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In THIS PAPER, we shall review earlier work on canonical forms in linear elasticity, and
applications to the classification of conservation laws (path-independent integrals).

1. Introduction

THE DETAILED investigation of complex mathematical objects can often be sim-
plified through the use of specially adapted coordinate systems in which the
object takes a simple “canonical form”. Elementary examples include the Jor-
dan canonical form of a square matrix, Sylvester's Theorem on the represen-
tation of a quadratic form as a sum of squares, and Darboux’ Theorem on
the canonical form of Hamiltonian structures. In elasticity, the determination
of canonical forms for elastic materials, either linear or nonlinear, is more recent.
LEKHNITSKII [14], and TING [33], discuss canonical forms and invariants for elas-
tic moduli under the physically based class of rotations. In [22] canonical forms
for two-dimensional materials under general linear transformations were found.
These were extended to planar displacements of three-dimensional materials in
[25] with further refinements in [9]. The classification of canonical forms in fully
three-dimensional materials is, however, not known. Applications of these results
to the classification of conservation laws or path-independent integrals appear
in [8, 9, 10, 20, 23]. Using a remarkable mathematical correspondence between
planar elastic and dielectric media, MILTON and MOVCHAN [16], have applied
the planar canonical forms to study waves in an anisotropic dielectric medium.

2. The equations of elasticity

The equations of hyper-elasticity constitute a self-adjoint, quasi-linear system
of second-order partial differential equations for the deformation (or, in the linear
case, displacement) u = f(x). Here u = (ul,...,u?) € RY and x = (21,...,Zp)
are the material coordinates in the elastic body 2 C RP. For planar elasticity,
p = q = 2, while p = ¢ = 3 for fully three-dimensional elastic media. The Stroh
formalism discussed below applies to a hybrid case, that of planar displacements
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390 G. HATFIELD AND P.J. OLVER

of three-dimensional bodies, where p = 2, while ¢ = 3. When p = 2, we will
sometimes use the notation x = (z1,2) = (z,y) and u = (u!, u?,u?) = (u, v, w).
The equilibrium equations are the Euler-Lagrange equations for the stored energy
functional

(2.1) Wiu] = f W (x, Vu) dx
7

The physical conditions of frame indifference, strong ellipticity, etc., will restrict
stored energy functions which are of relevance to elasticity, although our initial
remarks apply to quite general variational problems. The stored energy is not
uniquely determined by its Euler-Lagrange equations, since we can add any di-
vergence, replacing W by W + DivP, although this will, in general, alter the
natural boundary conditions associated with the problem.

At a fixed material point x = b and a fixed value of deformation gradient u =
F, we define the symbol of the variational problem (2.1) to be the “biquadratic”
polynomial
(22) Qur(xu)= ) alld (b, F) u'v*z;z x€RP, ueR?
PR & duouf i , .
The symbol is unaffected by the addition of a null Lagrangian to W. The Legen-
dre - Hadamard condition requires that the symbol @ be positive definite in the
sense that
(2.3) Qb r(x,u) >0 whenever x#£0, uz#0,

for all b € {2, and F such that det ¥ > 0. For simplicity, we will restrict our
considerations to homogeneous materials, whereby the stored energy function
W (Vu) depends only on the deformation gradient.

In linear elasticity, the stored energy is a symmetric quadratic function of the
displacement gradient

(2.4) Wiu] =

j k
z 8‘“‘1 Bu A%

Qijkl 73— 7—
ke o
The equilibrium equations are the associated Euler-Lagrange equations:

a2uk
2.5 =000 o=V
( J JZH Qijkl 311?131‘1 i q

The values a;ji are the variational moduli. For a general quadratic variational
problem (2.4), the symbol @ is independent of the value of the displacement
gradient F', and also the material point b provided the body is homogeneous. It
can be found directly by replacing Vu in W by the rank one tensor xeu = u-x:

(2.6) Q(x,u) = W(xeu) = Z Qijkl U ik T;%T] .
..k,
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CANONICAL FORMS AND CONSERVATION LAWS 391

Since every quadratic divergence is a linear combination of the 2 x 2 Jacobian de-
terminants 9(u', u¥)/d(x;,z;), a homogeneous quadratic stored energy function
is uniquely determined by its symbol up to a divergence.

In the case p = ¢, the assumption of frame indifference requires that the

1
stored energy (2.4) depends only on the strain tensor € = E(Vu + vuTl), so

(2.7) Wiu] = fZgU £ij dx _f > cijkiijer dx,

n ikl

where ¢ = C(¢g) is the associated stress tensor. In this case, the equilibrium
equations (2.5) take the form
(2.8) Dive = 0.

The fourth rank tensor C = (¢;jx1) is the elasticity tensor. The components of C
are called the elastic moduli or elasticities of the material, and have the following
symmetries

(2.9) Cijkl = Cjiki = Cijlk = Cklij -

There are 21 independent elasticities in three-dimensional problems and 6 inde-

pendent moduli in two-dimensional problems. The symmetry restrictions (2.9)
imply that the symbol is symmetric, i.e. Q(x,u) = Q(u,x).

3. The Stroh formalism

The Stroh formalism [5, 31, 32, 33] deals with the hybrid case of planar dis-
placements, p = 2, of a three-dimensional body, ¢ = 3. For any displacement u
that satisfies (2.8), there exist three stress potentials @ = (¢'(x), $?(x), ¢*(x))

such that , .
folo) o'

1 g=— age=a,

We define the following 3 x 3 matrices:

i=1,2,3.

(3.2) Q = Qij = ci1j1, T =Ti; = cizja2, R = R;j = cija-

We note that @ and 7" are symmetric and positive definite. We then construct
the following 6 x 6 matrices:

(3.3) M; = [“RT o]

o

The relations (2.8), (3.1), can be rewritten as

- [3 ]

R I

aY oY
(34) M1 oz = M‘Z % ¥

u

where Y= [ &

]eRﬁ.
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392 G. HAaTtriELD AND P.J. OLVER

The 6 x 6 matrix

-1pT -1
(3.5) N=M'M=| 50 z ki
is called the fundamental elasticity matriz.

The characteristic polynomial s(A) of N is a sixth-degree polynomial known
as the “Stroh sextic”. Since the strain energy is positive definite, so is s(A), [5],
and hence its roots come in three complex conjugate pairs. If the matrix N is
diagonalizable, the material is called nondegenerate. Let py,p2,ps be the eigen-
values with positive imaginary part, and V, € C® the corresponding complex
eigenvectors. In the nondegenerate case, the general solution to (3.4) has the
form

3
(3.6) Y=3 [va‘fo(zo) +V’Z'fa(za)]-
a=1

Here the Stroh functions f, are arbitrary complex-analytic functions of their

A
5
with Ay, B, € C?, the vectors A, are called the Stroh eigenvectors. 1t is easy to
show that they satisfy (no sum):

respective argument z, = = + poy; see [33] for details. If we write V4 = [

(Q+Pa(R + RT) + p3T) Aa =0,
B, = (RT +paT) A, = _pi (Q "f’paR) A,,

x

(3.7)

where p, is the corresponding root of the Stroh sextic. The solution for degener-
ate materials, which includes the isotropic case, is similar, but more complicated;
see [33] or [9] for explicit formulations.

The Stroh formalism reduces to the well-known MUSKHELISHVILI [17] ap-
proach in the planar case. The Stroh sextic now reduces to a quartic polyno-
mial with two complex-conjugate pairs of roots. The solution (3.6) is similar,
but the sum only goes from 1 to 2. The Airy stress function is U(z,y) =
2 Re[Uj(z1) + Ua(2z2)] where U, are arbitrary analytic functions of z,, with
fa(za) = Ul (2a) giving the solution (3.6).

4. Changes of variables

In the calculus of variations, the basic equivalence problem is to determine
when two variational problems can be transformed into each other by a suitable
change of variables. For nonlinear variational problems in several independent
and dependent variables, there is as yet no solution, although preliminary anal-
ysis based on the powerful Cartan equivalence method, [27, 28], has been done.
The first of the invariants arising from the Cartan method is the symbol (2.2),
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CANONICAL FORMS AND CONSERVATION LAWS 393

and so we must understand canonical forms for linear variational problems before
further progress in the general nonlinear problem is possible.

In the case of linear elasticity, we may restrict our attention to linear changes
of variables:

(4.1) X —r Ax, u— Bu.

In the elastic case, we choose B to be a scalar multiple of A~T to preserve the
symmetry constraints. Under the change of variables (4.1), the stored energy is
transformed according to

W (Vu) — W (Vu) = W(B VuAd™?) | det A|.

Our fundamental problem, then, is to determine matrices A and B which will
simplify the elastic moduli ¢;j;; (or variational moduli a;;z; in the general case)
as much as possible. Stated in this form, the question appears to be quite natural
from the mathematical point of view, even though it may not have an immediate
physical motivation. Indeed, the linear maps determined by the matrices A and
B will not in general have any direct physical interpretation, except in the special
case of orthogonal transformations (rotations), when they represent a physical
change of frame, [14, 33].

The linear change of variables (4.1) acts on the symbol via Q(x,u) —
Q(Ax, Bu). (Actually, one should replace A by a multiple of A7, but this does
not affect the discussion.) Thus we are led to the purely algebraic problem of
determining canonical forms for biquadratic polynomials under the change of
variables.

We now discuss the relevant algebraic properties of biquadratic symbols, con-
centrating on the cases p =g =2 and p = 2, ¢ = 3. (Note that if either p = 1 or
q = 1, the symbol is an ordinary quadratic polynomial, whose canonical forms,
determined by Sylvester’s law of inertia, are well known. In particular, only the
rank and signature are invariants, and there are no canonical moduli in these
special cases.) Let us write the symbol in the matrix form

(4.2) Q(x,u) = u” R(x)u,

where, assuming strong ellipticity, R(x) is a real ¢ x ¢ symmetric, positive-definite
matrix of homogeneous quadratic polynomials of the variables x. Just as the
analysis of ordinary real polynomials requires an understanding of their com-
plex roots, and so we may regard x and u as complex vectors, and () as a
complex-valued biquadratic polynomial. By the strong ellipticity assumption,
for generic vectors x € CP, the matrix R(x) has full rank; it is important to
distinguish the exceptional points where R has less than maximal rank. Define
the discriminant

(4.3) Ay(x) = det R(x),
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394 G. HATFIELD AND P.J. OLVER

which is a homogeneous polynomial of degree 2q. A root of A,(x) is a nonzero
vector 0 # x € CP satisfying Ay(x) = 0. Homogeneity of the symbol polyno-
mial implies that we should identify roots that are complex scalar multiples of
each other. The roots of the discriminant play a crucial role in the classification
of these biquadratic polynomials, and hence of quadratic variational problems.
Strong ellipticity implies that the roots always appear in complex conjugate
pairs. Interestingly, in cases covered by the Stroh formalism, the discriminant is
the same as the Stroh quartic or sextic: s(A) = Ay(A, 1).

Clearly, one can interchange the roles of x and u in the above discussion,
producing a corresponding discriminant Ay (u). Except in the symmetric elastic
case with p = ¢, these two polynomials are not the same (indeed, if p # g, they
do not even depend on the same number of variables), nor are their roots easily
compared. Nevertheless, there are subtle and remarkable relations between the
roots of the two discriminants. For example, in the planar case p = ¢ = 2, the
discriminant A, (x) has simple roots if and only if Ay(u) does. However, it is not
true that if A,(x) has a double root then Ay(u) has a double root, although it
does have a root of multiplicity at least two; see [24].

5. Canonical elastic moduli

The number of canonical moduli can be determined directly by a simple di-
mension count. A general biquadratic polynomial or symbol Q(x,u) depending

on x € RP, and u € R? has a total of Zp(p + 1)g(g + 1) independent variational

moduli. The possible changes of variables (4.1) will involve p® + ¢* arbitrary pa-
rameters, but the transformation just rescaling x (where A is a multiple of the
identity) has the same effect as that rescaling u, so there are p? + ¢* — 1 inde-
pendent parameters at our disposal. Thus, in general, we expect the canonical
quadratic variational problem to depend on

P(P'*’l)f(QWLl)*pz_qz_'_l

canonical moduli. For planar elasticity, p = ¢ = 2, so we will find just 2 canonical
elastic moduli. In three dimensions, we should obtain 19 canonical elastic moduli;
however, imposing the symmetry conditions (2.9) reduces the count to 12. In the
case p = 2, ¢ = 3 covered by the Stroh formalism, we expect 6 independent
canonical elastic moduli.

5.1, The planar case

In the case of planar elasticity, p = ¢ = 2, the discriminant Ay(x) is a
homogeneous quartic polynomial of the two variables x = (z,y), which has either
two complex conjugate pairs of simple roots, or a complex conjugate pair of
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double roots. In the former case, we can find a real linear change of variables
which moves the roots onto the imaginary axis, to (1, £71), (1, £7714), for some
7 > 1. (The constant 7 is an invariant associated with the roots of the quartic.)
In the latter case, we move the roots to (1,=:). Performing the same change of
variables on the other discriminant Ay(u) (where, according to theory, the value
of 7 is necessarily the same), it can be proved, [22], that the symbol thereby
reduces to one of “strongly orthotropic” form

(5.1) 22u? 4 y?0? + a(y?u? + z2%0?) + 2Bzyuv,
where the canonical moduli o, f satisfy the inequalities
(5.2) a >0, B >0, | — 1| > B,

in the case when the discriminant has simple roots, or

(5.3) 0<a<l, B=1-a,

in the case of double roots. The corresponding stored energy function is given
by the orthotropic Lagrangian

(5.4) u? + aug + 2Bugvy + cmg + v:.
In fact, the Lagrangian (5.4) is, modulo a null Lagrangian, just a rescaled version
of the standard stored energy of a linear, planar orthotropic elastic material

2

2 2
(5.5) ez + cr212(uy +vz)° + 2c1122u5vy + C2220vy -

Indeed, after adding the null Lagrangian c¢212(uzvy — uyv;), a simple rescaling
will place this stored energy into the form (5.4), where

(5.6) i C1212 o C1122
. ey} e == i1}
v/ €1111€2222 3/ C1111€2222

The discriminant has a complex conjugate pair of double roots if and only if
the material is equivalent to an isotropic material, with a = p/(2u+X), B = (u+
A)/(2u+A), where A and p are the classical Lamé moduli. Moreover, the isotropic
stored energies are distinguished by the presence of a one-parameter symmetry
group corresponding to the rotational invariance of (5.4) when a + § = 1. Two
isotropic Lagrangians determine the same orthotropic Lagrangian if and only if
they have the same value for Poisson’s ratio. The cases when the discriminant has
simple roots, and the Lagrangian has at most discrete symmetries, correspond
to “truly” anisotropic materials.

THEOREM 1. Let W(Vu) be a homogeneous first order planar gquadratic
Lagrangian which satisfies the Legendre-Hadamard strong ellipticity condition.
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Then W is equivalent to an orthotropic Lagrangian (5.4), where the canoni-
cal elastic moduli o and B satisfy the strong ellipticity inequalities a > 0,
|B] < a+ 1. The corresponding Euler-Lagrange equations are thus equivalent
to the “orthotropic Navier equations”

(5.7) Ugs -+ auyy £ ,vay = 0! ﬁu:cy + QUzq + Uyy = 0'

The six components of the elastic tensor C can be summarized in matrix

form by
€11 €12 Ci
C= c22 C26 |,
Ce6

where c;; represents the standard contracted notation, [7]. In this version, the
canonical form is found to be

en c2 0
C= €11 0 .
C66

Note that it is possible to rescale so that ¢;; = 1.

See [22] for the explicit formulas for the change of variables taking a given
stored energy function into its canonical orthotropic form. One can reduce a
general strongly elliptic orthotropic stored energy (5.4) to a unique strongly
orthotropic Lagrangian satisfying the more restrictive inequalities (5.2) or (5.3),
using one or more of the three basic discrete equivalences taking the moduli
(e, B) to either

6 @a o« (G3) = (EeFsivers)

Therefore, except in a few “exceptional” cases, each orthotropic Lagrangian is
equivalent to seven different orthotropic Lagrangians.

REMARK. A complete set of canonical forms for general quadratic variational
problems in the case p = ¢ = 2 is known; see [24] for details.

5.2. The Stroh case

Turning to the case of planar deformations of a three-dimensional material,
ie. p = 2, ¢ = 3, we must determine canonical forms for a positive definite
“bi-ternary quadratic”

(5.9) Qlz,y;u,v,w) >0,  (z,y) #0, (u,v,w) #0.

Such a symbol will be the planar restriction of a three-dimensional elastic stored
energy function W provided it satisfies

(5.10) Qz,y;u,v,0) = Qu,v;z,9,0).
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The discriminant Ay (x) is a homogeneous sextic polynomial in x = (z, y), which,
according to the strong ellipticity assumption, has three complex conjugate pairs
of roots.

A stored energy function is called separable if there exist coordinates x, u such
that its symbol takes the form

(5.11) Q(z,y;u,v,w) = R(z, y;u,v) + s(z, y)w’.

Note that in this case, the Euler-Lagrange equations separate into a linear system
for u,v, and a single separate second order elliptic equation for w, so that the
problem essentially reduces to a problem for purely planar elasticity (with a
separate anti-planar problem). If R is isotropic, then the rotational symmetry
group can be used to diagonalize the quadratic polynomial s(x), but, in general,
we are left with the 4 parameter class of separable canonical forms

(5.12) u + auf, + 2Buzvy + aw? + Ug + yw? + 26wz wy + swg.

(One of the parameters v, §, £ can be eliminated by rescaling w.) Thus, the equi-
librium equations reduce to the orthotropic Navier equations (5.7) together with
a second order elliptic equation for w, which can be easily transformed into
Laplace’s equation, although not without changing the orthotropic form of the
planar part.

In the Stroh formalism, the essential elasticities can be summarized with the
three symmetric matrices Q, R + RT, and T, given by

C11 €16 Cis 2c16 ci2 +Ces C14 + C56
Cs6 C65 2c26  C46 + C25
Cs5 2¢45

Ca2 C24
Ca4q

Ce6 €26 C-m]

One can see that there are 15 independent moduli. The material is separable
when the third columns of these matrices are of the form [0 0 #]7. In [9] it was
shown that a material is separable if and only if one of the Stroh eigenvectors is
a re#l vector.

If the material if not separable, we have the canonical form [25],

ey 0 e 0 ci2+ces O cgg 0 cep
C66 C65 0 0 ci1 €4 | .
Cs5 0 C44

Note again that we may scale so that ¢;; = 1. These can further be refined if
the material is degenerate. It turns out that there are two inequivalent classes of
degenerate materials (8, 9],

en 0 as o Su + C12 ci—ciz g, £
€11 — C12 2 2
(5.13) e Cs56 0 0 c11 Cs6 |’
caq + 2c11 0 Ca4
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1
¢y 0" et 0 cio+ep 0 ern 0 C46
(5.14) ¥eu [ 0 0] 0

€11
Cc11 0 -2
(154 c“)_g 0 (c12 + €11)

If, in addition, there is only one Stroh eigenvalue, so N is “extraordinarily de-
generate”, then the canonical forms are either (5.13) with ¢;5 = 0 and ¢;2 =
[e11(2¢}; — c26)1/ (23 + c2g), or (5.14) with cqg = —1/2,/c17. For a discussion of
inseparable, degenerate materials, see [34].

5.3. Three-dimensional case

Complete canonical forms for the fully three-dimensional elastic tensor under
the action of the general linear group remains an open problem. LODGE [15]
has provided a set of necessary and sufficient conditions on the elasticities that
guarantee that the tensor can be transformed into an isotropic form. The general
problem is difficult due to the complexity of the expressions involved. A promis-
ing approach seems to lie in constructing the invariants under the action of the
general linear group. However, this also is an open problem. For the correspond-
ing work with respect to the action of the orthogonal group, see [11, 36] and the
references therein.

6. Conservation laws

By a conservation law for a system of partial differential equations, we mean a
divergence expression Div P = 0 which vanishes on all solutions. The conservation
law is called trivial if either P = 0 vanishes on all solutions, or Div P = 0 vanishes
for all u. Two conservation laws are equivalent if and only if they differ by a
trivial conservation law. So far, only first order conservation laws, meaning that
P(x,u, Vu) depends on at most first order derivatives, have been classified up to
equivalence.

The most well-known example of a conservation law or path-independent
integral in elasticity is the celebrated Eshelby energy-momentum tensor (4, 29],
which governs the energy release rate at a singularity [1]. In general, Noether's
Theorem [18, 26], provides a one-to-one correspondence between conservation
laws and symmetries of the variational problem. Surprisingly, this fundamental
result was not systematically applied in elasticity until the work of GUNTHER
(6], and KNOWLES and STERNBERG [13]. The latter claimed to have a complete
classification of all possible elastic conservation laws, but they failed to take
into account more general types of symmetries as well as particular constitutive
relations which can increase the number of laws. This prompted EDELEN [3],
to propose that “...a detailed cataloging of all invariance transformations and
conservation laws in linear elasticity would seem a worthy task”. This served to
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motivate us to initiate a systematic classification program for conservation laws
(19, 20, 23, 9]. In this section we review what is known to date.

6.1. Betti reciprocity

Any self-adjoint linear system admits a special class of conservation laws that
arise from Betti’s reciprocal theorem [7, Sec.30]. A Betti-reciprocity law takes
the explicit form

(6.1) DivP =0, where  P; = 0y — 50l

Here u, u are any two solutions of the equilibrium equations, with corresponding
stress tensors o, d.

In the linear case, each symmetry provides a recursion operator that produces
symmetries and conservation laws of arbitrarily high order. We conjecture that,
like the Laplace equation, [30], every higher order symmetry and conservation
law is generated by the first order ones. The higher order conservation laws have
not been investigated so far.

6.2. Two independent variables

The approaches and results for the planar case and the Stroh formalism are
similar and we will present them together. We consider first order conservation
laws DivP = D, P, + D, P, = 0. The conditions can be presented in the conve-
nient matrix form

(6.2) VP =MVP;, where M=

0. ars
—I (R+RT)T!|’

and V denotes the gradient with respect to to the derivative variables u} =

du' /0z;. The matrix in (6.2) is similar to —N, cf. (3.5), and hence its charac-
teristic polynomial is essentially the same as the Stroh polynomial. The general
solution to Eq. (6.2) depends on the Jordan structure of the matrix M and can
be found in [12]. For each complex conjugate pair of eigenvalues, we define the
complex variables

1
RV
pQQ a

Na = brg-Vu, where by = [
TAQ

is the corresponding eigenvector of M, and A, is the corresponding Stroh eigen-
vector. The index a ranges from 1 to either 2 in the planar case, or 3 in the
Stroh case. If the matrix is not semisimple, we use the generalized eigenvectors
to similarly define variables ¢ (and ( if there are two generalized eigenvectors).
The first result appears in [9, 23, 37); see also [35].
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THEOREM 2. Every nontrivial first order conservation law for a nondegener-
ate material is a linear combination of the Betti reciprocal laws and the laws P
corresponding to the eigenvalues p, of the elasticity matriz, where Fy(24,70) =
P + paPs' are complex analytic functions of their arguments zo = T + pay,
Na = Nal + Ma2 = fét(zﬂ)‘

If the material is degenerate (i.e. the matrix in (6.2) is irreducible), there are
several different cases.

6.3. Planar, irreducible

In the planar case, the material is equivalent to an isotropic material, If the
material is isotropic, one can solve for the eigenvectors explicitly. The explicit
form of the conservation laws in isotropic materials was first given in [20].

THEOREM 3. Ewvery degenerate planar material is equivalent to an isotropic
material. Every nontrivial conservation law is a combination of Betti reciprocity
and the laws given by

: o o COE e 8_6’ W :
(6.3) P, +pP, = F(z,n) _2Imp (ZE' - G(z,n]) +£an +ezn®+wen.

Here F' and G are analytic functions of n = m +ine, and z =z +py, ¢ is a
complex scalar, w is a certain linear combination of the displacements u,v.

6.4. Stroh, irreducible

In the Stroh formalism, if the matrix is irreducible, one can have either two
distinct pairs (one pair doubled) or one tripled pairs of roots. The following
results appear in [9].

THEOREM 4. Suppose M is irreducible with two real Jordan blocks. Let py be
the double root and py the simple root with positive imaginary parts. Then every
nontrivial conservation law is a combination of Betti reciprocity and the laws
P, P, where

1
2Im py
Py + 2P, = Fy(z2,m2).

G = oG
P, +p1 P = Fi(z1,m) — (216—31 + G(Zlam)) +<fa—?}.1 +eq et +wem,

Here F; and G are analytic in 1, = bg:-Vu and zo = T + pay, ¢ is a compler
scalar, and w 1s a certain linear combination of the displacements u. The terms
¢Z1-n7 +w-m are nontrivial if and only if the material is separable.

THEOREM 5. Suppose that M is irreducible with one real Jordan block, and
let p = py + ipy be the corresponding triple root with positive imaginary part.
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Every nontrivial conservation law is a combination of Betti reciprocity and the
laws P with components

G i 0°H OH i 1 -
P +pP,=F —_——— e iy + —H
1+ pla = +£6?} i G+£ 3n2+2can f 2'9% )
where
1 _0Gy 1 (72 8%H dH
F = F - - Te— | —eyz:n® i
0(z7) 2p2 Oz  2p? (2 i 33) AFH G
B X 1 _OH L b
G = Go(z,n) 25 3

The functions Fy, Gy and H are complex analytic in their arguments, the c; are
complex scalars, and w is a certain linear combination of the displacements u'.

There is some subtlety between repeated roots and irreducible matrices. In
general, distinct eigenvalues implies that a given matrix is semisimple but not the
other way around. If the Stroh sextic has one tripled pair of complex conjugate
roots, then the matrix N will have one real Jordan block if and only if the
material is inseparable. If the material is separable, there are exactly two real
Jordan blocks. On the other hand, if the Stroh sextic has one doubled pair of
roots and a second distinct pair, then the matrix N is semisimple if and only
if the material is separable and the two root pairs corresponding to the planar
part are distinct. See [9] for details.

6.5. Three independent variables

Finally, let us consider the full three-dimensional case. In general, the number
of conservation laws a material may have, depends whether or not the elastic-
ities satisfy certain nondegeneracy conditions; these are closely related to the
symmetry class of the elastic tensor. In particular, certain materials have more
conservation laws than a generic material. We first state all the conservation laws
which exist in all three-dimensional materials, regardless of its symmetry, [2].

THEOREM 6. Ewvery nontrivial conservation law which exists for all three-
dimensional materials is a linear combination of the following laws:
i) the stress Oij = ijk;-uf",

ii) the Eshelby energy-momentum tensor Pi, = kli uu,L é mClikrs* uk
where 8¢, is the Kronecker §,
; e L
iii) the “scaling” density Y' = 2’/ P} + Eujo,;j, and

iv) the Betti reciprocal relations.
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THEOREM 7. All conservation laws of a three-dimensional 1sotropic material
are linear combinations of those listed in Theorem 6 along with the densities

Ri- = Ejkl (kaf — ukaﬂ.) :

i by 3. i3 ik
Q% = cricesu]uy + cgeu (Ui = uf) & 5(655 + ¢c12) -’2115}'“-&“%,
A iy
Tj = €jul ((Ces + c12) 2" Q) + cg(en + Cﬁe)ukﬂit)
L, k

1 2 . S 5:’
T 5‘—56 (ces + c12) (Ejriu U; + 05ERImU Uy, )

where € ts the alternating tensor.

The isotropic classification appears in [20]. If the material is transversely
isotropic, the most general conservation laws are those listed in Theorem 6, and
{ and a generalization of Q% in 7; see [10]. In this reference, it is also shown that
under certain degeneracy conditions, a transversely isotropic material may have
generalizations of @} and Q% as well. There are no more laws unless the material
is equivalent to an isotropic material. An open problem consists in determin-
ing precisely when an anisotropic material has conservation laws beyond those
of Theorem 6. This problem is closely related to the canonical forms problem
mentioned earlier.
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