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This paper deals with a continuum model of rigid superconductors. It is assumed
that their property of shifting to the superconductive state for suitable values of
temperature and magnetic field is due to a vectorial internal variable, related to the
superelectron current by a linear constitutive law. The compatibility of the model
with the second law of thermodynamics is investigated. The propagation of thermo-
electromagnetic waves through a one-dimensional conductor is analyzed as well. Com-
parison is made with different continuum approaches which may be found in the
literature.

1. Introduction

The superconductivity, one of the most fascinating low temperature phe-
nomena, consists in the non-dissipative current transport in metals [1]. A wide lit-
erature faced such a problem within the framework of both the quantum statisti-
cal mechanics and the macroscopic non-equilibrium thermodynamics [2]. A non-
local theory of superconductivity has been developed in [3, 4], by modifying the
classical London’s model [5]. Moreover, in the last two decades several authors
introduced certain complex internal variables to describe quantum effects at the
macroscopic scale [6, 7]. The superconducting phase in metals was first observed
in 1911 by Kamerlingh Onnes who discovered that, if the temperature is
lowered until a certain critical value θcr, then the electrical resistance suddenly
drops to zero and an electrical current flows without dissipation of energy [8].
Later on, Meissner and Ochsenfeld [1, 2] measured the magnetic induction
B immediately outside a superconductor as it is cooled in an applied magnetic
field H. They observed a perfectly diamagnetic state inside the specimen which
caused the internal field B to be expelled. Such a phenomenon is referred to as
the Meissner effect. The existence of superconductive electrons flowing without
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resistance was first supposed by the London brothers [5]. In the presence of an
electric field E, these electrons obey the equation of motion

(1.1) mv̇s = eE,

where m, e and vs are the mass, the electric charge and the mean velocity of
the electrons, respectively, and the superimposed dot stands for time derivative.
The superconductive current flux Js may be defined as

(1.2) Js = nsevs,

where ns is the density of superelectrons. Hence, (1.1) and (1.2) yield

(1.3)
m

nse2
J̇s = E.

Finally, by combining (1.3) with the Maxwell equations, we obtain

(1.4) ∇×

(

m

nse2
Js

)

= −B.

Relations (1.3)–(1.4), governing the evolution of the supercurrent in metals, are
referred to as London’s equations. The main London’s hypothesis is that the
total current density J may be split into the sum of a normal current density Jn

and a supercurrent density Js, namely

(1.5) J = Jn + Js.

In the present paper we consider a rigid body with a vectorial internal variable
a which describes the intrinsic properties of the material under the application
of an electromagnetic field. Weak memory effects, which characterize a supercon-
ductive state, are accounted for by an ordinary differential equation governing
the evolution of the vector a. Such a vector is assumed to be proportional to the
flux of supercurrent Js. It is proved that Js may circulate inside the conductor
with a negligible energy dissipation.

The plan of the paper is the following. In Sec. 2 we derive the complete set
of evolution equations for a rigid electromagnetic solid with an internal vectorial
variable, by applying the modern approach to non-equilibrium thermodynamics
with internal variables [9, 10]. Then, after postulating a suitable constitutive
law for the supercurrent Js, some properties of such a vector on the boundary
are derived. In Sec. 3 we investigate the compatibility of the constitutive equa-
tions with the second law of thermodynamics. A set of mathematical relations
ensuring such a compatibility is obtained. In Sec. 4 the complete system of gov-
erning equations is derived. We prove that such a system, which is hyperbolic in
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general, becomes parabolic in the superconductive phase. Thence, in Sec. 5 we
study the propagation of thermo-electrical waves along a one-dimensional rigid
conductor which is in a state close to the superconductive phase. We find that
the waves, transporting the internal variable, the electric and magnetic field and
the temperature, may propagate through the metal. The expression of the wave
velocities is derived as well. In Sec. 6, a final discussion leading to a comparison
of the present theory with different approaches is developed.

2. Rigid electromagnetic solid with an internal variable

Let us consider a compact and simply connected region C of an Euclidean
point space E3 representing an isotropic rigid body B. The position of the points
of C will be determined by a vector x =

∑3
i=1 xiei where the set {ei}i=1,2,3 is

a basis of the Euclidean vector space E3 associated with E3. We assume that
a magnetic field H and an electrical field E act on B and that a part of the total
electrical current inside B can flow without dissipation. This flux is represented
by the vector Js, whereas the normal dissipative flux of current is given by
the vector Jn, and the total current takes the form (1.5). The space Σ of the
thermodynamic states of B is spanned by the fields E and H, the absolute
temperature θ, together with its gradient g = ∇θ, and an internal vector state
variable a [11]. A thermodynamic process of B is an almost regular curve of
Σ. We postulate that the evolution of a is controlled by the following kinetic
equation

(2.1) τ ȧ + αa + bθ̇ = g,

accounting for the property of the material of shifting to the superconductive
phase at suitable values of the temperature and of the magnetic field. In (2.1)
the scalar material functions τ and α and the vector material function b are
supposed to depend on the thermodynamic fields θ, g, E and H. Let us assume
that both α and τ are positive and, moreover, α ≪ τ whenever the system is
in a homothermal state (g = 0) and both the temperature and the intensity of
the magnetic field are below some given critical values θcr and Hcr. Under these
experimental conditions, at the thermal equilibrium (θ̇ = 0,g = 0), the internal
variable a decays very slowly, so that it remains almost constant for a very long
time. We say that the system is in a weakly dissipative phase. The local balance
of energy for a rigid system upon the action of an electromagnetic field takes the
form [4]

(2.2) ρė+ ∇ · q = ρr + H · Ḃ + E · Ḋ + J · E,

where ρ is the mass density, e the specific internal energy, q the heat flux vector
and r the radiative heat supply. Moreover, the fields D = ǫE and B = µH,
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with the two scalar functions ǫ and µ representing the electrical permittivity
and the magnetic permeability of the material, are the electric displacement and
the magnetic induction, respectively. The evolution of the fields E, H, B, D, J

is governed by the system of Maxwell equations

(2.3)

∇ · D = ρe,

∇ · B = 0,

Ḋ = ∇× H − J,

Ḃ = −∇× E,

where ρe is the density of electric charges. Moreover, the absence of sources of
superconductive charges inside B forces Js to satisfy the boundary value problem

(2.4)
∇ · Js = 0 in C,

Js · n = 0 on ∂C,

with n being the unitary vector normal to ∂C. Since the system (2.1), (2.2) and
(2.3) is not closed, a set of constitutive equations is needed [11]. These equations
will be postulated in the form

(2.5) φ = φ∗(θ,a,g,E,H),

where φ is an element of the set of functions {e, r, µ, ǫ,q,Js,Jn}. In particular,
for the current vectors Js and Jn we assume

(2.6)
Jn = σ(θ,a,g,H)E,

Js = j(θ,g,E,H)a,

where j and σ are constitutive scalar quantities depending on the indicated
arguments. Equation (2.6)1 is the well-known Ohm’s law, where σ is the electrical
resistance of the normal state, whereas Eq. (2.6)2, which constitutes our main
hypothesis, links the supercurrent vector to the internal variable through a linear
relation. In practice, vector a may be interpreted as the driving force moving the
superelectrons inside B. In thermal equilibrium, below the critical point, such
a force can be assumed to remain constant for a very long time whereas above
the critical point it decays exponentially to zero and the conventional current
conduction is recovered. We call the class of materials which present such a
behavior, the superconductors of weak dissipation. As a consequence of (2.6)2,
the boundary value problem (2.4) specializes to

(2.7)
∇j · a + j∇ · a = 0 in C,

a · n = 0 on ∂C.
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Let us observe that Eq. (2.7)2 is necessary in order to satisfy Eq. (2.4)2 since

(2.8) j = 0 on ∂C

would imply j = 0 in C̄. On the other hand, for a wide class of superconductors
it results [12]

(2.9) Js =
1

λ
n × H on ∂C,

where λ =
√

m/nse2µ represents the penetration depth of the magnetic field in
the interior of the superconductor. Then, we get the following boundary condition
for j:

(2.10) j =
1

λa2
[n × H] · a on ∂C.

Let us remark that in a state of thermal equilibrium we have still Js 6= 0,
according to the experimental evidence. Finally, let us take into account the
dissipation principle, according to which the constitutive equations (2.5) must be
compatible with the local form of the second law of thermodynamics (Clausius-
Duhem inequality). In the present case such an inequality reads

(2.11) −ρ(ψ̇ + sθ̇) −
1

θ
q · g + H · Ḃ + E · Ḋ + J · E ≥ 0,

where s denotes the specific entropy and ψ = e−θs is the Helmholtz free energy.
In order to investigate such a compatibility, a constitutive equation for ψ of the
form (2.5) should be assigned as well.

3. Thermodynamic compatibility

The compatibility of (2.5) and (2.6) with (2.11) may be investigated by ex-
ploiting the classical procedures of non-equilibrium thermodynamics. To this
end, let us calculate the time derivative of ψ appearing in (2.11) and, moreover,
let us use (2.1) in the obtained expression to eliminate ȧ. Then we are led to

(3.1) − ρ

(

s+
∂F

∂θ
−

1

τ

∂F

∂a
· b

)

θ̇ − ρ
∂F

∂g
· ġ

−

(

B + ρ
∂F

∂H

)

· Ḣ −

(

D + ρ
∂F

∂E

)

· Ė

−

(

ρ

τ

∂F

∂a
+

1

θ
q

)

· g +

(

ρα

τ

∂F

∂a
+ jE

)

· a + σE2 ≥ 0,
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where

(3.2) F = ψ −
µ

ρ
H2 −

ǫ

ρ
E2.

Then, the classical procedure by Coleman and Gurtin [13] provides the fol-
lowing thermodynamic restrictions which ensure that (3.1) is satisfied along any
process in Σ

(3.3) s = −
∂F

∂θ
+

1

τ

∂F

∂a
· b,

(3.4)
∂F

∂g
= 0,

B = −ρ
∂F

∂H
,(3.5)

D = −ρ
∂F

∂E
,(3.6)

(3.7) −

(

ρ

τ

∂F

∂a
+

1

θ
q

)

· g +

(

ρα

τ

∂F

∂a
+ jE

)

· a + σE2 ≥ 0.

The left-hand side of (3.7) presents the classical bilinear form of a product of
generalized forces (affinities) times fluxes or rates, first pointed out by Onsager
in non-equilibrium thermodynamics [11]. Moreover, it should be interpreted as
the local entropy production inside the conductor. As we have pointed out in
Sec. 2, in the fully superconductive phase such a production is negligible, pro-
vided the system is in thermal equilibrium below the critical point (θcr, Hcr). If
these experimental conditions are met, the inequality (3.7) yields

(3.8)

(

ρα

τ

∂F

∂a
+ jE

)

· a ∼= 0,

which expresses the hypothesis of weak dissipation. Finally, as a consequence of
(3.5), if

(3.9)
∂F

∂H
= 0,

then a perfectly diamagnetic state is present inside the conductor (the Meissner
effect). Hence we are allowed to consider Eqs. (3.8)–(3.9) as characterizing the
superconductive phase. Let us observe that (3.8) does not imply Js = 0, so that
we can have an electrical current circulating inside B without energy dissipation.
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This fact proves that our model is able to describe the superconductive phase.
Let us notice that, if the functions α, τ , σ, j and q do not depend on g, then
(3.7) splits in the potential relation

(3.10) q = −
ρθ

τ

∂F

∂a
,

together with the reduced entropy inequality

(3.11)

(

ρα

τ

∂F

∂a
+ jE

)

· a + σE2 ≥ 0.

4. Governing equations

In this section we derive a set of evolution equations for the system at hand
which allows finite speeds of propagation of thermo-electromagnetic perturba-
tions. To accomplish this task we assume the heat flux to be independent of g,
according to (3.4) and (3.10), and so avoid to render the balance of the inter-
nal energy parabolic [14]. Hence let us suppose that (3.10) is true and let us
postulate the following constitutive equation

(4.1) q = − (χ1(θ)a + χ2(θ)E + χ3(θ)H) ,

where χi(θ) (i = 1, . . . , 3) represent some generalized heat conduction coeffi-
cients. Let us observe that, as the material functions τ and b tend to zero, then
a becomes linearly related to the gradient of temperature and (4.1) yields

(4.2) q = −

(

χ1(θ)

α
g + χ2(θ)E + χ3(θ)H

)

.

In such a way the classical Fourier’s heat conduction law is recovered. Moreover,
due to (4.1), the integration of (3.10) provides

(4.3) F =
τ

ρθ

[χ1

2
a2 + χ2E · a + χ3H · a

]

+ F0(θ,E,H),

where F0 is a regular function of the indicated arguments. From (3.3) and (3.10)
it follows

(4.4) s = −

(

1

2

∂χ̃1

∂θ
a2 +

∂χ̃2

∂θ
E · a +

∂χ̃3

∂θ
H · a

)

−
∂F0

∂θ
−

q · b

ρθ
,

where

(4.5) χ̃i =
τχi

ρθ
, (i = 1, . . . , 3).
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Let us pursue our analysis under the additional hypothesis

(4.6) b = − (b1(θ)a + b2(θ)E + b3(θ)H) .

Then, from the thermodynamic relation

(4.7) e = ψ + sθ

we have

(4.8) e =

[

1

2

(

χ̃1 − θ
∂χ̃1

∂θ

)

+
b1χ1

ρ

]

a2 +

[

χ̃2 − θ
∂χ̃2

∂θ
+
b1χ2 + b2χ1

ρ

]

E · a

+

[

χ̃3 − θ
∂χ̃3

∂θ
+
b1χ3 + b3χ1

ρ

]

H · a

+

[

F0 − θ
∂F0

∂θ

]

+

[

ǫ+ b2χ2

ρ

]

E2 +

[

µ+ b3χ3

ρ

]

H2

+

[

b2χ3 + b3χ2

ρ

]

E · H.

On the other hand, Debye’s theory of specific heat in solids forces e to be inde-
pendent of the non-equilibrium quantity a; thus, we have to impose

[

1

2

(

χ̃1 − θ
∂χ̃1

∂θ

)

+
b1χ1

ρ

]

= 0,

[

χ̃2 − θ
∂χ̃2

∂θ
+
b1χ2 + b2χ1

ρ

]

= 0,(4.9)

[

χ̃3 − θ
∂χ̃3

∂θ
+
b1χ3 + b3χ1

ρ

]

= 0.

Therefore, the field equations we are dealing with are the following:

(4.10) ρ

(

∂e

∂θ

∂θ

∂t
+

∂e

∂(E2)
2E ·

∂E

∂t
+

∂e

∂(E · H)

∂(E · H)

∂t
+

∂e

∂(H2)
2H ·

∂H

∂t

)

− g ·

(

∂χ1

∂θ
a +

∂χ2

∂θ
E +

∂χ3

∂θ
H

)

−χ1∇·a−χ2∇·E−χ3∇·H

= ρr−H·∇×E+E·∇×H,

τ
∂a

∂t
+ αa + b

∂θ

∂t
= g,
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(4.10)
[cont.]

∂D

∂t
= ∇× H − J,

∂B

∂t
= −∇× E,

∇ · D = ρe,

∇ · B = 0.

5. Wave propagation

In what follows we investigate the propagation of thermal waves together with
the electromagnetic ones through a one-dimensional rigid conductor which is in
a quasi-superconductive state. We call quasi-superconductive the states which
are close to the superconductive range, in which both the normal and supercon-
ductive phases coalesce. Hence the material functions µ and σ are assumed to
be small but different from zero. Also, let us suppose

(5.1)
E = E1(x1, t)e1 + E3(x1, t)e3,

H = H2(x1, t)e2.

and moreover, according to experimental evidence,

(5.2) µ = µ(θ,H2), ǫ = ǫ(θ, E2).

Finally, since we are considering a one-dimensional heat conductor, we take

(5.3)
a = a1(x1, t)e1,

b = −b1(θ)a1e1.

The system of governing equations may be written in the compact matrix form:

(5.4) A0(U)
∂U

∂t
+ A1(U)

∂U

∂x1
= B(U),

where

U =













θ
a1

E1

E3

H2













, B =













ρr
−αa1

−σE1 − ja1

−σE3

0













,
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A0 =













ρcv 0 2ρcEE1 2ρcEE3 2ρcHH2

b1a1 τ 0 0 0
ǫθE1 0 2ǫEE

2
1 + ǫ 2ǫEE1E3 0

ǫθE3 0 2ǫEE1E3 2ǫEE
2
3 + ǫ 0

µθH2 0 0 0 2µHH
2
2 + µ













,

A1 =















−
∂χ1

∂θ
a1 −

∂χ2

∂θ
E1 −χ1 −χ2 −H2 −E3

−1 0 0 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 −1 0















,

and

cv =
∂e

∂θ
, cE =

∂e

∂(E2)
, cH =

∂e

∂(H2)
,

ǫθ =
∂ǫ

∂θ
, ǫE =

∂ǫ

∂(E2)
,

µθ =
∂µ

∂θ
, µH =

∂µ

∂(H2)
.

Moreover, we have to append to (5.4) the constraint

(5.5) ǫθE1
∂θ

∂x1
+ 2ǫE

(

E2
1

∂E1

∂x1
+ E1E3

∂E3

∂x1

)

+ ǫ
∂E1

∂x1
= ρe,

arising from (2.3)1.
In general, the system (5.4) is hyperbolic in the t–direction if

(5.6) det(A0) 6= 0,

and the eigenvalue problem

(5.7) (A1 − λA0)r = 0

has only real eigenvalues λ(U) and a set of linearly independent right eigenvec-
tors r spanning E5. To ascertain the conditions rendering the system (5.4) hyper-
bolic, let us consider the propagation of weak discontinuities [16], i.e., piecewise
continuous solutions whose first–order derivatives suffer a jump across a curve Γ
of equation ϕ(x1, t) = 0 (wave front); it is well known [16] that the characteristic

wave velocities V = −
ϕt

ϕx1

are given by the eigenvalues λ(U0) satisfying (5.7)

where the matrices A0 and A1 have to be evaluated in the unperturbed state U0.
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Since the expression of the wave velocities is too long to allow for its complete
writing here, in the sequel we shall restrict ourselves to consider the simplified
case when the electrical permittivity is constant and the magnetic permeability
does not depend on θ. By solving the eigenvalue problem (5.7) we get:

(5.8)

λ0 = 0,

λ1,2 = ±
1

√

ǫ(µ+ 2µHH2
2 )
,

λ3,4 =
χ±

√

χ2 + 4ρτcvχ1

2ρτcv
,

where χ = a1b1χ1 − τa1χ
′
1 − τE1χ

′
2. Thus we have a hyperbolic system if the

Graffi’s condition (see [17])

(5.9) µ+ 2µHH
2
2 ≥ 0,

as well as the relation

(5.10) χ2 + 4ρτcvχ1 ≥ 0

hold true.
However, the constraint (5.5) imposes, in the simplified case we are ana-

lyzing, that the first-order derivatives of E1 do not suffer a jump across the
characteristic curves. Therefore, our model is compatible with the propagation
of two electromagnetic waves travelling through the conductor in opposite direc-
tions with velocities λ1 and λ2, together with two thermo-electromagnetic waves,
due to the presence of the internal variable, travelling through the conductor in
opposite directions with velocities λ3 and λ4.

It is worth noticing the circumstance that across the wave fronts associated
with the velocities λ3 and λ4, the only field components suffering a jump in their
first order derivatives are θ and a1. Also, in the fully developed superconductive
state, the condition µ = 0 renders the wave velocities λ1 and λ2 infinite and the
Maxwell’s governing system becomes parabolic.

6. Concluding remarks

In the present paper a phenomenological model of superconductivity in solids
has been developed within the framework of thermodynamics with internal state
variables. This model is compatible with both the Maxwell equations and the
second law of thermodynamics. It differs from other theories of superconduc-
tivity with internal variables because the internal variable used assumes only
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real values. On the contrary, different authors recently introduced certain com-
plex internal variables to account for quantum effects at a macroscopic level [7].
Thence, a comparison between these theories and the present one is difficult to
realize. Let us observe that in our picture the classical London’s model [5] is
recovered if

(6.1) ja = nsevs,

i.e., if the vectorial internal variable a is related to the mean speed of the super-
electrons. Moreover, a comparison with a macroscopic model proposed recently
by Fabrizio and co-workers [3, 4] can be performed as well. These authors
postulate a non-local evolution equation for Js having the form

(6.2) ∇× (Λ1Js) + Λ2J̇s = −µH,

with Λ1 and Λ2 suitable material parameters. If we substitute the constitutive
equation (2.6)2 into (6.2) we get a nonlocal evolution equation for a. Hence the
two models result to be rather different, even if the nonlocal evolution equation
may reduce to a simplified form of (2.1) under very particular hypotheses on Λ1

and Λ2.
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