing dissipated energy in
the deformation process.
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F1G. 2. Piecewise linear shear strain control: a) stress path, b) shear stress-strain
hysteresis loop, c¢) axial stress variation.

The harmonic shear strain control provides a different stress path ACBC’
following the yield surface, Fig. 3a. Thus, there is no unloading stage and the
deformation process proceeds in a fully plastic regime. The shear stress-strain
hysteresis loop is shown in Fig. 3b. The axial stress varies between the values
corresponding to A or B and the maximal value o = oy at C', Fig. 3c. The stress-
strain path in Fig. 3c touches the line o = o at C, C’, C”, .... Note that this
line corresponds to n = 0, that is to monotonic axial straining. The dissipation
power increases with respect to its value Do = 09|é,| corresponding to pure axial
deformation.
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a) Ty «'{xy
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Fic. 3. Harmonic shear strain control: a) stress path, b) shear stress-strain hysteresis loop,
¢) axial stress variation.

To illustrate the dissipated energy variation with process parameters, let us
calculate the dissipated energy in tension and torsion modes during one cycle of
deformation. For the piecewise linear shear strain control, in view of (3.5) we have

cycle 7772
(3.9) D;Y = / Txyd’}’xy = 2770-0%7; = UOEI%’
cycle
(3.10) D= / opdey = 0By ! =
0 1+ %

where D/ and Df are the dissipated energies in torsion and axial strain cycles.
The total dissipated energy per cycle equals

2 2
(3.11) D@:D3+Dg:aoEM/1+%:D@,/H%.
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Similarly, introducing e = |e;|/Es, for the case of harmonic control of shear
strain, in view of (2.2), (3.7) and (3.8), we obtain

cycle

— cos?(2me)
Dz = / szd’)/xy =00l / de,
77 2
1+ — — cos?(2me)
cycle
D = / ozdey = 0o E, / de,
\/ ?Z cos?(2me)

and

1 2 72
D! = JoEI/ 1+ W cos?(2me)de.
0

Figure 4 presents the variation of dissipated energies per one cycle in axial and
torsional deformation. It is seen that the dissipated energy portion DS decreases
with the increasing cycle frequency, but the dissipated energy D increases.
This leads to a total dissipated energy increase during the uniaxial deformation
process.

3.0
2.5

1.5+

1.0
0.5¢

F1G. 4. Variation of the dissipated energy in one deformation cycle with the strain rate ratio
7: continuous line — piecewise linear shear strain control, dashed line — harmonic shear strain
control.

4. Cyclic solution for an elastic-perfectly plastic material

Consider now the elastic-plastic material model for which the constitutive
equations are specified by (3.1) and (3.2). We shall analyze both the piecewise
linear and harmonic shear strain controls.



TENSILE OR COMPRESSIVE PLASTIC DEFORMATION ... 505

4.1. Piecewise linear shear strain control: analytical solution

In view of the constraint ¥, /¢, = n, from (3.2) it follows that

(4.1) 6o = E <éx - AU””) R e (néx - At“’) .

00 0

For the plastic state, the consistency condition requires that
(4.2) F = 0,64 + 3Ty Tuy = 0.
Substituting (4.1) into (4.2), we obtain

Eo, +3GnTyy .

D0 Oy 350, g, > 0.
Eo2 +9G72, co co

(4.3) A = a9

Let us note that n takes positive and negative values, however, the shear stress
Tzy changes its sign with 7, so we have 7,, > 0, 7 > 0 and 7, < 0, < 0, so
that 7,,m > 0. The inverse elastic-plastic equations are

. Eog + 3GnTyy .
=FrF|1-—
e < Eo2 +9GT2, Ta ) Ca

(4.4)
. Eoy + 3GnTyy .
Tay = G (77 B Eo? + 9G7'3y STay ) a

and for the elastic path we have
6, = Fég, Toy = GYay = GNEL.

To integrate analytically the rate equations (4.4), let us introduce the trigono-
metric stress representation satisfying the yield condition (3.1), namely

(4.5) 0r = 0gCos 0, \/§Txy = opsinf

with the rates

(4.6) Oy = —0o(sin®)f, 37y, = oo(cos f)6.
The first incremental equation (4.4) can now be presented as follows:

V3n

oo ; TcosG—smH

220 =
3G 1+ <3]§—1) sin 6

(4.7) £a.
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Let us introduce the following notation:

~ 1-2
tan@:\/g|n|:’yfy, mzigG—]_:;Va
3 Ex E 2(1+v)
(4.8)
_ E o _ E vy
Ex Uosm =’ Vey 1 anp = (1 4+ m) tan

where g9 = 0¢/F is the elastic strain in uniaxial tension associated with the
yield stress og. Equation (4.7) can now be rewritten in the incremental form
cos® 1+ m(sinf)?

4. déy = : do.
(49) © 1+m sin(+P —0)

Integrating (4.9), we obtain for n = £|n)|

cos P
1+m

(4.10) E,=C+ mcos(® % 0) — (1 4 m(sin®)?) In |tan

@ieu

f(£0)

where C' is the integration constant obtained from the initial values on the re-
spective paths.

Using trigonometric stress representation one may also integrate £ and the
rate of plastic dissipation to obtain the plastic strain and dissipation energy. The
results are collected in the Appendix.

For the elastic path, we can write for n = £|n|

o, FEe,

Sg = — = + sp = &z + So,
g0 g0

(4.11)

Sgy =

3 3G
\[sz = V3 nez + tp = £ tan &, + to.
00 00

4.2. Analysis of process parameters

Consider now the steady-state cyclic deformation process for specified v,
and 7. Figure ba presents one of the typical steady cyclic states in the stress
plane s, = 0,/00, Spy = \/ngy /oo. The yield condition is now represented by a
circle of unit radius and the conjugate plastic strain rates are ¢5 and "yé’y / V3.

The cyclic stress path is formed by two semi-cycles O* — D — A — O* and
O* — B—C —O*, where the position O* is specified by the value s, = s* which is
to be determined. The elastic stress paths AB and C'D are inclined at the angle
© to the sy-axis, where for positive n

Sy \/gfxy 3 1 n
t = 2 =—""=(1+ tan® = | = —
an ¢ 5 - ( m) tan <2 50) /3
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Fia. 5. Steady state cycles representation in the sz, sgy-plane a) the case > 9m (ym),
b) the case 7 = nm (ym), ) the case M (ym) < N < Nm(Ym), d) the case n > ni(Ym).

and the angle @ specifies purely plastic strain path for transformed strains &,
and 7,,. Note that ¢ > @ for v < 0.5. The radial lines O — A and O — D are
inclined at the angles 84 and 6p to the s -axis. From geometrical relations it is
seen that

A =04 —0p=m—2p,

(4.12) sin /1 — (s*)2sin% ¢ — s* cos

cos /1 — (s%)2sin o + s*sin ¢

Let us specify first the limit value of n for which the elastic unloading or
reloading occurs along the path AB or CD. The elastic unloading is specified
by A =0 and

F = 0,0, + 3Tuytuy = 02(E2.) + 370y (—Gn)éx) <0,

tanfy =
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where o, = ogcosla, 37y = V/3ogsinfy4. For F =\ =0 the neutral, limit
process is observed. At the point of reversion of the deformation path we have

(4.13) F= <cos 04 —/3sin HA(E;n) ooEé; = (1 — (24 m)(sin 45)2) ooFé, <0

where we have assumed the limit value of 84 = & occurring for ~,, — oco. For
finite shear amplitude values, there should be #4 < ®. The inequality (4.13)

provides
3
In| > 1im = Ml(c0)

and for finite values of 7, the corresponding limit value 7, = n;(,,) should be
greater than 7 (), thus

M (Ym) > Mi(oo)-

The other steady cycle pattern can be generated when the points D and B
merge on the s,-axis, Fig. 5b. Then, the maximal axial stress reached in the
cyclic process equals the static value og. Considering the elastic path from A
and assuming that it touches the yield surface at B, we can write

Sy = Er+cosfy=1

Spy = —tanpé, +sinfy = 0.

We note also that 4 = m—2¢p along the path AB. In the case v, — oo the angle
04 can be replaced by @ and we obtain the condition for the maximal stress o,
to be less or equal to og

3(3+2m)

>
Il = 1+m

Here again for a finite value of v,,, the corresponding value 1, = M (vm) is
greater than 7,,(o0), thus 7, (ym) > Nm(sc). After reaching the yield stress at
B the stress path remains on the yield surface and at the instant of reversing
the twist, the stress state is represented by point C' which is a mirror image of
point A with respect to the s -axis. When the elastic unloading occurs, the yield
surface is reached again at the point D which is the mirror reflection of point
B, Fig. 5a. The maximal value of the tensile stress smax reached in the course
of deformation process is represented by points B and D. When n = n,,, then
Smax = 1 and points B and D merge on the s,-axis.

Figure 6 presents the variation of angle difference ¢ — @ for increasing values
of n and different values of the Poisson ratio. It is seen that ¢ — @ reaches
a maximum for 7 close to 2 and then tends to 0. As far as this difference is
always positive, for the initial elastic loading process, at the instance when the
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yield surface is reached for the first time, one always observes an increase of the
axial stress (compare Eq. (4.9) for § = ¢ and Figs. 9-11). The characteristic
material parameters and two limit values of n for different metallic materials are
collected in Table 1V, It is seen that n; and 7, vary within very small range.

oD
5
4 v=0.25 (Zn)
5 v=0.34 (Al)
v=0.35 (Cu)
2 v=0.44 (Pb,Au)
r

2 4 6 8 10 12 14 M

Fia. 6. Difference ¢ — @ for varying n and different values of v.

Table 1. Values of material parameters and two limit values of n for different
metallic materials (volues marked by a star specify the tensile strength). For
Al-alloys, cast iron and steels, the yield stress strongly depends on the steel
composition and the forming process.

Metal FE oo €0 v m Nm m
[GPa] [MPa) [%]

Al 68.3 13-22 0.02-0.03 0.34 0.119 2.785  1.637
Al-alloy 70 40-320 0.06-0.45 0.33 0.128 2,771 1.631
Sn 54.3 34.5%* 0.06* 0.36 0.103 2.812 1.649

7Zn 86.9 110* 0.13* 0.25 0.200 2.661 1.581
Cu(annealed) 123 40-80 0.03-0.06 0.35 0.111 2.798 1.643
Pb 16.2 12.5% 0.08* 0.44 0.042 2.920 1.697

Ag 79.5 276* 0.35%* 0.37 0.095 2.825 1.655

Ti 110 170 0.15 0.36 0.103 2.812 1.649

Au 80 138%* 0.17* 0.44 0.042 2.920 1.697

cast iron 211 80-150 0.04-0.07 0.27 0.181 2.689 1.594
mild steel 210 130-350 0.06-0.17 0.29 0.163 2.716 1.606
stainless steel 210 500-680 0.24-0.33 0.3 0.154  2.730 1.612

Figure 5c¢ presents the case when the yield point at B is reached by the
elastic unloading path AB for s.,(B) > 0 and similarly, the point D is reached
for szy(D) < 0. This case corresponds to M (vm) < 7 < Nm(¥m). Figure 5d

DMaterial parameters in Table 1 are collected on the basis of A concise encyclopedia of met-
allurgy, A.D. MERRIMAN [Ed.|] and Vademecum of Material Science [in Polish], W. DOMKE,
WNT, Warszawa, 1982.



510 Z. MROzZ et al.

presents the stress path for which there is no elastic unloading and the whole
deformation process is purely plastic. This occurs when 7 < 7;(v,).

Let us now provide the solution for the half-cycle of the steady state of
cyclic deformation presented in Fig. 5a. At the point A we have £,(A) = &4,
Yeoy(A) = Ym, €2 = €4+ A&,. Along the path portion AB the elastic deformation
occurs and we have

(4.14) Sy = A&, +cosfy,
(4.15) Spy = —tanpAg; +sinfy.

Along the stress path portion BC' the elastic-plastic deformation occurs, and we
have in view of (4.10)

E./2=Az.(0c) = cosfp —cosfs — f(—0p) + f(—0¢)
= cosfp —cosOa — f(0p) + f(04)

and finally

(4.16) Nm = g (cosOp —cosba — f(Op) + f(04)) .

On the other hand, when no elastic unloading occurs, this relation simplifies to

(4.17) T = 5 (F(84) = F(=64)).

Equations (4.16) and (4.17) provide the solution for steady cyclic states. In fact,
as 0p = 04 — (m — 2¢p), cosfp = —cos(f4 + 2¢), Eq. (4.16) can be rewritten in
the form

N3

(—cos(04+2p) —cosls — f(Oa+20—7)+ f(04)) .

This equation can be solved numerically for specified %, and 7 thus providing
04,0p and 0 = —0p, 0c = —04. For a purely plastic regime Eq. (4.17) provides
the solution for 6 4.

Now, let us specify the limit response curves m; = 7;(vm) and 7y = M (Ym)
separating in the plane of process parameters 7,7, the domains of different
responses, with stress paths shown in Fig. 5. The curve 7, = 1, (7m) separates
the domains C and B. In the domain C both the elastic unloading or reloading
tensile paths AB and C'D occur with reduction of maximal stress with respect
to the limit value o, = 09, cf. Fig. ba. In the domain B, the elastic unloading
and reloading paths AB and C'D exist, but the maximal value of tensile stress
equals og, cf. Fig. 5. The curve 1, = m;(ym) separates the domains B and A,
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where in the domain A no elastic unloading or reloading occurs, cf. Fig. 5d. As
for the case of purely plastic cycle there is §p = —604, we have, in view of the
relation Op = 64 — (m — 2¢), the value of 04 = 7/2 — ¢ = —0p and the limit
line 1; = n; () is specified by the relation

B9 5 (-5)
m=5flg—e)-fle—3))
The response curve 7, = 1y (ym) separating the domains C and B is specified
by setting p = 0 and 04 = m — 2¢p into Eq. (4.16) what provides

_lm

T = "B (14 cos(2p) = £(0) + £ — 2¢)).

Figure 7 provides the three response domains in the plane (1,7, /c0). Let us
note that the separating curves tend to asymptotic values (o) and 7,,() for
Vm — OQ.

Ymt M=, NN,

€o
4.0f no elastic
— .

/‘4 unloading

@% elastic unloading + no
3.0b reduction of tensile stress

elastic unloading +

C reduction of tensile stress

2.0p

A

I Il 1 1 n
5.0 10.0 15.0 20.0

Fic. 7. The regimes A, B, C of cyclic response in the plane of process parameters 7,
Ym (m = ma; = 0.128).

Let us note that for the regime C where the elastic unloading or reloading
occurs, we have

o sin(0atp)

- Smin = cosfy
sin ¢

Smax = cosfOp = —cos(04 + 2¢),
and for the remaining two regimes .4 and B there is
Smax = 8T =1, Smin = €08 04,

so the angle 84 could be easily related to spip.
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Figure 8 presents the distribution of isolines sy.x = const. The domains A
and B for which smax = 1 is marked below the separating curve nm, = 7 (00)-
It is seen that the isolines spmax = const tend to asymptotic values for v, — oo
and 1 — oo, satisfying the relations

3(1 - S?nax)

e nEmex — /3 tan [arccos(smax) — 2@ (nimex)] = 0.

~Smax
Tm -

L [3tan[arccos(s, D—20017)]=0

Smax=CONSt

Ve —
20 40 60 80 100
Fi1c. 8. Minimal values smax of the tensile stress in the plane of process parameters n, vm, .

Bold lines separate the regimes A, B, C (m = m4; = 0.128).

The typical axial and torsional cyclic responses for different values of n and
Am are illustrated in Figs. 9-11.

N
P24

Fi1g. 9. Variation of the tensile stress path and the hysteresis loop of shear stress-strain
response in the course of cyclic deformation, 17 < 7; regime A: no elastic unloading.
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1 Ex

F1G. 10. Variation of the tensile stress path and the hysteresis loop of shear stress-strain
response in the steady cyclic deformation, n; < 1 < n,,, regime B: elastic unloading and no
reduction of Smax.

ol

Ex

F1G. 11. Variation of the tensile stress path and the hysteresis loop of shear stress-strain
response in the steady cyclic deformation, 1 > 7, (regime C: elastic unloading, maximal
tensile stress reduction).

Consider now the plastic dissipation generated in one deformation cycl_e. Fol-
lowing (A.2), (A.3) and (A.4), we may calculate the total dissipation AD, and
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the portions AD,, ADW. Figure 12 presents the variation of dissipation incre-
ments for increasing values of 7. It is seen that the total dissipation increment
largely increases with respect to the dissipation increment in pure tension. How-
ever, the tensile dissipation increment decreases and tends to zero for increasing
values of 7.

The increment of plastic dissipation during one cycle when 04 — @ (for
sufficiently large values of E, and ~,,) may be calculated as a double increment
of plastic dissipation during the half-cycle, so that

ADeyete = 2(D(8.4) — D(0p)) = 2(D(64) — D(64 — 7 + 2¢))
for an elastic-plastic half-cycle and
ADcye = 2(D(04) — D(—64))

for a totally plastic semicycle. Let us note that the angle 64 is uniquely related
to Ym, n and E, for the steady cycle, Egs. (4.17), (4.18).

Similarly we may calculate the increment of the axial plastic strain &7 during
one steady cycle respectively for two regimes, so we have

AGee = 2(E8(04) — (04 — 7 + 2¢)),

Agjae = 2(E0(04) — ER(—04)).

cycle

A[)cycle

=P

Let the ratio § = of a plastic work increment and a plastic strain

cycle
increment during one cycle be treated as a energy-based measure of expense

of the plastic extension process. For the pure tension this ezpense coefficient &
equals one.

It would be interesting to find the upper limit value of § for arbitrary values
of n but for v, — oo what is equivalent to 84 — ®. We obtain (as compared to
the results (3.9)—(3.11))

AD D(04) — D(04 — 7+ 2
(419) &= lim ==2% _ jiy _p( ) _p( A — T+ 20)
fa—e Aé‘cycle 04— 8I(9A) - 51(914 — T+ 2(,0)
dD
i ) "
— lim 90 _ i
9‘412145 de? cos P + 3
de
and similarly
AD 1
(4.20) lim % ~ cosd — _
04—P Ascyde L n
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_ 14
ADzx 1 SN
(4.21) lim ;chde —cosP = —3
0a—P  AZ. . cos P 7
y 1 + ?

Figure 12a presents the variation of the expense coefficient for varying val-
ues of n and F,. Figures 12b,c present the evolution of axial and torsional ex-
pense coefficients. The bold lines present the limit values derived analytically,
cf. Egs. (4.19)—(4.21). It is seen that the total dissipation always increases for
the combined process, however the axial dissipation decreases remarkably for
increasing values of n and ~,,.

a)

b)

2.0 4.0 6.0 8.0 10.0

<) ADy
6.0

A
5.0
4.0
3.0
2.0

1.0
‘ﬂ ,

2.0 4.0 6.0 8.0 10.0

Fi1c. 12. a) Variation of the ratio of total plastic dissipation increment per cycle and the
axial plastic strain increment (expense coefficient §) with E, and 7, b) variation of axial
expense coefficient c)variation of torsional expense coefficient.
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4.3. Harmonic shear strain control: incremental relations

Consider now the harmonic shear strain control specified by (2.2), accompa-
nied by the progressive axial extension, thus

(4.22) bp=a, = ng cos (%Zf) .

6.1‘ x

For the elastic regime, the incremental (or rate) equations are

(4.23) o = Féy,  Tay = G cos (202 ) &,,
2 E,

and for the elastic-plastic regime we have

. .3
(4.24) 6o =E (&0 - A7), oy =G (nocos (2m8 ) e — AT )
(o)) 2 Ew g0

The yield condition (3.1) and the consistency condition F = 0 provide

s €
Eo, + 3G77§ cos <277E;1> Try ‘

4.25 A=
(425) 0 Eo? +9GT2, cx
and the relations (4.24) can be written in the form
FEo, + ?)Gnz cos 27T€—$ Ty
. 2 Ey .
Op = FE 1-— Oz | €z,

Eo2 +9GT2,

(4.26)

T €
Eo, + 3G77§ cos <27TE§:> Try

Eo2 +9GT72,

3Tzy | €z

Toy = G ng cos <2712x> —
T

Introducing the trigonometric stress representation (4.5) and the notation (4.8),
the incremental relations (4.26) can be presented as follows:

@zcos 2715—96 cosf —sin b

3G 1+ <3]§_1> sin 62

(4.27) €z
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or
1 1 + m(sin 6)?
1 +mtan¢— cos (6 ) cosf —sinf
E,

(4.28) dz, do,

2

where &, = e,/e0. Equation (4.28) can be integrated numerically. The elastic
unloading condition is now A = 0 and

. ™ n Ex .
4.29 F=o0g|cosO+ (1+m)=—=cos|2r— || e, <0.
(129 oo mg eos (202 )]

Introducing the notation

tan (& i :E@cos 2772 ,
E, 2 3 E,

€ Sy
tan —_ 1+ m)——=cos 27T> = —=
(B =0 migen () =5
it is obtained from (4.29) for the neutral, limit process

cos (0 —¢) =0, 9—9@21%,
so the stress trajectory in the s;, sgy-plane at the instant of unloading is tan-
gential to the yield surface. The elastic stress rates sz, and sf then specify the
angle .

The reverse point of the axial stress oscillation is specified by the condition
dsy/de; = 0 and then

sinfsin (¢ —0) =0, sothat 6=

and the tensile stress reduction occurs when @ < 6.

The typical stress paths are presented in Figs. 13-15. Similarly as for the
piecewise linear shear strain control, the response regimes A, B, C will occur
depending on ~,, and 7.

Figure 13 presents the cyclic material response for n = 6, v,3/c0 = 4.62
when the cyclic process is composed of elastic and elastic-plastic portions with
the reduction of maximal axial stress (regime C). Figure 14 presents the cyclic
response for n = 6, vpm2/e0 = 9.24 when the elastic and elastic-plastic por-
tions occur with no reduction of maximal axial stress (regime B). Figure 15 for
n = 6,vm1/e0 = 0.924 presents the response for small amplitude value and no
maximal stress reduction.
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a) 0)

0.05 11

Sxy

r 0.03

=
S
IN]
o
o
=

T -0.03

ai—5 6 1 .0.05 -1
Fic. 13. Harmonic shear strain control with maximal axial stress reduction and elasto-
plastic response (n = 6, ym/c0 = 4.62) a) cyclic stress path, b) variation of axial and
shear stress and shear strain, c) torsional hysteresis loop.

a) Sxy2 b) Sx S xy Yy c) Sxy
11 041 -
r 0.05
€ ny
0 o

-0.08 0.04 0.08

T -0.05

4 KR - 0.1

Fic. 14. Harmonic shear strain control with no maximal axial stress reduction and elasto-
plastic response (n = 6, vm/c0 = 9.24) a) cyclic stress path, b) variation of axial and shear
stress and shear strain c) torsional hysteresis loop.

Figure 16 presents the cyclic response diagram in the plane 7, /o, n. It is
seen that the line separating the regimes A + B and C differs essentially from
that generated for a piecewise linear control. In fact, for instance with n = 6
and increasing ~,,/ep, we intersect the domain C at two points for small and
large values of 7,,/eg. Thus, there is no reduction of maximal value of s, for
sufficiently small values of v, < vp,1 and for sufficiently large values v, > Yme.
For a piecewise linear control the separating lines tend to asymptotic values of
Ym/€o and 7, cf. Fig. 7. The diagrams shown in Figs. 13, 14 and 15 are presented
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a) b) c
sxy Sx, Sxy Y ) Sxy
11 1 0.007 14
S x
R Sxy + 0.0035
Sx €y Yy
0 0 \ \ 1 0 ‘ & ‘
S 911 00151 002 -0.01 0.01
+-0.0035
ny
- - - + -0.007 -1 -

Fi1c. 15. Harmonic shear strain control with no maximal axial stress reduction and plastic
response (n = 6, vm /e0 = 0.924) a) cyclic stress path, b) variation of axial and shear stress
and shear strain, c) torsional hysteresis loop.

a) b)

30 4 09 )

18 M|

25 | \

7 ) elastic unloading +
\

reduction of axial stress

elastic unloading +
reduction of axial stress

20 14 4

12 4

10 v
0.4
8 4
10 03
&1 ——0.2
______ - — e 4
5]
A+B N
process with no reduction of maximal axial stress process with no reduction of maximal axial stress
0 : : ) ‘ :
0 5 10 Yml€g 15 0O 1 2 3 yale, 4

Fia. 16. The response diagram in the plane vm /g0, n specifying domains A + B and C of
no-reduction and reduction of maximal axial stress a) diagram for large values of vy, /eo,
b) diagram for small values of v, /eq.

for the values v, = Y1, Yme and 7,3 marked in Fig. 16. It is also demonstrated
that the periodic shear strain variation exhibits phase shift with respect to the
shear stress variation.

Figure 17 presents the comparative diagrams of axial stress variation for
piecewise linear and harmonic shear strain control for the same values of ~,, and
7n. It is seen that much greater axial stress reduction occurs for piecewise-linear
control for larger values of v,,.
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a)
12 n=6, ¥m=0.006 b) =6, v,=0.03 ©) 1=6, ¥ ,,=0.06

27 ¢ 1.2 ) 1.2 4

¥ Sy — harmonic Sy — harmonic

T T oYY 4 T piecewise 1 — piecewise
0.8 0.8 - 0.8
0.6 - 06 fA 0.6

— harmonic
0.4 - — piecewise 041 § 0.4 4
0.2 0.2 0.2
€y Ex
0 , : ‘ ‘ 0 : : : ‘ 0 . ‘ ‘ ‘
0 0.005 0.01 0.015 0.02 0 0.02 0.04 0.06 0.08 0 0.02 0.04 0.06 0.08

Fi1Gc. 17. Comparison of the tensile stress paths for piecewise linear and harmonic shear strain
controls (F = 77000 MPa, v = 0.4, o9 = 500 MPa, n = 6), a) vm1 = 0.006, b) v;m3 = 0.03,
¢) Ym2 = 0.06. Relative parameter values: g = oo/ E ~ 0.0065, vm /g0 = 0.924;4.62;9.24.

5. Approximate cyclic solution for a cylinder

In this section we shall discuss the approximate solution for the steady cyclic
state in a cylinder subjected to axial tension or compression, combined with
cyclic torsion of a specified angular amplitude. We assume that the cylinder is
composed of thin-walled tubes of varying radii and neglect the radial tube inter-
action, Fig. 18. Assuming the plane cross-section and material incompressibility,
the strain tensor is expressed in the cylindrical coordinate system

€z =&, ’719:191”7 57”:59:_58

and the non-vanishing strain rate components are

Ex =€, Yeo = U, € =¢ep=—5¢

Assume the linear variation of shear strain with the radius r» and constant tensile
strain of each tube, so that

r . .
Yab(r) =Yg Ear)=en T =roexp(e),  F=ré,
where R is the actual outer radius of the cylinder. The strain rates are
. . . 1. . .RT
€z = o = const, Ep = —55 = const, Yzo(T) = 'ngﬁ.

Similarly to the case of a thin-walled tube, two different shear strain programs
are considered: piecewise linear and harmonic, so we have

€
A8 = nfte,, or B = nRE cos | 2m—= | &,.
2 ,
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Je
g

Fia. 18. Cylinder geometry.

5.1. Piecewise linear shear strain control: rigid-plastic model

Assuming the rigid-perfectly plastic model, and using the solution (3.5) for
a tube, we can present the stress distribution in the cylinder
a0

6 ol = e ) =

mw 10
1 08
08 o/q,
— i 06
06 n=1 n=3
i 04
04 v/ _ /g,
02 02
r/R | /R,
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Fic. 19. Variation of axial stress and shear stresses in a cylinder for n = 1, 3, 10.
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Integrating the axial and shear stresses (5.1) over the actual cross-section of
the cylinder, we obtain

6 n? V3 2 n?
F =Fy— 14+ —— , M = My— —6)\/14+—+6],

where Fy = F(n = 0) is the axial force in pure tension and My = M (n — o) is
the twisting moment in pure torsion, so that

V2
F :7rR2U, My = ——=7nR30y.
0 0 0 3\/3 0

Figure 20 presents the evolution of F/Fy and M/M, in the course of cyclic
deformation. It is seen that the axial force and the torsional hysteretic loop
depend only on the value of parameter 7. Figure 21 presents the variation of
F/Fy and |M|/My with 7. It is seen that the axial force decreases and the
torsional moment amplitude increases with 7.

. AM/,
o MM,
10 n=(1) n=3 ) n=10
0.6 n=3 YRYE
o n=10 L
0.2
e/E
0.5 1.0 .

Fi1Gc. 20. The cross-sectional force and moment variation in the steady cyclic state.

1.0
\MI/M,
0.8
0.6
0.4
0.2 F/F,
5 10 15 20 25 3N

Fia. 21. Variation of axial force and twisting moment with the parameter 7.
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5.2. Harmonic control of shear strain: rigid-plastic model

For the harmonic variation of 7.y, the stress components follow from the
solution for a tube, Eq. (3.7), so we have

_ V300

0x(T) = =
\/3 + T]ZFQZ cos?(2me)

I

ﬁaofng cos(2me)
7'339(7:) ==+ ,

2
31/3+ 772772Z cos?(2me)

where e = ¢,/ E,. Figure 22 presents the stress variation within the cylinder for
increasing values of e, and the assumed value n = 3.

R TS
4 L7 77 FALT AT
S
RS LT
QQ.""
o, (77 7

F1a. 22. The axial and shear stress distribution in cylinder for n = 3.

The cross-sectional axial force and twisting moment are expressed as follows:

6 1 2
Fe=Fp—y <\/1 n 5772% cos?(2re) — 3> :
772% cos?(2me)

2 1 2
M= MO3L ((772% cos?(2re) — 6)\/1 + 5772% cos2(2me) + 6 | .
77371T—6 cos®(2me)

Variation of F'/Fy and M /My in the course of steady cyclic deformation is pre-
sented in Fig. 23. It is seen that the axial force reaches its maximum equal to
Fpy and its minimum value strongly depends on 7.
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FIF,
1.0 n=0 M/M,

0.8 n=1

=N n=3
0.6 n=3 7 7 [\ YRYE
y

0.2 n=10 /n=10
e/E -1

0.5 1.0 1.5 2.0

F1a. 23. Variation of axial force and twisting moment in the steady cyclic state for different
values of 7.

5.3. Piecewise linear shear strain control: elastic-plastic model

To simplify the analysis, we shall treat the cylinder as a discrete set of thin-
walled tubes and neglect their radial interaction. The resulting axial force and
torsional moment are obtained by summing up and averaging the stress contri-
butions of consecutive tubes. Referring to Fig. 24, it is seen that depending on
the value of radius r and sufficiently large values of 7, the tubes can correspond
to the regimes A, B, and C. Thus in the external cylinder portion ro < r < R,
the regime C occurs with elastic unloading and maximal axial stress reduction,
but in the central cylinder portion 0 < r < ry the regime A occurs with no elas-
tic unloading during the steady cyclic deformation. In the intermediate portion
r1 < r < ry the regime B occurs with no reduction of maximal tensile stress.

’Yi” n ani n:nmin
€o

4Bl C

3.0F

\ r=R

2.0r

1.0r /

Ui

e ———

n
; 10 15. 20.
=0 5.0 ng 100 5.0 0.0

Fi1Gg. 24. Three different stress regimes within a cylinder subjected to monotonic extension
and cyclic torsion.
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6. Concluding remarks

The present paper provides the analysis of cyclic deformation modes for a
tube or cylinder subjected to axial extension or compression with a specified
rate, assisted by cyclic torsion of specified strain rate and amplitude. The funda-
mental process parameters are the ratio of rates of shear and axial strains n and
the shear strain amplitude -y,,. Three different stress regimes have been detected
and analyzed in detail. The response domains in the plane of process parame-
ters are specified and plotted in the form of diagrams resembling the familiar
Bree diagrams specifying the shakedown, alternating plasticity and ratchetting
domains for structural elements under load control and a perfectly plastic mate-
rial response. It is demonstrated that considerable axial force reduction can be
attained for sufficiently large values of 1 and ~,,. However, the plastic energy
dissipation in the process is always larger with respect to the pure axial extension
or compression for a specified total elongation or shortening of the cylinder. The
response for piecewise linear and harmonic shear strain control is illustrated by
presenting the cyclic stress path and stress-strain diagrams. The application of
material hardening models combined with dynamic recovery effects would pro-
vide different results and prediction of reduced energy dissipation. This topic
will be the subject of a separate study and confrontation with experimental
data. The problem of microstructure evolution in the course of cyclic loading,
especially fine-grained structure generation will also be analysed. The present
paper provides the fundamental clarification of cyclic deformation modes and
their dependence on process parameters.

Appendix A.

Using trigonometric stress representation (4.5), the axial component of plastic
strain €f = A cos 6. Integrating we obtain for n = =+
; d+0
an | ——
2
where C; denotes the integration constant.
Now, let us specify the rate of plastic dissipation. During one cycle of defor-

mation the elastic work vanishes and the work of external loading is dissipated.
We have

P cos P
(T +m)cosp

T

cos(¢ — D £ 0) + cos(p — D) cos P In

(A.1) D = 0,8 + Tay Yoy = oA =D, + Dy
In view of (4.5) and (4.3) we obtain
o3 cos® cos(pF0) .

D=
E(1+4m) cos g sin(+P — 9)0




526 Z. MROzZ et al.

and D, = ggAcos? 0, DY, = ogAsin? 0. Denoting D = D /Dy, (Do = opeg) and
integrating (A.1), we obtain for n = %|n|

cos P

(A2) D) = Co—

[cos(p — @) In |sin(P + 0)| £ Osin(p — P)]
where C,, denotes the integration constants calculated from the accumulated
value in the previous cycles. The tensile and torsional dissipated energies are

(A.3) Dgg(e)zow—l cos &

_— + b — 20
4(1—|—m)cos<p[cos( vT )

+ A(£0, +¢) In | sin(+P — 6)| + OB (£, i«p)} ,

where

A(D, p) = cos(p + D) + cos(p — 3P) + 2cos(p — D),

B(®, ¢) = sin(p — 3®) + 2sin(p — P) — sin(p + D)
and

_ 1 cos P
. ey (0) = Cypgy + ————— toFP—20
(A9 Da(®) = Comy+ 15 o con g | OIS T 2= 20)
4 C(£®, +0) In | sin(+P — 6)| + §D(+, igp)} ,

where

C (P, ) = cos(p + D) + cos(p — 3P) — 2cos(p — D),

D(®, ) =sin(p — 3P) — 2sin(p — @) — sin(p + D).
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