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THIS PAPER PRESENTS an analysis of the cooling process of a solid, induced by the
impingement of an air jet. Solutions of the inverse heat conduction problem were
obtained by applying the heat functions to formulate the base functions of the Finite
Element Method. The applied heat functions identically satisfy the heat conduction
equation in dimensionless co-ordinates. The minimisation of the functional, presented
in this paper, leads to the solutions of the analysed problem. The temperature distri-
bution of the analysed solid was determined by solving the inverse heat conduction
problem by means of the temperature measurements taken inside the solid. Properties
of the heat function were applied to reconstruct the distribution of the Bi number
on the heat exchange surface; this in turn enables to determine the heat transfer
coefficient on the analysed surface. The results of the analysis were compared with

the data found in the literature.

Notations

a temperature compensatory coefficient,
Bi= '{zk_Z Biot’s number,

o velocity,

g temperature gradient,

h heat transfer coefficient,

i number of the nodes,

I direct functional,

J inverse functional,

ki number of measurement points,

k heat conduction coefficient,

K number of finite elements,

l number of the heat functions,

L final number of finite elements,

m final number of measurement points,
n time step,

N final number of the nodes in each finite element,
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P parameter,

q density of the heat flux,

t time,

P temperature surplus,

w generating function,

z characteristic dimension for the heat conduction,

Z length of the analysed solid in the heat conduction direction,

Greek letters

d standard deviation,

[/ approximate value of the temperature surplus,

i approximate value of the temperature surplus from n time step,
= % dimensionless co-ordinates,

Fo=71= %t Fourier’s number,

v heat function,

wi (€,7) base function of FEM,

Q surface of the finite element.

1. Introduction

THE CONCEPT OF SOLUTION of the inverse heat conduction problem implies the
determination of the unknown boundary condition on the basis of the tempera-
ture measurements taken inside the solid. The inverse heat conduction problems
are ill-posed; it means that small changes of the temperature inside the solid
could correspond to larger changes of the temperature on the heat exchange sur-
face. As a consequence, small uncertainty in temperature measurements taken
inside the solid causes significant errors in temperature on the heat exchange
surface determined by the solution of the inverse problem. The inverse heat
conduction problems are analysed in the papers [2, 3, 4, 5, 8, 9, 10, 12, 13, 14].

The determination of the heat exchange boundary conditions, on the surface
cooled by impinging air jet, is based on solving the inverse heat conduction
problem.

The temperature field satisfies the equation

T (& 1) _ 9T (£7)

(1.1) g - ar >0, £€(0,1)
and is subjected to the initial condition

(12) T(§1 0) = Tp(&! 0): £e<0,1>

and to the boundary condition

(1.3) ST o sor e=07 50,
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(1.4) (1, ) = Tg{l, £) for £=1+%0.

The boundary condition (1.4), in the inverse problem, was investigated by ex-
perimental studies.

2 <) ) > A
The problem was analysed in dimensionless co-ordinates Bi = e (Biot’s

z a .
number), { = — and Fo =7 = _—t (Fourier’s number).

The determination of the boundary condition for £=1 leads, by means of the
heat functions properties, to the determination of the heat transfer coefficient h
on the heat exchange surface.

Due to complexity of the geometry conditions of the heat machines, the deter-
mination of the heat transfer coefficient h is complicated, because the mounting
of the measurement sensor might be very difficult.

2. Numerical analysis of the heat transfer

The solution of the inverse heat conduction problem consists in the solution
of the direct problem with the unknown boundary conditions as a parameter.

The unknown boundary condition is determined by minimisation of the dif-
ference between the temperature calculated and the experimental temperature
measurements [5].

2.1. Determination of the direct problem

The temperature field in a flat layer is analysed in order to solve the direct
heat conduction problem. The temperature field satisfies the heat Eq.(1.1) with
boundary conditions (1.3), (1.4) and initial condition (1.2). The area of the
solution of the analysed problem is shown in Fig. 1.

ATE )
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Fi1G. 1. The discreet area of the solution of the analysed problem.
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Fi1G. 2. Two finite elements of the discreet area of the solution of the analysed problem.

In this paper, the results of the analyses are presented for the finite element
consisted of four nodes, but the number of nodes in each finite element could be
N=4, 6, 8.

Approximation of the temperature in the element K of the analysed area
may be presented in the form

N
(2.1) Bcle,n)= Y ¢ (6, n)T;  for K=1,..., L.
=1

The heat functions were used to determine the base function g; (¢, 7) of Finite
Element Method. The heat functions are obtained by expansion in series of
generating function exp (p€ + p*7) [4]

pl
Vl(és'r)'ﬁ 720; 66(0, 1)

M8

22)  w(E,Tp) = PSP =
|

1l

where coefficients of the series (2.2) are found from the formulae [4]

vt (67) = 3w () + T ua (67), 122,
(2.3) vo=0, vi(7)=1, v2(&7) =€,
ou €,7) ou (6,7)

T =V (517)1 T = V-2 (617)1 1= 1) 21 3:
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The heat functions determined above, identically satisfy Eq. (1.1). The base
functions of the Finite Element Method are formed as linear combinations of
the heat functions. Therefore the basic functions automatically satisfy the heat
conduction equation (1.1)[4].

For the purpose of determination of unknown temperatures at the nodes of
finite elements mesh, the following functional was minimised:

T+AT 2
(24) I= / (3—913(42‘—?24) dt

T

TH+AT L Ex41

+ / (Ox=r(1,t) — T (1,8))%dt + Z / (6x (€,0) — Ty(£,0))* dé
T 1k
T+AT 90 80 2
+Z / [ K 691 )+ K+$€(£9! t) dt,

Minimisation of the functional (2.4) with respect to unknown temperatures at
the nodes of finite elements mesh leads to solutions of the direct heat conduction
problem. The solution of the direct problem demonstrates the relation between
the temperature of the previous time step and the boundary condition

(2.5) {6™} = [DD] {6™'} + [GB] T + [GA) T3\

Most significant is the relation between the solution of the direct heat conduction
problem (2.5) and the boundary condition (1.4) for £é&=1.

2.2. Determination of the inverse problem

The temperature T (7,) is sought by solving the inverse heat conduction
problem. The temperature inside the solid should be measured for the purpose
of solving the inverse heat conduction problem. The measurements of the 75 (75)
temperature were performed to build the functional, the minimisation of which
leads to the determination of the temperature distribution of the solid

m

(26) Ji= ”BK(E',’?};) 1 Té(fn)nz = Z (SK(EtaTﬂ) oy Té('rﬂ)):

j=1

Here j — the number of measurement points (£*,7,) of the T&(Tn) temperature
(here the analysis was accomplished for m=1).
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Minimisation of the functional (2.6) with respect to the unknown temperature
Tg (mn) leads to the solution of the inverse heat conduction problem

27  {0"}=[GDD] {6™'} + i[GNN}J-- T8 -+ [GT] -T2~

J=1

In the paper [14] were published the results of the solution of the inverse
problem, calculated by means of the numerically generated temperature mea-
surements. The size of this stability area of solution of the inverse problem was
determined as a function of localisation of the temperature measurement sensor.
The obtained results confirm the applicability of the heat functions to analyse
the heat conduction equation.

3. Experimental analysis

The heat transfer process analysed in this paper consists in conducting heat
by the solid through the heat exchange surface and taking over the heat by the
impinging cooling air jet. The experimental research was aimed at validation of
the applicability of the inverse analyses solved by means of the heat function to
examine the heat exchange intensification on the analysed surface.

For the purpose of ensuring one-dimensional heat conduction, heat transfer
through the thickness of the flat plate was replaced by the heat transfer along
the length of the cylinder.

The change of the shape of the analysed solid is negligible for the solution
validity. It simplifies the fulfilment of the assumed heat transfer boundary con-
ditions. Due to this change, the shape of the analysed solid was adjusted to the
shape of the impinging air jet.

In the experimental research, the temperature was measured along the sym-
metry axis of the cylinder in five measurement points. The temperature measure-
ments were taken for solving the inverse heat conduction problem and for the
assessment of validity of the obtained solution. The locations of the measurement
points are shown in Table 1 and Fig. 3.

Table 1. The locations of temperature measurement points

Location of temperature | z=1lmm z=2mm z=3mm z=20mm | z=40mm

measurements £E=0983 | £=0978 | £=0950 | £=0667 | £=0.334

The analysed solid was made of O0H18N9 steel (A = 14,65 W /mK), with
length Z=0,6m chosen as a characteristic dimension.
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FiG. 3. The cross section of analysed solid with boundary conditions and measurement
points locations.

4. Experimental apparatus

Schematic diagram of the test set-up with the most important working sec-
tions like: fan inducing air flow, open wind tunnel generating axisymmetrical jet,
measurement sensors and record circuit, is shown in Fig. 3.

The diameter of the outlet nozzle of the wind tunnel was selected to emit
impinging cooling jet where the diameter was larger than the one of the analysed
specimen, in order to ensure smaller change of the temperature along the radius
of the cylinder with respect to the axis temperature of the cylinder. The surface
of the analysed specimen was placed in the axis of the cooling jet, at the distance
of 2D (D-diameter of the nozzle) from the outlet nozzle section. The jet impinges
the plate where the analysed solid was placed. During experimental studies, the
diameter of the nozzle as well as the distance between the analysed solid and the
outlet nozzle section were constant. :

At the first stage of the experiment, a plate made of polystyrene isolated the
heat exchange surface. After heating the specimen to the temperature of 100°C,
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the plate was rapidly removed starting the cooling process with impinging air
jet (the remaining heat exchange surfaces were insulated).

plate, in which the cooled [ Wind tunel I ] fan

solid was placed

g ek
- (R 7 _,
=

analysed specimem |

voltmeter register J

F1G. 4. Schematic diagram of the test rig.

During the experimental analyses, variation of the temperature inside the solid
was monitored with Cu-constantan thermocouple. The measurements of the aver-
age velocity of the coolant flow were accomplished by the measuring nozzle and
the pressure differences processor Furness Control FCO-14. The measurement
data were recorded by applying voltmeter Keithley 2000 under the supervision
of the LabView computer application.

5. Sensitivity of the solution of the inverse heat conduction problem
to the random temperature measurement errors

During intensive heating/cooling processes the changes of the temperature
inside the solid are smothered and delayed in time to the changes of the tempera-
ture on the heat exchange surface. As a consequence, small errors in temperature
measured inside the solid are enlarged. They appear as large oscillations in de-
termined values of the boundary conditions on the heat exchange surface.

For the purpose of showing the sensitivity of the solution of the inverse heat
conduction problem to the random temperature measurement errors, the tem-
perature field satisfying stationary equation in cylindrical co-ordinate system
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was analysed. In this case, the temperature measurements were disturbed in
0.5%. The temperature field fulfilling stationary Eq. (5.1) has the solution

(5.2) T=m+ 2212 1n5=T2+gln§-.
1 £1 ¢ 2

n—

€2

The value of the temperature gradient containing the random temperature mea-
surement errors was determined as

_ T = (T2 + 0T3)
i 3!

In 3L

1'162

The deviation between the temperature gradient containing the random temper-
ature measurement errors and the exact temperature gradient was determined as

(5.3) b

(5.4) el M

2
gexa::t

The schematic distribution of the temperature determined by means of the undis-
turbed temperature measurement and the schematic distribution of the tempera-
ture determined by means of the disturbed temperature measurement are shown

in Fig.5.
i

8T, =+0.5%T,
5T,=0
— 8T,=-0.5%T,

0 ép 5

Fic. 5. Temperature distribution.
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FiG. 6. The distribution of d¢.

The increasing value of deviation of the temperature gradient as the increase
of the distance of the measurement point location from the heat exchange surface
is shown in Fig. 6.

The reconstruction of the boundary conditions on the basis of distorted mea-
surements is a very complicated subject and susceptible to random temperature
measurement errors [13].

6. Temperature distribution of the analysed solid

The results of the analysis of the inverse heat conduction problem were ob-
tained by applying the temperature data measured at one point inside the solid,
1mm from the heat exchange surface. By introducing the temperature measure-
ments to the computer application written in programming language — Fortran
77, solving the inverse heat conduction problem, the temperature distribution
in the analysed solid was determined. The solution of the inverse problem
was compared with temperature measurements taken inside the solid in five
points Fig. 7.

Accuracy of the solution of the inverse problem was determine by means of

(6.1) 8p = JV(Tmea.surefcl‘]ﬂ_2 Dinverse so]ution)2 .

measured

The standard deviation g varies from 0.10% to 1.25%.

The temperature measurements applied to solve the inverse heat conduction
problem significantly influence the determination of the heat flux transferred
from the analysed solid to the cooling air jet.
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FiG. 7. Temperature distribution inside the analysed solid after 15s from the beginning of
cooling.

7. The temporary Bi number values

On the basis of determined temperature distributions, applying the heat func-
tions properties, the Bi number distributions during the cooling process were
reconstructed

; N N
%lgl Z ( Z Uni‘“n—l {lvT)) G[T)
(1)  Bi= e =3
6(1,7) 6(1,7)

The temporary Bi number values, shown in Fig. 8, slowly rise until the heat
flux conducted on the surface of analysed solid achieves the maximum value
which can be taken over by cooling air jet.

The fluctuations in the Bi number distribution are caused by sensitivity of
the solution of the inverse heat conduction problem to the random temperature
measurement errors. For that reason, the elimination of the random temperature
measurements errors by appropriate approximation of the measured temperature
distribution is essential.
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F1G6. 8. The temporary Bi number values calculating on the basis of distorted temperature
date.

8. Elimination of the random temperature measurement errors

For the purpose of obtaining the Bi number distribution devoid of fluctuation,
the measured temperature distribution is approximated by the second-degree
polynomials and by the e?” function. The results of the Bi number distribution
calculated on the basis of the approximate date were shown with the Bi number
distribution calculated on the basis of the measured data, to demonstrate the
effectiveness of the applied approximation.

The results of the Bi number distribution calculated on the basis of approxi-
mation of the temperature distribution by the second-degree polynomials, shown
in Fig. 9, are not satisfying. The approximate Bi number values after achieving
maximal value are decreasing, causing distortion in the Bi number distribution.
In order to avoid unfavourable properties of the approximation of the second
degree polynomials, the approximation of temperature distribution by the e?7
function was applied. On the basis of the results of Bi number distribution,
shown in Fig. 10, it was confirmed that the approximation of the temperature
distribution by the e function gives a satisfactory solution.

Averaging of the temperature measurements taken inside the solid is another
method of decreasing the influence of the random temperature measurement
errors on Bi number distribution.
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FiG. 9. The Bi number distribution approximated by second-degree polynomials.
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Fi1G. 10. The Bi number distribution approximated by e”” function.

The fluctuation in the Bi number distribution calculated from the averaged
temperature measurements, demonstrated in Fig. 12, is significantly smaller than
the fluctuation in the solution calculated from the single temperature measure-
ment, shown in Fig. 11. The application of averaged temperature measurements
taken inside the solid to calculate the Bi number distribution reduces the influ-
ence of the random temperature measurement errors on the Bi number distri-
bution.
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Fic. 11. The Bi number distribution calculated on the single temperature measurement.
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Fic. 12. The Bi number distribution calculated on the averaged temperature measurements.

9. The distribution of the heat transfer coefficient

The definition of the Bi number was applied to determine the heat transfer

coefficient
1 :
91) he=2
http://rcin.org.pl
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The comparison of the heat transfer coefficient i determined from the solution
of the inverse problem (the temporary Bi-number values) with the data given
in the literature is shown in Fig.13. The heat transfer coefficient h from the
solution of the inverse problem was determined by averaging the Bi number,
after the maximum value is reached by the heat flux which is taken over by the
cooling air jet.

Literature data were applied to determine the accuracy of the presented
method. The discrepancies in the distribution of heat transfer coefficients known
from the literature are shown in Fig. 13. The author of the paper [1] claims in
his works that the discrepancies in heat transfer coefficients distributions in the
literature are caused by the errors which appeared during experiments, and by
the variability of the structure of the jets generated by the differently shaped
emitters and nozzles, the details of which are not mentioned in the publications.
In consequence, there are discrepancies in heat transfer coefficients distributions
in the literature data shown in Fig. 13

The values of heat transfer coefficients following from the solution of the
inverse problem were compared with the data published in paper [1]. These data
[1] were determined on the basis of the experimental research led in the Chair
of Thermal Engineering, accomplished by applying the same test set-up which
was used to obtain the data to solve the inverse problem. The air impinging jet
was generated by applying the same nozzle. The accuracy of determination of
the heat transfer coefficient h from the solution of the inverse heat conduction
problem compared to the data from paper [1] was determined by

2
(h'[l] K hinversesolution)

(9.2) e :
hiy)

The standard deviation & varies from 0.37% to 4.07%.

Comparison of the heat transfer coefficient h, determined by the solution
of the inverse problem - calculated by applying average of nine temperature
measurements taken inside the solid, with the date known from literature, is
shown in Fig. 14.

The standard deviation of the solution of the inverse heat conduction problem
— calculated by applying average temperature measurements with relation to
data given in paper 1] was determine by

2
(hll ] — hinverse solution)

2
hiy)

(9.3) Op = = 2.08%.
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F1G. 13. Values of the heat transfer coefficient.
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10. Conclusions

The investigation was aimed at determination of the properties of the solu-
tion of the inverse heat conduction problem occurring in real conditions. The
inverse heat conduction problem is solved by using the heat functicns applied to
formulate the base functions of the Finite Element Method.

Because of the sensitivity of the solution of the inverse heat conduction prob-
lem to the random temperature measurement errors occurring during laboratory
and industrial experimental studies, the approximation properties cf the temper-
ature measurement by using the second degree polynomials and the e function
were demonstrated. It is necessary to stress that by applying the approximation
of the temperature distribution by means of the e?” function, we obtain satis-
factory results.

Application of the averaged temperature measurements taken inside the solid
in order to calculate inverse heat conduction problem reduces the sensitivity of
the solution of the inverse problem to the random temperature measurement
erTors.

The properties of the heat functions were used to reconstruct the heat transfer
coefficient on the heat exchange surface. On the basis of a comparison with the
data known from the literature, the accuracy of the reconstruction of the heat
transfer coefficient is considered as satisfactory.

The results of the inverse heat conduction problem presented in this paper
confirm the applicability of the presented method to the analysis of the heat
exchange process when direct measurements of the heat transfer coefficient or
the heat flux cannot be performed.
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