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On the cyclic yield surface of some engineering materials 
under complex stress conditions 

L. DIETRICH and Z. L. KOWALEWSKI (WARSZAWA) 

THE PAPER PRESENTS a new method of mechanical parameters analysis. It deals with 
determination of a "cyclic yield surface" for selected engineering materials on the 
basis of cyclic curves experimentally obtained under a complex stress state. Location 
of the cyclic y ield surface with respect to that of the initial yield locus may constitute 
the basis for evaluation of the material sensitivity to the cyclic deformation. Tests 
have been carried out with the use of PA6 aluminium alloy and 18G2A low-alloy 
steel, both in the as-received state. The experimental programme was the same for 
both considered materials. Firstly, an initial y ield surface was determined using a 
number of specimens which were loaded up to the plastic range along different loading 
paths. Secondly, cyclic predeformations due to various loading paths in the plane 
st ress state were induced by cyclic loading at ambient temperature under constant 
Ｈｾ ｣Ｚ＠ = ±0.65%) and gradually decreasing st rain amplitude (from ｾ ｣Ｚ＠ = ±0.65% 
to 0%). Finally, subsequent yield surfaces were determined using the single specimen 
method. It is shown that depending on the material , a cyclic loading induces softening 
(low-al loy steel) or hardening (aluminium a lloy) effect in the strain range considered. 
All differences in material responses to cyclic prestraining for the tested materials are 
discussed in detail. 

1. Introduction 

SOLVTI\G TilE PROBLEMS associated with a variation of material properties due to 
cyclic loading inducing permanent deformation of the construction is regarded as 
ouc of the most important tasks of the plasticity theory ll- 19]. A rapid progress 
observed nowadays in this area deals directly with the quali tative changes in 
the experimental technique, i.e. with development of both the computer systems 
enabling us to control the multiaxial testing machines working in the closed loop 
of feedback, and ctigital registration of experimental results together with their 
fur ther conversion, using more powerful computers and novel software. 

The steady-state cyclic deformation resistance of a material is usually descri-
b ed on the basis of the cyclic stress-strain curve [2]. According to the definition of 
the cyclic stress-strain curve, it is the locus of tips of the stable hysteresis loops 
from several companion tests at different, completely reversed constant strain 
amplitudes. Such a steady-state "stress ampli tude - strain amplitude" curve is 
often compared with the monotonic stress-strain curve, Fig. 1. Depending on the 
mutual location of these curves, the cyclically induced changes in deformation 
resis tance can be identified, i.e. softening if the cyclic curve is below the mono-
tonic curve, and hardening if the cyclic curve lies above the monotonic curve. 
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Some materials are insensitive to the cyclic deformation and, as a consequence, 
in these cases the cyclic curve does not differ from the monotonic one. 

stress 

strain 
ｾ＠

2) monotonic curve 

F IG. 1. Comparison of a typical cyclic and monotonic curves. 

According to the definition given above, the cyclic stress-strain curve is ob-
tained by connecting the t ips of the stable hysteresis loops from several separate 
tests carried out at different, completely reversed strain ranges. Each test is per-
formed at a constant strain ampli tude. The loop can be achieved for some mate-
rials after several cycles. For the others, however , approximately half their fatigue 
life is required. Since this method requ ires a number of testpieces and relati vely 
long testing t ime, it is rarely used in practice. To overcome these inconveniences, 
alternative procedures for determining the cyclic curves using only a single speci-
men are applied. T he most known tests, described in detail by MoRROW ll j, are 
as follows: 

(A) Multiple step tests, 
(B) Incremental step tests, 
(C) Monotonic tension after cyclic straining, 
(D) Individual hysteresis loop, 
(E) Decremental test . 

T he last method is regarded as the fastest and the most effective. It requires 
to load a specimen to a stable hysteresis loop under cycling loads at selected 
constant strain amplitudes, followed by cycling with a gradually decreasing strain 
amplitude up to the zero level. A number of cycles with a gradually decreasing 
strain amplitude should be suffic ient to determine the cyclic curve with desi red 
accuracy. Such a method was successfully used by LAMBA and SIDEBO'ITOM [8] to 
obtain cyclic curves under nonproportional loading. T he method was also applied 
to determine cyclic curves for different proportional cyclic loading paths in the 
s train space considered. 

The main aims of the experimental project , the results of which are presented 
in the paper , were threefold. F irstly, it had to give an answer to the quest ion: how 
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a plastic prestrain induced in metals during manufacturing processes of semifini-
shed elements may change their mechanical properties. Secondly, the programme 
of tests had to determine up to what degree the known deformation history under 
cyclic loading may change the original anisotropy of the tested materials, aud the 
third aim of the project was to determine a "cyclic yield surface" for the selected 
ranges of plastic deformation, on the l>asis of cyclic curves experimental ly obta-
ined UJH.ler a complex stress state . The cyclic yield surface reflects the material 
ability to hardening or softening due to cyclic loading in different directions of 
the (O'.rx• T.1:y) stress plane. Although the cyclic yield surface does not describe the 
mechanical properties of a material subject to cyclic straining in an arbitrarily 
chosen direction, it may be treated as an envelope of the yield surfaces for a ma-
terial sul>ject to prior cyclic deformation in various directions. Its location with 
respect to that of the initial yield locus may constitute the basis for evaluation 
of the material sensitivity to the cyclic deformation . 

2. Experimental details 

Tests have been carried out with the use of low-alloy steel and aluminium 
alloy, both in t he as-received state. ｾｯｴ ｡ ｴ ｩ ｯｮｳ＠ of these materials according to 
Polish Standards as well as their chemical composition are given in Table 1 and 
Table 2. Accord ing to ISO Standards 4950/ 2-1981, the chemical composition of 
the steel in question corresponds to that of the high yield strength steel with 
grade E355. 

Table 1. Chemical com position of t he 18G2A low-alloy 
s teel manufactured according to Polis h Sta ndard s. 

c Mn Si P rna.x S rnax 

[%1 1%1 ['XI [%] 1%1 

18G2A ma.x 0.2 1.0 - 1.5 ma.x 0.55 0.04 0.04 

Table 2 . Che mical compositio n o f the PA6 a luminium 
alloy manufactured according to Polish Standards. 

Cu Mg Mn 

1%1 [%] [%1 
PA6 alu minium alloy 3.8- 4.8 0.4 - 1.1 0.4 - 1.0 

All tests were carried out on tubular thin-walled specimens, manufactured 
from rods of 45 [mm] diameter. In the case of steel, the rods were manufactured 
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by rolling, whereas those for aluminium alloy - by extrusion. An engineering 
drawing of the specimen is shown in Fig. 2 . 

..r-=r=T 0. 02. 
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F IG. 2. Dimension of the specimen. 

All experiments reported in this paper were carried out with the use of the 
I.NSTRON electrohydraulic, closed-loop, servo-controlled, biaxial testing machine 
enabling combined loading in tension - compression - torsion - reverse torsion. 

The strains were measured by means of strain gauge rosettes bonded to the 
outer surface of the specimen on its gauge length. More details concerning the 
experimental procedure are given in l17j . 

3. Experimental programme 

The experimental programme for both materials comprised t hree steps. 
Firstly, an initial yield surface was determined for each material. In order to 

determine the initial yield surface, eight specimens were selected, each of them 
was loaded with different ratios of stress components in the two-dimensional stress 
space (a-xx, Txy)· In the next step of the experimental programme, prior deforma-
tion of specimens by means of proportional cyclic loading in selected directions 
of the (a-xx, Txy) stress plane was carried out. The prestraining programme com-
prised two stages: 

(1) cyclic loading for constant amplitude of total effective strain D.c = 
±0.65%, 

(2) cyclic loading with gradually decreasing total effective strain amplitude 
from D.c = ±0.65% to D.c = ± 0.0%. 

The programme of constant strain amplitude cycles included 81 quarter-
cycles. It was used to achieve the saturation cycle. 
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The programme of cyclic loading with decreasing strain amplitude comprised 
30 full cycles. It followed just after the co11stant amplitude cycles were carried 
out, and was applied in order to determine cyclic curves. 

For both materials eight different strain paths were considered, Fig. 3. T hese 

6&; ｾ＠ 0.65 % 

FIG. 3. Proportional cyclic loading paths for prestraining the materials. 

paths were obtained by cyclic loading under strain control mode. Denotation of 
the vertical axis in Fig. 3 contains Poisson 's ratio IJ which for both materials was 
not equal to 0.5 in the strain range considered in the programme. The experimen-
tally determined Poisson's ratios for the steel and aluminium alloy were equal to 
0.34 and 0.30, respectively. 

When the cyclic prestraining process of each specimen was completed, deter-
mination of the subsequent yield surface was performed on the INSTRON testing 
machine with the use of the single-specimen method, Fig. 4. In this technique a 

J3'-r "Y 

6 5 4 

8 <0=22.5 
0 

9 crxx 
10 

12 13 14 E.,,=0.005 % 

FIG . 4. Loading sequence for yield locus determination using single-specimen method. 



http://rcin.org.pl

882 1. DIETIUCII AND Z. 1. KOWALEWSKI 

specimen was loaded along various loading paths , each time until some meas u-
rable and limited plastic strain was ol.Jserved (in our case tl1e of!"set strain cqnal 
to c0 ff = 5 x 10-5 was selected as the yield point). At each yield point the spe-
cimen was unloaded and again loaded in another direction until the entire yield 
locus was obtained. These directions varied from each other by a chosen angular 
increment assumed to be 22.5°. The experimental procedure comprised 16 points 
determined from the selected proportional loading paths. In Fig. 4 the increasing 
numbers at the yield points indicate the loading sequence. 

4. Yield condition 

SzczEPINSKI [21] has proposed , on the basis of the ::\.1ises anisotropic yield 
condition [20] , more general form of the yield condit ion for materials displayiug 
the Bauschinger effect and rotation of the yield locus axes with respect to the co-
ordinate system. That yield condition has been adopted in numerical calculatious 
presented in the paper. 

Generally, the Mises anisotropic yield condition in the form derived by Szcze-
piflski can be expressed by the following relationship [21]: 

-l 2Txy [kJG (O"zz- ax.c) I k2G(azz-O"yy)] 

I 2Tyz [k2t(axx- ayy) + k3 t (O":r.r- azz)J 

I 2Tzx [kas(O"yy- O"zz) I kts(O"yy - O"n·)] 

-2k,t5 · Tyz · Tzx-2ks6 · Tzx · Txy- 2kG4 · Txy · Tyz 

I k ,H · T;z + kss · T'fx + kGG · T}!l 

+b44 · Tyz I bss · Tzx -1 bGG · T:ry - 1. 

In our experimental project , the tests have been performed under plaue stress 
conditions for which only O"xx and Txy were not equal to zero. When this is 
substituted into the relation ( 4.1) , the yield condition simplifies as follows: 

+(b31 - b12kxx + bG6 · Txy = 1, 

where coefficients kij , biJ are functions of the yield limits determined from expe-
riments at tension, compression, torsion, and reverse torsion tests. 
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Expression ( 4. 2) represents the equation of a curve of second order, usually 
wri Lten in the form: 

(4.3) 

where coefficients A and D denote functions of the yield limits at tension and 
compression. The coefficients C and F are related to the shear yield limits obta-
ined from the tests under torsion aud reverse torsion. 

The B coefficient, which is proportional to the rotation of a yield surface with 
respect to ( 0' .ex, Txy) co-ordinate system, has no such simple physical interpreta-
tion as the coefficients described above, and it cannot be deduced from unia.xial 
tests. In order to find its value it is necessary to carry out at least one test in a 
complex s tress state. 

The yield condition in form (4.3) is cleterrn iuecl by five material parameters 
which can be identified with such ellipse parameters as lengths of its axes, co-
ordinates of ellipse centre, and rotation angle with respect to the co-ordinate 
system. 

5. Experimental results 

5.1. Results for the mate rials in the as-received state 

Initial yield surfaces for aluminium alloy and low-alloy steel, both in the as-
received state, obtained for the offset c0 rr = G x L0-5 , are shown in F ig. 5 and 

'rxy 
[MP a] 400 

-20 

····'!··· 

+ Experimental data 
Approximation 
Huber-Mises ellipse 
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....... 1'4 ..... . 
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' ﾷﾷﾷＭｾＺ＠ ........... _ 
i 
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Fie. 5. Experimental points and fitted yield surface, Eq. (4.3), for the as-received 
aluminium alloy. 
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Fig. 6, respectively. Points in these figures represent experimental results while 
ellipses are determined by the least squares evaluation of the A, lJ, C , D, F 
coefficients in equation ( 4.3). 
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Frc. 6. Experimental points and fiLted yield surfaces, Eq. (4.3), for t he as-received 
low-alloy steel. 

It is seen that the materials in the as-received state exhibi t cer tain initial 
anisotropy which can be clearly identified by comparison of the experimental 
results with predictions obtained using the isotropic Il uber-f-Iises yield comlition. 
In Loth figures the Huber-Mises ellipses are plotted lJy broken lines. 

In the case of aluminium alloy, an initial anisotropy is reflected Ly flattening 
of the theoretical yield surface calculated using the isotropic Huber-Mises yield 
condition. 

Similarly to the aluminium alloy, also the low-alloy steel tested exhi bits ani-
sotropic behaviour in the as-received state. In this case, however , the effect ma-
nifests itself by t he shift of the yield surface in the direction of tension. 

T he steel tested indicated upper and lower yield limits. The observations of 
the upper and lower yield points did not confirm an anisotropy of the mechanical 
properties of the steel observed for the assumed yield offset. In Fig. 6, besides 
the yield locus for the assumed offset strain, also the yield surface corresponding 
to the upper yield limit is presented. T hat surface was built on the basis of the 
"effective stress - effective strain" diagrams representing eight different directions 
in the two-dimensional stress space (i7xx, Txy)· As it is clearly shown, the upper 
yield point surface does not exhibit anisotropic effects. Hence, it can be descri-
bed accurately by the isotropic Huber-Mises yield condition (ellipse plotted by 
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broken line in Fig. 6). However, it has to be noted that for each direction un-
der consideration , the upper yield point corresponds to a different strain level. 
In other words, the ellipse reflecting the upper yield points obtained for various 
loadiug combinations does not represent any yield definition. Mutual location of 
the yield surfaces presented in this figure reveals a certain form of the a.uisotropy 
of the steel. 

Summing up all of these remarks, it eau be stated that both materials exhibi t 
auisotropic properties in the as-received state coming from the industrial forming 
processes . In the case of steel however, we eau observe isotropic properties in the 
sense of the upper yield limit, but the courses of the stress-strain characteristics 
up to the upper yield point for various loading paths tested in the programme are 
not coincident, identifying in this manner anisotropic character of the material 
in the strajn range under consideration. 

5.2. Itesults for the materials prestrained due to cyclic loading 

The second step of the experimental procedure comprised the cyclic defor-
mation carried out under constant strain aiJiplitude with the objective to attain 
a saturated cyclic state, and cyclic deformation with gradually decreasing strain 
amplitude in order to obtain cyclic curves. An example of this process in case 
of torsion - reverse torsion cycles of aluminium alloy is presented in the Fig. 7a. 
The stress response onto the deformation programme given in Fig. 7a is shown 
in F ig. 7b. 

In F ig. 7c the results for the cyclic loading with constant strain amplitude 
are illustrated in the form of the stress-strain diagram. As it is clearly seen, the 
saturation cycle was not achieved for the assumed programme of cons tant cyclic 
loading. The same effect was also observed for the remaining tests carried out for 
other direct ions of cyclic loadings . 

. Just after the constant strain amplitude cycles were carried out, t lte program-
me of cyclic loading with decreasing strain amplitude followed. An example of 
a typically observed stress response due to this part of programme is shown in 
F ig. 7d. The results in the form of a stress-strain diagram for the cyclic loading 
with decreasing strain amplitude illustrate the method for determination of the 
cyclic curve as a set of tips of the loops for cycles with decreasing strain amplitu-
de. The results shown in this figure are plotted in the stress- total strain diagram. 
Using the DADiSP software, they can be automatically converted to a diagram 
of stress against plastic strain. Such transformation is presented in Fig. 7e. 

In order to show how the initial anisotropy influences the response of the ma-
terial to cyclic loading, the results for another loading path (tension- compression 
cycles) are presented in Figs. 8a, b, c, d . The sequence of figures is similar to that 
in the Figs . 7b, c, d, e, i.e. in Fig. 8a a stress response to the programme shown in 
Fig. 7a is presented, the stress response for constant strain amplitude cycling is 
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FIG. 7. a) Programme of cyclic loading for aluminium alloy (cycling in torsion-reverse 
torsion). b) Stress response to the strain-controlled cyclic loading shown in Fig. 7a. 
c) Stress response to the strain-controlled cyclic loading with constant strain amplitude. 
d) Stress response to the strain-controlled cyclic loading with decreasing strain ampli-
tude. e) Stress- plastic strain diagram of the stress response to the programme of cyclic 

loading with decreasing strain amplitude. 

[886] 
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shown in Fig. 8b. Figure 8c presents the stress response to the cyclic programme 
with gradually decreasing strain amplitude, and Fig. 8d shows the same results 
after subtraction of the elastic strain. It has to be noted that the width of the lo-
ops obtained during tension-compression cycles are significantly smaller than the 
loops achieved during cycling in torsion-reverse torsion (compare Figs. 7e and 8d). 

The results for the steel in the case of cycling in tension-compression are 
demonstrated iu Figs. 9 a, b, c, d, e. Again the stress response to the deformation 
programme given in Fig. 9a is shown in Fig. 9b. In the next figure (Fig. 9c), the 
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FIG. 8. Stress responses to cyclic loading of aluminium alloy (cycling in tension-
compression). a) Stress response to the strain-controlled cyclic loading shown in Fig. 7a. 
b) Stress response to the strain-controlled cyclic loading with constant strain ampli-
tude. c) Stress response to the strain-controlled cyclic loading with decreasing strain 
amplitude. d) Stress - plastic strain diagram of t he stress response to the programme of 

cyclic loading with decreasing strain amplitude. 
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FrG. 9. a) Programme of cyclic loading for low-alloy steel (cycling in t ension-com-
pression) . b) Stress response to the strain-controlled cyclic loading shown in Fig. 9a. 
c) Stress response to the strain-controlled cyclic loading with constant strain ampli-
t ude. d) Stress response to the strain-controlled cyclic loading with decreasing strain 
amplitude. e) Stress - plastic strain diagram of the stress response to the programme of 

cyclic loading with decreasing strain amplitude. 
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results for the cyclic loading with constant total strain amplitude are illustrated 
in the form of the stress-strain diagram. As it is clearly seen, the saturation cycle 
was achieved for the assumed programme of constant strain amplitude cycling 
relatively quickly, since it required only five fu ll cycles. The same effect was also 
achieved for the remaining tests carried out for other directions of cyclic loadings. 
An example of a typically observed stress response due to the programme of cyclic 
loading with decreasing strain amplitude is shown in the next two diagrams. In 
Fig. 9d, the stress versus total strain is presented, whereas in Fig. 9e a diagram 
of stress versus plastic strain is shown. 

In the case of the steel, independently of the cyclic loading paths considered, 
no essential differences in the width of the loops were observed, what distinguishes 
the results from those obtained for aluminium alloy. 

T he cyclic curves for aluminium alloy determined for all directions of cyclic 
deformation are compared in Fig. 10. All these curves exhibit different courses 
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FIG. 10. Stress-strain curves of aluminium alloy for various directions of proportional 
cyclic loading. 

and shapes. On the basis of cyclic curves, the cyclic yield locus has been deter-
mined, Fig. 11. Such a surface represents the ability of the material to variation 
of mechanical parameters due to cyclic deformation for different orientations in 
the plane stress state. It has been determined for the same yield offset as that 
used to obtain the initial yield surface (corr = 5 x 10-5 ) in order to enable the-
ir comparison. Comparative studies of the shapes and dimensions of the initial 
and cyclic yield surfaces, Fig. 11, show that the history of cyclic deformation in 
the plastic range induces hardening of the material. It is interesting to note that 
the greatest hardening was achieved in the directions of tension and compression 
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FIG. 11. Comparison of the cyclic yield surface with the initial yield locus for aluminium 
alloy. 

while the smallest hardening was observed in the direction coincident with that 
of the initial anisotropy resulting from the forming processes (this direction cor-
responds to torsion-reverse torsion). It is clear that the initial anisotropy was not 
forgotten due to t he cyclic process. 

The cyclic curves for the steel determiued for all directions of cyclic defor-
mation are compared in Fig. 12. Contrary to the results for aluminium alloy, al l 
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FT G. 12. St ress-strain curves of low-alloy steel for various directions of proportional 
cyclic loading. 



http://rcin.org.pl

0;\ TITE CYCLIC YIELD SURT'ACE Of' ｓｏｾｉｅ＠ Ei:\G I7\EERIJ\G MATERIALS 801 

these curves show a similar course aml shape, especially at low level of the plastic 
strain (up to 0.01%). Here again, on the basis of cyclic curves, the cyclic yield lo-
cus has been determined, Fig. 13. Since the cyclic yield surface has been obtained 
for the same yield offset as that used to obtain the initial yield surface, it is easy 
to compare them and formulate the concludiug remarks. Analysis of the shapes 
and dimeusious of the initial and cyclic yield surfaces proves that the history of 
cyclic deformation in the plastic range for al l directions induced softening of the 
material. It is interesting to note that, iudepeudently of the anisotropy observed 
in the as-received material, the centre of the cyclic yield locus is located in the 
origin of the co-ordinate system. Hence, it can be concluded that in steel, an ini-
tial auisotropy was forgotten due to the cyclic process, and the material exhibits 
a memory for the prestress induced during cyclic deformation. 

1
ry ＴＰＰ ｾＭＺｾ ］］ ］］］］］］］］］］］］］］ｾ］］ｾＭ［ＭＭＱ＠(MP a) 
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FIG. 13. Comparison of the cyclic yield surface with the initial yield locus for low-alloy 
steel. 

After cyclic predeformation, yield surfaces for selected offset strain were de-
termined by the technique of sequential probes of the single specimen. All yield 
surfaces determined for aluminium alloy after cyclic loading along selected pro-
portional paths are shown in Fig. 14 for the offset strain equal to 5 x 10- 5 . They 
are compared with the initial yield surface, plotted in the middle of Fig. 14, for 
the same offset strain. Numbers from 1 to 8 denote the data obtained for the ma-
terial after different proportional cyclic loading paths, the orientation of which 
was described by cp = 0°; 45°; 90° ; 135°; 180°; 225°; 270°; 315° , respectively (cf. 
with Fig. 3). Points in Fig. 14 denote experimental results , while ellipses represent 
the best fit obtained by using equation ( 4.3). Yield surfaces, of the same offset, 
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for the aluminium alloy prestrained due to cyclic loading have significantly gre-
ater dimensions in comparison to those for the ini tial yield surface. This means 
that the aluminium alloy tested after cold work exhibits hardening efrcct iu the 
strain range considered. Since the evolution and mutual location of the yield loci 
are not clearly reflected in Fig. 14, they are compared together in Fig. 1Ga, b. In 

"rxy 200 ＬＮＮＮＭ［ＭＭＭ［Ｍｾ］［ＺＺＺＺＺＺ［ＺＺＺＭＭ［ＭＭＭ［ＭＺＭ ＭＬ＠
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FIG. 14. Experimental points and fitted yield surfaces for aluminium alloy prestraincd 
due to cyclic loading along various proport ional paths, offset strain 5 x 10- 5 . 

order to keep clear view, the data points in Fig. 15a, b are omitted. Numbers in 
both figures denote orientations of the proportional cyclic loading paths. Shown 
in Fig. 15a are yield surfaces for the material prestrained due to cyclic loading 
in directions described by cP = 0°j cP = 90°j cP = 180°; cP = 270°' whereas in 
Fig. 15b are shown subsequent yield surfaces for the remaining cyclic loading 
paths considered in the experimental programme. The shape analysis of these 
yield surfaces leads to the conclusion that the dimensions of yield locus are de-
pendent on the direction of cyclic preloading. The greatest hardening effect was 
achieved in the tension and compression directions. It is shown that the sense of 
the loading direction in the first cycle for the chosen direction changes solely the 
location of the yield locus centre without any other visible differences, especially 
in the shape and dimensions of the surface. It was confirmed for all the directions 
examined. 
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FIG. 15. Comparison of the initial yield surface with subsequent yield loci (aluminium 
alloy) a) after prestraining due to cyclic loading along the following proportional strain 
paths: 0° , 90° , 180° , 270°, offset strain 5 x 10- 5 ; b) after prestraining due to cyclic 
loading along the following proportional strain paths: 45°, 135°, 225°, 315° , offset strain 

5 X 10- 5 . 
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In the next two figures are shown the results for steel. In Fig. 16 are presented 
experimental points together with ellipses reflecting the shapes and dimensions 
of the subsequent yield surfaces which have been determined using the yield 

txy(MPa) 
2()()..,.-,.---.,....-....,..-----, 

-1 

-I 00 0 I 00 200 300 
Oxx (MPa) 

-2001+--t-+-r---r---i--! 
-300·2 -100 0 100 200 3 

a"" (MPa) 

FIG. 16. Experimental points and fitted yield surfaces for the steel prestraine<.l due to 
cyclic loading along various proportional paths, offset strain 5 x 10_ ,,. 

condition in the form of equation ( 4.3). As it is clearly seen, a good agreement 
is achieved between the experimental data and the results following from the 
approximation. Similarly to the data analysis of aluminium alloy, in order to 
enable accurate assessment of the steel yield loci variations, in Fig. 17 a, b are 
shown subsequent yield surfaces at one co-ordinate system without experimental 
points. They are compared with the initial yield surface (bold line) for the same 
offset strain ( Coff = 5 X w-5) . Again numbers in both figures denote orientation of 
the proportional cyclic loading paths. Yield surfaces, of the same offset strain, for 
the steel prestrained due to cyclic loading have significantly smaller dimensions 
in comparison to those for the initial yield surface, so they are located within it. 
This means that the low-alloy steel tested after cyclic cold work exhibits softening 
effect in the strain range considered. The shape analysis of these yield surfaces 
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FIG. 17. Comparison of t he initial yield surface with subsequent yield loci (low-alloy 
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leads to the conclusion that the dimensions of yield locus are dependent ou the 
direction of cyclic preloadiug. The greatest softening effect was always achieved 
in the direction which was coincident with that used in the preliminary cyclic 
deformation. The effect of the cyclic loading sense in the first cycle is clearly 
illustrated in Fig. 17a for example for cp = 90° and cp = 270°. It is shown that the 
sense of the loading direction in the first cycle for the chosen direction changes 
solely the location of the yield locus centre without any other visible differences. 
It was observed for all the directions examined. 

More accurate analysis concerning the degree of the prestraining effect can 
be attained on the basis of graphical illustrations of the variation of yield surface 
dimensions as a function of the predeformation direction. The variation of the 
major and minor semi-axes of the subsequent yield surfaces for the steel due to 
cyclic prestraining is shown in Fig. 18 as a function of cyclic loading direction. 

18G2A low-alloy steel 

ＳＰＰＭｲＭＭＭＭＭＭｾＭＭＭＭＭＭＭＭ ＭＭＭＭＭＭＭＭＭＭ ＭＭＭＭＮ＠
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FIG. 18. Variations of the major and minor semi-axes of subsequent yield surfaces for 
the steel. 

The same diagram for the aluminium alloy is presented in Fig. 19. From these 
diagrams it can be observed how the cyclic deformation changes basic dimensions 
of the yield surface. 

The major semi-axis of the initial yield surface for steel was equal to 326 
MPa, while the minor one was equal to 204 MPa. The same dimensions for the 
aluminium alloy were 341 MPa and 150 MPa, respectively. 

The effect of softening is clearly demonstrated for the steel in Fig. 18. The 
maximum softening observed for this material was achieved for those directions 
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which were coincident with the cyclic ones. Moreover, a confirmation of the conc-
lusion that for t he selected proportional load ing path, the degree of softening was 
not sensitive to the sense of loading, can be easily found. For example, the de-
gree of softening for the "positive torsion-negative torsion" direction was almost 
the same, independently of the sense of cyclic process initiation, i.e. the positive 
torsion (90°) or the negative torsion (270°). The smallest softening effect was 
observed for the direction perpendicular to that at the cyclic loading used. 
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FIG. 19. Variations of the major and minor semi-axes of subsequent yield surfaces for 
the aluminium alloy. 

Completely opposite effects were observed for the aluminium alloy, F ig. 19. 
The material generally exhibits a hardening effect . Although for the directions 
coincident with cyclic loading the maxi mum hardening was observed, the degree 
of this effect was not the same for all the directions considered. It is interesting to 
note that for the aluminium alloy there were no clear differences in the magnitude 
of minor axes of the subsequent yield surfaces. The reason of such behaviour 
results from the manufacturing processes used to produce rods of aluminium 
alloy. These processes induced anisotropy which could not be changed by the 
cyclic loading applied in the experimental programme. 

In Fig. 19 it is also easy to find a confirmation of the conclusion that for the 
selected proportional cyclic loading path the degree of hardening was almost not 
sensitive to the sense of loading. For example, the degree of hardening for the 
tension-compression direction was almost the same (the difference was less than 
5%), independently of the sense of t he cyclic process initiation, i.e. the tension 
(0°) or the compression (180°). 
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It is interest ing to study how cyclic deformation influences the rotation of yield 
surfaces. In the case of steel tes ted, the rotation depends on the cyclic loading 
path. Experimental data illustrat ing the rotation of the initi al yield locus due 
to cyclic loading path orientation a re shown in Fig. 20 in form of circles for the 
steel, and crosses for the a luminium alloy. Lines in this fi gure correspond to the 
approximations carried out using the least squares method. A significant rotation 
of the yield surface is observed for the steel. It depends on the orientation of the 
cyclic loading path . However, as it is shown in Fig. 20 , the angle of rotation of 
the yield surface almost does not depend on the sense of loadi ng. It means that 
there are no significant differences in rotation for cyclic loading determined by 
those cp which describe the same direction, that is 0° and 180°,45° ami "220°, D0° 
and 270°, 135° and 315° . 

ＲＰＭｲ ｾ］］］］］］ ］］］］］］ ］］ｾｾＭＭ ＭＭＭＭＭＭ ＭＭ ＭＬ＠Rotation 
of yield surface 

[deg] 
10 

0 

-10 

0 45 90 135 180 225 270 315 360 
Direction of cyclic loading [deg] 

F IG. 20. Comparison of t he yield surfaces rotation due to cyclic prestraining. 

In the case of aluminium alloy the results show an opposite effect, that 
is there was not observed any signifi.cant rotation of the subsequent yield surfa-
ces due to the same programme of cyclic loading as t hat applied during the 
steel tests. 

In order to complete the analysis of both materials, in F igs. 21 and 22 are 
presented the variations of yield limits due to cyclic prestraining for the low-alloy 
steel and aluminium alloy, respectively. Init ial values of the yield limits obtained 
for the same offset strain equal to 5 x 10-5 are shown in Table 3 for the low-alloy 
steel and in Table 4 for the aluminium alloy. 
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Table 3. Yield limits for t h e as-received low-alloy steel 
(offset st r ain 5 X 10- 5 ) . 

Tem;ion yield Compression y ield Torsion y ield Reverse torsion 
limit limit limit y ield limit 

372 MPa 280 MPa 198 MPa 210 MPa 

Table 4 . Yield limits for the as-received alum inium alloy 
(offset strain 5 x 10 5 ) . 

Tension yield Compression yield T orsion y ield Rever se torsion 
limit limit li mit yield lim it 

341 MPa 341 MPa 150 ｾｦｐ ｡＠ 150 MPa 

899 

All yield limits considered for the steel decreased after cyclic prestraining. 
Maximum decreasing of the corresponding yield limits was obtained for the di-
rections coincident with cyclic loading. As shown in Fig. 21, the tension and 

Variation of 
yield limits 

[MP a] 

18G2A low-alloy steel 
• compression yield limit (1) 
+ tension yield limit (2) 
.a. torsion yie ld limit (3) 
.., reverse torsion yield limit (4) 

0 45 90 135 180 225 270 315 360 
Direction of cyclic loading [deg] 

FIG. 21. Variations of yield limits due to cyclic prestraining of t he steel. 

compression yield limits do not differ considerably after prestraining. Since these 
parameters before cyclic loading differ by more than 20%, it can be concluded 
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tha t the process of cyclic prestrainiug caused forgetting of the iuitial auisotro-
py resul t ing from the manufacturiug processes of rods used as the blanks for 
specimens. 

In the case of the alumiuium al loy, almost all yield limits increased (except 
the tension yield limits for the directious of cyclic loading described by the value 
of <P equal to 45° , 90° and 1 3G0

) after cyclic loading in comparison to t hose 
determined for the material iu the as- received state. Contrary to the steel, the 
torsion and reverse torsion yield limits for the aluminium alloy after prestraining 
do not depend on t he cyclic loadiug direction. For all directions the same values 
of these limits were obtaiued aud they can be approximated with a good accuracy 
by straight lines, Fig. 22. Such a result suggests that the range of strain realised 
during cyclic loading was uot sufficient to change the ini tial anisotropy of the 
aluminium alloy, and t he material s till exhibits a memory for the maximum 
prestress induced during the manufacturing processes. 

500 
Variation of 
yield limits 

[MPa) 400 

300 

100 

PA6 aluminium alloy 

0 45 90 135 180 225 270 315 360 
Direction of cyclic loading [deg) 

FIG. 22. Variations of yield limits due to cyclic prestraining of t he aluminium alloy. 

6. Applicability assessment of the cyclic yield surface concept 

Having cyclic curves and the results from monotonic loading tests used to 
obtain subsequent yield surfaces for the materials tested after prestraiuiug, the 
directions of maximum softening/ or hardening due to cyclic loading can be iden-
tified in the strain range considered. It can be done using two methods. Using 
the first method, the cyclic yield surface shown earlier, can be constructed on the 
basis of cyclic curves. 
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Iu t he second method, a surface being an envelope of all yield loci determined 
for the cyclically prestrained material can be constructed. Such a surface can 
be obtai11ed on the basis of stress-strain diagrams coming from the first probes 
of the single-specimen method used to determi11e the subsequent yield surfaces. 
To construct this surface, the results obtained from eight first probes were used . 
Since each time the first probe was taken to be coincident with the direction of 
the first cyclic loading, the experimental programme for both materials enables us 
to determine eight points creating the envelope mentioned above. Assuming the 
yield offset to be c0 rr = 5 x 10- 5 , the surfaces being envelopes of all subsequent 
yield loci presented in Fig. 14 for the aluminium alloy and in Fig. 16 for the steel, 
can be constructed. In the case of steel, the surface obtained in this way represents 
the maximum softening of the material. In Fig. 23 it is compared with the cyclic 
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FIG. 23. Comparison of t he envelope of subsequent yield surfaces, reflecting directions 
of maximum material softening due to cyclic loading, with t he cyclic yield surface, offset 

strain 5 X 10- 5 (results for the steel). 

yield surface determined on the basis of cyclic curves, F ig. 12, and with t he initial 
yield locus. As it is clearly shown, a close agreement was achieved in locations 
and sizes between the cyclic yield surface and the envelope. Thus, it confirms t he 
equivalence and applicability of both methods of mechanical properties analysis 
for the steel subject to prior cyclic deformation in the plane stress state. 
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In the case of aluminium alloy, the surface being an envelope of all subsequem 
yield loci is shown in Fig. 24 . 

'txy 
[MPa] 400 

200 

0 

-200 

• points of the subsequent yield surfaces 
reflecting directions of cyclic loading 

A. points of the initial yield surface 
• points of the cyclic yield surface 
--r-----,--- -- -------r-- -- -r--

1 

------1------1---
1 
I 

-400 -200 0 200 400 
<Jxx[MPa] 

FIG. 24. Comparison of the envelope of subsequent yield surfaces, reflecting directions of 
maximum material hardening due to cyclic loading, with the cyclic yield surface, offset 

strain 5 x 10 5 (results for the aluminium alloy). 

It is compared with the cycl ic yield locus as well as with the initial yield 
surface. Contrary to the steel specimens, significant differences can be observed 
between the cyclic yield surface and the envelope. In view of this, the questiou 
arises why for one material a close agreement can be achieved between the cycl ic 
yield surface and the envelope, but for the others considerable discrepancies are 
observed? In order to explain this problem, we must return to the results concer-
ning cyclic loading. It has been shown for the aluminium alloy that the saturatiou 
cycle was not achieved during cyclic loading with the constant strain amplitude. 
The results for steel indicate that in order to obtain the saturation cycle, only a 
few full cycles with constant strain amplitude were necessary. It seems that the 
lack of stable behaviour of the aluminium alloy during cyclic loading applied is 
the main reason for the differences between the cyclic yield surface and the enve-
lope. Therefore, it can be stated that the applicability of the cyclic yield surface 
concept to the mechanical properties analysis is limited to those cases in which 
the material tested reaches the stable hysteresis loop during proportional cycl ic 
loading. 
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7. Final remarks 

Determination of the true constitutive equatious for cyclic plasticity provides 
many difficulties since, up to now, the majority of experimental investigations ha-
ve been carried out at uniaxial stress staLes. T herefore, the available experimental 
data for multiaxial stress conditions are Jimi ted and, as a consequence, they do 
110t fully reflect all aspects of the material behaviour under cyclic loadings. Since 
the paper presents the results of tests carried ou t under complex stress state, it 
completes somehow the lack of data in this area aud my be useful in modelling 
the material behaviour. The data obtained allow us to formulate a few important 
concluding remarks. 

It was observed that the shape am! location of the initial yield surfaces de-
tennilled for both the aluminium alloy and steel, for clearly defined yield ofrset, 
identify the anisotropy of the materials coming from the manufacturing proce-
sses. 

A cyclic loading programme induces softening of the steel in the considered 
strain range accompanied by a remarkable reduction of the yield loci dimensions. 
In the case of aluminium alloy, the same programme induces the hardening effect 
reflected by the increase of yield loci dimensions. 

The amount of softening in the case of s teel, and hardening in the case of 
aluminium alloy depends on the direction with respect to cyclic prestraiuiug. 
The greatest effects were always observed in the same direction as that used 
during predeformation process whereas the smallest ones were observed in the 
direction perpendicular to that in the cyclic loading applied. 

If the number of cycles is sufficient to achieve the state of saturation, the 
concept of the cyclic yield surface reflects well the ability of a material to change 
mechanical properties due to cyclic deformation in different orieutatious of the 
plane stress state. 

The analysis of the dimensions of the cyclic yield surface for the 18G2A 
steel proves that the material exhibits the same softening level for all directions 
examined , and moreover, it forgets the initial anisotropy induced during strain 
history coming from the manufacturing processes. The same analysis for the 
aluminium alloy proves that the material exhibits various amounts of hardening, 
depending on the initial anisotropy. 
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