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ForMuLAS FOR THE SPEED of Rayleigh waves in orthotropic compressible elastic
materials are obtained in explicit form by using the theory of cubic equations. Dif-
ferent formulas are obtained by using different forms of the (cubic) secular equation.
Each formula is expressed as a continuous function of three dimensionless material
parameters, which are the ratios of certain elastic constants. It is interesting to note
that one of the formulas includes as a special case the formula obtained recently by
Malischewsky for isotropic materials.
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1. Introduction

RAYLEIGH WAVES were first studied by RAYLEIGH [1] for compressible isotropic
elastic materials. It was not until recently, however, that explicit formulas were
obtained for the Rayleigh wave speed. The first such formula was given by RAH-
MAN and BARBER |[2| using the theory of cubic equations. The next contribu-
tion was due to NKEMZI [3], who used the theory of the Riemann problem to
derive a formula for the Rayleigh wave speed expressed as a continuous func-
tion of the material parameter € = p/(X + 2u), where A and p are the Lamé
moduli. As pointed out by DESTRADE [4] this formula is rather cumbersome
and, as noted by MALISCHEWSKY |[5], the final result is also incorrect. How-
ever, it was shown by ROMEO [6] that the integral representation of Nkemzi is
indeed correct and he generalized it to the case of a viscoelastic orthorhombic
half-space. MALISCHEWSKY [5] obtained a formula for the Rayleigh wave speed
by using Cardan’s formula from the theory of cubic equations together with the
trigonometric formulas for the roots of the cubic equation and MATHEMATICA,
while, using a different method, ROYER |7] also obtained explicit Rayleigh wave
speeds for isotropic materials. An alternative formula has been given recently
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by PHAM and OGDEN (8| together with a detailed derivation of Malischewsky’s
formula, again based on the theory of cubic equations.

Turning now to consideration of Rayleigh waves in anisotropic elastic solids,
we note that for some special cases of compressible monoclinic materials with
symmetry plane x3 = 0, formulas for the squared wave speed were found by
TING |9] and DESTRADE [4] as the roots of quadratic equations. For incompress-
ible orthotropic elastic solids an explicit formula for the Rayleigh wave speed
has been obtained by OGDEN and PHAM [10], and a link can be made to results
for surface waves in certain incompressible anisotropic elastic solids obtained
recently by DESTRADE et al. [11].

The aim of the present paper is to use the theory of cubic equations to obtain
formulas for the Rayleigh wave speed for compressible orthotropic elastic solids
expressed as continuous functions of three dimensionless material parameters,
which are defined in Sec. 3.

First, in Sec. 2, we obtain the secular equation for an orthotropic elastic
half-space whose boundary is a plane of symmetry of the material. In Sec. 3. the
secular equation is transformed into a cubic equation, which is solved explicitly
to give a formula for the Rayleigh wave speed. Next, in Sec. 4., another cubic
equation representation for the secular equation (with a different variable) is
obtained by transformation, squaring and rearrangement of the original equation.
This cubic equation is then solved explicitly to provide an alternative formula for
the Rayleigh wave speed. In each case it is shown how specialization to isotropy
yields the various formulas obtained previously for this case.

2. Secular equation

Consider a compressible elastic body possessing a stress-free configuration of
semi-infinite extent in which the material exhibits orthotropic symmetry. The
boundary of this configuration is assumed to be parallel to the (001) mirror
plane of the material and, accordingly, rectangular Cartesian axes (z1,x2,x3)
are chosen such that the x3 direction is normal to the boundary and the body
occupies the region z3 < 0.

The equations for time-harmonic waves propagating parallel to the bound-
ary of the half-space in the direction of the z; (or x3) axis decouple into a plane
motion, in the plane defined by the half-space normal and the direction of prop-
agation, and a motion normal to that plane (see, for example, CHADWICK [12]
and ROYER and DIEULESAINT [13]). It therefore suffices to consider the plane
motion in the (x1, z3) plane with displacement components (u1, us, uz) such that

(2.1) u; = ui(xy, x3,t), 1=1,3, uy = 0,

where t is time.
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For small deformations from the reference configuration, the constitutive
equations relating the stress components o;; and the components of displace-
ment gradient u; j (= Ou;/0x;) are (see, for example, CHADWICK [12])

(2.2) o011 =cnury +c3uzs, 033 = c13url +c33u33, 013 = cs5(u1z +us ),
where the elastic constants c11, ¢33, c55, c13 satisfy the inequalities
(2.3) ci; >0, 1=1,3,5, C11C33 — 0%3 > 0,

which are necessary and sufficient conditions for the strain energy of the material
to be positive definite. Note that because of the restriction to plane strain and
a plane of symmetry, the usual nine constants of orthotropy reduce to the four
considered here.

The equations governing infinitesimal motion, expressed in terms of the dis-
placement components u;, are

(2.4) criul 11 + cssur,33 + (c13 + ¢s55)us 31 = pily,
cs5u3 11 + €33u3,33 + (C13 + ¢55)U1,13 = pi3,

where p is the mass density of the material and a superposed dot signifies differ-
entiation with respect to ¢. These equations are taken together with the boundary
conditions of zero traction, which are expressed as

(2.5) 03; = 0, 1= 1, 3, on I3 = 0.

We also impose the usual requirement that the displacement and stress compo-
nents decay away from the boundary, so that

(2.6) u; — 0 (1=1,3), oij — 0 (1, =1,3) as x3 — —oo.

We now consider harmonic waves propagating in the x; direction, and we
write

(2.7) u; = ¢i(y) exp [ik(z1 — ct)], 1=1,3,

where k is the wave number, ¢ is the wave speed, y = kx3 and the functions
¢i, 1 = 1,3, are to be determined. Substitution of (2.7) into the equations (2.4)

yields

(c11 — pc?)p1 — es50] — i(e1s + es5)ds = 0,
(2.8)
(55 — pc?) 3 — cazdly — i(c13 + cs5)8) = 0,

where, in (2.8) and the following, a prime on ¢; indicates differentiation with
respect to y.
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In terms of ¢;, i = 1, 3, after taking account of (2.2) and (2.7), the boundary
conditions (2.5) become

(2.9) ic13¢1 + c333 = 0, ¢1+ig3=0  on y=0,
while from (2.6) we obtain
(2.10) bi, ¢y — 0 as y — —oo, i=1,3.
It is then easy to verify that the solution of (2.8) satisfying (2.10) is

¢1 = Ay exp (s1y) + A2 exp (s2y),
(2.11)
¢3 = Arag exp (s1y) + Azaz exp (s2y),
where s1, so are the solutions of the equation
(2.12) 63365584 + [(013 + 655)2 + C33(pc2 — 611) + c55 (p02 — 055)] 52
+ (c11 — pc?)(es5 — pc?) =0

having positive real parts, o; (j = 1,2) is determined from

(2.13) i(Clg + C55>Oéj8j = (611 — ,062 — C55$?),
and A;, 7 = 1,2, are constants to be determined from the boundary condi-
tions (2.9).

From (2.12) we have

214) st + 53 =— [(c13 + ¢55)% + c33(pc® — e11) + es5(pc® — c55)] /esscss,
2.14

s%s% =(c11 — pC2)(C55 - ,002)/033055.

If the roots s? and s3 of the quadratic equation (2.12) for s? are real then they
must be positive to ensure that s; and so can have positive real parts. If they
are complex then they are conjugate. In either case the product s?s3 must be

positive. Hence, from (2.3) and (2.14)2 we have
(215) (011 — pC2)(C55 — pCQ) > 0,

and it follows that either 0 < pc? < min{ci1,cs5} or pc? > max{eciy, cs5}. How-
ever, if the latter inequality holds then it is easy to verify that the discriminant
of Eq. (2.12) is non-negative, and hence, since the right-hand side of (2.14); is
negative in this case, equation (2.12) has two negative real roots s?, s3. This



FORMULAS FOR THE RAYLEIGH WAVE... 251

contradicts the requirement that si, so should have positive real parts. Hence,
the Rayleigh wave speed must satisfy the inequality

(216) 0< pC2 < min{cll, 055}.

Note that (2.16) is a necessary condition for the existence of a surface wave but
may not be sufficient because of the possible presence of a limiting wave speed
(see, for example, CHADWICK and WILSON [14]).

Substitution of (2.11) in (2.9) leads to a homogeneous linear system of al-
gebraic equations for Ay, As. For non-trivial solutions the determinant of coef-
ficients of this system must vanish. This condition yields the secular equation.
After removing the factor (s; —s2) and using the equalities (2.13) and (2.14), the
secular equation of the Rayleigh waves propagating in orthotropic compressible
elastic materials is obtained in the form

(2.17)  (cs5— pc?)[cis — es3(cin — pe®)] + pe®/eszcss/ (e11 — pe?)(ess — pe2) = 0

(CHADWICK [12]).

We note that CHADWICK [12] has proved that for ¢11, ¢33, ¢55, c13 satisfying
(2.3), Eq. (2.17) has a unique (real) solution satisfying (2.16) and ensuring that
(2.12) has two distinct roots with positive real part. It was also shown in that
paper that the case s;1 = so does not yield a surface wave.

On use of (2.16), Eq. (2.17) can be transformed into

(2.18) 1—’)02<1— s ) S L pCZ
C55 011033 C11 C33 cll

as obtained by STONELEY [15], or

(2.19) PO =C— | C =y,

Cs55 C11 _C

as given by ROYER and DIEULESAINT [13], where
(2.20) C = pc2, 0<ct= Cc11 — 0%3/033 < C11-

In [13], with the assumption ¢s5 < ¢11, the authors used Eq. (2.19) to deduce
that pc? = ¢ does not belong to the interval (c1,00) by showing that v(¢) > 0
for all ¢ € (¢11,00). Unfortunately, when ¢ € (c11, 00) the relevant rearrangement
of (2.17) is not (2.19) but

(2.21) PO =4y [ BT =0

cs5 c11 — G

since c55 — pc? = —/(cs55 — pc?)? when cz5 < pc?.
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3. Formulas for the Rayleigh wave speed

In order to proceed it is convenient to introduce three dimensionless material
parameters defined by

(3.1) v = cs5/cit, a = cg3/ci1, §=1—cis/crics,
such that
(3.2) v >0, a >0, 0<d<1.

We also define the variable z by
(3.3) x = pc [css.

From (2.16) we then have
1 . 1 )

(3.4) I<r<l1<— 1f0<C55§611, << —-—x<1 1f0<611<655.
v Y

Equation (2.17) may now be written

(3.5) Va(l —z)(x —0d) +zvV1—xy/1 -~z =0,

where o = 1/ and z satisfies (3.4). Since 1 —x # 0 equation (3.5) is equivalent to

(3.6) Ja (z — ob) + x4 11__7; ~0

Case 1. y#1
On introducing the variable ¢ defined by

(3.7) O ek R St
1—x2’ v —t2

Eq. (3.6) becomes

(3.8) ft) =t 4+ agt? —t 4+ ag =0,

where

(3.9) ap = —va (1 -9), as = va(l—od)

and

(3.10) I<t<oo if0<y<l, 0<t<1l if y>1.

We remark that for v = 1 the transformation (3.7) is not one-to-one. This case
will be considered separately below.
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If 0 <y <1(c>1) then, from (3.8) and (3.9) we have

(3.11) f) = —va(e—1)5 <0

and f(t) — oo as t — oco. The existence of a solution of Eq. (3.8) in the interval
(1, 00) is therefore assured.
If y>1(0 <o < 1) we obtain

(3.12) f0)=—Va(l-6) <0, f(1)=Va(l-0)§>0,

and the existence of a solution of (3.8) in the interval (0,1) follows from these
inequalities.
From (3.8) we obtain

(3.13) f(t) = 3t* + 2a9t — 1.

Since the discriminant of the equation f/(t) = 0 is 4(a% + 3) > 0, it has two
distinct real roots, which we denote by tyin and tpax. It follows from (3.13)
that tmintmax < 0 and hence that tph.x < 0 < tmin. It is now easy to verify
that Eq. (3.8) has a unique real solution in the interval for ¢ defined by (3.10).
Note that if Eq. (3.8) has two or three distinct real roots, then the largest one
corresponds to the Rayleigh wave and is the only solution in the required range
of values of ¢.
We now introduce the variable z defined by

1
(3.14) z=1t+ 392

so that Eq. (3.8) becomes

(3.15) 23 =3¢z +r =0,
where
1 1
ng a%+3:§(tmin_tmax>v
(3.16) )

r= 2—7(2a§ + 9as + 27ay).
We note in passing the geometrical point that if ¢y is the value of ¢ at the point
of inflexion of the curve y = f(¢t) then r = f(tn).
Our task is now to find the largest real root, which we denote by zg, of
Eq. (3.15). By the theory of cubic equation, the three roots of Eq. (3.15) are
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given by Cardan’s formula (see COWLES and THOMPSON [16], for example).
Accordingly, we may write

21 = S + T,
1 1.
(3.17) w=—5(S+1)+5iV3(S-1T),

1 1.
23 = —§(S+T) — 51\/§(S—T),

where
S=+\/R+vD, T=+\/R-VD,
(3.18) ,
D=R*+Q° R=-or,  Q=-¢"

In relation to these formulas we emphasize two points: (i) the cubic root of a
negative real number is taken as the negative real root; (ii) if the argument in S
is complex then we take the phase angle in T as the negative of the phase angle
in S such that T'= 5%, where §* is the complex conjugate of S.

The nature of the roots of Eq. (3.15) depends on the sign of its discrimi-
nant D. In particular, if D > 0 then (3.15) has one real root and two complex
conjugate roots; if D = 0 the equation has three real roots, at least two of which
are equal; if D < 0 then it has three distinct real roots.

We now show that in each case the largest real root zg of Eq. (3.15) is given by

(3.19) zOZ{’/R+x/5+{’/R—x/5,

within which each radical is understood as the complex root taking its principal
value.

First, we consider D > 0. In this case it is clear that Eq. (3.15) has only
one real root that, namely zg = 21, given by the first Eq. in (3.17), in which the
radicals must be understood as real roots. From the geometrical point, it is easy
to show that in this case f(tmin) < 0, f(tmax) < 0, and hence f(tx) < 0. This
leads to 7 < 0 and hence R > 0. Since the value of a real root of a positive real
number coincides with the principal value of its corresponding complex root and
since R > 0 and @ < 0, 2 is clearly given by (3.19).

If D =0 then r = —2¢3 and Eq. (3.15) reduces to

(3.20) (z4+q)*(z —2¢) = 0.

Equation (3.20) has two distinct real roots, z = —¢ (double root) and z = 2q.
Hence, in this case zg = 2¢ and from (3.18) we have R = ¢3, and therefore (3.19)
is valid.
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Finally, for D < 0 equation (3.15) has three distinct real roots given by
(3.17) and (3.18) in which complex cubic (square) roots can take one of three
(two) possible values such that T'= S*. Here, we take their principal values and
indicate that z; expressed by (3.17); is the largest real root of (3.15), so that
again (3.19) is valid. Throughout the remainder of this section, for simplicity, we
take complex roots as their principal values.

From (3.18) we have

(3.21) S = f/RJri\/—R?—Q?’, T = S*.

The phase angle of the complex number R + iv/—D belongs to the interval
(0,7), so that the phase angle 6 corresponding to the principal value of S in
(3.21) belongs to the interval (0,7/3). By (3.21) this implies that |S| = ¢, and
hence S and T can be expressed in the forms

(3.22) S = ge'?, T = qe ¥, 0<60<m7/3,

where 6 € (0,7/3) satisfies the equation

(3.23) cos 30 = —;?,
which is obtained by substituting
(3.24) z2=8+T =2qcosf

into Eq. (3.15).

Note that D < 0 implies | — r/2¢3| < 1, which ensures that Eq. (3.23) has a
unique solution in the interval (0,7/3).

From (3.17) and (3.22) it is easy to verify that

(3.25) 2z =2qcosd, z9 = 2q cos(f + 2w /3), zg = 2qcos(0 + 47/3).

Then, from (3.25), since 6 € (0,7/3), it is clear that z; > z3 > 29, i.e. 21 is the
largest real root of (3.15) and (3.19) is valid.
After some manipulations we obtain, on use of (3.9), (3.16) and (3.18),

1
R=—-—— h(Oé, g, 5)7

54
(3.26) X
D=~ [2va(l — )h(a, 0, §) + 270(1 ~ 5" + (1 ~ 00 + 4],
where

(3.27) h(a, 0, 8) = vVa[2a(1 — 06)> +9(30 — 06 — 2)].
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Finally, on using (3.6), (3.7), (3.9), (3.14) and (3.19), we obtain

-1
(3.28) pc? Jess = aod |Va(od +2)/3 + </R+\/B+ i’/R—\/BJ ,

where R and D are given by (3.26) and (3.27) and the roots take their principal
values. It is clear that the speed of Rayleigh waves is a continuous function of
the three parameters «, v, § in the region o > 0, v > 0, 0 < § < 1 with v # 1.
For isotropic materials we have c11 = ¢33 = A+ 2u, cs5 = 1, c13 = A, so that
a=1,0 =4v(1 —~), with v = /(A + 2u). In this case (3.28) reduces to

(3.29) pc /i =4(1 — ) [2—§7+{’/R+\/5+ {’/R—\/T)J_l,

where R and D are given by

R =2(27 — 90y + 997* — 32¢%)/27,
(3.30)
D = 4(1 —~)3(11 — 62 4 1079* — 64~%) /27

and the roots in (3.29) are understood as complex roots taking their principal
values. The formula (3.29) with (3.30) was given by PHAM and OGDEN [§].
CAsE 2. y=1
For the value v = 1 we obtain directly from equation (3.5) the formula
Vad
1+ Va
for the Rayleigh wave speed. This formula may also be obtained from (3.28) on

specialization to vy = 1, which requires some manipulation of the formulas (3.26)
and (3.27). The formula (3.28) is therefore valid for all v > 0.

(3.31) pc? [css =

4. Alternative formulas

In this section some other formulas for the speed of Rayleigh waves in com-
pressible orthotropic elastic materials are derived that are different from (3.28)
in form. In order to obtain these formulas we start from the secular equation
rewritten as

(4.1)  F(z) = (y — )z’ + (a4 2a06 — 1)z — acd(00 + 2)z + ac?6? = 0,
which comes from Eq. (3.5) expressed in the form

(4.2) Vavl —xz(od —x) = x\/1 — vz

on squaring and rearranging. Since x # 1, Eq. (4.2) is equivalent to Eq. (3.5).



FORMULAS FOR THE RAYLEIGH WAVE... 257

From (4.2) it may be deduced that if x is its (real) solution, corresponding
to the Rayleigh wave speed satisfying (3.4), then

(4.3) 0 <z <o)

Since 0 < § < 1 and Eq. (4.2) is equivalent to (3.5), it is easy to see that for
the values x such that

(4.4) 0<z<1l and 0<z<o0d

Eq. (4.1) is equivalent to Eq. (3.5).

It should be noted that, as shown in the previous section, Eq. (3.5) has
a unique (real) solution corresponding to the Rayleigh wave, which we denote
by zg. This satisfies the condition (3.4) and hence (4.3), for any values of the
parameters «, (= 1/7v), 6 subject to (3.2). Equation (4.1) therefore also has
a unique solution, and we have the following proposition.

PROPOSITION. For any values of the parameters «a, o, § subject to (3.2),
in the interval (0,0,,), where o, = min{l,0d}, Eq. (4.1) has a unique (real)
solution (z(), which corresponds to the Rayleigh wave speed.

We shall now indicate which real root of (4.1) is identified as x¢ in the situ-
ation when it has two or three distinct real roots so we can obtain formulas for
the Rayleigh wave speed.

4.1. Casgl. 7=«

When v = a, (4.1) reduces to the quadratic equation
(4.5) (y+20 — )2 — 6(06 + 2)x + 06® = 0.

Keeping (3.2) in mind and taking into account the Proposition, it is not difficult
to verify that Eq. (4.5) has two distinct real roots, xg being the smaller root
when v+ 26 —1 > 0 and the larger one when v+ 26 —1 < 0. Thus, for the values
of v, & such that v+ 26 — 1 # 0, the Rayleigh wave speed is given by

5(06 +2) — 0+/o (062 + 4 — 46)

(4.6) pe’ fess = 2(y+20 — 1)

For the case y+26—1 =10 (6 > 0 = o > 1), the Rayleigh wave speed is given by
(4.7) pc?Jess = (0 — 1)/ (o + 3).

This special case has been examined by MOzZHAEV [17], who also gave exam-
ples of materials for which v = « (c55 = ¢33).
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4.2. CASE 2. 7>«

In this case Eq. (4.1) is equivalent to
(4.8) Fi(z) = 23 + aga® + a1 + ag = 0,
where a;, i = 0, 1, 2, are given by

252 5(o6+2 2008 — 1
49)  ag=lT 4 o002 o at2000-1
Y-« a—7 et

It is easy to verify from (4.8) and (4.9) that

ao?6? v—1 0262(6 — 1)
4.1 Fi(0) = Fi(1) = P (05) — .
( 0) 1(0) v —a ) 1(1) N —a ) 1(05) N —a

On using (4.10) and taking into account the Proposition, we can show that, for
values of v and « such that v —a > 0, Eq. (4.8) has three distinct real roots and
o 1s the intermediate one.

Analogously to the analysis in Sec. 3, in terms of the variable z given by

(4.11) z=x+ az/3,

equation (4.8) may be expressed in the form

(4.12) 23 —3¢%2+1=0,

where, in this case, ¢ and r are given by

(4.13) ¢* = (a3 —3a1)/9, = (2a5 —Yaras + 27ag)/27,

with a;, i = 0,1,2 defined by (4.9). Note that ¢ and r differ from the values
defined in Sec. 3; in particular, here ¢ can be negative.

Our task is now to find the intermediate real root of Eq. (4.12), which we
denote by zg. Using the theory presented in Sec. 3, it is clear that the root 2y is

(4.14) 20 = e R+ VD +e /3y R— /D,

where each radical is understood as the complex root taking its principal value
and R and D (< 0) are given by (3.18), (4.9) and (4.13). Using (3.18) and (4.13),
after some manipulations we have

R = (9a1az — 27ag — 2a§’) /54,
(4.15)
D = (4aga3 — ajaj — 18apaias + 27af + 4a3i) /108,

where a;, i = 0, 1,2 are expressible in terms of «, v, § through (4.9).
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Taking into account (4.9)s3, (4.11) and (4.14), we see that the root z¢, and
hence the speed of the Rayleigh wave, is given by the formula

2 -1 : )
(4.16) pc?css = 04—1—3(()(04(_7% + '3V R4+ VD + e 4m/3 m,

in which the radicals are understood as complex roots taking their principal
values, R and D being given by (4.9) and (4.15). This formula shows the con-
tinuous dependence of the speed ¢ on the parameters «, 7, § in the region
0<do<l,y>a>0.

43. Case 3. 0<yvy<l=q«

For this case we obtain another formula for the speed of Rayleigh waves. As
we shall see, the formula for the speed of Rayleigh wave which was obtained
recently by MALISCHEWSKY |[5] for an isotropic material is a special case of this
formula.

Equation (4.1) is equivalent to Eq. (4.8) with 0 < x < 0,y,, where the coeffi-
cients a;, ¢ = 0, 1,2 become

252 0(0d + 2 206
(417) ag = 7 y a] = M, a9 = g .
y—1 lL—v
From (4.8) and (4.17) we have

(4.18) F1(0) <0, Fi(1) > 0, Fi(od) > 0.
Consider the equation
(4.19) Fi(z) = 32% 4+ 2as2 + a3 = 0.

If its discriminant A < 0 then Fj(z) > 0 for all z, and hence Eq. (4.8)
has a unique real solution in the interval (0, 0,,) (according to the Proposition),
namely zg. If A > 0, Eq. (4.19) has two distinct real roots, denoted by i, and
Tmax, Such that

a; 0600 +2)

TminTmax = 3 = m 0,
(4.20)
2a9 4aod
Tmin T Tmax = _? = m > 0.

Hence, 0 < Zmax < Tmin-

Bearing in mind that Eq. (4.8) has a unique (real) solution in the interval
(0,0m), it follows from (4.18); that zp is the smallest real root in the case in
which Eq. (4.8) has two or three distinct real roots.
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By using the variable z related to the variable x by (4.11), Eq. (4.8) becomes
(4.12), where q and r are given by (4.13) with (4.17). In order to find the smallest
real root zy of (4.8) we now determine the smallest root zp of (4.12). We shall
show that zg is given by

(4.21) 20 = sign(—d) {’/sign(—d) R+ VD] - '\J/—R + VD,
where R and D are given by (4.15) and (4.17),
(4.22) d= a3 — 3a1 = 9¢°,

and the roots are understood as complex roots taking their principal values. In
order to establish (4.21) we need the following two Lemmas.

Lemma 1. In the (v,9) plane the set U ={7,0: 0 <y <1, 0<d <1l:d>0}
15 a connected set.

This can be seen immediately by reference to Fig. 1, in which the curve d = 0
based on (4.22) with (4.17), on recalling the definition o = 1/, is plotted in the
positive quadrant of the (v, d) plane. This yields the equation § = 6v(1 — )/
3y +1).

Fiag. 1. Plot of the curve d =0 in (v, 0) plane for o = 1. In the region enclosed by the curve
and the 7 axis d < 0. The maximum on the curve has coordinates (1/3,2/3).

Lemma 2. R < 0 for the values of v, d such that 0 < v < 1,0 < 6§ < 1,
d>0,D>0.

The proof of Lemma 2, in which the result of Lemma 1 is employed, is given
in the Appendix.
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We now examine the distinct cases dependent on the values of d in order to
prove (4.21).
If d < 0 it follows from (3.18)3 5 and (4.22) that D > 0 and

(4.23) R+VD>0, —R+VD>0.

Since D > 0 Eq. (4.12) has a unique real solution given by (3.17); and (3.18)
in which the radicals are understood as real roots. It is clear that the inequalities
(4.23) ensure that (4.21) is valid.

If d =0, then R < 0 (as shown below). If R < 0, then, by (3.18)35 and
(4.22), D > 0, so that equation (4.12) has a unique real solution and (4.21) is
valid. If R =0 then D = 0 and it is clear from (3.17) and (3.18) that Eq. (4.12)
has a (triple) unique real root zp = 0 and in this case (4.21) is also valid.

Suppose that My is a point with coordinates (g, do) in the considered region.
We now show that if d(Mp) = 0, then R(My) < 0, My is a point on the curve
OAB, where d = 0 (see Fig. 1), excluding the endpoints O, B (since 0 < vy < 1).
Indeed, if we suppose to the contrary that R(Mp) > 0, then D(Mp) > 0 by
(3.18)3 and (4.22). It is clear that D(M) is a continuous function in the open
set U = {7,6 : 0 < v < 1,0 <6 < 1}, where M denotes a general point
with coordinates (v,d), and My € U. Hence, there exists a sufficiently small
neighborhood Uy = {7,6 : (v —70)? + (§ — 80)? < k%} of the point My, where &
is a sufficiently small positive number, such that Uy C U and D(M) > 0 for all
M € Uy. Defining 2 = U N Uy, we have d(M) > 0, D(M) > 0 for all M € (2.
Hence R(M) < 0 for all M € 2 by Lemma 2. Since R is also continuous on
the set U D 2 and My is a boundary point of {2, we conclude that R(Mp) < 0.
This leads to contradiction of our assumption that R(Mp) > 0 and the proof is
complete.

If d >0and D > 0, Eq. (4.12) again has a unique real solution (since D > 0),
namely zp, which is given by (3.17); and (3.18). Since R < 0 by Lemma 2 and
d > 0 it follows from (3.18)3 5 and (4.22) that

(4.24) —~(R+vVD)>0, —R++vVD >0,
from which it is easy to see that (4.21) is valid.
If d > 0 and D = 0 then, by Lemma 2, R < 0. Hence, by using (3.18)3_5 and
(4.22), we have R = —¢3 (¢ > 0), r = 2¢3, and Eq. (4.12) becomes
(4.25) (z—q)* (2 +29) =0.

Its solutions are ¢ (double root) and —2¢g. Hence, in this case zp = —2¢ and
(4.21) is applicable.
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If d >0 and D < 0 then Eq. (4.12) has three distinct real roots and zp is
the smallest root. Following the theory presented in the Sec. 3, the smallest real
root is 2q cos(f + 27/3), where 6 € (0,7/3) is defined by (3.23).

To ensure that (4.21) is valid we must show that

(4.26) —{/-R+VD -/ —(R+ VD) = 2d cos(f + 27/3),

where the roots are complex roots taking their principal values.

Indeed, following the theory of Sec. 3, we have Arg(R + vD) = 36,
Arg(R — VD) = —30 with 30 € (0,7) the solution of (3.23). Therefore,
Arg[-(R++VD)] =30 — 7, Arg[—(R—+/D)] = —30+7. Since | - (R+VD| =d
it follows that

(4.27) (R+ VD) = de@=/3) /(R — VD) = del-0+7/3),

Note that the roots in (4.27) are complex roots taking their principal values. It
follows that

(4.28) —\3/ ~R+4+VD—1\/—(R+ VD) = —2dcos (§ — /3) = 2d cos ( + 27/3)

and (4.26) is established.
From (4.11), (4.17), (4.21) and (4.22) the root xg is given by the formula

(4.29)  pc?/css = 3(120_57) + sign(—d) {’/sign(—cz) R+ VD] - \3/ ~R+ VD,

where each radical is understood as a complex root taking its principal value,
and the function d is now replaced by the function d given by

5(1+3y) 1
129(1—7v) 2

It is noted that d differs from d by a positive factor. From (4.15) and (4.17),
after some manipulations, we obtain

(4.30) d=

R= 0252[16 §+36(y — 1)+ 1806(y — 1) + 27( —1)2}
- 54(1 _ 7)3 g '7 g ’7 7 9
(4.31) D= o [2705(7 —1)2 —4(y = 1)(030° — 36%6% — 600 + 8)
' 108(y — 1)4

—406(06 — 2)2}.
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For isotropic materials 6 = 4y(1 — ), and hence from (4.30) and (4.31) we
have

d=~—-1/6, R=8(45y—17)/27,
(4.32)
D = 64(11 — 62 4 1079% — 64~%)/27.

We observe that the formula (4.29) reduces to a formula which was given
recently by MALISCHEWSKY |[5], for further discussion of which we refer to PHAM
and OGDEN [8].

The situation for which 0 < v < a # 1 has not been considered here, and it
is natural to ask whether the formula (4.29) also holds in this case. The analysis
required is more complicated than for the other cases and will be discussed
separately elsewhere.

In conclusion, we remark that the results obtained in this paper can be
extended to other types of anisotropy. Indeed, ROYER and DIEULESAINT [13]
have shown that for surface (Rayleigh) waves, the results established for the
orthotropic case may be applied to 16 different material symmetry classes, in-
cluding cubic, tetragonal and hexagonal anisotropy.

Appendix: proof of Lemma 2

First we mention some facts required in the proof.

(i) The quantity r determined by (4.13)3 is Fi(zn), where zy is the point of
inflexion of the cubic curve y = Fi(z) in the (z,y) plane.

(ii) If d > 0 then the function F;(z) has maximum and minimum stationary
points.

(iii) By the Proposition, Eq. (4.8) has a unique real solution in the interval
(0,06) for the values of v, § belonging to the set U.

(iv) The quantities r, R, D are continuous functions of the independent vari-
ables v, d in the (open) set U.

(v) It is not difficult to show that the point M2(3/4,3/4) of the (v, J) plane
has the properties My € U and D(Ms) < 0.

Suppose that there exists a point M; in the (v, §) plane such that 0 < v < 1,
0 <d<1and d(Ml) > O, D(Ml) > O, butR(Ml) > 0. If R(Ml) = 0 then
r(My) = 0. Since d(M;) > 0, by (i) and (ii) equation (4.8) has three distinct
real roots at M;. This contradicts the assumption D(M;) > 0. Next, consider
R(M,y) > 0, so that (M) < 0. If D(M;) = 0 then, from d(M;) > 0, (4.18),
(i) and r(M;) < 0, since 0 < Tmax < Tmin, it follows that equation (4.8) has
two distinct real roots in the interval (0,0,,), but this contradicts (iii). Thus,
D(Ml) > 0.
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Since, by (v), My and My € U, we can, by Lemma 1, connect the two points
M; and Ms by a simple continuous curve, which we denote by Lo € U. By
(iv), D is a continuous function on Ljs. Since D(M;) > 0, D(M3) < 0 (by (v)),
there must exist a point My € Lio, My # Mj, Ms such that D(My) = 0 and
D(M) > 0 for all M € Ly (except M), where Lyg is the part of Lio that
connects M7 and My. Analogously to the above arguments, it can be seen that
R must not vanish at any point M € Ljg. Since R is a continuous function on
Lip and R(M;) > 0, then R(M) > 0 for all M € Lyp, and hence R(My) > 0,
i.e. r(Mp) < 0. This, together with d(My) > 0, D(My) = 0, (4.18), (i), (ii) and
the ordering 0 < Zpax < Zmin, shows that Eq. (4.8) has two distinct real roots
in the interval (0, 0y,,), but this contradicts (iii), and the proof is complete.

Acknowledgment

The work is partly supported by the Ministry of Education and Training of
Vietnam and completed during a visit of the first author to the Department of
Mathematics, University of Glasgow, UK.

References

1. LorD RAYLEIGH, On waves propagated along the plane surface of an elastic solid, Proc.
R. Soc. Lond., A 17, 4-11, 1885.

2. M. RanmAN and J. R. BARBER, Ezact expressions for the roots of the secular equation
for Rayleigh waves, ASME J. Appl. Mech., 62, 250-252, 1995.

3. D. NkEMzI, A new formula for the velocity of Rayleigh waves, Wave Motion, 26, 199-205,
1997.

4. M. DESTRADE, Rayleigh waves in symmetry planes of crystals: explicit secular equations
and some explicit wave speeds, Mech. Materials, 35, 931-939, 2003.

5. P.G. MALISCHEWSKY, Comment to A new formula for the velocity of Rayleigh waves
by D. NkEmzI [Wave Motion 26, 199-205, 1997], Wave Motion, 31, 93-96, 2000.

6. M. ROMEO, Rayleigh waves on a viscoelastic solid half-space, J. Acoust. Soc. Am., 110,
59-67, 2001.

7. D. ROYER, A study of the secular equation for Rayleigh waves using the root locus method,
Ultrasonics, 39, 223-225, 2001.

8. PHaM CHI VINH and R. W. OGDEN, On formulas for the Rayleigh wave speed, Wave
Motion, 39, 191-197, 2004.

9. T.C.T. Ting, A unified formalism for elastostatics or steady state motion of compressible
or incompressible anisotropic elastic materials, Int. J. Solids Structures, 39, 54275445,
2002.

10. R. W. OcGpEN and PuaMm CHi VINH, On Rayleigh waves in incompressible orthotropic
elastic solids, J. Acoust. Soc. Am., 115, 530-533, 2004.



FORMULAS FOR THE RAYLEIGH WAVE... 265

11.

12.

13.

14.

15.

16.
17.

M. DESTRADE, P. A. MARTIN and T.C.T. TiNG, The incompressible limit in linear
anisotropic elasticity, with applications to surface waves and elastostatics, J. Mech. Phys.
Solids, 50, 14531468, 2002.

P. CHADWICK, The existence of pure surface modes in elastic materials with orthorhombic
symmetry, J. Sound. Vib., 47, 39-52, 1976.

D. RoYER and E. DIEULESAINT, Rayleigh wave velocity and displacement in orthorhom-
bic, tetragonal, hexagonal, and cubic crystals, J. Acoust. Soc. Am., 76, 1438-1444, 1984.

P. Cuabpwick and N.J. WILsON, The behaviour of elastic surface waves polarized in
a plane of material symmetry III, Orthorhombic and cubic media, Proc. R. Soc. Lond.,
A 438, 225-247, 1992.

R. STONELEY, The propagation of surface waves in an elastic medium with orthorhombic
symmetry, Geophys. J., 8, 176-186, 1963.

W.H. CowLEs and J. E. THOMPSON, Algebra, Van Nostrand, New York 1947.

V. G. MozHAEV, Some new ideas in the theory of surface acoustic waves in anisotropic
media, [in:] Proceedings of the IUTAM Symposium on Anisotropy, Inhomogeneity and
Nonlinearity in Solids, Kluwer, 455-462, 1995.

Received February 16, 2004.



