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THE DISPLACEMENT DISCONTINUITY technique is employed for the determination of
the critical conditions causing propagation of a preexisting finite fracture that lies
close to the free boundary of a semi-infinite medium. The technique is applied by
using a suitably adapted commercial indirect boundary element code, permitting the
determination of the displace-ment, strain and stress fields in multiply-connected
elastic bodies. The critical conditions are then determined by employing a suitable
failure criterion. The results of the numerical analysis are compared with the respec-
tive ones obtained from a series of experiments with pre-cracked specimens simulating
the semi-infinite medium. The agreement is proved to be satisfactory.

1. Introduction

ALTHOUGH FRACTURE MECHANICS is accepted nowadays as one of the most
reliable tools for the prediction of failure conditions of engineering structures
containing defects, and many problems of practical interest related to the influ-
ence of crack-type defects on the strength and structural integrity of structures
have been solved, a number of important problems related to cracked bodies
of finite dimensions remain yet unanswered. The main reason is the fact that
the analytical determination of the strain and stress fields in case of finite or
semi-infinite cracked bodies is very difficult, preventing the application of frac-
ture mechanics criteria for the prediction of the conditions of catastrophic crack
propagation. In such cases, uncertainties in fracture mechanics analyses appear
in the determination of fracture toughness, stress and strain fields, stress inten-
sity factors etc. [1]. It seems that for these problems, the numerical methods and
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techniques constifute a unique means for an, at least approximate, solution of
the problem.

Such a problem that reappeared recently in the limelight and attracted the
interest of engineers due to its broad field of applications in Structural- as well
as in Geotechnical- and Earthquake Engineering, is that of a slightly inclined,
finite subsurface crack in a semi-infinite medium. This is because strong indica-
tions exist that the relative configuration simulates in a satisfactory manner the
behaviour of shallow geological faults under the influence of seismic loading, and
the critical conditions leading to catastrophic crack propa-gation could provide
useful information on the conditions causing activation of such faults.

It is clear that the exact full-field solution of the problem is very compli-
cated even for a purely elastic material, due to the interaction of the crack with
the free boundary of the medium. For this reason, the main qualitative features
of the problem are explored here numerically, by performing plane-stress dis-
placement discontinuity calculations. The method adopted is the Displacement
Discontinuity Technique introduced originally by Crouch [2]. The technique is
based on a solution that expresses the displacements and stresses at a point of
the loaded cracked elastic body due to a constant displacement discontinuity
over a line segment within an elastic body. The constant displacement disconti-
nuity elements have the advantage of simplicity and are widely used for analyzing
various engineering problems.

The efficiency of the technique in treating the crack problems was verified
in the present work, by employing either already known closed-form solutions
(cracks in infinite media [3]), or well established numerical analyses (single edge-
notched specimens of finite dimensions [4]). The criterion adopted for the pre-
diction of the critical conditions (load causing crack initiation and initial angle
of crack propagation) is the T-criterion of failure [5]. The agreement between
the existing results and those of the present analysis was very satisfactory, sup-
porting the decision to use the technique for the solution of the finite subsurface
crack within a semi-infinite medium.

However, and in order to verify further the results of this analysis, series of
experiments were executed using specimens of suitable configuration that simu-
lated the semi-infinite medium with a sub-surface crack. Specific configurations
were selected concerning the crack inclination, in order to draw conclusions use-
ful for the geotechnical community. As it will be seen, the experimental results
for both critical quantities (load and angle) are very close to the results obtained
from the numerical analysis.
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2. Numerical analysis

The problem considered is demonstrated in Fig. 1: A stationary crack, AB,
of length 2a is located close to the free boundary of a semi-infinite plane elastic
medium. The crack is inclined with respect to the free boundary by an angle
B and its mid-point is located at a distance yg from the boundary. The system
is subjected to a uniformly applied remote tensile load P parallel to the free
boundary. According to the Displacement Discontinuity Technique, the natural
crack with parallel lips is considered as a linear mathematical discontinuity and
the solution of the problem of a cracked semi-infinite body is obtained on the
basis of the corresponding one for an infinite cracked body.

_.P

P

FiG. 1. Configuration of the problem.

Consider first a crack within an infinite homogeneous medium, located, for
simplicity, along the y=0 line at -a<x<a (for inclined cracks, a simple coordinates
transformation is performed). The crack is divided into N elementary segments
and the displacements due to each segment are calculated at any point of the
body, so that the general solution of the static problem is obtained a the sum of
the respective elementary displacements. Practically the technique is applied in
three discrete steps: (i) The coordinates of all boundary elements are defined and
the respective boundary conditions are prescribed. (ii) The boundary influence
coefficients are calculated and the algebraic system of equations is formulated and
solved. (iii) The values of the unknown displacements and stresses are calculated
in each boundary element and the analysis is extended to cover any point of the
studied body.

The displacement caused by each elementary segment is written as:

(2.1) D; = u; (z;,0-) — u; (;,04), for y=0, i =z,y.
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Crouch [2, 6] proved that in such é.case, the displacements are given by the
formula:

Uy = Dx[2 (1—2) f,y = yf,.'ta:] + Dy[_ 1-2v)f:— yf,zy]:

(22)
uy = Da[(1 = 2v) fa — yfay] + Dy[2(1 = v) fy — yf o),

while the stress field is described by the following set of equations:

Ozz = 2G Dy (Qf,ry + yf.zyy) ) 2GD3: (f,yy = yf.xyy) )
(2.3) Oyy = 2GDz (—yf zy) + 2GDy (fyy — yf zwy)»
Oy =2G Dy (2f yy + yf,::yy} =} 2G"Dy (—yfzpy)
where G and v are the shear modulus and Poisson’s ratio of the material, respec-

tively, and the indices after the comma denote partial differentiation. Concerning
the factor f(z,y), it holds:

-1

~(z - a)tn/(z =) + ¥ + (= + )tn/(s + a2 + 47,

By superposition, the stress at the mid-point of the i-th crack element, due
to displacement discontinuities at all N-elements, will be equal to:

: ¥ 7
(2.5) ayy(a?,0) =i, = ADy,

=1

where the matrix is the respective coefficient of influence and is equal to

-G a

]
(2.6) A= e
(:.:—:r:) —a?

o g8 ’ o
The coefficient A for example, gives the actual normal stress at the midpoint
of the i-th segment due to a constant unit normal displacement discontinuity

J
applied to the j-th segment (D, = 1). For the case of uniformly pressurized
straight crack, the stress is specified by the following system of N simultaneous
linear equations in N unknowns:
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N
(2.7) bw=-p=Y4b,, i=1 o N.
=1

These equations can be solved for ﬁy, i=1 to N, by standard methods of
numerical analysis.

The solution for the case of an infinite cracked body being known, the problem
of the semi-infinite medium with a subsurface crack can be solved by treating
the surface-line of the half plane like any other boundary line and dividing it into
elements following the usual process. The analytical solution to this problem can
be obtained by using a procedure known as the method of images which is based
on the principle of superposition. According to this method, the solution to the
problem is obtained in two stages:

e An infinite plate is considered containing two symmetric cracks, as it is
shown in Fig. 2. The first one is located on the negative half-plane and corre-
sponds to the real crack, the coordinates of its mid-point being (zo,yg), while
the second one is located on the positive half-plane and is symmetric to the first
one with respect to the z-axis, i.e. the free boundary. Due to the symmetry of
the configuration, the shear stresses o,y along the z-axis are zero.

y

FiG. 2. Schematic representation of the method of images.

e The normal stress oy, along the z-axis is cancelled out by superimposing an
aclditionai assumption related to the elastic half-plane with prescribed tractions,
=0, t, # 0. Accordingly, and denoting the dhplacements and stresses due to
the actual displacement discontinuity u{' and or those due to its image u and

U, and the ones resulting from the supplementary retraction solution u¢° and
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Ufj, the complete solution for the half-plane y <0 becomes:

(2.8) u,-=u;"‘+u;-'+uf,
7 +0,-’j+os-.

O¢j = 04; ij

The results of the numerical analysis concerning the strain distribution have
been plotted in Fig. 3(a,b) for an external load level P equal to 80% of the final
fracture load. The configuration studied corresponds to a crack of length equal
to 2a=20 mm, inclined by an angle f=10° with respect to the free boundary,
the mid-point of which is located at a distance |yg|=20 mm from the free surface
(Fig. 1). The specific configuration is chosen since most geological faults, either
normal or the thrust ones, are relatively slightly inclined with respect to the
Earth’s surface. Since from the point of view of geotechnical engineering, the
interest is focussed mainly on the variation of strains along the directions parallel

8-06 0.08

\_.-/" - | o
-
s %
’g%/ * a=10 mm
- a2 - S Yo=20 mm
i a=10 mm o $ x=2 mm
S [|ye=20mm [ o 0.03 p=10°
‘E y=-10 mm Lt
8 o -]
g E—IU ¥ .§ Exy
|- Exy "
| o g o0
& ?U\Kj » 2 4 z ) 16 P 465
Eyy

X —ﬂ.o: -0_03

(@) Distance along the free boundary [mm| (b) Distance from the free surface [mm|

Fi1G. 3. Strain distribution along a line.

and perpendicular to the free surface, the familiar in Fracture Mechanics polar
plot of the strain distribution around the crack tip is avoided in the present work.
Thus, all three strain components are plotted in Fig. 3a along a line parallel to
the free surface of the medium at a distance y=-10 mm from it, while in Fig.
3b the respective quantities are plotted along a line perpendicular to the free
surface at a distance z=2mm from the tip nearest to the boundary (tip B in
Fig. 2). In the same figures, the corresponding experimental results have been
plotted. Although analytical discussion of the experimental results follows in
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the next section, it can be said that the agreement between the numerical and
experimental results is satisfactory.

It can be seen from Fig. 3a that the disturbance of the strain field due to the
free boundary is of dominant importance, since the symmetry of distribution for
all three strain components disappears. On the other hand, it is observed that
the strain components show clearly the extreme values (maximum or minimum)
as the crack tips are approached, but it is to be emphasized that the points where
the maximum values are reached are not located exactly above the crack tips.
A similar conclusion is drawn from Fig. 3b, especially for the shear strain e,
the maximum value of which does not correspond to the point straight forward
along the axis of the crack.

In the next Fig. 4, the polar distribution of the stress components according
to the numerical analysis is plotted for the same configuration (2a=20 mm and
B=10") and for both crack tips: thick lines correspond to the tip A while the
thinner ones to the tip B

el T
SAVANV/ELAV/AAV/A
MZAN/A\WAN/AN
s \\x,, B

Angle 8]°]

Fi6. 4. Polar distribution of the stress components around tip A (thick lines) and tip B
(thin lines).

[t is again obvious that the two sets of lines are not identical as it should be
expected in case of an infinite medium, exactly due to the presence of the free
boundary. From this figure one could obtain directly the expected crack initi-
ation angle according to the maximum tangential stress criterion (og-criterion)
as 0,4 ,=86° and 0p ,=93°, which, as it will be seen in next section, are slightly
higher than the respective experimental values 64 exp=81° and 0 exp=87°.
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3. The failure criterion and the critical conditions

The stress and strain fields having been calculated, a failure criterion is re-
quired to predict the onset of crack propagation and the initial propagation
angle. A number of criteria have been proposed towards this direction during
the past decades. For the purposes of the present study the T-criterion of fail-
ure was used [5], mainly due to its clear physical meaning and the fact that its
predictions for the critical load and for the initiation angle have been found to
be in a very good agreement with the experimental evidence, both for centrally
cracked and single-edge notched specimens [7]. For comparison reasons, the gg-
criterion (maximum tangential stress criterion [8]) was also used together with
the T-criterion, in some cases.

The T-criterion of failure is based on the following assumptions: (i) The crack
propagates towards the direction 6, of the maximum value of the density of the
elastic dilatational strain energy Ty. The propagation starts when this maxi-
mum value exceeds a critical limit Typ. (ii) The polar distribution of Ty, around
the crack-tip is calculated along the elastic-plastic boundary, where the distor-
tional strain energy density, Tp, is constant, equal to a critical value Tp o and
finally (iii) Both Ty and Tp are considered as material constants determined
experimentally, according to the procedure described in [9].

Mathematically speaking, and for plane stress conditions, like the ones pre-
vailing in the present study, the criterion is expressed as follows:

(3.1) Ty (r (9),9)|y=y9, = Tv,0 = const.
o2
(3.2) Ty (r (9),9) e O“Ty (r(9),9) <o,
o =1, 09? =1,
(3.3) Tp = 1;;;03 = Tp,p = const.

The polar variation of the quantity controlling the crack initiation according
to the T-criterion, namely the elastic dilatational strain energy density, T, is
plotted in Fig. 5, for both tips A and B of the crack, for B=10°, =20 mm and
2a=20 mm. The main characteristic is that the distortion of the shape of the
distribution, inevitably caused by the inclination of the crack, is balanced by the
influence of the free boundary. Since this influence is more pronounced at the tip
B, the distribution of the elastic dilatational strain energy density at this tip is
almost circular. Such a balance is not possible for tip A, since its distance from

http://rcin.org.pl



THE DISPACEMENT DISCONTINUITY TECHNIQUE ... 429

the free surface is greater. From the same figure it is also concluded that the
expected angles of crack initiation according to the T-criterion, are 04, 17=83°
and 0 =89°, for tips A and B respectively, which are close enough to the ex-
perimental results.

Fi1G. 5. Polar distribution of the elastic dilatational strain energy density around the two
crack tips.

Concerning the critical load, what is most important is the detection of the
configuration for which the crack is either most eager or most reluctant to prop-
agate. For this purpose, the variation of the square root of the elastic dilata-
tional strain energy density, reduced over the respective quantity for an infinite
medium, is plotted in Fig. 6, versus the reduced distance of the mid-point of the
crack, yo, from the free boundary, since this quantity is directly related to the
critical fracture load. The configuration corresponds again to f=10°, 2a = 20
mm while the position of the mid-point of the crack varies from 3, = asinj,
corresponding to a single-edge notched configuration, to y. = 12a, corresponding
to a configuration which starts resembling the infinite medium. It is concluded
from this figure that the critical condition is first fulfilled at the tip A, i.e. the
one most remote from the free boundary. This tendency is decreased as the crack
moves towards the interior of the medium, since the influence of the boundary
becomes weaker and the displacement distribution around the two tips becomes
symmetric.

However, what is most interesting, and perhaps astonishing, from the analysis
of the variation of the square root of the elastic dilatational strain energy density
versus the position of the crack, is that this function is not a monotonic one.
Specific configurations exist for which the crack appears to be most reluctant
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F1G. 6. Variation of the reduced elastic dilatational strain energy density around the two
crack tips versus the position of the crack.

to propagate. For example, for the case studied in Fig. 6, the relative function
shows a clear maximum for cracks located at a distance y. = 2a from the free
boundary. It means that such a geometry is much more stable compared to both
the centrally cracked finite or infinite medium and the single-edge notched geom-
etry. Such a conclusion, perhaps contradicting the common sense, was the main
motive for an extended experimental analysis of the phenomenon, the results of
which are presented in the next section.

4. Experimental procedure and results
Series of uniaxial tension tests were carried out using the specimens, shown

schematically in Fig. 7, i.e. internally cracked plates of dimensions 0.300 x 0.275
x 0.002 m®. Two crack inclinations were selected: One with 8=10°, i.e. cracks
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that are sub-parallel to the free boundary, fulfilling the demands of geotechnical
engireers, for the case of geological faults that are slightly dipping with respect
to tke surface of the earth, and one with =907, i.e. faults that dip 909, for
comparison reasons. The length of the cracks was 2a = 20 mm and their location
varied from single-edge notched specimens to centrally cracked ones.

As it is seen from Fig. 7, the dimensions of the specimens were selected in
sucha way, that the geometry simulated satisfactorily the semi-infinite body with
a subsurface crack. Special attention was paid to ensure that the stress waves
reflected from the three boundaries, other than the one closest to the crack,
arrived to the crack-tips after the crack emanating from tip B had reached the
free boundary (ff). On the other hand, the very small thickness of the plate
ensured that the loading conditions could be safely considered as plane-stress
ones.
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Fic. 7. Geometry of the specimens

The material used in the experimental study was Polymethylmethylate (PM
MA), known under the commercial name Plexiglas. The reason for this choice
is that the specific material is extremely brittle and behaves in a linear elastic
manrner from the very early loading steps up to almost the final failure. Since
the mechanical properties of this material vary significantly, depending on its
exact chemical composition, the properties of the batch used were determined
with the aid of a preliminary series of standardized uniaxial tension tests. From
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these experiments it was concluded that the assumptions of Linear Elastic Frac-
ture Mechanics, adopted in the previous sections, were absolutely justified. The

results of these tests are summarized in Table 1.

Table 1. The mechanical properties of Plexiglas (PMMA).

Elasticity modulus, E | 5"- GPa

Shear Modulus, G | _}_'II’_u_ [
_1’ui.~'5uu'.~ ratio, v UE |
i i'l';-l}'}.EIT?_Sl.r('ﬁH, af 88.0 MPa
-_\'E»IUL'H._\' of longitudinal waves, ¢ ?TEJ m, H.

Velocity of transverse waves, ¢; _I _I-ﬁl‘r 1]J_~.

Fi1G. 8. A fractured specimen with the arrangement of strain gauges.

The experiments were carried out with the aid of an Instron loading frame
with maximum loading capacity 25x10* N. Taking into account that the max-
imum fracture load recorded during the whole series of tests did not exceed in
any case the level of 2x10? N, it is concluded that the stiffness of the frame
could be considered infinite. The load was applied statically and it was parallel
to the free boundary (ff) of the specimen. For each geometry (crack inclination,
B, and initial crack length, 2a), seven different classes of tests were carried out,
with the free parameter, the distance of the center of the crack from the free
boundary of the specimen, yg. Five to ten specimens were tested for each class,
depending on the repeatability of the results. The characteristics recorded dur-
ing each test were the critical load causing crack initiation, P, and the angle
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(b)

Fic. 9. Fractured specimens with g = 10" and (a) yo = 2a (b) yo = 6a.

of the initial crack propagation from the two tips A and B, 64 and @p, respec-
tively. In a number of tests, the variation of the strain field in the vicinity of
the crack tips was also recorded during the loading procedure, using a system
of six to ten orthogonal strain rosettes, suitably attached at various strategic
points of the specimens. The gauges were arranged along a line either parallel or
normal to the free boundary of the specimens. In Fig. 8, a characteristic photo-
graph of a fractured specimen is shown indicating both the arrangement of the
strain gauges and the branching phenomenon that accompanied systematically
the fracture process. In Fig. 9 (a,b), two characteristic fractured specimens are
shown corresponding to $=10° and yo = 2a mm (Fig. 9a) and yy = 6a (Fig. 9b).

The experimental results obtained from the strain gauge rosettes have already
been plotted in Fig. 3(a, b). The agreement between the numerically obtained
values for the strain components and the respective experimental quantities is
very satisfactory, indicating the validity of the technique used for the numerical
solution.
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Fic. 10. Reduced critical load versus the position of the crack.

In Fig. 10 the experimentally obtained critical load, P, is plotted versus
the distance of the center of the crack from the free boundary, yg, for both the
tested configurations, i.e. f=90° and f=10°. The values of the critical load are
reduced over the respective value for the case of a centrally cracked specimen
of the same geometry, while the geometric parameter, yp, is reduced over the
width of the plate, w. It can be seen from this figure that for both configura-
tions, the critical load is not a monotonous function of the distance of the crack
from the free boundary, exactly as it was indicated by the numerical analysis of
the previous section. A characteristic weak minimum is observed at z, = 0.3w.
However, the most astonishing observation is the existence of a global maximum
in the case of =10, located at about y3 = 0.075w, which means that the spe-
cific configuration corresponds to specimens with higher resistance to fracture
compared to the centrally cracked ones. Taking into account the dimensions of
the crack and the width of the specimens it is concluded that the location of
the global maximum is identical to that detected by the numerical analysis and
the T-criterion, namely equal to yj = 2a (the initial crack length). It should be
mentioned, however, that the scattering of the experimental results for the spe-
cific specimen’s class varied around 18% while the scattering for all other classes
did not exceed 5%. Motivated by this difference, additional tests were carried
out for the specific configuration. Both phenomena, i.e. the high scattering and
the existence of the total maximum, were consistently repeated indicating that
a more thorough study is necessary in order to understand the natural basis of
such a type of inherent instability.

In Fig. 11 the experimentally obtained crack initiation angles are plotted,
again versus the reduced distance of the center of the crack from the free bound-
ary, yo, for both crack tips and for crack inclination angle f=10°. The influence
of the free boundary is again of dominant importance. For the tip closer to the
free surface (tip B), the initiation angle is considerably higher as compared to
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F1G. 11. Initiations angles for tips A and B.
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Fic. 12. Initiation angle of the secondary cracks occasionally emanating from tip A.

the respective one of the remote tip (tip A) for low yo values. The strong fluc-
tuation of the values of the initiation angles should also be emphasized as well
as the fact that for y9 = 0.5w the experimental values for the two tips become
equal as it should be expected for symmetry reasons.

Finally, in Fig. 12 the values of the secondary (after failure) initiation angles,
occasionally emanating from tip A, are plotted for the same crack inclination.
The influence of the free boundary for this quantity is again dramatic.
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5. Discussion and conclusions

The problem of the conditions causing catastrophic propagation of a pre-
existing sub-surface crack in a semi-infinite medium was studied in the present
paper, both numerically and experimentally. The main qualitative features of
the problem were explored by using the displacement discontinuity technique
in conjunction with a suitably adapted indirect boundary element code for the
determination of the displacement, strain and stress fields around cracks in a
semi-infinite, isotropic, linearly elastic half-space. The T-criterion of failure was
adopted for the determination of the critical conditions at the moment of crack
initiation. The results obtained from the numerical analysis were compared to
the respective ones obtained experimentally. Special attention was given to a
specific configuration of the specimens, i.e. those with cracks very slightly in-
clined with respect to the free boundary, since this configuration is supposed to
simulate the geometry of a number of shallow, gently dipping geological faults,
responsible for a number of catastrophic earthquakes in the Mediterranean basin.
The agreement between the numerical results and the experimental evidence for
the strain distribution was satisfactory. The same was true for the predictions
of the T-criterion of failure, for both the critical load and the crack initiation
angle.

The main advantage of the Displacement Discontinuity Technique is that it
is very flexible and if it is supplemented with a suitable fracture criterion, it can
be used both for the prediction of the initiation angle of a stationary crack in an
elastic medium of finite dimensions as well as for the estimation of the strength
of the body, i.e. the critical load that causes initiation of the crack.

However, the most attractive conclusion of the present study was that the
load required to cause initiation of the crack is not a monotonic function of the
distance of the center of the crack from the free boundary. Specific configurations
were detected for which the crack initiation load was maximized, the conclusion
contradicting perhaps the common sense. Depending on the crack inclination
angle, this optimum distance varied between 2 and 2.5 times the initial semi-
length of the crack. Such a conclusion, associated with a significant increase
of the scattering of the experimental results, in other words with an inherent
instability of the phenomenon, is not easily explainable. Further experimental
study is required, for a wider class of materials, before definite conclusions are
drawn.
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