Arch. Mech., 56, 3, pp. 191-204, Warszawa 2004

Viscoelastic boundary layer MHD flow through a porous
medium over a porous quadratic stretching sheet

S. KUMAR KHAN, E. SANJAYANAND
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BouNDARY LAYER MHD flow of a viscoelastic fluid in a porous medium over a porous
stretching sheet has been presented in this article. A typical choice of quadratic
stretching of the boundary, having a quadratic part in velocity parallel to the bound-
ary sheet and a linear mass flux in the velocity normal to the stretching sheet, consti-
tutes the boundary conditions of the problem. The effect of various values of nondi-
mensional physical parameters on streamline patterns and skin friction coefficient are
discussed. Some of the important findings of the article are: (a) the flow is enhanced
by the positive values of linear mass flux parameter and suppressed by the nega-
tive values of linear mass flux parameter; (b) the effect of permeability parameter
is not significant when linear mass flux parameter takes zero or negative values; (c)
the combined effect of reduction of the values of permeability parameter, Hartmann
number and linear mass flux parameter is expected to reduce largely the values of
skin friction coefficient.
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Notations

S

8

ko — dimensional viscoelastic parameter,
k', k2 — dimensional and dimensionless permeability parameters,
By — magnetic strength parameter,
v — kinemetic coefficient of viscosity,
,v — axial and transverse velocities,
o — electrical conductivity,
p — density of the viscoelastic fluid,
,y — axial and transverse coordinates,
b — linear stretching rate,
a — quadratic stretching cofficient,
vy — dimensional constant mass flux,
6 — dimensional linear mass flux coefficient,
Y — stream function,
ens e
— dimensionless transverse coordinate, y,/ —,
~y
* . . . . kob
ki — dimensionless viscoelastic parameter, —,

M, — Hartmann number, \/zb Bo,
P
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" . . v
T dlmensn.)ITless constant mass flux, %,
s — real positive root of Eq. (3.14),
C; — dimensionless skin friction coefficient,
bo — modified linear mass flux parameter,
Vb
Re, — local Reynolds number, vy x,
Y
1" — dimensionless stream function,
¢ — dimensionless axial coordinate.

1. Introduction

SAKIADIS [1] was the first to initiate pioneering work on the boundary layer
flow of incompressible fluid over continuous solid surface, which finds its appli-
cation in the problem of polymer sheet extruded from a dye. In the recent years,
ever increasing application of viscoelastic fluids (e.g. dilute polymer solution
of 0.83% ammonium alginate in water and 5.4% polyisobutylene in cetane at
30°C, MARKOVITZ and COLEMAN |[2]) in polymer processing industries has led
to a renewed interest among researchers to investigate the viscoelastic boundary
layer flow over a stretching plastic sheet (RAJAGOPAL et al. [3, 4], DANDAPAT
and GUPTA [5], ROLLINS and VAJRAVELU [6], ANDERSSON [7], LAWERENCE
and RAO [8], CHAR [9] and RAO [10]). A significant effort has been directed to
study the boundary layer viscous fluid flow over a porous stretching sheet where
the flow is influenced by suction/blowing of liquid through the porous sheet
(VAJRAVELU and NAYFEH [11|, VAJRAVELU [12], AHMAD and MUBEEN |[13],
CHIAM [14], Y1H [15], ACHARYA et al. [16]). A new dimension has been added in
this study by investigating such situation for viscoelastic fluid flow in our recent
works (PRASAD et al. [17] and SONTH et al. [18]). Stability analysis of viscoelas-
tic fluid flow over a stretching sheet with and without magnetic field has been
carried out by DANDAPAT et al. [19, 20].

Exhaustive literature is available including the papers cited above on two-
dimensional viscoelastic boundary layer flow over a stretching surface, where the
velocity of the stretched surface is assumed to be linearly proportional to the
distance from a fixed origin. However, GUPTA and GUPTA |21] have pointed out
that in reality, stretching of the sheet might not necessarily be linear. Also, there
might be a situation of flow of linear mass flux addition or annihilation in addition
to constant mass flux through the pores of the boundary sheet. This situation
was dealt with by KUMARAN and RAMANAIAH [22] in their work on boundary
layer flow over a quadratic stretching sheet. However, their work is confined to
the viscous fluid flow over a stretching sheet in absence of a magnetic field . Es-
timation of skin friction which is very important from the industrial application
point of view is also not presented in their analysis. Skin friction and streamline
pattern might vary to a certain extent if the fluid flows through porous media.
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In view of this, a study was carried out by GUPTA and SRIDHAR [23] on a vis-
coelastic fluid flow through a tube having periodically varying diameter which
is often used to represent a porous medium. The applied magnetic field, which
also might play a decisive role in skin friction, is excluded from this analysis.
Therefore, in the present article the authors make an attempt to investigate
the viscoelastic boundary layer fluid flow through porous media over a quadratic
stretching of a sheet. We know that magnetic field stabilizes such a flow, a fact
pointed out by DANDAPAT et al. [20]. Hence, we consider an electrically conduct-
ing fluid region which is exposed to a uniform transverse magnetic field. In this
work we aim at investigating the effect of permeability of the porous medium, vis-
coelastic parameter, Hartmann number, and mass flux parameters which appear
in linear and quadratic stretching part, on the stream function characteristics
and the skin friction coefficient. Results of ANDERSSON [7] concerning the linear
stretching problem may be deduced from this study as a limiting case when there
would be no linear mass flux, no quadratic stretching and no porous medium.

2. Mathematical formulation

Two-dimensional viscoelastic boundary layer flow through a porous medium
over a porous stretching sheet in a semi-infinite region y > 0 is considered
for investigation (Fig. 1). The flow is assumed to be generated solely due to
stretching of the adjacent flat boundary sheet so that no free stream velocity
exists within the boundary layer. The sheet extends along the zz-plane and is
stretched along the z-axis. The stretching is being done by applying two equal
and opposite forces whilst keeping the origin fixed. The sheet is stretched in such
a way that the velocity of the sheet is a quadratic polynomial of the distance
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Fic. 1. Boundary layer over a porous stretching surface.
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from the origin and there is a linear mass flux in addition to constant mass flux
to the boundary layer region through the porous boundary sheet. The electrically
conducting boundary layer fluid flow is assumed to be exposed to the influence
of a transverse uniform magnetic field of strength By. The transverse magnetic
field acts parallel to the y-axis. The magnetic Reynolds number is considered
to be small so that the induced magnetic field is negligible. Also, we assume
that the external electric field is zero and that the electric field as a result of
polarization of charges is negligible.

The basic governing equations in the present flow situation are the modified
version of the boundary layer equations of BEARD and WALTERS [24] and of
ANDERSSON |7], and they are as follows.

ou  Ov

ou ou 0%u
2.2 gy
(2:2) ”ax+”ay 78y2
el PP u +U83u_@ 0?u +@82u —aBgu—lu
0" 920y2 dy? Oyoxdy Oz dy? p K

Here kg is the elastic parameter, v is the kinematic viscosity of the fluid, &’
is the permeability parameter of porous medium, By is the magnetic strength
parameter and o is the electrical conductivity of viscoelastic fluid. The other
quantities have their usual meanings. The above Eq. (2.2) has been derived under
the assumption that the normal stress is of the same order of magnitude as that
of the shear stress, in addition to the usual boundary layer approximations. The
model equation (2.2) is valid for small values of elastic parameter kg since it has
been derived to the first order in elasticity representing the short memory fluid
with smaller relaxation time.

2.1. Boundary conditions

The porous boundary sheet is assumed to be stretched quadraticaly along the
z-direction in such a way that constant and linear mass fluxes through the pores
of the boundary influence the boundary layer flow. The appropriate boundary
conditions on velocity are:

u=br+ar’? v=uv,+0oxr at y=20

(2.3)
u =0 uy =0 as Yy — Q.

The subscript y represents differentiation with respect to y; b, «, vy, and & are
constants, where b is known as linear stretching rate, « is the quadratic stretching
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rate, v, represents constant mass flux and & x represents linear mass flux to
the boundary layer region through the porous boundary sheet. The boundary
conditions as y — oo in Eq. (2.3) are due to the stress-free conditions at the
outer boundary and free stream velocity being taken zero there. It is of interest
to note that the quadratic stretching part a z? in the z-directional velocity must
be accompanied by the linear mass flux § x in y-directional velocity in order to
satisfy the equation of continuity.

3. Mathematical analysis

We seek a self-similar solution of Eq. (2.2) by defining the stream function as

(3.1) wzv@ﬁﬁmw—gﬂmm» nzyvg-

This yields

6 |b
(3.2) u=1, =bx fn(n)_Q\/;x2fnn(77)7

(3:3) v ==ty =—=/byf (n) + 6z fr ().
Substituting the Eqs. (3.1)—(3.3) in the Eq. (2.2) and then equating the coeffi-

cients of =, x2, 3 of the resultant equations to zero, we obtain the following

nonlinear differential equations:

(34) f?? - ff?m = f"]"]"] - ki {anfmm - ff??"]"]"] - 7377} B Mn2f77 - k2f"77
(35) fnfnn - ff777777 = f’?WTIW - kf {fnfnnm? - ffnmmn} - Mn2f7777 - k2f77777

(3.6) fﬁn = JoJumn = kI {fnfmmnn = 2 fom Jopmmn + fgnn} :

o kob

Here M, = ‘/7bBO is the Hartmann number, k7 = 207 is the viscoelastic
P 8

parameter and ko = 7 is the permeability parameter of the medium. In non-

/
dimensional form the corresponding boundary conditions are derived as

20 |y
(3.7) f fn fnn 5 \/; n

fnzoa fnn:(), as 1 — o0.

v
Here, v}, = ——. From the mathematical point of view, the Eq. (3.5) doesn’t

Vb

have any special significance since it may be obtained from the Eq. (3.4) by simple
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differentiation. Using the first two boundary conditions with v, = 0 at n = 0
and the first boundary condition at 7 — oo, RAJAGOPAL et al. [3] obtained the
corresponding solution of the Eq. (3.4). Subsequently TROY et al. [25] obtained
a unique solution of the Eq. (3.4), for 0 < k] < 1, in the form

(3.8) fn) = VI—k (1-e VIR,

Later on CHANG [26] showed that the solution of the Eq. (3.4) with those
boundary conditions was not unique. Taking &k = 1/2, CHANG [26] derived other
solution of the form

(3.9) fn) =v2 (1 - e_"/\/icos( 3/2 77))
Recently RAO [10] derived another closed-form solution

142k}
V3

fin)=A [1 — e 2 cos(V/3 An) + sin(\/gAn/Z)] ,

(3.10)

This form of solution exists only when &} € (—1,0).

Among all the above solutions, the solution (3.8) is realistic as we can re-
cover the Navier-Stokes’ solution only in its limiting case k7 — 0. Also, for a
viscoelastic fluid of the Walters type liquid B where k] should be small real
positive (DANDAPAT and GUPTA [5]), the solution of the form (3.8) is the only
solution of the problem with those three boundary conditions. Therefore, in
view the nature of the boundary conditions and the results known from the
literature, we seek the solution of the Eq. (3.4) with the prescribed boundary
conditions (3.7) in the form

(311) f(?]) = Ay + Bie .

The assumption of solution of the Eq. (3.4) in the above form is most appro-
priate as it also satisfies the Eq. (3.6). Now, we proceed further to determine the
constants A, By and s. Substituting the Eq. (3.11) in the Eq. (3.4) and making
use of all the boundary conditions of Eq. (3.7), we obtain

1 1
3.12 A== —f B = —— .
( ) 1 s Vs 1 s
Hence we obtain
1—e 957 N
(3.13) fn)=——-v,.
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Here, s is the real positive root of the following cubic algebraic equation

Lok 1, 1+ Motk

3.14 3 —
10 Tk TR wk

We must note that in the range 0 < k¥ < 1 for which the model Eq. (2.2) is
valid and for all real values of v}, there exists always a real positive root of the
Eq. (2.2). It is of some interest to note that the quadratic stretching parameter
« and the linear mass flux parameter 6 must be related by the equation

2 3

(3.15) s=53-

Therefore, when o and § are simultaneously absent, ks = 0 and v, = 0, we

would obtain the solution of ANDERSSON [7] as the limiting case of our result.

The quadratic equation for s, in such a case, may be deduced from the Eq. (3.14)

in the limit v}, — 0 and ka = 0. The solution represented by Egs. (3.13)—(3.15)

is the only realistic solution satisfying all the boundary conditions of Eq. (3.7).
The dimensionless skin friction coefficient C'; is expressed as

ouy [ P P oud
7 oy 0 uc')mﬁy U8y2 dy 9y J |,—o

(b)?

(3.16)  Cp=-—

* L2 1.%
vy 57k

VRe,

= = (1 _ 3l<:*) i b053(1 - 7k1<) + b3k (v;; - 4Rexbo) +

Vvbyzx

Here, Re, = is the local Reynolds number, which depends on the rate of

linear stretching’yb . The effect of mass flux parameters v}, and 9 is demonstrated
by the relations (3.14)—(3.15).

It will be more convenient to analyse the flow characteristics if we further
introduce the dimensionless quantities in the following way

- _ _
(3.17) Y= ot E==x 5 and by = 55"
Hence the Eq. (3.1) takes the form

(3.18) v =€ (n) = bo&” fy ().

The streamline equation is derived as

1 2, & s — My? — ko
(3.19) n—s{log<bof —i—s)—log [Wf—C]}.
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Here, * = C, a constant along a particular streamline. The Eq. (3.19) yields the
expression of KUMARAN and RAMANAIAH [22] as a limiting case when &} = 0,
M, =0 and k9 = 0.

4. Results and discussion

We have considered the viscoelastic boundary layer flow in a porous medium
over a porous stretching sheet. In contrast to the linear stretching of the bound-
ary sheet, the flow is considered to be generated solely by general quadratic
stretching of the boundary and influenced by a uniform transverse magnetic field.
We assume that horizontal stretching velocity consists of two parts, namely (i)
a linear part which is linear in z and (ii) a quadratic part which is quadratic
in x. The cross directional velocity, which is normal to the stretching boundary,
has also two parts, namely (i) a constant mass flux due to suction/blowing and
(ii) a linear mass flux. Analytical expressions for dimensionless stream function
and dimensionless skin friction coefficient C'y have been derived. To acquire the
knowledge on the effect of viscoelastic parameter k], the permeability parameter
k2, linear mass flux parameter by, the constant mass flux parameter v}, and the
Hartmann number M,, on the streamline pattern, several graphs are plotted in
the Figs. 2-6. The numerical values of the skin friction coefficient C'y for various
flow-controlling physical parameters are recorded in a Table.

Table 1. Values of skin friction parameter C; for various values
of the physical parameters.

k1* Uw* bo Reg; Mn Cf (kz = 00) Cf (k'z = 0.5)
1071 | —0.07 | —0.01 | 0.5 | 0.0 1.454 1.766
0.2 0.643 0.778
10710 0.5 1.767 2.029
0.2 0.778 0.890
10710 0.0 0.0 1.465 1.782
0.2 0.637 0.769
10710 0.5 1.782 2.050
0.2 0.769 0.879
107 | 0.07 | —0.01 0.0 1.356 1.668
0.2 0.629 0.782
10710 0.5 1.668 1.931
0.2 0.782 0.913
1010 0.0 0.0 1.365 1.682
0.2 0.625 0.776
10710 —-0.01 | 2.5 0.601 0.738
0.2 0.283 0.353
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Fic. 2. Streamline patterns for different values of k7 and M, when v}, = 0.07, by = 0.2
and ko = 0.1.
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Fia. 3. Streamline patterns for different values of ki and k2 when v}, = 0.07, b = 0.2
and M, = 0.5.

Figure 2 demonstrates the streamline patterns for different values of vis-
coelastic parameter k] and Hartmann number M,,. Analysis of the graph reveals
that the effect of increasing values of viscoelastic parameter kj is shifting of the
location of streamline towards the stretching surface.

The effect of increasing values of the Hartmann number M, is also to shift
the location of the streamline towards the stretching boundary. The combined
effect of viscoelastic parameter k] and magnetic parameter M,, is suppression of
the flow in the boundary layer region which clearly manifests the thinning of the
boundary layer.
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The streamline patterns for different values of viscoelastic parameter £} and
permeability parameter ko are shown in the Fig. 3. Analysis of the figure shows
that the effect of permeability parameter ko is to shift the streamline towards
the stretching sheet. This means that the boundary layer flow is suppressed and
hence the boundary layer thickness decreases. The combined effect of viscoelastic
parameter k] and permeability parameter kg is seen to suppress the flow largely.

Streamline patterns are depicted in the Fig. 4 for different values of vis-
coelastic parameter k] and linear mass flux parameter by (that is also the effect
of quadratic velocity parameter «). The figure reveals the effect of linear mass
flux parameter by in addition to a similar effect of viscoelastic parameter k7 on
the streamline pattern. The effect of increasing values of the linear mass flux pa-
rameter by is shifting of the location of the streamline away from the stretching
sheet. This means that the boundary layer flow is enhanced and the boundary
layer thickness increases. This result is quite consistent as there is an addition of
mass flux through the porous stretching boundary. This change of flow pattern
may also be attributed to the quadratic part of the stretching velocity, «, as
J (i.e,bo) and « appear simultaneously. When the linear mass flux parameter by
takes the zero value then slope of the streamline is also zero, which means that
the boundary layer flow is completely undisturbed. When the linear mass flux
parameter bg is negative, the slope of the streamline is also negative which means
that the boundary layer flow is suppressed by annihilation of the fluid through
the porous boundary.

2.4
2.0—- ....... k"'1=10'10 0.2
k=03 o

167 c=0.0 ——
1.2
0.8 ,
n o1/ 0.0
044/ b;=-0.01

] 0 /\

S
00—+ 7T T T T T T 1T

T
0 4 8 12 16 20 24 28 32 36 40

§ ————

Fic. 4. Streamline patterns for different values k1 = 0.1 and bg when v}, = 0.14, k2 = 0.9
and M, = 1.0.

The combined effect of permeability parameter ksand linear mass flux para-
meter bg can be seen from the Fig. 5. From this figure it follows that increasing
positive values of linear mass flux parameter by is to enhance the flow and shift
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the streamline away from the boundary significantly having a positive slope.
Whereas, the negative value of the linear mass flux parameter suppresses the
flow and hence, the streamlineses takes negative slope. The effect of permeabil-
ity parameter ko on the streamline patterns is not significant when linear mass
flux parameter by takes negative values. The effect of constant mass flux para-
meter v and linear mass flux parameter by on the streamline patterns may be
obtained by the analysis of the Fig. 6. Here we observe that the effect of the pa-
rameter by, i.e. also of the parameter «, is the same as that seen in the Figs. 4-5.

2.4 4
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Fic. 5. Streamline patterns for different values k2 and by when ki = 0.2, v,, = 0.14
and M, = 1.0.

Fic. 6. Streamline patterns for different values of v;, and by when k7 = 0.2, k2 = 0.5
and M, = 1.0.
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The effect of constant mass flux parameter v}, is to dislocate the streamlines by
shifting them away from the stretching sheet. The combined effect of constant
mass flux parameter v}, and linear mass flux parameter by is to enhance the
shifting of position of the streamlines from the stretching sheet. This behaviour
occurs due to blowing of the boundary layer flow by addition of the mass flux
through the porous stretching sheet.

The values of skin friction parameter Cy for the values of physical parameters
kY, ko, vy, bo, Rey and My, are recorded in the Table 1. A careful analysis of the
table reveals that the effect of increasing values of permeability parameter ko and
Hartmann number M, is to increase the skin friction parameter C'y. The effect of
linear mass flux parameter by, i.e. also of «, is also the increase of the skin friction
parameter in the case of a viscous fluid flow. The effect of constant flux parameter
vy, and local Reynolds number Re, is to reduce the skin friction parameter C'.
These are essentially due to the increase of the boundary layer thickness as a
result of addition of external mass the flux through the porous boundary and
increased rate of linear stretching resulting in an increase of velocity, respectively.

Hence, in order to minimize the skin friction parameter which we usually
look for in an industrial application, one needs to decrease the values of the
permeability parameter ko, magnetic parameter i.e. the Hartmann number M,
linear mass flux parameter bpand to increase the viscoelastic parameter ki, the
constant mass flux parameter v}, and the local Reynolds number Re,.

5. Conclusions

Some of the important findings of the mathematical and diagrammatic analy-

sis of the present problem may be listed as follows.

1. The combined effect of viscoelastic parameter kf and magnetic parameter
M, and permeability parameter ko is to shift the location of the streamline
towards the stretching sheet.

2. Streamline attains positive, negative and zero slope depending upon the
value of the linear mass flux parameter by, positive, negative and zero,
respectively.

3. The effect of permeability parameter ks is not significant when the linear
mass flux parameter by takes zero or negative values.

4. The flow is enhanced significantly by the positive values of linear mass flux
parameter by appearing due to quadratic stretching of the boundary. The
flow is suppressed significantly by negative values of the linear mass flux
parameter.

5. Reduction of the values of the permeability parameter, the Hartmann num-
ber and the linear mass flux parameter can be used as means to minimize
the skin friction in industrial applications.
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