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Dusty plasma solitons in Vlasov plasmas

A. J. TURSKI, B. ATAMANIUK and K. ZUCHOWSKI

Institute of Fundamental Technological Research
Polish Academy of Seciences, Warsaw, Poland

Viasov-Gauss/AMPERE EQUATIONS for dust-ion-electron plasmas are considered.
Dispersion relations are derived for longitudinal dusty plasma waves by use of lin-
earized Vlasov equations. Assuming suitable equilibrium distributions for cold and
hot charged particle/grain components, due to negligence of wave-particle interac-
tions and assuming traveling the wave “far field" solutions, fully nonlinear ODE is
obtained for SAGDEEV potentials. Examples of Sagdeev potentials and negative
solitary waves associated with fully nonlinear dust-acoustic waves (DAW) and dust-
ion acoustic waves (DIAW) are computed.

1. Introduction

DUST IS A COMMON COMPONENT of many space plasmas. Waves in dusty plas-
mas have recently been considered when the dust grains are negatively charged.
Dusty plasma physics is of great importance with a number of applications. Re-
cently, attention has been focused on planetary rings in which heavy micron-sized
dust grains are charged to high degree voltage. In particular, in the F-ring of
Saturn there is an extreme anomalous situation where the number density of free
electrons is much smaller than the number density of ions. This could happen
because the charged dust grains collect electrons from the background medium
and the number density of free electrons is anomalously small. Recent Voyager
1 and 2 observations of Saturnian ring systems have started research interest in
physics of dusty plasmas. Dust is rather ubiquitous in space; some well-known
systems where the presence of dust has been established, are inter- and circum-
stellar clouds, solar system interplanetary dust, earth’s magnetosphere, comet-
s and planetary rings. Also, dusty plasmas appear in laboratory system, e.g.
rf plasmas used in the microelectronic processing industry, and it may also be
present in the limiter regions of fusion plasmas due to the sputtering of carbon
by energetic particles. We shall mainly discuss space dusty plasmas although
many of the conclusions are valid for the laboratory plasmas as well. Grains are
dielectric (ices, silicates...) or metallic (graphite, magnetite...), see [1]. We use
the term “dusty plasma” when the number of grains in Debye sphere is greater
than one, and “dust in a plasma” when the number density of grains is less than
one. Usually, we have A\p > Ro > a (dusty plasma), where Ap is a plasma
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Debye length, Ro is an average separation (Ro = (3/4Noa)'/?, and “a” is the
grain radius.
After [1] and [2], we note the following typical data for dusty plasmas in:

i) interstellar clouds, where a/Ap ~ 107® and Ro/Ap =~ 107,
ii) ionosphere (80km), where a/Ap = 1075 and Ro/Ap = 1072,
iii) rings, where a/Ap ~ 107% and Ro/Ap =~ 1073,

iv) comets, where a/Ap =~ 107% and Ro/\p =~ 10 — 100,
v) magnetosphere, where a/Ap =~ 1075 and Ro/Ap = 10 — 100.

The mechanism of dust grain charging due to plasma current, photoelectron
and secondary emission currents can be found in [1] and [2]. Recently, see [3], it
has been proved that Viasov description of dusty plasmas is valid not only in the
usual weakly coupled plasma regime but also in the strong-coupling limat for dusty
plasmas. Deviations from both limits are to be expected for the intermediate
range of coupling when Coulomb crystallization occurs.

The main objective of the paper is to determine asymptotic solutions to the
initial-value conditions for Vlasov-Ampeére equations, that is to find the “far field”
solutions. Next, we determine dispersion relation for longitudinal waves (DAW
and DIAW) by use of the linearized Vlasov equations. In case of simplified equilib-
rium velocity distributions but for fully nonlinear plasmas, we determine velocity
distributions fa(u, &) where £ = z— Ut as well as the Sagdeev potential equations
and we compute the solitary waves for a set of dusty plasma parameters.

2. Statement of the problem

We investigate the Vlasov-Ampeére/Gauss system of equations for multi-
species plasmas, that is

(2.1) [& + udy + q—“E(‘i‘u] folu,z,8) =0, = i (Vlasov) ,
Mo du

(2.2) €0 Ot F + Z Qo /'t;fndfs =0 (Ampere),

2.3) ¢0 O.E = [ fadu=Y pa, E=-8,4 (Gauss),
o a
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where z,u and t are space, velocity and time variables, respectively. E(z,t),
¢(x,t), falu,z,t), qo and m,, are the electric field, potential, function of velocity
distribution, charge and mass of a-particles, respectively. Let us assume

(24} fa(u1I1t) — Ngfﬂ(l(u) + Zf,m(u,:n,f,) 1
n=1

where N§, foa(u) are the equilibrium particle concentration and the velocity dis-
tribution for E = 0, and f,, is of the order of E. Substituting (2.4) into (2.1),
we derive the well-known hierarchy of linear equations, see [4],

_Ni'ta

(at + uat) fia = Eaufla s
My
(B8] wemmetemcrubekesias s kb S
N&qq
(6t +u0z) fra = — T?lq Eaufn—l,a

and we search for a solution of a given initial-value problem. According to [4],
we note, that if the solution f,(u,z,t) exists for a given equilibrium fo(u), then
it takes the following form:

(2.6) o, z,t) = N§* foo (4 + Wa(u,z,t)) ,

where Wy (u, z, t) satisfies the following equation

(2.7) B + 10 + 22 Bz, )8, | Walu,z,t) = - 22 B(z,1).
Mo Ma

The relation (2.6) exhibits an equilibrium distribution memory of Vlasov plasmas.
The plasma response to an initial disturbance of plasma equilibrium as well as
“far field 7 solutions cannot be composed of the arbitrary stationary solutions.
In particular, if one assumes the Maxwellian equilibrium distribution for “hot
electrons” and a proper equilibrium distribution for “cold electrons”, then the
“far field” solution does not exist (no solution) for any initial disturbances, see
[4]. It appears that (2.4) is divergent due to wave-particle interactions, that is
due to nonlinear Landau instabilities. We note that assuming the Dirac delta
equilibrium for cold plasma species, that is

foe(u) = d(u),

a stationary “far field” solutions evolves in the form

fe(u,§) = 6 (u+ We(u,§)) ,
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where § =z - U,

1

Wo(u, &) = u—U)[l+r5—1],
where

2q.4(€)
me(u — U)?
We note that W, satisfies Eq. (2.7). The well-known “cold particle” number
density can be obtained

and  E() = ~34(6).

(2.8)  ne(€) = Noc / 8 (u+ We(u, €)) du = Noc/ [1 - 2;"3,?} )

In the case of “hot particles”, we accepted “square” equilibrium distribution

(2.9) fon(e) = 5;17 (H(u +a) - H(u—ay)] ,

where H(-) is a Heaviside function and

fu(u,§) = e [H u+ ap + Wy(u,§)) — H (u—ap + Why(u,§))] ,

where £ =z — Ut and (2.4) is convergent.
The hot particle number density takes the following form:

Bt _adlg ]*

(210) () = Now [ (o ) = N iy

p

4
+Non

ap —U [1 _ 2n6(8) ]

20.,!1 m;,(ah = U]?
Assuming that U/a), < 1, we have

2 Gn ¢(£) '

2

2:11 = N, 1-
(2.11) np(§) oh i

By use of n.(£) and ny(€), we can determine the Sagdeev potentials and then
calculate the dust-ion-sound solitary waves for fully nonlinear plasmas. We note
that the results of “far field” solutions derived here, which are the asymptotic
solutions to the initial value-problem, are strictly related to the results which can
be obtained by use of the “water-bag” model, see [5], [6] and [7].
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3. Dispersion relation for dusty plasmas

Assuming sufficiently small disturbances of plasma equilibrium, the solution
of the linearized Vlasov-Ampére equations takes the form, see [4],

t o0
(3.1) E(.’L‘ t Eg T, t + /dtl / E(I s tl}K(L‘Shtl)d&'}] :
0 L]

where
== 2w foo 2)-

Let us consider three components of a dusty plasma having the following equi-
librium distributions:

foa(u) =d(u) (dust) ,
(3.2) Joe(u) = -2;— [H(u+ ae) — H(u—a.)] (hot electrons),

foi(u) = % [H(u + a;) — H(u — a;)] (hot ions),

= N{ g%/e0maq is the plasma a-component frequency and a, is the thermal
velocity. We take Fourier-Laplace transform of Eq. (3.1) to obtain:

Eo(k, s)
D(k,s)

E(k,s) =

where D(k,s) = 1 — K¢(k,s) — K'(k,s) — K%k, s) and the dispersion relation
for longitudinal plasma waves takes the form:

U2 w?
(3.3) w? = ;2 7 + k"’ 2 + Wi,
i PR ¢
w? w?
where s = —iw. Following the papers [8] and [9], we assume rather cold ions,
R 3 %

that is (;’ & 1 and hot electrons € > 1 to obtain the following dispersion

w
relation for the dust-ion-acoustic waves (DIAW)

k:gz\2 w2 + w2
2 el a) : where Ape = 24

1+ k202, Woe
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If kg)%e &« 1, (long wave approximation) and wﬁ < wgi, we have the dust-
modified ion-acoustic speed

2 L
2 _ @ Noi
(34) Cs T kg a NE

9 Me \ 2
v; , where v;=a, (—) and ¢qqg = Zye.
)

The relation (3.4) is similar to the usual ion-sound wave spectrum for non-
isothermal plasmas, that is mz-a? < mea?. However in dusty plasmas, we usu-
ally have T, = T;. The existence of new dust-acoustic waves, which occur as
mia? = mea?, requires the presence of a very small amount of electrons in the
background of the collisionless dusty plasma.

In virtue of (3.3), we have

22 ‘ N,
wzr Wy DeN , fwﬁkz}‘DeNue :
]. + szDe + . 01
N{)e
since
w? € k*a? < ka?
and
Abe _ No: 2):
= s T LB
f\%h' ND[, De

The frequency w of the dust-acoustic wave is very low and the dust-acoustic speed
is

N, Oe
0z

Cd = Wy pe

It is interesting to note, in the virtue of the conditions: a; € w/k < a, for DIAW
as well as in view of the condition w/k <« a; < a, for DAW, that the waves are
subjected to insignificant electron and ion Landau damping. These waves should
have some relevance to the low-frequency noise in the F-ring of Saturn.

4. Calculation of Sagdeev potentials and solitons

In the view of (2.8), (2.10) and (2.11), we derive the following expressions for
dust, ion and electron charge number densities:
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na(§) _ Sd

nie) 1+, 1— 2y %+l—v,- (1_ 2y G
Ny; N 2 (1 -+ Ug)Q 2 (1 - P,;)z

U
(4.1) c(1-29)%, if y=—<1,

Qq

1

Te(¢) 1+ e 2yR ]l —-, 2yR
LS 1 14+ ———
Noe S"-l 2 ( tarvE) T2 U TA—uR

U
= S(1+2yR)z, if ve=—<1,
e

[EIE
| )

; a; :
where y = y(€) = q¢(y)/m;a?, ¢ is normalized with respect to Ap; = — — is the

woq
U U | Zgm;
ion Debye length and, ‘\/I— 2[4 _ 2 isthe Mach number, ¢; = a; i
. . . mia? T; .,
~ is the dust-ion-acoustic speed and R = t = —. We assume global charge
me%ﬁ T,
N, Noe
neutrality No; = Z¢Noa + Noe and Sy = S = d Od, e = —1= We note
Noi Noi
that mg > m; > m,, 02 S £ 1
In view of Eq.(2.3), we have
0‘2
(4.2) 6—5-2-+—Zpﬂ—0—“ and V/'( Zp{,,a—-ead

where V (y) is the Sagdeev potential [10]. The energy integral is

v\ 2
(43) %(a—g) +V(y) =0,

V{ys M, ST R) = I/d(ya M, S) t Vl(y) i VL’(yr R)
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Voey)

F1G. 1. Sagdeev potentials V(y) versus y for Mach numbers M= 1.1,1.5,2.0 and 24 as § = 1
(no electrons). Soliton amplitudes yamp increase with increasing M.

and

3
I/rf(U$M!S)=NI2S(I_(1+§‘%) ))‘0 for y((},

1
Vi) =3 (1-a —2y)3f2) <0 for y<O0,

Vely, 5, R) =%S (1 -(1+ 2yR)3"’2) >0 for y<0.

The inertial dust term for y < 0 delivers the restoring force while thermal ions
and electrons deliver wave pressures. We can expect negative potential solitons
(rarefactive solitons, also called antisolitons). The case S =1 (S, = 0) represents
the plasma where all the electrons are attached to the dust grains to form the
two-component plasma. Whereas the case § = 0(S, = 1) is an electron-ion
plasma.

The figures 1 to 4 show a number of Sagdeev potentials V(y,M, S, R) for a
given set of parameters: M,S,R. The exhibited shape of V(y,-) secures the
existence of solitons.

The first figure depicts V(y,-) for two-component dust-ion plasmas (S = 1),
when all electrons are collected by dust grains and the solitons exist in the anoma-
lously large range of Mach number 1 <M#Z 2.4, Soliton amplitudes increase with
increasing M up to yamp = 2.9.

http://rcin.org.pl



DUSTY PLASMA SOLITONS IN VLASOV PLASMAS 175

Viy)
§=0.6 R=0.01

FiG. 2. Sagdeev potentials V(y) versus y for Mach numbers M= 1.1,1.3 and 1.7 as § = 0.6.
Non-isothermal plasmas; hot electrons and cold ions R = T} /T, = 0.01 (DIAW).

The case of three-component dusty plasmas with electron number S, = 1- 8,
where S = Z3Ny/No; = 0.6 and the law ion-electron temperature ratio R =
T;/T. = 0.01, see Fig. 2, exhibits dust-ion-acoustic-wave (DIAW) solitons. The
solitons exist in the Mach number range 1 <M#Z 1.7.

M=1.1 3
M=1.2 0.005F

\ N\ An=1.u§

Fi1G. 3. Sagdeev potentials V(y) versus y for Mach numbers M= 1.0,1.1 and 1.2 as S = 0.9,
S. = 0.1. Isothermal plasmas R =T, /T, =1 (DAW).
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FiG. 4. Sagdeev potentials V(y) versus y for Mach numbers M= 0.4, 0.5 and 0.65 as S = 0.2
Almost isothermal plasmas R = T, /T, = 0.9 (DAW).

Dust-acoustic-wave (DAW) solitons for isothermal ions and electrons are shown
in Fig. 3. The Mach number range of soliton existence is the smallest one and it
amounts to M=1+12,5§=09,R = 1.

It is interesting to note that, if there are dusty plasmas with almost isothermal
ions and electrons R = 0.9 and the number density of dust is small enough
S = 84 = 0.2, then solitons still exist but of smaller amplitudes and for M< 1,
see Fig. 4. For such plasmas the Mach number is to be redefined. We conclude
that even a small number density of dust Z;Ny gives enough inertia to support
negative solitons.

Figure 5 depicts the V(y)-insert, and the respective soliton y(¢) in the case
of three-component, non-isothermal plasma: M= 1.5, § = 0.6 and R = 0.01
(DIAW). This soliton is computed on the basis of one of the Sagdeev potentials
presented in Fig. 2. We note that if Z; = 1000 then for 3 dust grains, we would
have 5000 ions and 2000 electrons — on the average. We can conclude that a
small number of dust grains gives enough inertia to support negative solitons like
in the case of isothermal plasmas.

Figure 6 exhibits the case of the rarefactive soliton for three-component plasma
which is nearly isothermal R = 0.9 (DAW), S = 0.2 and M= 0.65. This soliton is
computed on the basis of one of the Sagdeev potentials presented in Fig. 4. We
note that if Z; = 1000 then for 1 dust grain, we would have 5000 ions and 4000
electrons — on the average.
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Fi1G. 5. Sagdeev potentials V(y)-insert and the respective soliton y(£). Three-component
plasma; M= 1.5,5 = 0.6 and R = 0.01 (DIAW).

0
Y
0.1F —
I 1
0.2} -
V(iy)
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-6 -2 0 t(y.M,S,R) 6

Fic. 6. Sagdeev potentials V (y)-insert and the respective soliton y(€). Three-component
plasma; M= 0.65, § = 0.2 and R = 0.9 (DIAW).
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5. Conclusions

The initial-value-boundary problem was solved for “far field”, asymptotic
solutions, solitons in the case of the fully nonlinear dusty plasma. Landau
damping/wave-particle interactions have been excluded by choosing artificial e-
quilibrium distributions. Velocity distributions can be evaluated and the calcu-
lation of all moments is possible, e.g. energy flow as well as energy of traveling
solitary waves. The dispersion relations here obtained are the same as those in
the fluid description of dusty plasmas.

Due to the presence of negatively charged dust grains:

i) Only negative potential solitons (rarefactive solitons ) can exist.

ii) Linear waves and solitons can exist in dust-ion-acoustic-wave plasmas
(DIAW R < 1, non-isothermal ions and electrons) as well as in dust-acoustic-
wave plasmas (DAW R = 1, isothermal ions and electrons).

iii) The existence of DAW solitons in the case of small amount of dust grains
in plasmas (S = S3 = 0.2) is secured for the soliton speeds less than the dust-
ion-acoustic speed cg, which was defined in Sec. 4. The presence of the electron
component (S < 1) lowers the soliton amplitude as R is fixed and reduces the
range of M, in which solitons can exist.

For small solitons (Jy|] < 1 and S = 1) there is a full resemblance between
fluid, see [11], and kinetic solitons revealed in this paper. But in the case of fully
nonlinear two-component plasmas, S = 1, the soliton shape, amplitudes and the
soliton existence range of M are different in these two descriptions. The respective
results for fluid description in case of three-component dusty plasmas, S < 1, are
not known to the authors. We note that for DIAW and DAW, we have a; <
U < a, and U < a; < a,, respectively, and hence the solitons considered here
are subjected to insignificant electron and ion Landau damping. It justifies the
Dirac delta accepted here and the Heaviside functions as the suitable equilibrium
velocity distributions.
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