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Brief Notes

Shape of dispersion curves in the Rayleigh-Lamb spectrum
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THE FOLLOWING FEATURES of the symmetric Lamb modes in an elastic waveguide
are well known:

1.
2.
3.

4.

There exists no mode with phase speed less than cg. v

There is only one mode whose speed asymptotically approaches cg.

A horizontal line above ¢ = ¢r (including the line ¢ = cL) cannot be an
asymptote to any of the modes.

Phase speed of all modes, except the lowest mode, approaches cr as the fre-
quency becomes very large.

The above features characterize the spectrum which is obtained numerically or ezper-
imentally but are not fully understood analytically. We analyze the Rayleigh-Lamb
equation and provide analytical explanation for the above features.

1. Introduction

CONSIDER AN INFINITE isotropic plate of thickness 2h characterized by the
phase speeds cr and cr, respectively, of the transverse and longitudinal bulk
waves. Let w and k denote the frequency and the wave number of a wave which
propagates in a direction parallel to the plate surfaces which are assumed to be
free of traction. The dispersion relation for the symmetric modes is given by [1]
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The corresponding dispersion relation for the antisymmetric modes is ob-
tained from Eq. (1.1) by interchanging p and ¢ on the left-hand side of the
equation.

Equation (1.1) is known as the Rayleigh-Lamb equation [2, 3]. Dispersion
curves, expressing the circular frequency w or the phase speed c in terms of the
wave number k, are obtained numerically. Sketching of these curves is facilitated,
to a great extent, by Mindlin’s method of bounds [4].

In 1973, UBERALL, while discussing the spectrum for a free aluminum plate,
made the following observation [5]: “As hw tends to infinity (which includes the
case of the elastic half-space bounded by vacuum), the lowest modes sp and ag
are seen to converge, and to coincide with the Rayleigh velocity cg on the free
elastic surface, while all the higher modes (both s; and a;) seem to approach
the transverse bulk speed cr. If cr is actually the limit of all these dispersion
curves, then the longitudinal bulk speed ¢z does not seem to be similarly rep-
resented as a limiting value of any Lamb wave speeds. This point remains to
be investigated”. Although a discussion of the Lamb spectrum can be found in
practically every graduate text-book on elastic waves (see, for example, 1, 6, 7])
and hundreds of other places in the literature, it appears that main features
of the spectrum, alluded to by Uberall nearly three decades ago, still await an
analytical explanation.

In this paper we shall analyze Eq. (1.1) for the symmetric modes. Analysis
of the equation dealing with the antisymmetric modes runs along similar lines.
We shall attempt to find analytical answers to the following questions:

1. Why there is no mode with velocity smaller than cg?

2. Why does the velocity of the lowest mode, and only that of the lowest

mode, asymptotically approach cg?
. Why no mode has ¢y, as the limiting speed?
4. Why do the dispersion curves for all modes, except the lowest one, approach
the line ¢ = cr as the frequency becomes very large?

w

2. Dispersion curves

Defining
(2.1) c=— u = hk,

we rewrite Eq. (1.1) in the form
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In order to find the dispersion curves, it is usual to fix the frequency w in
Eq. (1.1) and scan the equation for the values of & which satisfy the equation.
We shall adopt an alternative approach in which we fix a value of the phase
velocity, ¢, in Eq. (2.2) and look for the values of u. The task is facilitated by
the fact that the right-hand side of Eq. (2.2) is a function of ¢ only.

When 0 < ¢ < ¢, both functions under the square root sign are negative.
Defining

- ()()
23) ol \/ \/ c%’ T+ ()’

we can write Eq. (2.2) in the form

tanh(ua)

(24) tanh(up) ~ "

the dependence of a, # and < on ¢ being suppressed for simplicity.
The function tanh z is an increasing function of its argument. Since

(2.5) B(c) > a(c), 0<c< er,

and u > 0, we conclude that

(2.6) the left-hand side of Eq. (2.4) is less than unity.
On the other hand, it is well known that the Rayleigh equation
(2.7) 4a(c)B(c) — (1 + (a(e))?)? = 0,

has a unique solution in (0, cr ). Denote the left-hand side of (2.7) by f(c). A
unique solution of the above equation implies that f(c) changes sign only once in
the interval (0, cr), at the point ¢ = cg. It is easy to verify that for 0 < ¢ < cg,
f(c) has the positive sign while for cg < ¢ < er, the function is negative. Thus

v(c) >1, 0<c<cpg,
(2.8) v(c) =1, c=cpg,
v(c) <1, erp<c<er.

It is clear from statements (2.6) and (2.8); that Eq. (2.4) cannot be satisfied
if 0 < ¢ < cgr. Thus no mode exists whose phase speed is less than cg. This
answers the first question raised in the introduction.
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If u < 1, we can use the approximation tanu £ u, to obtain from Eq. (2.2)

(2.9) (2—;—2):4(1-%).

The above equation has the solution

1
(2.10) c=2cT\/l—§,

where k = cr/cr. Equation (2.10) gives the velocity, near the cut-off point, of
the only mode which exists for wavelengths large compared with the depth, 2h,
of the plate. This is the velocity given by the elementary theory for extensional
motions of the plate.
When ¢ = ¢, Eq. (2.2) is satisfied by
nmw

2.11 U= ———, n=123..
(2.11) ——

This means that there are infinitely many dispersion curves, which intersect
the line ¢ = ¢r. For ¢r < ¢ < ¢, one of the radicals in Eq. (2.2) is real, while
the other is imaginary. For large u,

tanh [u 1- i] >,
ct

and Eq. (2.2) becomes

ISR 2=

The above equation has infinitely many solutions for every ¢, ¢y < ¢ < cr.
There are infinitely many modes in this domain. From this observation it follows
that the line ¢ = ¢r, or for that matter, any line ¢ = ¢;, with ¢; > ¢r, cannot be
an asymptote to any of the modes because, if the n-th mode did have ¢; as the
limiting speed, any horizontal line between ¢y and c¢; would intersect at most
(n — 1) modes (the dispersion curves cannot intersect), but this contradicts the
fact that there are infinitely many modes in this domain. This answers the third
question.
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Now write Eq.(2.2) in the form

2 2
tan | u %— -1 4, /5 —1
°r q ¢
(2.13) = 5 tan - -1 ].
c? c? 7
- —1 z 2
¢r T

When ¢ — cr, the above equation reduces to

1 1
(2.14) u = 4\/1—? tanh (u”l—;i).

Equation (2.14) has the unique positive root ug at the point where the lowest
mode crosses the line ¢ = ¢r. Let ¢ approach ¢r from above in such a manner
that

cz
(2.15) g -l=e<< 1

If additionally u is large, an assumption justified a posteriori by Eq. (2.19),
Eq. (2.2) becomes, to the first order in ¢,

(2.16) tan(eu) = 4e4/1 — ;15

Hence
1
(2.17) eu = tan™} (45\/1 ) ) + nm, n=201,2,..
or
[ 1
(2.18) eu™4e 1—?+n7r, n=0,1,2,..
or
2

(2.19) u=u’, u® + E, u°+—7r,...

€ €
where
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Equation (2.17) was obtained under the assumption u > 1 but this will not
hold when u = u®. Hence the first term of the sequence on the right-side of (2.19)
must be dropped. From Eq. (2.19) it is clear that all modes with the exception
of the lowest one approach the line ¢ = cr asymptotically. This happens because
we can take ¢ arbitrarily small. This answers the fourth question.

When cg < ¢ < cr, both radicals in Eq. (2.2) are imaginary and we write
the equation in the form

F. AHMAD

tanh(au)
tanh(G u) 7

where, a, 8 and v have been defined above. Denote the left-hand side of (2.20)
by g(u). From (2.8)3 v < 1 for the range of ¢ under consideration, also

(2.20) =0,

«

(2.21) g(0*) = 57"

and in the limit u — oo

(2.22) lim g(u) =1—-v>0.
Uu—>00

It is easily checked that g(0%) appearing in Eq. (2.21) will be negative as

long as
/ 1
c < 2cr l1-—,
K

which is true in the present case. Since the function g(u) is continuous on [0, oo)
and it changes sign once in the interval, we conclude that for every ¢ between
cr and cg, there is a unique solution of Eq. (2.20). When ¢ — cg from above
v(c) — 17, but from (2.20) it is clear that this can happen only if both au
and Bu approach infinity. Hence when c is close to cg, both exp(-au) as well as
exp(—Bu) will be small. In this approximation

1— e-—2au 2

(223) ta.nh(au) = 1+e——2au =] —-2e” au,
similarly
(2.24) tanh(Bu) =1 — 2e~ 2P
and

tanh(a u) 2 9

ot ] 2g720u | 9= 2hu

tanh(S u) ¢ tae
(225) ~1— 26—2au (1 _ e—2(ﬂ—a)u) ,

~ —2au
=1-—2e ,
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since 8 > a and u is assumed to be large. From Egs. (2.20) and (2.25) we get

1 1-7
(2.26) U= %lq( 5 )

Equation (2.26) gives an analytical expression for u in terms of ¢ when c is close
to cg. In this approximation 1 — v will be a small positive number and u will be
very large. In the limit ¢ — cg, we have u — oo. This is the well-known result
that the limiting velocity of the lowest mode is the speed, cg, of the Rayleigh
wave on the surface of a half-space. This answers the last remaining question i.e.
the second question raised in the introduction.

2.5

N

velocity c/cr
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Fi1G. 1. Calculated dispersion curves for the first five symmetric modes of an a,lummum
plate, as functions of the normalized frequency.

In Fig. 1, we have plotted the dispersion curves for aluminum giving the
phase velocity as a function of the normalized frequency hw and in Fig. 2, we
have plotted the same curves as functions of the dimensionless wave number
hk. However, Fig. 2 has an advantage in that, in the middle part of the spec-
trum, say between ¢y and 1.9ct, any horizontal line intersects the modes, except
the lowest one, at equidistant points. This point has been discussed in some
detail in [8].
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Normalized velocity c¢/cr

2 4 6 8 10 12 14 16
Dimensionless wave mmber hk

FiG. 2. Calculated dispersion curves for the first five symmetric modes of an aluminum
plate, as functions of the dimensionless wave number.

3. Conclusions

We have discussed salient features of the dispersion curves of the Rayleigh-
Lamb spectrum for an isotropic plate. We have found answers to some of the
pertinent questions raised by UBERALL three decades ago [5].

The spectrum of a circular cylinder has many features common with the
spectrum for a plate. A brief analysis of this problem has been presented else-
where [9].

Acknowledgments

The author is grateful to the referee for his helpful suggestions. Part of this
work was done at the Quaid-I-Azam University, Islamabad where financial sup-
port was provided by the University Research Fund.

References

1. J.D. ACHENBACH, Wave propagation: in elastic solids, North-Holland, Amsterdam 1980.

2. Lord RAYLEIGH, On the free vibrations of an infinite plate of homogeneous isotropic elastic
matter, Proc. London Math. Soc., 20, 225-235, 1889.



SHAPE OF DISPERSION CURVES ... 165

- W

. H. LaMB, On the flezure of an elastic plate, Proc. London Math. Soc., 21, 1889, 70-90.

. R.D. MINDLIN, Waves and vibrations in isotropic elastic plates, [in:] First Symposium on
Structural Mechanics, 1958, J. N. GOoDIER and N.J. HoFF [Eds.], 199-232, Pergamon,
Oxford 1960.

H. UBERALL, Surface waves in acoustics, W. P. MAsoN and R. N. THURSTON [Eds.],
Physical Acoustics, 10, 1-60, Academic Press, New York 1973.

B. A. AuLD, Acoustic fields and waves in solids, 2, Krieger, 1990.
J. L. Roskg, Ultrasonic waves in solid media, Cambridge University Press, 1999.

F. AuMan, A simple formula for the Lamb modes in a plate, J. Acoust Soc. Am. 111,
1974-75, 2002.

F. AHMAD, A simple formula for the longitudinal modes in a cylinder, J. Acoust. Soc. Am.,
115, 475-477, 2004 (in press).

Received December 12, 2003.



