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We perive FIELD EQuATIONS for a functionally graded plate whose deformations are
governed by either the first-order shear deformation theory or the third-order shear-
deformation theory. These equations are further simplified for a simply supported
polygonal plate. An exact relationship is established between the deflection of the
functionally graded plate and that of an equivalent homogenecous Kirchhoff plate.
This relationship is used to explicitly express the displacements of a plate particle
according to the first-order shear deformation theory in terms of the deflection of
a homogeneous Kirchhoff plate. These relationships can readily be used to obtain
similar correspondences between the deflections of a transversely isotropic laminated
plate and a homogeneous Kirchhoff plate.
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1. Introduction

LAMINATED COMPOSITE MATERIALS are commonly used in engineering structures.
A sudden change in material properties at the interfaces can result in locally large
deformations which may trigger the initiation and propagation of a microcrack
in a lamina. One way to overcome this is to use functionally graded materials
in which material properties vary continuously. This is achieved by gradually
changing the volume fraction of the constituent materials usually only in one
(the thickness) direction to obtain a smooth variation of material properties and
an optimum response to external thermomechanical loads (REDDY and CHIN [12],
PRAVEEN and REDDY [9]).
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144 Z.-Q. CHENG AND R.C. BATRA

An interesting issue for plates made of functionally gradient materials is
the determination of relationships between their deflections predicted by vari-
ous shear deformation plate theories and that given by the classical Kirchhoff
plate theory. Such relationships have been found for sandwich plates (Hu [2],
Liv and CHENG [T], WANG [13]), single-layer homogeneous plates (WANG and
ALwis [15], REDDY and WANG [13] and laminated plates materially and geo-
metrically symmetric about the midplane (CHENG and KITIPORNCHAT [1]). For
plates symmetric about the midsurface, the stretching and bending deformation
modes are uncoupled and hence can be separately analyzed. This, however, is
not the case for functionally graded plates whose material properties are gener-
ally not symmetric about the midsurface. Here we study deformations of a thin
plate made of a functionally graded material and seek relationships between its
deflections predicted by two shear deformation theories and that given by the
classical Kirchhoff plate theory.

2. Field equations

Consider an undeformed plate of uniform thickness h. We use a rectangular
Cartesian coordinate system {z;}(i = 1,2,3), with the plane z3 = 0 coincident
with the mid-surface of the plate. Hereafter, a comma followed by a subscript
i denotes the partial derivative with respect to z;, and a repeated index implies
summation over the range of the index with Latin indices ranging from 1 to 3
and Greek indices from 1 to 2.

The displacement field in the third-order plate theory (HSDT) proposed by
REDDY [10], the first-order shear deformation plate theory (FSDT) and the clas-
sical laminated plate theory (CLT) can be written as

(2.1) Va(Ti) = Uq — T3U3 0 + §Pa, va(zi) = us,
where u,, ug and @, are independent of z3 and
4x3

2.9 z3)=a3(1- =2 ).
(2.2) g(x3) 13( Sh.-?)
Note that the hypothesis (2.1) is a special case of that proposed by KACZKOWSKI
[4]; the reader is also referred to the survey article by JEMIELITA [3]. Substitution
from (2.2) into (2.1) gives the displacement field for the HSDT and the choices
g(z3) = z3 and g(z3) = 0 give, respectively, the displacement fields for the FSDT
and the CLT.

For the linear bending problem of a functionally graded plate subjected to
an arbitrary distributed normal load g(z,) on its surface, the field equations are

(2.3) Nogp =0, Mapapg+q=0, Papsg— Ra=0,
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where
h/2 h/2
(24)  [Nag, Mag, Pagl] = [ oaplls 3, gldrs, Ro = / 0a39,3dT3,
—h/2 —h/2
(25) Taf = Hrz,’i’mﬂew;)s Oa3 = 2Eq3w3€03,
1
(2.6) eij = -2-(1.!,;'3' + ﬂj‘i).
Here o33 is assumed to be negligible. For an isotropic material (LIBRESCU [5])

v E

- L = % 3
(2.7) -Ha_{i':...:p — mdnﬂaw_ﬁ b = m(‘suwﬁﬁp sl Jupfsﬁw).- Eoswi = .u‘ﬁﬁw-.

where §;; is the Kronecker delta, E, v and i denote respectively, Young’s mod-
ulus, Poisson’s ratio, and the shear modulus. Here we have purposely not set
fi = E/2(1 + v) so that the results may be applicable to a transversely isotropic
plate. For the functionally graded plate, the material properties are assumed to
vary in the thickness direction only,

(2.8) E = E(z3), v=v(z3), ji=p(z3).

For a plate made of different isotropic laminae, the material moduli are piece-
wise constant functions of z3. Using Eqgs. (2.1), (2.5) and (2.6), Eq. (2.4) may
alternatively be written as

Nagp TR %[uﬂ‘g + Ug q)
(2.9) Myg | = (a—Db) —U3w | 0ap + b —U3,08 ;
Pas P %{‘Pa,ﬁ + ¥B,a)
Ro = ¢pa;
where
h/2 h/2 h/2
E E 9_
a= / Fmd'ﬁ3. b= / F1+UdI31 c= / {9!3} P‘;dﬂl’a,
-h/2 —h/2 —h/2
ap as as bo by bs 1 z3 g
(2.10) a=|a4 a1 4az|, b= b4 bl bz 3 F = T3 .‘.‘C% Iag
as az as bs by b3 g z39 ¢
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146 Z-Q. CHENG AND R.C. BATRA

Note that a4, a5, by and bs vanish for a plate materially and geometrically sym-
metric about its midsurface. Substitution from (2.9) into (2.3) results in the fol-
lowing field equations in terms of the five displacement functions uq, ug and pg,:

1 1 i §
(2.11) 550“0‘&3 + (ag — §bu)uﬁ.aa — aqu3agp + 555%,;9_3

1
+ (05 e Ebs) ©8.8a =0,
(212)  aqUa,0pp — G1U3,0088 + G2Pa,a88 +q =0,

1 1 1
(2.13) 555’”«;,33 + (a5 — Eba)uﬁ,ﬁa — agu3 a8 + 5*}3%,33

1
+(a3 — 5b3)9p,80 — cpa = 0.
Furthermore, substitution for 1, gg from (2.11) into (2.12) and (2.13) yields

(2.14)  (af — apa1)us,aapp + (a002 — A405)@a,ass + aoq = 0,
1
(2.15)  (asbo — aobs)up pa + (asbs — azbo)us.app + 5[5053 — b3)a,88
1= 1
+(azby — asbs + 553, — 551{153)'105.{:':» —bocya = 0.

To simplify the field equations, two new potential functions, w and f, are
introduced such that
(2.16) Pa = (u3 + W) 0 + €awfw:

where €, is the two-dimensional permutation tensor. Even though Eq. (2.16)
uniquely defines ¢, however, w and f are not uniquely determined from it. This
is because the Cauchy-Riemann equation

(2.17) (u3 +w*) o + €aufi, =0

always has a solution [f*+i(uj+w*)] which is an analytic function of the complex
variable (z;+iz9). The expression (2.16) for ¢, remains unchanged when (uz+w)
and f are simultaneously incremented by (u} + w*) and f* respectively.

Substituting for ¢, from Eq. (2.16) into Eqgs. (2.11), (2.14) and (2.15) we
obtain

1 1
(2.18) 'Q-bgua,gg + (ag — §bg)u43‘,30 — aqus g + as(uz + w) app

1
T §bsfnwf.wﬁﬁ =0,
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(2.19) [((L:’; — agay + agas — agas)us + (agag — a4ﬂ5)1u],naﬁg + apg = 0,

(2.20) [(a,_r,b(] - rlg:')_a]ng‘g B ((5455 — agbu)u;;‘ﬁg + (G.3b0 — a5b5}(1;3 + 'w)'gﬂ

1
—boc(ug + w)] o + an[i(buba —b2)fp8 — bocflw =0.

Equation (2.20) is the Cauchy-Riemann equation, which can equivalently be writ-
ten as

(2.21) (bnb;; — bg)fﬁg - b[)cf =+ i[(a5bn — aubg,)uﬁﬁ

BI | =

+(aqbs — agby + asby — (15(]5)1&3,53 — bocug
+(azby — asbﬁ)'w,ﬁ'g — buC‘w] = H(x; + i;‘l.‘g).

where H(zy + ixs) is an analytic function. Furthermore, viewing Eq. (2.21) as a
nonhomogeneous partial differential equation for unknowns (un, uz, w, f), its
solution is the sum of a homogeneous general solution and a particular solution.
Since both the real and imaginary parts of H(zy + iz2) are harmonic functions,
the particular solution (u}, u3, w*, f*) can be taken as

(2.22) ug =0, u3 =0, —boe(f” +iw*) = H(z1 + tx2),

which satisfies the Cauchy-Riemann condition (2.17). We note that the particular
solution makes trivial contributions to u,, ug and @,, and hence to displacements
and stresses of the functionally graded plate. Consequently. it is discarded. The
homogeneous part of Eq. (2.21) gives

(2.23) (asby — agbs )uﬁ‘ﬂ + (a4bs — agby + azby — asba)u;g‘ﬁg

—bocus + (azby — asbs)w gg — bpcw = 0,

1
(2.24) 5 (bobs — b3)f .38 — bocf = 0.
Let
) 1 bs
(2.25) i = Ua + — [(a5 — a4)us +asw] , + —€owfu,
ap g bg

and using it to eliminate u, from Eqgs. (2.18) and (2.23), we rewrite Eqgs. (2.18),
(2.19), (2.23) and (2.24) as

[ A | XN
(2.26) §bo‘ua,ﬁﬁ + (ap - §bo)uﬁﬁa =0,
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(2.27) [((_12 —ay)ug + (-Lg'l.[fl‘cmﬁﬁ +q=0,
agf):, ¥ & - =
(2.28) (a; — KJ“{LH + (@3 — @s)ug gp — cuz + azw gg — cw = 0,
e
(229) §b3f“gﬁ = (Jf = 0,
where
2 D 9 N bg

(2.30) a; =a; - a_,.., (g = az — = az = az — Eé, by = by — >.

g ty aq bo

It follows from Eqs. (2.10) and the usual assumptions, E > 0, -1 < v < % ‘hat
ag > 0, bp > 0. This form of field equations is convenient for seeking fundamental
solutions. Note that the unknown function f has been uncoupled from the oher
four unknowns %,, uz and w in the field Eqs. (2.26) — (2.29), but is still comled
with them in Eq. (2.25) and hence in most of boundary conditions. However,
as shown below, for simply supported functionally graded polygonal plates, the
unknown f can be totally decoupled and hence separately determined.

3. Simply supported rectilinear edges

We now consider a simply supported polygonal plate, and express bouncary
conditions as

(3.1) Nyv =0, Myny =0, Pyy =0,
(3.2) u3 =0, ur=0, or=0,

where the upper case subscripts N and T' denote, respectively, the normal and
tangential directions on the boundary. No implicit summation applies to the
repeated upper case subscripts. Also, note that ug = 0 implies u3 7 = 0, anc

Nywn 0 UN,N 0
(33) Myn|=|(0]| =>a —ug Ny | =10
Pnn 0 ©N,N 0

We recall Gram’s inequality (MITRINOVIC and VAsiC [8])
(3.4) det(G) > 0,

where G = (Gj;) is a n x n matrix with elements defined by
b
(3.5) Gy = [ fidas,
(13
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and the equality in (3.4) holds if and only if the real and integrable functions
filzs) (z3 € [a,b]; i = 1,...,n) are linearly dependent. The Gram theorem
implies that

(3.6) det(a) > 0,

for the HSDT. Therefore, Eq. (3.3) gives
(3.7) unn =0, ugny =0, oy~ =0.
Using Egs. (2.16) and (2.23), Eqgs. (3.1) and (3.7) can be written as
(3.8) u3 =0, ugwn =0, w=0, wyy=0, fn=0 ur=0,
un,Ny =0,

where only three of the first four and the last three of Egs. (3.8) are necessary
for finding a solution of the bending problem. Note that the unknowns u,, ug, w
and f are uncoupled in the boundary condition for a simply supported polygonal
plate.

4. Deflection relations between different theories

The solution of Eq. (2.29) under the boundary condition (3.8); is
(4.1) =0

Note that Eq. (2.29) has the null solution (3.9) only when the polygonal plate
is simply supported. Thus for the bending problem of a simply supported func-
tionally graded polygonal plate, only four functions u,, u3 and w need to be
determined.

Recalling Eqgs. (2.5) and (3.8), the boundary conditions associated with the
field Eq. (2.6) for a simply supported polygonal plate are

(42) ur =0, 11!\"3'\4' =0,
and the solution of this boundary value problem is @, = 0, i.e.,
(4.3) g = —[(as — ag)uz + asw) o /ao.

The field equations for uz and w are the biharmonic Eq. (2.27) and the second-
order Eq. (2.28). Equation (2.28) upon using i, = 0 yields

(4.4) (a3 — 5.2)253“35 —cug + azw gg — cw = 0;

and the associated boundary conditions are three of the Eqs. (3.8)1—_4.
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Note that the field Eqs. (2.27) and (4.4) have the same forms as those for a
plate (CHENG and KITIPORNCHAI [1]) symmetric about its mid-plane and thus
can be regarded as equations for such an equivalent plate with parameters given
by Eq. (2.30). The over-barred quantities a;, a» and ag defined by (2.30) are
the constants of a functionally graded plate equivalent to those of a plate sym-
metric about the midsurface because ay = a3 = 0 for such a plate. This implies
that a solution of the bending problem for a simply supported and polvgonal
functionally graded plate can be equivalently obtained from the solution of the
corresponding problem for an identical plate symmetric about the midsurface.
The in-plane displacements are then obtained from Eq. (4.3).

We now consider the classical Kirchhoff theory for functionally graded plates.
Setting g(z3) = 0 in Eq. (2.10) yields

(4.5) g = a3 = a5 =C = 0,

or
(4.6) Gy =Gz =c= 0,

and Eq. (4.4) is trivially satisfied. We conclude from Eq. (4.3) that the in-plane
displacements are given by

. -
(4.7) ug = —uly,

ag
and Eq. (2.27) reduces to
(48} —{_I-l'u‘-);\‘“uﬁﬁ + qg= 0.

This is the Kirchhoff field equation for the bending deformation of the functionally
graded plate with simply supported rectilinear edges. The superscript K on a
variable signifies its value for the Kirchhoff plate theory. The boundary conditions
on simply supported rectilinear edges are

(4.9) uy =0, ugyn=0:

Based on the uniqueness of the solution of the boundary-value problem de-
fined by Eqs. (4.8) and (4.9), and the analogy between the field Eqgs. (2.27) and
(4.8) and between the boundary conditions (3.8); -4 and (4.9), it can be concluded
that
(4.10) (@9 — @1 )ug + Gow = —a us .

Eliminating the function w from Eqs. (4.4) and (4.10), we obtain

e Sh R R N
(4.11) (@183 — 45)U3,0a — CAIU3 = G1G3U3 4o — CAIUS -

This is an exact relationship between the deflections of the HSDT and the Kirch-
hoff theories for simply supported polygonal plates made of functionally graded
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materials. If the deflection uf for the Kirchhoff theory is known, the deflec-
tion uz of the HSDT can be computed from the second-order Eq. (4.11) and the
boundary condition (3.8);. Other unknown functions w and u, are then simply
obtained from Eqs. (4.10) and (4.3).

Furthermore, it is seen that the form of Eq. (4.8) is precisely the same as that
of the equation governing the bending deformations of a homogeneous Kirchhoff
thin plate with bending rigidity @; and subjected to the normal pressure q. Thus
the deflection of the functionally graded plate using the HSDT has been connected
with the deflection of a homogeneous Kirchhoff thin plate. As there are solutions
available for a classical homogeneous thin plate, the calculation of the deflection
of the functionally graded plate using the relatively more sophisticated HSDT
reduces to solving the second-order differential Eq. (4.11), which is a much easier
task than solving the original problem.

The aforestated calculation is even further simplified if one uses the FSDT
for the functionally graded plate. In this case, taking g(z3) = 23 in Eq. (2.10)
we get

(4.12) a; = az = az, a4 = 03,
or
(4.13) G = ap = 3.

Explicit expressions for u, w” and uf in terms of the Kirchhoff deflection uf
obtained from Eqs. (4.11), (4.10) and (4.3) are

oy r K _ 0 g F K F_ 8 K
(4.14) uy =uzy — —Flzaa W = —Uz, Up = —U3,,
¢ an
where
hf2
r " o

(4.15) ¢ =K fdzs,

—il,/?

and k is the shear correction factor. Therefore, once the deflection of the ho-
mogeneous Kirchhoff plate of rigidity a; is known, the solution of the FSDT is
readily obtained through simple algebraic and differential manipulations of the
deflection of the Kirchhoff plate. It should be noted that unless ¢ = 0, Eq. (3.8)2
is not an essential boundary condition for simply supported edges in the FSDT
for which det(a) = 0. The proof of this statement is omitted.

Our results also apply to a plate made of a transversely isotropic material
because we have not required that i = E/2(1 + v). For a transversely isotropic
plate with its plane of isotropy parallel to the mid-plane, F and v are designated,
respectively, as Young’s modulus and Poisson’s ratio in the plane of isotropy and
ji as the transverse shear modulus. A typical example is a laminated composite

http://rcin.org.pl



152 Z.-Q. CHENG AND R.C.BATRA

plate with transversely isotropic laminae. Such composite laminates arewidely
used in missiles and re-entry vehicles because their special thermomecianical
properties provide thermal protection and high flexibility in transversc shear
(LiBREscU and STEIN [6]).

For laminated plates made of transversely isotropic materials and synmetric
about their midsurfaces, CHENG and KITIPORNCHAI [1] have establishel rela-
tionships between the deflections of a plate according to the HSDT, FSIT and
the classical plate theory. Equations (4.11), (4.10), (4.3) and (4.14) rejresent
generalizations of such relationships to a plate that is not symmetric abhut its
mid-plane.

5. An example

Consider a functionally graded rectangular plate simply supported afedges
21 = 0,a and z2 = 0,b. Under the action of the normal pressure
i 1
(5.1) rijSm—l-‘»li]-—-——_
a b
the deflection due to the bending deformations of the functionally gradec plate
according to the HSDT and the Kirchhoff plate theory is assumed to be given by

TIL2

= 7 mr]
(5.2) [ug uX] = [U3 U ]Sln—;—*qm 5

where Uy and UJ are respectively, the central deflections of the platein the
HSDT and classical theory. In view of the relation (4.11) between the deflctions
of the two theories, we have

(5.3) ug = (1 + B)U; K sin Z2L sin E,
a ]
where S 3

(aras — a3)(a? + b?)72 + caya?b?

characterizes the difference in the two deflections. This parameter depencs only
on the geometry and the material properties of the functionally graded plate.
The through-thickness in-plane displacements of the HSDT are given by

(5.5) U = WTU& cos ?T:::l sin W-T'L‘?’ vy = ’Yb :;'( sin %coq W_:?
a
where -
as\ a
(5.6) y(23) = (ﬂi 5 553) (1+8) + (g - —‘3) —1g
ap ag /) ag
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is a funetion of x3 and characterizes the through-thickness variation of the in-
plane displacements. For the FSDT parameters  and « are given by

am? (1 1 . a
(5.7) gf = (I_r' (a—g 3 b_z) v ¥V as) = E:i, — z3.
It can be shown that « for the Kirchhoff plate theory is the same as that for
the FSDT. Since there is no interlayer between two different materials in a func-
tionally graded plate, computation of the out-of-plane shear stresses oq3 and
the normal stress o33 is not important which, compared with the longitudinal
stresses, are of small orders of mag"nitude. The longitudinal stresses are given by

o = —:(EE?— U sin L gin 122
b 1 -2 a' b2 a Bt
2
_ vEn v 1 T TEo
5.8 o =——— =+ = U, sin — sin —,
(5.8) 99 = (az + ba) 3 sl = 2
vExr? K T D)

oy = U;* cos — cos —-
L

b’
The functionally graded materials are usually made by mixing two distinct

material phases, such as a metal and a ceramic. The effective material properties
can be obtained from the “rule of mixture”

(59) Peﬂ‘v = va;n -+ -Pcvm Vm Tt Vc =

(14 v)ab

where P stands for the material property, V for the volume fraction, and sub-
scripts m, ¢ and eff stand, respectively, for the metal, ceramic and the effective.
A more accurate determination of the macroscopic material properties requires a
better understanding of the microstructure and deformation of the constituents.
The relation (5.9); is exact for the mass density.

The volume fraction of the ceramic phase is assumed to be given by

h+2z3\"
A — e e
(5:10) Ve ( 2h )

Figure 1 shows the through-thickness variation of the volume fraction of the
ceramic for n = 0.2, 0.5, 1, 2, 5. Note that the bottom surface of the plate is
metal-rich and the top surface ceramic-rich.
The dimensionless through-thickness in-plane displacement and the longitu-
dinal stress are defined by
v1(0,b/2, x3) e aoy1(a/2,b/2,x3)

5.11 V) = ————, )
( ) ™ U:{( E*UK
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0.5

0.25

x3/h
o

-0.25

1%

Cc

F1G. 1. Through-the-thickness distribution of the volume fraction of the ceramic phase
in the functionally gradient plate.

where E* is set equal to 1 GPa. We take the shear correction factor k = 5/6 in
the FSDT. Note that the value 5/6 of the shear correction factor was proposed
for a homogeneous and isotropic plate; its use in a functionally graded plate may
not be very realistic. The functionally graded material is a mixture of aluminum
and zirconia (PRAVEEN and REDDY [9]), and we take

(5.12) E,, = 70GPa, E.= 151GPa, vy =v. =03, a=b=10h.

For simplicity, Poisson’s ratio for both aluminum and zirconia is assigned the
same value; it is equivalent to the assumption that the effective value of the
shear modulus is also derived from Eq. (5.9).

Table 1 lists values of Us/U4* and UF JUK forn =0,0.2,0.5,1, 2 and 5. Here
UYL equals the central deflection according to the FSDT. Figures 2 and 3 show
the through-thickness distributions of the non-dimensional in-plane displacement
91 and the longitudinal stress @;; obtained by using (a) the HSDT and (b) the
FSDT. These variables are nondimensionalized (e.g. see Eq. (5.11)) so once the
central deflection of the effective homogeneous Kirchhoff plate is known, the
displacements and stresses of the functionally graded plate can be determined.
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of the functionally graded square plate (a = 10h) using (a) the third-order plate theory
and (b) the first-order plate theory.
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Table 1. Central deflection of a functionally gradient square plate according to the three the-

ories.

n 0 0.2 0.5 1 2 3

Us /U 1.056360 1.054326 1.053157 1.053836 1.057850  1.064430

US /U 1.056398  1.034802 1.053711 1.053872 1.056260 1.060650

It is clear from the values listed in Table 1 that for each value of n, the
classical Kirchhoff plate theory underestimates the central deflection of the plate
by about 5.5% as compared to that given by either one of the other two plate
theories studied herein. Results plotted in Figs. 2 and 3 reveal that the in-plane
displacement ©; and the stress @, calculated from the two theories essentially
coincide with each other. Thus for the problem studied herein results predicted
by the FSDT are accurate enough for all practical purposes. This is because
the through-thickness distribution of the in-plane displacement for the HSDT is
nearly affine and agrees with that assumed in the FSDT. The FSDT obviates the
need to solve the second-order differential Eq. (4.11).

The curves depicting the through-thickness distributions of the in-plane dis-
placement 4, are parallel to each other for all values of the volume fraction V,
of the ceramic. The largest deviation between the values of #, for an equivalent
homogeneous plate and a functionally gradient plate occurs for n = 2. The max-
imum value of |7y;| depends upon V.. For n = 0.2 and 0.5, the magnitude of
the compressive a1 is maximum at a point a little above the lower surface of the
plate. However, for other values of n, the magnitude of @;; is maximum at a point
on the top and bottom surfaces of the plate, as is the case for a homogeneous
plate.

6. Conclusions

Two potential functions have been used to derive a set of equations that gov-
ern the deformations of a functionally graded plate. The deflections of a simply
supported functionally graded polygonal plate given by the first-order shear de-
formation theory (FSDT) and the higher-order shear deformation theory (HSDT)
have been related to that of an equivalent homogeneous Kirchhoff plate. These
relationships are valid for a laminated plate that is not necessarily symmetric
about its midsurface, and have been used to compute results for a simply sup-
ported square metal-ceramic plate.
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