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Some results on the spatial behaviour in linear porous elasticity

M. CIARLETTA!, S. CHIRITA2, F. PASSARELLA!

() Department of Information Engineering and Applied Mathematics (DIIMA),
University of Salerno, 84084 Fisciano (Sa), Italy

) Faculty of Mathematics, University of Iasi,
6600-1asi, Romania

IN THIS PAPER we study the spatial behaviour for an extended class of isotropic and
homogeneous porous materials for which the constitutive coefficients are supposed
to satisfy some relaxed positive definiteness conditions. By using some appropriate
measures, we are able to establish results describing the spatial behaviour of transient
and steady-state solutions in these enlarged classes of porous materials.
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1. Introduction

THE THEORY OF ELASTIC porous materials has been studied by GOODMAN and
CowiN [1], NunziaTO and COWIN [2] and COWIN and NUNZIATO [3] for de-
scribing the deformation of a continuum with voids in which the matrix material
is elastic and the interstices are void of material. The nonlinear theory of porous
materials was developed by NUNZIATO AND COWIN [2| by assuming that the
bulk density is the product of two fields: the matrix material density field and
the volume fraction field. This representation introduces an additional degree of
kinematic freedom and it is compatible with the theory of granular materials
developed by GOODMAN and COWIN [1]. The linear theory of elastic materials
with voids has been developed by CowIN and NUNZIATO [3]|. The intended ap-
plications of the theory of elastic materials with voids are to geological materials
such as rocks and soils and to artificial porous materials. Porous materials have
also been studied in micromechanics (see GIBSON and ASHBY [4]) and in homog-
enization (see, for example, JIKOv, KozLOV and OLEINIK [5], GALKA, TELEGA
and TOKARZEWSKI [6] and CIORANESCU and SAINT-JEAN PAULIN [7]).

The spatial behaviour of solutions in elastostatics of cylinders made of
a porous elastic material was studied by CHIRITA [8, 9] and IESAN and QUIN-
TANILLA [10]. The spatial behaviour of the steady-state and transient solutions
have been studied by IESAN and QUINTANILLA [10] and SCALIA [11], under the
assumption concerning the positive definiteness of the constitutive coefficients.
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Recently, some novel foam structures with negative Poisson’s ratios were
prepared and their mechanical behaviour and structure have been analysed (see,
e.g. LAKES [12| and CADDOCK and EVANS [13]). Such auxetic or anti-rubber
materials expand laterally when stretched, in contrast to ordinary materials.
Some anisotropic polymer foams have been prepared which exhibit the Poisson’s
ratio exceeding 1 (see LEE and LAKES [14]). Materials of this kind are expected
to have interesting mechanical properties, such as high energy absorption and
fracture resistance, which may be useful in applications. Possible applications of
such materials in prevention of pressure sores or ulcers are outlined by WANG
and LAKES [15]. Saint—Venant end effects for materials with negative Poisson’s
ratio are studied by LAKES [16].

In the present paper we describe two methods, relevant to the study of spa-
tial behaviour for the steady-state and transient solutions in a linear isotropic
homogeneous elastic body with voids, under relaxed conditions concerning the
positive definiteness of the constitutive coefficients, including the class of auxetic
materials.

In the study of the transient solutions we introduce two time-weighted surface
measures and derive and discuss a second-order differential inequality which is
valid for a bounded as well as an unbounded body of arbitrary form. Thus, we
obtain results of the type described by SCALIA [11], but for some enlarged classes
of materials with voids.

For the study of the time-harmonic vibrations, we consider a right cylinder
made of an isotropic and homogeneous elastic material with voids and introduce
two appropriate cross-sectional measures. The treatment of this problem leads
to a first-order differential inequality furnishing the information concerning the
spatial behaviour of the amplitude of vibration, provided the frequency of the
harmonic vibration is lower than critical frequency. Such results are established
for the same enlarged classes of materials with voids as for the transient solutions.

2. Formulation of the problem

Let B be a bounded or unbounded regular region of the physical space R3
with the piecewise smooth boundary surface 9B. We denote by n the outward
unit normal vector to the boundary. The region B is filled with an isotropic
and homogeneous elastic porous material. We select a rectangular system of
coordinates and note that vectors and tensors will have components denoted
by Latin subscripts ranging over 1,2,3. Summation over repeated subscripts
and other conventions typical for differential operations used and superposed
dot or a comma followed by a subscript are used to denote partial derivative
with respect to time or the corresponding Cartesian coordinate, respectively.
Further, we suppress the dependence upon the spatial variable when no confusion
may ocCur.
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In the context of linear theory for a porous elastic solid as described by
CowiIN and NUNZIATO [3], the equations of motion are
tji; + by = pii;,
(2.1) )
hjj+g+1=px¢, in Bx(0,00).

In the above relations we have used the following notations: u; are the compo-
nents of the displacement vector field, ¢ is the change in volume fraction from the
reference volume fraction, ¢;; are the components of the stress tensor, h; are the
components of the equilibrated stress vector, g is the intrinsic equilibrated force,
b; are the components of the body force vector and [ is the extrinsic equilibrated
body force. Moreover, p and x are the bulk mass density and the equilibrated
inertia in the reference state.

The constitutive equations for the linear theory of isotropic and homogeneous
elastic porous continuum are [3]

tij = Nepp0ij + 2ei; + BPdij, hi = agg,

g = _ﬁerr —€¢, in B x [0, OO),

where A, p1, o, 3 and £ are constitutive constants, d;; is the Kronecker’s delta
and

(2.2)

1

(2.3) €ij = 5 (uij + uji) -

The set B represents the closure of B.
The internal energy density £ associated with the kinematic fields u;, ¢ is
defined by

1 1 1
(2.4) &= §>\€rr€ss + peijei; + Berrd + §§¢2 + §Oé¢,z‘¢,i,
and it is positive definite if and only if (see, e.g. COWIN and NUNZIATO [3])
(2.5) >0, a>0, £>0, 3N+ 21 > 0, (3X 4 2u)€ > 352

We further note that, by assuming zero boundary displacements and volume
fraction, the total internal energy associated with B,

(2.6) Ep = / Edv,
B

can be written in the following form:

1
(2.7) Ep = Q/de,
B
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or in the form

1
(2.8) Ep = 2/I/V*dv,
B
where
(2.9) W = pti juij + (A + 1) U ptis s + 20ur, ¢ + £0% + i,
(2.10) W* = /LUZ'JUZ'J‘ + ()\ + ,u) u,-7ju]-,i + 2ﬂur,r¢> + §¢2 + ong,igb,i.

In this work we shall use the positive definiteness of the quadratic forms W
and W* in order to study the spatial behaviour of solutions in the linear theory
of elastodynamics of materials with voids. As we will see later, the hypotheses
of positive definiteness on the constitutive coefficients defined by (2.5) will be
relaxed. To this end, we consider an isotropic, homogeneous elastic porous solid
so that the basic equations (2.1) to (2.3) of the linear dynamic theory reduce
to [3]

KU rr + ()\ + ,U/)ur,m' + /8¢,z + bz - puu

(2.11) .
a¢,rr - ﬁur,r —§p+1l= PX¢-

With these equations we associate the following initial conditions

(2.12) wi=u) w=u, ¢=¢° $=4¢" on Bx{0},

7

and the following boundary conditions

(2.13) u; =1, ¢=¢ on OB x[0,00),

where u?, u?, @Y, qﬁo, u;, and <Z> are the prescribed continuous functions. Under
the positive definiteness conditions (2.5) for the potential energy density £ and
by assuming p > 0, x > 0, spatial behaviour of the transient solutions of the
initial-boundary value problem P defined by the relations (2.11)—(2.13), has been
established by ScALIA [11]. Throughout this paper we will consider classical
solutions of the initial-boundary value problem P, that is we will consider the
couple of functions {u;, ¢} twice continuously differentiable with respect to the
spatial and time variables, satisfying the relations (2.11)-(2.13). We have to
stress that our method of proof can be used also for appropriate classes of weak

solutions.
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3. Spatial behaviour of the transient solutions

Throughout this section we will establish the spatial behaviour of the tran-
sient solutions of the initial-boundary value problem P under the hypotheses on
the constitutive coefficients milder than those used in SCALIA [11]. In fact, our
results are established for the classes of porous elastic materials will be defined
by relations (3.15) and (3.41). Clearly, these relations enlarge the class of porous
elastic materials described by the relation (2.5). This fact is possible because
we introduce two new measures associated with the solutions, essentially differ-
ent from that used by SCALIA [11]|. Our analysis is motivated by the existence
of the novel foam structures for which the internal energy density £ is not al-
ways a positive definite quadratic form, but, under our hypotheses (3.15) and
(3.41), we can assure the positive definiteness of one of the quadratic forms W
and W*.

3.1. First measure and related estimates

To this end, we follow an idea devised in CHIRITA [9] and write the system
(2.11) in the form

(3.1) Sj@j + b; = piiy, thj +g+1= pX(ﬁ, in B X (O, OO)7
with

Sji = pugj + (A4 p)ur 65 + BPdi,
(3.2) hi=adi 9= —Pury —E9.

Then the initial-boundary value problem P is defined by the Egs. (3.1) and (3.2),
the initial conditions (2.12) and the boundary conditions (2.13).

For fixed T' > 0, we consider the support Dy of the initial and bound-
ary data and the body forces in the time interval [0,7] and further, we as-
sume that it is a bounded set. Of course, Drp is the set of all x € B such
that:

a) if x € B, then:

ud(x) #0 or al(x)#0 or ¢°(x)#0 or ¢°(x)#0

or bi(x,7)#0 or I(x,7)#0 for some 7€ [0,T];
b) if x € 0B, we have:

4i(x,7) #0 or ¢(x,7)#0 for some 7 € [0,T].
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Let ﬁi} be a non-empty set such that:

(i) if Dy N B # 0 then we choose ﬁ} to be the smallest bounded regular
region in B that includes ﬁT; in particular, we set Dx = Dy if it also happens
that Dy is a regular region;

(i) if § # Dy C OB, then we choose ﬁi} to be the smallest regular subsurface
of OB that includes ﬁT; in particular, we set lA); = DT if ﬁT is a regular
subsurface of 0B;

(iii) if Dr = 0, then we choose ﬁ} to be an arbitrary non-empty regular
subsurface of 0B.

Further, we introduce the following sets:

(3.3) D, ={xeB: St n Dy 0},

(3.4) B, =B\D,, r>0, B(ri,r2)=B,\Br, 12<r1,

where S(x,7) is the closure of the ball with radius r and center at x. Finally, we
denote by S, the subsurface of 0B, contained inside B and whose outward unit
normal vector is directed to the exterior of D,. We can observe that the initial
and boundary data and the body forces are null on B, S;.

Corresponding to the solution U = {w;, ¢} of the initial-boundary value
problem P, we introduce the following function

(3.5) Alr,t) = — / / e [i(5)S3a(s) + b(s)h; (s)]n; dads,
0 Sy

for a fixed positive parameter o. This function is defined on I x [0,7T],
where [ is the interval [0,00) if B is an unbounded body, I is the interval

[0, max, . (minyeﬁ*T\y - x[lﬂﬂ if B is a bounded body.
From the definitions for S, and A(r,t), it results

(3.6) %r,w __ / e s (8)S;:(t) + $(t)h; (1)]n;da.

8,
By using the equations (3.1), (3.2), we get

_ . 19 S
(3.7) @S+ hily = 55 [K + W} -

where

(3.8) K = plgit; + px¢’,
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(3.9) W (u, ¢) = Wi(u, ¢) + Wa(u) + Wa(9),

(3.10) Wi(u,¢) = (A +2p) (U%1 + U%,z + U%g)
20N + p)(u1,1ug,2 + ug 2us3 3 + U3 3u11)

+£¢% +26¢ (w11 +uz2 +us3),

(3.11) Wau) = p(uf 5 +u3; +ud s +ujs +ui s +u3,),

(3.12) Ws3(¢) = ag ;¢,;.

The definition of S,, B,, the divergence theorem and the relations (3.5), (3.7)
lead to

(313)  Alnt)— Alra,t / [ ia(6)5(5) + ) o)y
0 0B(r1,r2)
:—/ / s) + W (s)|dvds, ro<ry, 0<t<T.
0 B(ri,r2)

Taking into account (3.13) and the definition of S, and B,, it is a simple matter
to obtain

(3.14)

;/t/e"s s) + W(s)|dads.
0 S

T

Obviously, if p > 0 and x > 0 then the quadratic form K in the variables
{11, Ug, Us, \/ng} is positive definite and if o > 0, then the form W3 in the varia-
bles {¢ .1, ¢ 2, ¢ 3} is positive definite. Moreover, W5 is a positive definite quadratic
form in the variables {u12, u2,1, u23, u32, u1,3, ug1} if and only if g > 0. On
the other hand, the quadratic form W in the variables {u1,1, u2 2, u3 3, ¢} is pos-
itive definite if and only if u > 0, £ > 0, 4u + 3\ > 0, (4u + 3N\)¢ > 352 The
eigenvalues of the matrix A of the quadratic form W7 are
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K1 = K2 = [,
K3 = {§+4u+3)\—|—\/ (4 + 3X))? +1262},
Ky = {§+4u+3)\ \/ (410 4 3N)]? +1252}.

Throughout this subsection we will assume that

p >0, x > 0, a >0, w >0,
(3.15)
£€>0,4  4u+3X>0, (4p + 3N)E > 332,

so that K and W; are positive definite. Consequently, the relations (3.13), (3.14)
imply that A(r,t) is a non—increasing function with respect to r, for all ¢t € [0, 7.

Let F[A;1),~] be the symmetric bilinear form associated with the quadratic
form W7, that is

(3.16)  FlA,y] = Ay = (A +2p) (Vi + Y272 + ¥373) + Edama
+ (A + 1) (V1v2 + oyt + Y23 + Y372 + Usm1 + Y1)
+ Bya (Y1 + vz + ¥3) + tha (1 + 72 +13)]
for every ¥ = {11, 2, V3, %4}, v = {71,72,73,74}. Clearly, we have
R (VT + 93 + 93 + 0F) < FIA 0, 0] < mar(9F + 03 + 03 + ),
FlA;0,9] = Wi(u, ¢) for ¢ = {ur1,uz9,u33, ¢},

in which k,, and ks are the lowest and the largest characteristic values of A,
respectively, that is

(3.17)

. Ky, — min { [5 +ap+3a—le - (u+ 3N + 1252] } ,

ky = max{ [£+4u+3)\—|—\/ (40 + 3N)]? —1—12/6’2}}.

Then, we can state the following theorem:

THEOREM 1. Let U = {ui, ¢} be a solution of initial-boundary value problem
P and D be the bounded support of the external data in the time interval [0,T).
Under the hypotheses (3.15), we have

(3.19) T amn+ Ao <o, ey elxoT,
cl or
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and
(3.20) ‘%;1( )’—i—clgA(r t) <0, (r,t) € I x1[0,T],
where
™M
3.21 o1 = /2,
(3.21) 1 ;
and

(3.22)  yu = max{ L, = [5 +4p+ 33X+ \/ (4 + 3N + 1252} } .
P 1 oo f By means of the Egs. (3.2), (3.16), we have
(3:23)  SH+ 8%+ 5%+ g% = Su[(A+ 2w+ A+ p) (uz2 + uz3) + 5]
+ Soa [ (A + 2u) ug 2 + (A + ) (us 3 + u1,1) + 5]
+ S33[ (A +2p) ug 3 + (A + ) (u1,1 + uz2) + 5]
— 9 (Bupy +£9) = F[A;S, 9],

where S = {511, S22, S33, —¢g} and = {u1,1,u2,2,us3,¢}. Further, by using the
Schwarz’s inequality and the inequality (3.17), from (3.23) we obtain

(324)  [S% + 5%+ 5% + 7] < FIA 9, 4] FIA;S, S|
< Wik [S5 + S5 + S35+ 6%
that is
(3.25) S+ S35 + S35 + g7 < kWi,
In view of the Egs. (3.2)1, (3.10), (3.11), (3.18) and (3.25), we deduce that
(3.26) SijSij = MZ(U%Q + U%,l + U%,s + U%,z + Ui3 + U:2)>1) + 5%
+ 52, + 82, < uWa + kWi < kpr(Wo 4+ Wh).

On the other hand, considering the Schwarz inequality and the arithmetic—
geometric mean inequalities, the relations (3.2), (3.8), (3.12) and (3.26) imply

. ; 1
(327) uiSjmj + qﬁhjnj‘ < 2 <8puluz + SUSZ] + 6px¢ —|— —_— ¢7]¢,J)

1 1
= |:€K + ’}/MW:|
=3 ep
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where ¢ is an arbitrary positive constant and 7,y is defined by (3.22). If we insert
e = ¢; into (3.27), then the relations (3.5), (3.6) imply

(3.28) )| < ;/t/ s) + W (s)]dads,
0

(3.29)

Under the hypotheses (3.15), the relations (3.14), (3.28), (3.29) lead to the
equations (3.19), (3.20) and the proof is complete.
Theorem 1 forms the basis of the following theorems for a bounded or un-

bounded body:

THEOREM 2. (Spatial behaviour): Provided the hypotheses of Theorem 1 hold,
A(r,t) is a measure associated with the solution U = {u;, ¢} of P:

A(r,t) >0 (ryt) € I x1[0,T).
Moreover, at each fized t € [0,T] we have

A(r,t) =0, thatis wu; =0, o=0 for r>cit,
(3.30)
0 < A(r, t) < A0,8) /0T for 0 <r < et

THEOREM 3. (Uniqueness): Assuming that the hypotheses of Theorem 1 hold,
there exists at most one solution for the initial-boundary value problem P.

It is a simple matter to prove these theorems following the method established
in ScALIA [11] and CHIRITA and CIARLETTA [17].

3.2. Second measure and related estimates

In this section, we describe a second method for analysing the spatial behav-
iour of the solutions for an appropriate class of materials. To this end, we write
the system (2.11) in the following form:

(3.31) T j + by = piig, hj;+g+1= pX(.Z;, in B x(0,00),
where
(3.32) Tji = pugj 4+ (A + p)ugi + Bpdij, hi = ag;, g = —PBur, —&.

Thus, the initial-boundary value problem P is defined by the Eqs. (3.31) and
(3.32) and the initial and boundary conditions (2.12) and (2.13). In what follows
we denote by U = {u;, ¢} a solution of the initial-boundary value problem P.
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Now, by introducing the notations D,, B,, S, in the same manner as in the
previous subsection, we define the function on I x [0,77:

(3.33) II(r,t) = —//e"s[ui(s)Tji(s) + ¢(s)hj(s)]n; dads.
0 S

The equations (3.31), (3.32) give

. 10 .
in which
(3.35) W(u, ¢) = Wi (u, ¢) + W5 (u) + Ws(9),

Wi (u, ¢) = (A +2p) (U%I + U%g + Ugs)

+2B¢ (u11 + uga + uz3) + ¢,
(3.36)

2 2 2 2 2 2
W3 (u) = pui g +usy +uys +uze +uig+uz,)

+ 2(X + ) (ur2u2,1 + U 3uz 2 + u31u13).

Taking into account the definition for S,, B, and the divergence theorem,
the relations (3.33), (3.34) imply that

(3.37) H(rl,t)—]](m,t):—% / / e—os%[fc(snw*(sn dvds,
0 B(ri,r2)

and oI )

oo ) == [ TR+ W (0)da

S :
(3.38) —;//eUS[K(S) + W*(s)]dads,
0 S,
oIt
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Clearly, K is positive definite if and only if p > 0, x > 0, while W3 is positive
definite if and only if a > 0. Moreover, the quadratic form Wy in the variables
{u1,2,u21,u23,u32,us31,u1 3} is positive definite if and only if A < 0, A4+2u > 0.
The eigenvalues of the matrix B of this quadratic form are

(3.39) k1= FKo =Rz = —A\, R4 = k5 = kg = A+ 2.

Further, the quadratic form W7 in the variables {u1 1,u22,u33, ¢} is positive
definite if and only if € > 0, A+ 2u > 0, (A + 2u)¢ > 332, The matrix C of the
quadratic form W} has the following eigenvalues:

/%1:/%2:)\—1—2/1,
{£+)\+2ui\/[5—()\+2u)]2+12ﬂ2}.

(3.40)

Throughout this subsection we will assume that

p >0, x > 0, a >0, >0,

(3.41) )
£>0, —2u < A <0, (AN +2u)€ > 357,

so that K, W{, Wy, and W3 are positive definite. Thus, for all ¢ € [0,7T], we
prove by means of the relation (3.32), that I1(r,t) is a non-increasing function
with respect to 7.
We denote by G[B; ), %] and Z[C; 1), ] the bilinear forms associated with W
and W7, respectively, that is,
(3.42) GIB: ), 4] = B =u(Pr91 + Poe + P33 + Pata + 55 + YeVe)
+ (A + ) (V152 + Yo¥1 + PsTa + Vs + UsTe + UeTs),
wv:{qula'-'v'(Z(S}a '7:{#717"-7'.\?6})
and
(3.43) ZIC; ¢, = -Cy =(A +2) (M1 + Y2tp2 + 33)
+ B(17a + Yam + Yava + Yave + 3va + ays) + Eyaha,
¢:{¢17""¢4}a ’7:{71a'-'7’74}‘

Then, we have
Fon (07 + 03 + 93 + 03 + U2 +1)¢)

(3.44) < GB; 0, P < kar(VF + Y3 + 95 + U3 + UF + 4F),

Fom (W} + 03 + 2 +07) < Z[C; 0, 9) < har(¥F + 93 + F + ),
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where &, and £j; are the lowest and the largest characteristic values of B, while
Rm and kjs are the lowest and the largest characteristic values of C, respectively,
that is

(345) Ry =min{—-X\, A+ 2u}, Ky =max{-\ \+2u},

/%m:min{)\+2u, [§+)\+2,u \/ (A +2p))? +12B2]},
(3.46)

/%M:max{/\—FQu, [§+)\+2/,L+\/ (A + 2p)]? +12ﬂ2}}.

It is interesting to observe that

GB; W, W) =W;  for W= {ujo,u1,u23,u39,U31,u13},
(3.47)

I[C; \i’, ‘i’] = Wl* fOI“ v = {ul,l,uzg,u?,,g,qb} .

We prove the following result

THEOREM 4. Let U = {ui, ¢} be a solution of initial-boundary value problem
P and D be the bounded support of the external data in the time interval [0,T).
Provided the hypothesis (3.41) holds, it follows that

1
(3.48) Tt + 2y <0, (rt) € I x [0,T),
Co or
and
oIl oIl
. —_— —_— <
i) |G eo[+aflm <o (rt) € I x 0,T),
where
T
3.50 ey = ,
(3.50) 2 )
and

(3.51) ~}; = max {X -\ A+ 2p, <§ +A+2u+ \/ A+ 2u))* + 1252>} :

P roof We first note that the Eqs. (3.32), (3.42), (3.43) give

(3.52) TPy + T35, + Tz + Tap + Ty + Tty = G[B; T, ¥),
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and
(3.53) ThH + T3 + T + g° = Z[C; T, ¥,

where T = {Ty1, T12, Ts2, Ths, T3, Ts1}, U = {u12, uz1, uz3, Uz, us1, U3},
T*= {Ti1, T2, T3, —g} and W = {u11, usp2, uss, ¢}

By means of the Schwarz inequality and by using the relations (3.42), (3.43)
and (3.44), we have

9 v v v v
(3.54) [TF) + T3 + T35 + T, + T3 + Tis]” < G [B; ¥, )G [B; T, T

< Wskn (Th + T3 + Tos + Tay + T + Th)

and
(3.55) (T2 +Th +Th+ ¢ <T[C; ¥, ¥)T[C;T*, T

< Wikn [TH + T3 + T3+ ¢°] -
Therefore, we obtain

(3.56) TPy + T3 + Tz + Top + Ty + Tty < kWi,

(3.57) TE + To + T3 + g° < kWi,

Thus, we conclude that

(3.58) TiiTi; < kWy + Ay WH .

By means of the Cauchy-Schwarz’s inequality and the arithmetic-geometric mean
inequalities and the relations (3.8), (3.35) and (3.58), we get

(3.59) ;i Tjing + Qf.’hjnj‘ = % <5K + ;pV}\k/fW*> :

where ¢ is an arbitrary positive constant and +}, is defined by the relation (3.51).
If we put € = ¢, with ¢y defined by (3.50), into (3.59), then the relations (3.33),
(3.59) imply that

(3.60) (1)) < / / e~ [K (s) + W*(s)|dads,
0 S,
(3.61) S| <2 [t + wewlda

These relations imply the differential inequalities (3.48), (3.49) and thus, we
obtain the desired result.
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Following the procedure developed in Scaria [11] and CHIRITA and
CIARLETTA [17] and using Theorem 4, we can prove that

THEOREM 5. (Spatial behaviour): Provided the hypotheses of Theorem 4 hold,
then I1(r,t) is a measure associated with the solution U = {u;, ¢} of P. Further,
at each fized t € [0,T] we have

(3.62) H(r,t) =0, thatis uw;=0,6=0 for r > cot,

(3.63) 0 < II(rt) < II(0,8) e/ for 0 <r < eyt

THEOREM 6. (Uniqueness): Provided the hypotheses of Theorem 4 hold, there
exists at most one solution for the initial-boundary value problem P.

4. Spatial behaviour of the steady-state solutions

Throughout this section we will discuss the problem of spatial behaviour
of the steady vibrations. For this purpose we stipulate that the region B from
here on refers to the interior of a right cylinder with parallel plane ends. The
rectangular Cartesian coordinate frame is supposed to be chosen in such a way
that one end of the cylinder lies in the £1Ox2 plane and contains the origin. We
suppose that the length of the cylinder is L and that D,, represents the bounded
cross—section at distance rg from the x10Oxo plane. The boundary 0D of each
cross—section is assumed to be a piecewise smooth simple closed curve. The Greek
subscripts range over 1,2. In what follows we shall assume that the external body
force and the extrinsic equilibrated body force are absent. Moreover, we assume
the following boundary conditions for all ¢ € [0, T

(4.1) uj=0 on (0D x[0,L])U Dy,

¢=0 on I1x[0,L], hana=0 on Iyx]0,L],
(4.2)
(f)ZO or h3:0 on DL,

ui(21,22,0,t) = U;(21, 22)e™”, d(x1,22,0,t) = P(z1, 22) ™"
(4.3) ) |
or hz(xy,22,0,t) = h(zy, 29)e™",

where ;, ¢ and h are prescribed functions and I} and Iy are subcurves of D
so that [T UIy = 0D and I'1 N[5 = () and w is a positive prescribed parameter.
Other boundary conditions can be viewed but essential for our considerations is
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to conserve the boundary condition (4.1). In this section we discuss the problem
of steady-state vibrations assuming that

(4.4) u; = Re[v; (x; w)e™’], ¢ = Re[th(x;w)e™],

where Re|f] represents the real part of f. Then the equations of motion (2.11)
reduce to

(4.5) (10 + (A + @) rrj + B + pwv; =0,
(46) O“,Z),rr - BUT‘,T — &Y+ PXW2¢ =0,
while the boundary conditions (4.1), (4.2) and (4.3) reduce to

(4.7) v;=0 on (0D x[0,L])U Dy,

=0 on I7x][0,L], Hano=0 on Iyx]|0,L],

(4.8)
=0 or H3=0 on Dy,
’Ui(l’l,(L'Q,O) = ﬁi(x17x2)7 w(l’hl’?ao) = N(xhwg)
(4.9) ~
or Hg(l’l,l'g,()) = h(l‘l,l‘g),
where
(410) Hz = Oﬂ/},i-

In what follows we will study the spatial behaviour of the amplitude (v;, 1)) of
the harmonic vibration described by the relation (4.4). To this end we note that
(v, 1) is the solution of the boundary value problem Py defined by the equations
(4.5) and (4.6) and by the boundary conditions (4.7) to (4.9).

4.1. First measure

Throughout this subsection we will assume that the hypotheses described by
the relation (3.15) hold true. Then we associate with the solution (v;,) of the
problem Py the function J on [0, L] defined by

(4.11) J(x3) = / (83,05 + S3;v; + Hg& + f_fgl/J)da, x3 € [0, L],
Day

where

(4.12) 8ji = i + (A + p)vp0i5 + Bibdyy,
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and a superposed bar denotes the complex conjugate. In view of the equations
(4.5) and (4.6) and by using the relations (4.11) and (4.12), we get

(4.13)  J'(x3) = — /(Uispz‘,p + 0iSpip + VH,, +VH, ) da

D,
- 2w2/ (pvit; + pxve)da +/[33ivi,3 + 83,053 + Hao 3+ Hap g
D, Da,

+ 2609 + B (Yvry + i, ] da.

Furthermore, by an integration by parts and by using the boundary conditions
(4.7) and (4.8), we obtain

(4.14)  J'(xs) = / [sz‘@z‘,j + 8jivij + Hjj + Hyih

Dag
2600+ B (Pury + 0,) | da — 207 / (pviti + px)) da.
Doy
In view of the relations (4.10) and (4.12), we deduce
(4.15) ') =2 [ [w= P (puivi + pxd)] da,

Day

where

(416)  w = i vij + (A + ) vpyTss + Et0 + B (Yvpy + 0rny) + ath 1) .
We write w in the form

(4.17) w = wi + w2 + w3,

where
(4.18) wp = (/\ + 2#) (1}171171,1 + V22022 + 2)37317373)
+ (A4 p)(v1,102,2 4+ 01,1022 + V2,203 3 + V22033 + V33011 + V1,103,3)

+ &Y+ B [Y (v1,1 4 va2 + v33) + ¥ (D11 + V22 + U33)]

(4.19)  wa = p(ur 2t 2 + ug 1tz + U 3U23 + U3 2U3 2 + U3 1U3,1 + U1,3U1,3),

(420) w3 = 041/1’]'1/)7]‘.
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In view of the hypothesis (3.15) and by using the relation (3.17), we deduce that

(421) k(011011 + v22022 + 033033 + Pb) < wi < kar(v11011

+ V92022 + V3 303 3 + YV),

and hence we obtain

(4.22) ki (vj kUi + V0) + atp j10 5 < w < kg (vj k05 + VU) + ot 1 ;.

In view of the boundary conditions (4.7), we have

(4.23) Al/vjﬁjdag /vj,aﬁj@da, Al/w&dag /w,oﬂﬁ,ada,
Dq, Dy

DTS Dz3 3

where A; is the first eigenvalue corresponding to the membrane problem for the
section Dy,.
Then, the relations (4.15), (4.22) and (4.23) imply

2
(4.24)  J'(w3) > 2 / {km [<1 - %) ik

2
+ (1 _ p:w > W} n agz),ﬂz,j} da.

Further, we shall assume that

(4.25) w < wi,
where

k 1
4.26 w2:mmin{/\1, }
(4.26) =, .

Then, we have

w?

(4.27)  J'(x3) > 2k, <1 - w2> / (vjkVjk + VV) da + 2a / Y jda > 0.
1

On the other hand, by means of the Schwarz inequality and by using the
relations (3.17), (3.25), (4.10), (4.12) and (4.21), we get
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1 1
(4.28) | T (w3)| < / {6183p§3p + av,ﬂ_ip + £2533533 + gv3?73
Dy
— a - 9 _ 1 _
+ 830[1/)731[173 + *?ﬁ?/l} da < {51,u Vp,3Up,3 + ~—Vp,a¥p,a
€3 A1

Day

_ 1
2 _ _ _ _
+ ok (v1,101,1 + V22022 + U3 3033 + YY) + Yoo, U3
1€2

+ eganp 33 + ilﬁ,fﬂ/;,p} da, Vey,e2,e3 > 0.
)\183
Thus, by setting ¢ € ! d e L btai
us, by setting €] =9 = ——— and €3 = ——, we obtain
karvA1 VAL

(4.29) | T (x3)] < / {m1v k0 x + matb + mav ;v 5} da,

Dy
where

2k k 2
(4.30) my = 2 M ms =

) ma = —F—,
VAL 2T VN

On the basis of the relations (4.27) and (4.29), we can formulate the following
result.

THEOREM 7. Let V = {v;, 9} be a solution of the boundary value problem
Po. Provided the hypothesis (3.15) holds true and the frequency w is lower than
the critical value wy defined by (4.26), the corresponding cross-sectional integral
J(x3) satisfies the following first-order differential inequality

(4.31) m? |J (x3)| < J'(x3),
where
(4.32) —5 = max - - %
2, (1 = w2> 2, (1 = w2>
Wi Wi

We now proceed to prove how the first-order differential inequality (4.31) can
describe the spatial behaviour of the amplitude V of the considered vibration.
To this end, we first suppose that J(0) > 0. Since J'(x3) > 0, it follows that
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J(x3) > 0 for all 3 > 0, so that it results that J(L) > 0 . Then the differential
inequality (4.31) becomes

(4.33) J'(3) > m*J (z3),
which, by an integration, gives
(4.34) T(0)e™ " < J(xs) < J(L)e ™ E=23) g4 €0, L].

Let us now consider the case J(0) = 0. Then either J(L) =0 or J(L) > 0.
When J(L) = 0 then it results that J(x3) = J'(z3) = 0 for 3 € [0, L] and
therefore, by the relations (4.1) and (4.27), we deduce that v; = 0, ¥ =0
in B. When J(L) > 0 it follows that there is 23 = inf{xsz € [0,L] with
J(x3) > 0} > 0 and then the relation (4.31) implies

JI(x3) =T (xz3) =0 for z3 € (0,23%),
(4.35) . .
T (x3)em™ @37 < J(xs) < J(L)e ™ E72) g5 € [23, L).

Finally, we consider the case J(0) < 0. Then we can have J(L) < 0 or

J(L) > 0. If J(L) < 0 then J(z3) < 0 for all 3 € [0, L] and therefore, the
relation (4.31) gives

(4.36) —T(L)e™ Lmm3) < _ 7(z3) < —F(0)e"™° "3, x5 €0, L).
For the case J(L) > 0 we obtain a combination of situations discussed above by
the relations (4.35) and (4.36).

We have to note that for a semi-infinite cylinder the cross-sectional measure
has the following behaviour: for the case when J(0) < 0, we obtain

(4.37) —T(xs) < —J(0)e ™ 3y >0,
while for J(0) > 0, we obtain
(4.38) J(x3) > J0)e™ =, 23>0,

or

(4.39) J(x3) > j(m§)em2(x3*x3 , x3 > T3,
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4.2. Second measure

In the remainder of this paper we shall assume that the hypotheses described
by the relation (3.41) hold true. Then we introduce the following measure:

(4.40) I(x3) = / (ms;0; + ms;v; + H37$ + I_fgw)da, x3 € [0, L],
Dag

where

(4.41) M = (kj + (A + p)vjk + B

Further, we get

(4.42) T'(x3) =2 / [w* — w?(pviv; + pxy4))] da,
Dag

where

(4.43)  w* = pv; vy + (A + p)vi 0 + &Y + B (Yor, + Yy + ath jib ;.

Thus, if we set k), = min (kzm, l:?m>, ks = min (I%M, Z?M) and define @y by

kX 1
(4.44) O = 2™ min {)\1, } ,
p X

and assume that
(4.45) w < Wy,

then, by following the procedure used in the Subsec. 4.1, we get

(4.46) M2 | T (w3)| < T'(3),
where

m1 mQ Thg
(4.47) 3 = max

2k;;1(1—g7§>’ 21%(1—5—3)7 200 [

1 - o I;‘M «
4.48 hy = T T R SN/ S
)= (k) a= R = O

Thus, the first-order differential inequality (4.46) leads to spatial estimates
of type described by the relations (4.34), (4.36), (4.38) or (4.39).
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5. Concluding remarks

In the present paper we have introduced the new measures (3.5), (3.33) and
(4.11), (4.40) in order to study the spatial behaviour of the transient and steady-
state solutions, respectively. The measures defined by the relations (3.5) and
(4.11) are suitable for the class of porous elastic materials described by the rela-
tion (3.15), while the measures (3.33) and (4.40) are useful in the class described
by the relation (3.41). These classes of porous elastic materials are not coinci-
dent with the class defined by (2.5) and treated in [11]. The method presented
here is believed to be used successfully for many novel foam structures with neg-
ative Poisson’s ratio, because the relations (3.15) and (3.41) can include such
materials, not included in the class defined by (2.5).

Our results expressed by the relations (3.30); and (3.62) prove the idea of
influence domain. The estimates (3.30)s, (3.63) and (4.37) express the results of
Saint—Venant type, while the estimates (4.38) and (4.39) give an alternative of
the Phragmén—Lindelof type.

On the other hand, we have to stress that we can combine our estimates
(3.30), (3.63), (4.37) with each other and also with those predicted in [11] in
order to obtain complete information about the spatial behaviour of the transient
and steady-state solutions.

In any case, our method allows us to study the spatial behaviour for a large
class of special materials (useful in biomechanics) and characterized by essen-
tially negative (or positive) Poisson’s ratio. In particular, we outline the auxetic
materials and the polymer foams.

Acknowledgment

The authors are grateful to the reviewer for valuable observations on the
previous draft of the paper.

References

1. M. A. GoopmaN and S. C. CowiN, A continuum theory for granular materials, Arch.
Rational Mech. Anal., 44, 249-266, 1972.

2. J. W. Nunziato and S. C. CowiN, A non—linear theory of elastic materials with voids,
Arch. Rational Mech. Anal., 72, 175-201, 1979.

3. S. C. Cowin and J. W. NUNZIATO, Linear elastic materials with voids, J. Elasticity, 13,
125-147, 1983.

4. L. J. GiBsoN and M. F. AsuBy, Cellular solids: structure and properties, 2nd Edition.
Cambridge University Press, 2004.



SPATIAL BEHAVIOUR IN LINEAR POROUS ELASTICITY 65

10.

11.

12.

13.

14.

15.

16.

17.

W. Jikov, S. M. KozrLov and O. A. OLEINIK, Homogenization of differential operators
and integral functionals, Springer-Verlag, Berlin 1994.

A. GALKA, J. J. TELEGA and S. TOKARZEWSKI, Application of homogenization to evalu-
ation of effective moduli of linear elastic trabecular bone with plate — like structure, Arch.
Mechanics, 51, 335-355, 1999.

D. CioraNEscuU and J. SAINT-JEAN PAULIN, Homogenization of reticulated structures,
(Applied Mathematical Sciences), Springer—Verlag, Berlin 1999.

S. CHIRITA, Some growth and decay estimates for a cylinder made of an elastic material
with voids, Rev. Roum. Math. Pures et Appl., 39, 17-26, 1994.

S. CHIRITA, On some exponential decay estimates for porous elastic cylinders, Arch. Me-
chanics, 56, 199-212, 2004.

D. IesaN and R. QUINTANILLA, Decay estimates and energy bounds for porous elastic
cylinders, Z. Angew. Math. Phys. (ZAMP), 46, 268-281, 1995.

A. ScALIA, Spatial and temporal behaviour in elastic materials with voids, Acta Mechanica,
151, 44-50, 2001.

R. LAKES, Foam structures with a negative Poisson’s ratio, Science, 235, 1038—-1040, 1987.

B. D. Cabppock and K. E. Evans, Microporous materials with negative Poisson’s ratios:
1. Microstructure and mechanical properties; II. Mechanisms and interpretation, Journal
of Physics D: Applied Physics, 22, 18771882, 1883-1887, 1989.

T. LEE and R. S. LAKES, Anisotropic polyurethane foam with Poisson’s ratio greater than
1, Journal of Materials Science, 32, 2397-2401, 1997.

Y. C. Wanc and R. S. LAKES, Analytical parametric analysis of the contact problem of
human buttocks and negative Poisson’s ratio foam cushions, International Journal of Solids
and Structures, 39, 4825-4838, 2002.

R. S. LAKES, Saint Venant end effects for materials with negative Poisson’s ratios, Journal
of Applied Mechanics, 59, 744-746, 1992.

S. CHIRITA and M. CIARLETTA, Time-weighted surface power function method for the
study of spatial behaviour in dynamics of continua, Eur. J. Mech. A /Solids, 18, 915-933,
1999.

Received July 9, 2004; revised version October 18, 2004.



