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A REVIEW IS GIVEN of the theory of cold ice sheets in the so-call ed shallow ice approxi-
mation, and a literature survey is performed of its application in ice sheet modell ing 
of t he large ice sh ields, such as Greenland, Antarctica and other, historical, ice sheets. 
As model applications, steady state and time-dependent computations are performed 
for the Greenland Ice Sheet using an ice sheet model on the basis of the 3-D shal-
low ice equations of a viscous, heat-conducting incompressible fluid. The interaction 
with the soli d earth is through a heat-conducting homogeneous isotropic rigid solid 
subjected to geothermal heat. The climate driving is effected through a prescribed 
atmospheric surface temperature and accumulation rate function. Computations are 
performed for t he ice-thickness d istribution to steady driving conditi ons when exter-
nal and inLernal parameters are varied. It is shown that the sliding coefficient and the 
amplitude of the annual temperature variation are particularly critical. Finally, the 
evolution of the basal temperature distribution at Dye 3, Summit. and Camp Century 
through idealized scenarios of the ice age(s) is compuLed; these computations show 
that the basal temperature regime depends criL icall y on the thermal inertia of Lhe 
bedrock and the magnitude of the ice fluidity. Our computations with various climate 
sLaLe scenarios demonstrate how well the model reproduces the measured fl ow data 
in Greenland and indicates how it must be extended to accomodate the polythermal 
structure of the ice and to include longitudinal streLching effecLs. 

1. Int roduction 

FIRST AD-HOC DESCRIPTIONS of the distri butions of velocity, temperature and 
evolution of the geometry of ice sheets are largely due to NYE [138- 151, 153], 
GLEN [48, 65], LLIBOUTRY [107 - 116], WEERTMAN [178 - 187] and others; how-
ever , while these works contain the essential ingredients of the theoretical formu-
lation and systematic development of a mathematical boundary val ue problem, 
rational deduction of the latter had to await the works of FOWLER [37- 40, 
41-46], BUTTER [66 - 72, 78, 79, 61 - 63] and MORLAND [131 - 137]. 
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Computational results are presented here on the flow , temperature and ge-
ometry of the Greenland I ce Sheet in response to various climate scenarios using 
an ice sheet model that is based on the Shallow I ce Approximation [25, 26]. The 
growth and retreat of inland ice masses is governed by the snowfall onto the sur-
face, the melting and calv ing of the ice close to and at the outer ice boundaries. 
Owing to i ts own weight, the ice deforms wit h velociti es of typically lOO m a-1 

causing a transport of ice towards the ice sheet boundaries where the ice melts 
and calves. This process, in turn, is influenced by the temperature distribution 
within t he ice, imply ing a deli cate balance between the t hermal and mechanical 
regimes that are established by the climate input and the geothermal conditions 
of the substrate. The thermomechanically coupled ice dynamics together with 
t he mass flux due to snowfall and mass loss in the vicinity of ice boundaries 
determine the thickness distribution of a parti cular ice sheet. 

The deformation of an ice sheet and the variation of its temperature distribu-
tion depends to a large extent on its thermomechanical constitutive modellin g. 
Here, we treat ice as a rheologicall y nonlinear, thermally coupled , viscous fluid , 
i. e., we assume its fluidi ty (inverse viscosity) to be temperature-dependent, the 
latter according to a power law with exponent n = 3, the former essentiall y fol-
lowing an Arrhenius-type relationship. When the temperature reaches the mel t-
ing point , it is held at pressure melting without accounting energeti cally for the 
water production. This body is subject to driving mechanisms from the outside 
world t hat are imposed on the ice sheet via its surrounding boundaries. At i ts 
bottom we account for the presence of a heat-conducting rigid solid of 4 km thick-
ness. At the free surface, the climate input is effected by the prescription of the 
mean annual atmospheri c temperature and accumulation rate fuctions; the lat-
ter expresses the rate of mass added and subtracted according to t he amount of 
snowfall and melting of surface ice, respectively. At t he base, a relatively complex 
viscous-type slidi ng law is implemented and a thermodynamic jump condition of 
heat flow provides the connection wi th the heat-conducting li thosphere. As for 
the former , the no-slip condition applies where the basal ice is below the pressure 
melting point , but a power law relationship between shear t raction and sliding 
velocity is imposed when the basal ice is at the pressure melting point. At the 
lower boundary of the rigid substrate the geothermal heat fl ow is prescribed . 

By using standard climate driving functions (constant climate and idealized 
interglacia l variations) for the surface temperature and mass balance, we study 
t he reaction of the Greenland Ice Sheet to (i) varia t ions in the parameterization 
of the dri ving functions, (ii ) the viscous-type basal sliding law, (iii ) the apparent 
viscosity (fluidit y) of the ice and (iv ) the role played by t he thermal inertia of 
t he rock bed. In particular it is shown that the ampli tude of the annual variation 
of the surface temperature and the drag coeffi cient of the basal sliding law are 
criti cal for climate stabili ty of large ice sheets. 

Furt hermore, using several reasonable cli mate scenarios for t he past , and nu-
meri cal values for the material and climate parameters appropriate for Green-



http://rcin.org.pl

LARGE SCALE MOTION AND TEMPERATURE DISTRIBUTIONS 921 

land, it is shown that, while the temperate patches at the base always existed, 
the locations of Dye 3, Camp Century and Summit were always cold. 

2. The model 

A review is presented of the governing equations of ice sheet dynamics: how 
they emerge from fir st principles of continuum thermodynamics, how the equa-
tions have been simplified by an asymptotic analysis that is based on a shal-
lowness assumption, and what mathematical-numeri cal diffic ult ies arise in using 
this shallow ice approximation (SIA). The intention is to present to the reader 
an up-to-date state-of-the-art which is fairl y complete; as far as the current li t-
erature goes, we cannot claim, however, that t he cited literature is exhaustive. 

2.1. Field equat ions 

The ice in large ice masses (Fig. 1) is generall y polythermal, i.e., the ice mass 
consists of disjoint regions in which the ice is either cold (i.e., its temperature is 
below the melting point ) or temperate (i.e., it is at the pressure melting point), 
but except for a few very recent cases [5, 7, 45, 68, 74, 75, 76, 47, 49- 56], 
theoretical formulations are restricted to cold ice. For such a case the continuum 
mechanical postulate "ice is an incompressible heat-conducting nonlinear viscous 
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FIG. 1. Model variables with the coordinate system for the ice sheet and the 
li thosphere layer. 
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fluid " yields the following ba lance laws of mass, moment um and energy as well 
as constit utive relations: 

(2.1) 

div v = 0, 

(!V = - gradp + d iv rr + (!g , 

(!i = - d iv q + tr ( rr'D), 
T 

c = j Cp(T)dT + eo, 

0 
q = -x(T)grad T , 

D = sym(grad v) = EA(T')j (JI(7, )rr', 

m which v , (!, p, a' , g, c, q, cp, XI are, respectively, the veloci ty vector , ice 
density, pressure, Cauchy stress deviator (i.e., tr(a') = 0, where tr ( · ) is the 
trace operator), specifi c gravity, internal energy, heat fl ux vector , specifi c heat 
(at constant pressure) and heat conductivity. Furthermore, 

(2.2) T ' = T +ap, A(T') = Ao exp ( - ｒＨｔｯｾ＠ T ')) , 
1 ( t2 II = -tr o- ) (7 2 ' 

where T' is the homologous temperature, a the Clausius- Clapeyron constant, 
A a temperature-dependent rate factor, f( JI(7,) t he flu id ity with n = 3 and Ea 
so-call ed enhancement factor. The power law fl uidi ty has been introduced into 
glaciology by NYE [141] and GLEN [48] but should be replaced by a fi nite viscosity 
law because of i ts singular behaviour at small stretchings (B UTTER [71] and 
MORLAND [134]) when n > 1. For its experimental j ustifi cation, see [8, 24, 29, 33, 
34, 106, 168]. The enhancement factor E accounts for the apparent different fl ow 
properties of Holocene and Pleistocene ice [28, 29, 31]. Up to today E = ｅＨｾ ｩ Ｉ＠

is assumed to be a function of age with values E = 1, for Holocene, and E = 3, 

for Pleistocene ice, and ｾ Ｈ＠ satisfies the differential equatione) ｾ Ｂｲ＠ = 1. Ao is a 
constant, Q the activation energy of ice, R the gas constant and To = 273.15 K 
the melting temperature at normal pressure (105 Pa). Numeri cal values are given 
in Table 1. 

T he above model (2.1), (2.2) is standard except for the occurrence of E. From 
a thermodynamic point of view, this variable has the meaning of an internal vari-
able and was fi rs t introduced into a theoretical model by HUTTER and VuLLl ET 
[77]. Glaciologists are generally unaware of this and use it as a fudge factor. More 
important than this is the fact that the above fl uid model is necessarily isotropic 
and thus cannot describe st ress-induced anisotropies evident in specimens from 
boreholes [27, 49, 117, 130, 174, 175]. 

(') An initial distribution ｯ ｦ ｾ＠ and the values ｯｦ ｾ＠ of any ice particle at the t ime when it. is 
formed m ust be prescribed. Since ice is accumulated at t he free surface, t his essentiall y amounts 
to prescr ibing ｾ ｦ ｻ ｩ ｯＩＬ＠ io < ion those parts o f the fr<'e surface where snow is accumulating. 
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Table 1. Physical constants used in ice sheet models. 

Earth's acceleration g 
Density 
Heat conduction 

T hermal diffusivity 

Ice f2 

Icex 
Rock XR 

I ce "' 
Rock "-R 

Specifi c heat of ice C11 

Clausius- Clapeyron constant a 

Latent heat of fusion for ice L 8 

Geothermal heat fl ow G 
Power law exponent n 
Gas constant R 
Rate factor A0 T' 2: - 10°C 

T' < - 10°C 
Activati on energy Q T' 2: - 10°C 

T' < - 10°C 

9.81 m s-2 

0.9·103 kg m- 1 

2.1 wm- l K - 1 

3 wm- l J< - l 

1.15·10- 6 m2s- 1 

1.5 · 10- 6 m2s-1 

2009 J kg-1K- 1 

7.42·10- 5 K(kPa)- 1 

335 ·103 J kg-1 

42·10- 3 wm- 2 

3 
8.314 J mol- 1 K - 1 

6.3 x 1010 a-1 Pa-3 

1.3 x 10- 5 a-1 Pa- 3 

139 kJ mol- 1 

60 kJ mol- 1 

923 

This thermomechanical model for the ice is coupled to the heat conduction 
equation of a ri gid substratum 

(2.3) 

(R for rock), the evolution equations for the ice thickness h = h5 - hb, 

(2.4) 

as well as bed sinking 

(2.5) ohb 1 ( f2 ) - = -- hb - ho + - h . 
Ot Ti f2a 

In (2.3) TR and XR are the temperature and heat conductivi ty of the rock ; 
radio-activ heating of the rock is ignored , so as are the contri butions due to 
internal stresses and dissipation. In this sense, the substratum is ri gid ; however , 
motions due to bedrock sinking are incorporated in the convective terms (con-

tained in T R) and described by (2.5). In Eq. (2.4) vH and V H are the horizontal 
velocity components of the ice and its horizontall y integra ted flux, respectively, 
and \lH = (ox, oy). Furthermore, b5 and bb are the accumulation/ ablation and 
basal melting rate functions, respecti vely; since basal melting is small , bb is often 
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ignored. Formally, (2.4) is a vertically integrated mass ba lance. Finally, (2.5) is 
a relaxation-type relationship for the vertical posit ion of the basal boundary of 
the ice; it models the bed adjustment with the relaxation time Tl ｾ＠ 3...;... 5 x 103 a; 
ho is the relaxed , undisturbed bed topography and ea the density of t he astheno-
sphere. 

Other models of bedrock sinking have also been used, e.g. a d iff usion equat ion 

(2.6) 

where Da = 0.5 x 108 m2a- 1 is t he asthenosphere diffu sivi ty, !::::,.H the two-dimen-
sional Laplacian and wa the deflection of the constant thickness li t hosphere for 
which the plate equation 

D66 Wa = q- (!mWa, 

{ Qgh, if 
(! 

< h , (2. 7) - +hsl 
(!R 

q-
(! 

(!Rg(hsl- h) , if - - + h sl > h 
(!R 

is solved, where D is the bending rigidity of the lithosphere (1025 Nm), (!R the 
density of the mantle (3300 kg m- 3) and h sl = is a constant, see [82, 176]. Mod-
els which treat the li t hosphere as thermoviscoelastic and the asthenosphere as 
nonlinearly viscous have also been proposed, T URCOTTE and SCHUBERT [176], 
but so far not implemented in ice sheet models. 

If in the solution of the above equations the ice temperature at any point 
should reach values above the melti ng point, it is set back to T = TM , and 
the energy equation is disregarded in these points. Regions where T = TM are 
defined as temperate. Thus the thermal processes are not accounted for in these 
regions, by e.g. calculating the production of water via dissipation and latent 
heat of fusion , what makes the model approximate. 

2.2. Boundary conditions 

Boundary conditions that close the equations to a complete boundary value 
problem must be formulated at the free surface, the ice-bedrock interface, the 
lower boundary of the rock bed and the ice margins. 

At t he free surface z = h5 (x, y, t), we assume stress-free condit ions and pre-
scribe the m·face temperature and the accumulation ablation rate function, 

(2.8) T = T5 (x, y, t) , b5 = b5 (x, y , t ), 

where examples for this climate driving are given in [25, 26, 36, 59, 154, 155, 162]. 
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At the ice-bedrock interface z = hb(x, y, t) continuity of temperature and the 
energy jump conditions must be fulfi ll ed. This implies 

(2.9) 

when the base is cold , and 

(2.10) 1 ( aT aTn • ) bb = -- x- - xn- + r v 11 , 
QwL s an an 

when it is temperate. In the above, n(n) indicates the unit vector (direction) 
normal to and directed into the ground, L 5 the latent heat of fusion, T* · vll the 
frictional heat due to sliding of the ice sole over the bedrock and T* = ( CT -

p* l )n denoting the tangential tractions and v11 the jump in tangential velocity. 
In general, the lithosphere velocity is ignored, so vll = -(v - (v ·n))nlrce· Common 
sliding laws are 

(2.11) { 

C(IT*I,p*) T* = ciT*Im- l,p• - LT*, if T = TM, 
VII= 

0, if T < TM, 

according to [112, 137, 178, 182, 183, 185, 187] and with appropriate choices for 
c, m and l, see [25, 26]. 

At the lower boundary of the rock z = hb(x, y), we simply prescribe the 
thermal Neumann condition 

(2.12) 

where G (:::::: 42 mW m- 2
) (see, however, also [55, 83, 177]) is the geothermal heat 

flow. 
As long as the ice margin stays on t he continent, we let it fr eely evolve, 

either advancing or retreating, depending on whether there is net mass addit i on 
or subtraction. When the ice margin reaches the ocean then all mass fl owing 
Lhrough that margin position is treated as calv ing and is lost to the ice sheet. This 
mechanism is interrupted only when the ice is retreating again at sheet positions 
distant from the ocean. This is a simplifi ed marginal condit ion as the formation 
of ice shelves is ignored. It could be incorporated, see e.g. [9, 58, 60, 83, 84, 85], 
[121 - 124], if an ice shelf model is adjoined. 

2.3. Shallow ice approximation 

Ice sheets are long and wide but generall y shall ow. This suggests to introduce 
a scaling of the equations of the preceding section such that the aspect ratio 
c; = [HJ/[L] « 1, in which [H] and [L] are a typical depth and horizontal 
disLance, explicitly enters the equations, and perturbation methods in the small 
parameter c; can be used. The lowest order equations of this scheme have been 
coined the shallow ice approximation [71]. 
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2.3.1. Introduction of scales. In the Cartesian coodinate system x, y (horizontal), 
z (vert ical) we now choose the following scalings: 

{x,y,z,t} = { [L ]x*,[ L]y*,[H]z*, li l t*} , 

{u ,v,w ,bs, bb} = { [U]u*,[U]v*,[ W]w*,[ W]b;,[W]bi;} , 
(2.13) { 

I I I } p, ax, ay, az, Txy, Txz, Txz 

[ Hl { • 2 • I 2 •' 2 •I 2 • • } = Q9 p ,€ ax ,€ ay ,€ az ,€ Txy>€Txz· ,£Txz ' 

T = To + [6T]T* , 

A(T 1)j (liu') = ｛｛ ｾ ｬａＪ＠ (T* 1)j* Ｈ ｊｉ ｾＬＩＬ＠

where [L ], [H ], [U], [W], [6 T ], [D J, [a ] are length and velocity scales and scales for 
the temperature range, stretching and typical material stresses. The quantit ies 
in brackets are typical values of the variables arising in ice sheets and those with 
an asterisk are dimensionless and necessaril y varying in t he range 0 ((-1, 1)), 
if the bracketed terms are appropri ately selected; for typical values see Table 2. 
The principal assumption of the shallow ice approximation is that 

(2.14) [H ]/[L] = [W]/[U] = E « 1 , 

anticipated in (2.13) in which several terms are weighted with E and t:2 , respec-
tively. This delicate balance introduced here by hindsight , is not obvious and 
constitutes the essential step towards a formal perturbation procedure obtained 
independently by H UTTER [67 - 72] and MORLAND [133, 134]. 

Table 2. Typical scales of ice sheets. 

[L] = 105 - 106 m, 

[H] = 102 - 103 m , 

[U] = 10 -103 m a- 1 

[W] = 1 - 10 m a- 1 

[DJ= 1 a 

[a-] ｾ＠ 105 Pa, 

[g] ｾ＠ 10 kg m- 3, 

[g] ｾ＠ 10 m s-2 , 

[x:/(gc)J ｾ＠ 11.15·10- 6 m2 s-1 

With (2.13) and (2.14) the balance laws of mass, momentum and energy and 
the constitutive relations of stress take the forms 

au• av• aw• 
- + -+-=0 
ax• ay• az• , 

F au· ap• 2 aa;1 
2 aT;y aT;z 

-- = -- +t: --+t: -- + --
E at• ax• ax• ay* az• ' 

(2.15) 

a • a • a • a • I a • F v 2 Txy p 2 ay Tyz 
=t:----+t:--+ --

E at• ax• ay• ay• az* ' 
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(2.15) 
[cont.] 

'L 8w* 2 { oT;z OT;z } op* 2 oa;' 
.rE--= f. -- + -- --+f. --- 1 

ot* ox* oy* oz* oz* , 

dT* { 2 * ( • • • ) 8 ( 8T*)} • ( *) * ( ) * dt* = D f. \7 H · XI \7 HT + oz* X• oz* +£2A T f · lia', 

ou* 2 8w* QA* ( *) *( ) • 
ｾＫｦＮ＠ ｾ＠ = 2 T J 1Ia' Txz> uz* ux* 
ov* 2 ow* * * * • 
ｾ＠ + E ｾ＠ = 2QA (T ) j (Jia,)Tyz> 
uz* uy* 

as well as 

(2.16) 

in which 

(2.17) 

Ｚ ｾ Ｚ＠ = 9A*(T*)j*(1Ia')a;', 

ov* = GA* (T* ) j* (JI ,) *' oy* ':/ a (Jy , 

ow* = 9A*(T* )j* (JI ) *' oz* a' (J z , 

ou* ov* QA*( *)j*(JI ) * ｾ＠ + ｾ＠ = 2 T a' Txy uy* ux* 

li [ Hl 2 { • 2 • 2 2 [ 1 ( .,2 .,2 *'2) • 2] } a' = gg f. 7 xz + 7yz + E 2 (Jx +ay + (Jz + 7 xy 

= [ggH]e2 If* , 

S - _M_ D - [W]/[H] 
E - ggH , {:, - [D] , 

A = g[H ] 
ep[6.T] . 

F is the Froude number, S E the ratio of deviatoric stress to overburden pressure, 
'Dt::. a ratio of mean vertical stretching normali sing strain-rate magni tude and A 
the energy ratio of gravitational energy to internal thermal energy. 9 has the 
meaning of a dimensionless shear viscosi ty, while£ measures energy dissipation. 
Moreover, for Glen's power law, when (2.2)2 is used, 

(2.18) 

• { Q 1 } A = exp - RT, [6.T] , 
0 1 + --T* 

To 

[a] (e[ngH ])n- l 
j* = SII*(n - 1)/ 2, S := "'Ao 
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We also have separated the constit ut ive relati ons (2.16) from the remaining equa-
tions (2.15) because in the lowest order approximation they will not be needed. 
Similarly, equations (2.3)- (2.12) would also have to be nondimensionali zed ; how-
ever, to motivate the shallow ice approximation, they are not needed . 

2.3.2. The limiting theory. Using the scales collected in Table 2 and the definitions 
(2.17), (2.18) it is seen that c = 0(10- 2 -:- 10- 3 ) , :F = O(lo- 8 ) while 9, D and 
[ are between 0 (1) and 0 (10- 2) . Thus :F is much smaller than any one of 
t he other dimensionless parameters arising in (2.15) and (2.16), suggesting the 
Stokes fl ow limi t :F -+ 0, :F /c -+ 0. The so emerging equat ions could now be 
solved by a perturbation expansion if!* = ｌＺｾ ］ ｏ＠ cvif!v for all independent fi elds 
n.• - { * * * * * * * * * * T *} · h th h ll . . ｾ＠ - u ,v ,w , p , ax, ay, az,Txz> Tyz> Txy> , owever , es a owJceapproxl-
mation restri cts consideration to the lowest order terms (v = 0), corresponding 
to the simultaneous limits 

(2.19) :F -+ 0, :F/c-+ 0, c -+ 0. 

Returning back to the dimensional notation, equations (2.15) t hen reduce t o 

8w 
V J-J·VJ-J + Dz = 0, 

8p 8Txz --+- = 0 
8x 8z ' 

_ 8p + 8Tyz = O 
8y 8z ' 

8p 
(2.20) 

- 8z = (Jg, 

ｾｾ＠ = :z ｣ ｾ＠ ｾ Ｉ＠ + 2EA(T' )j (T
2
)T

2
, 

a;; = 2E A(T' )j(T2)T 

in which v 1-J = ( u , v ), 'Vf-1 = ( 8x8y) and T = ( Txz, Tyz ). These are seven equat ions 
for the seven unknowns VJ-J, w, p, T and T. They comprise the fi eld equations of 
the shallow ice approximation. 

It t urns out that a similar scale analysis . for the heat equation in the rock 
yields 

(2.21) 

while t he evolution equations for the fr ee surface (2.4) and the bed (2.5) remain 
unchanged . Alternatively, the reduced boundary conditions become: 

• at the free surface z = h8 (x , y , t ) 

(2.22) p = 0, Txz = Tyz = 0, Ts = T8 (x, y, t ), bs = bs(X, y, t ); 
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• at the ice bedrock interface z = hb(x, y, t ) 

(2.23) 

EJT EJTR } 
X EJz = XR EJz ' T = TR ' cold ice, 

VH = 0 

1 ( EJT EJTR • ｾ＠bb = -- x--XR-- + 7 v11 , 
QwLs EJz EJz T = TR = TM,} . 

temperate 1ce; 
VH = ciT im-l p-L T, 

• at the lower boundary of t he rock: z = 0 

EJTR 
(2.24) XR EJz = - G. 

The distinctive features of the shallow ice approximation are the foll owing t hree 
points ( i )-( iii ): 

(i) T he vert ical momentum balance reduces to the cryostatic force balance 
between vertical pressure gradient and the gravity force. (ii ) The horizontal mo-
mentum balance comprises force balances between the horizontal pressure gradi-
ent and the corresponding ver t ical gradient of the shear stresses. Together with 
the boundary conditions (2.22)1,2,3 , these equations can be integrated to yield 
the stress fi elds 

p(x, y , z, t ) = Qg(h5 (x, y, t)- z), 

T = Qg(h5 (x, y , t )- z )VHhs(x , y, t) , 
(2.25) 

which depend on geometry but not on material pwperties. Provided the tem-
perature distribution is known, (2.20h,s,7 together with (2.25) imply (through 
integration) 

(2.26) 

z 

C(z, t, IIV hs ll) = - 2Qg I EA(T;(z')) j (T2(z')) (hs - z' ) dz', 

z 

w(x,y,z,t) = w(hb)-I \lw vH(x,y,z')dz' , 

hb 

T(x, y,z,t)2 = (Qg(h5 (x, y, t)- z)II VHhsll)2
, 

II VHhsll = Ｈ ｏｨ ｳｾｾ ｹ ＬｴＩＲ＠ + ｅｊｨ ｳｾｾ ｹ Ｌ ｴ ＩＲ Ｉ Ｇ＠

{ 

0 (cold ice), 
VH(hb) = . 

-c(Qgh)m-liiVHhsiiVHhs (temperate 1ce), 

W ( hb) = V H ( hb) · \lH hb . 
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It foll ows that the velocity field within the ice shield can be computed by mere 
quadratures (if the temperature fi eld and the geometry are p rescribed ). The 
formulas (2.25)2 and (2.26)1,6 , however, also imply the following important facts 
of the shallow ice approximation, which can be tested by observation and thus 
may be used as evidence whether the approximation is applicable in a particular 
case: 

• The hori zontal shear stress vector points in the direction of steepest descent 
of the free surface. It is zero parallel to the level li nes. 

• At any given position in t he horizontal plane, the horizontal velocity vector 
v H does not change direction with depth. Its direction at all depths is that of 
the steepest descent of the surface topography. 

• A dome or a trough is the location of vanishing horizontal veloci ty. 

These proper ties were first recognized by BUTTER [71]. 

(i ii ) The heat equation shows that, whereas heat advection is signifi cant in all 
spatial directions, conduction is dominant in the vert ical direction. This means 
that the heat equation is parabolic only with regard to the vertical coordinate, 
but has been hyperbol ized in the horizontal directions. For very thick ice sheetse) 
vert ical thermal diffusion is small (D « 1) and dissipation large (£ = 0(1)) so 
that thermal diffusion essentiall y operates only in a near-basal boundary layer . 
For very thin ice sheets D = 0 (1) and [ « 1, so vertical convection of heat is 
signifi cant over the entire depth but d issipation is small. In ice sheet modelling 
through ice ages both situations must be expected, leaving no room for further 
simplifi cations. 

This li miting equation set has been used by virtuall y all numerical mod-
ell ers who deal in one way or another wit h the deformation and distribution of 
temperature in ice sheets. Isothermal plane and axisymmetric [134, 135] fl ows, 
thermomechanically uncoupled cases with prescribed temperature [136] and the 
full plane [35, 61, 62, 78, 102] and axisymmetric [79] coupled cases were ana-
lysed before the full three-dimensional theory was numericall y implemented in 
FD-programs [16, 17, 18, 80, 90, 91]. Wi th them the steady-state response of 
Greenland, Antarctica anrt other ice sheets were studied, bnt also t heir re-
sponse to cli mate variations, including complete interglacial cycles [19 - 23, 59, 
81, 82, 84, 86, 87, 88, 89, 103, 105, 125, 129, 158, 188]. Historical and hy-
pothetical ice sheets were also studied [4, 85, 99]. Presently, the physical as 
well as theoretical weaknesses of this limi ti ng model are recognized ; the theory 
has been extended e.g. to handle polythermal ice [7, 47, 50-56, 68, 71], but 
the shallow ice approximation is also extended to overcome its mathematical 
shortcomings. 

C) Compare the definitions of D and [in (2.17). 
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2.4. Limitations of the shallow ice approximation 

These occur because the shallow ice approximation is, as an asymptotic t he-
ory, not uniformly valid in the ent ire domain over which the ice extends. Regions 
of its fallacy are near-margin zones and the vicinity of ice domes and ice divides. 
Both can be revealed by scrutinizing the ice-thickness-evolution equation (2.4), 
which upon using (2.5) and (2.26) takes the form 

(2.27) 

where 

(2.28) 

'Ds(hs, hb, IIVHhsll) + 'Dg (hs, hb , II VHhsll) 

c(eg)m- l (hs- hb)m- I+1 II VHhsllm- 1 

h, 

+ 2egE I A(T'(z ))j(T2(z))(h5 - z)2 dz 

h b 

ｇｾｮ＠ c(eg)m-l (h - hb )m- l+I II VHhs llm- l 

h .• 

+ 2(eg)n E II VHhslln- 1 I A(T'(z))( hs- z)n+l dz , 

hb 

in which (2.5) has been used and (2.28)2 is valid for a power law fluid. 'D59 is a 
diffusivity with 'D5 and 'D9 due to sliding and gliding, respectively, and formall y 
'D5 = 0 for a cold base. Equation (2.27) is a paraboli c advection-diffusion equation 
for h5 . For A(T') as defined in (2.2) and for a positiv e-definite creep response 
function j( x) (> 0 for x > 0, = 0 for x = 0), or for n ｾ＠ 1 (i.e. Newtonian or 
pseudoplastic behaviour) the integrals in (2.27) are bounded. The exact margin 
behaviour depends on the values of m , l and nand could be analysed as shown in 
[62]. We are satisfi ed here with a restri cted analysis that discloses the difficulti es 
and refer the reader to [44, 71]. 

2.4.1. Near margin behaviour. The behaviour of Ds, D9 and their gradients in 
the neighbourhood of the margin as h5 --+ hb depends on the exact functional 
forms of A, f , on the exponents m , l (and n), as well as on the functional forms 
of b5 and bb in the vicinity of the margin. This behaviour can be extracted from 
a local analysis and it turns out that, when h5 (x, y , t ) --+ hb(x, y , t ) as the margin 
is approached, ｬｬ ｾ Ｑｨ ｳ＠ 11 usuall y becomes unbounded. A finit e marginal slope is 
only obtained (i) at a cold margin ('Ds = 0) when Newtonian behaviour at small 
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strain rates is permitted (i. e., for a power law with n = 1), and (ii ) when sliding 
is permitted close to the margin if m = 1. None of these cases is usuall y assumed 
- one uses Glen 's flow law with n = 3 and m = 3, l = 2 - and so computed 
margin slopes must be infin ite. The detailed analysis of this for plane fl ow is given 
e.g. in [44, 62, 71, 134] . Morland and eo-workers request the sli ding law to be 
such that finite slope profiles at the margin are obtained in which case uniform 
validity of the shallow ice approximation is guaranteed, [62, 135, 136, 137]. In 
numerical implementations of all other authors except [78, 173], the singular 
marginal behaviour is assumed to be local, not affecting the solution away from 
it a great deal. All the more, the mesh size is usuall y considerably larger than 
the marginal boundary layer is thick; in other words, the numerics determine a 
finite marginal slope and thus regularize the margin by effectively introducing a 
mesh-dependent sli ding law. Thus, this passive boundary layer does not seem to 
be a real problem. 

2.4.2. Large surface curvature at ice divides. Consider next the vicinity of a dome 
which is characterized by VHhs = 0. Thus, according to (2.25) and (2.26) 

VH = 0, T = 0, 7
2 = 0 (at dome). 

Let us choose the Cartesian coordinate system with origin at the dome. It then 
follows from (2.26) locall y, i .e., at (x , y) = 0 

(2.29) VwvH = - { c(eg)m- l(hs - hb ) II VHhsllm- l 

+ 2egEf (O) j A(T' (z))(hs - z) dz } 6Hhs 
h, 

and from (2.4) 

(2.30) 
ah 1h, 
-
0 

+ VH·VHdz = bs + bb. 
t hb 

Combining (2.29) and (2.30) yields 

(2.31) (at dome), 

where V 0 = V 5 +V 90 is defi ned in (2.28) and V 90 is obtained from V 9 by replacing 
f(T2) by f (O) (which for Glen's flow law equals zero). In steady state (2.31) can 
be used to evaluate the mean surface curvature at the ice divide, 

(2.32) (at dome), 
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which explains why the shallow ice approximation may fail close to divides. In-
deed, at a cold divide Ds = 0 and otherwise Ds = 0 unless m = 1. Furthermore, 
when j(O ) = 0, 'D90 = 0 as well , imply ing that f:::wh sdome = in this case, in 
violation with the shall owness assumption. Since basal sliding cannot be guaran-
teed at a dome, regularization of the kinematic surface equation at least requires 
a finite viscosity fl ow law (j(O) ;f. 0). However, even with this incorporated, very 
large surface curvatures must be expected at a divide. 

As was done for the margin regions, numer ical integration can be performed 
and the divide zone formall y regularized through discretization, however obser-
vations indicate that near-divide velocities and temperatures are not accurate in 
general. 

In attempts to date t he ice from ice cores in connection with isotope com-
position studies [1, 2, 3, 11, 12, 13, 93- 101, 118, 119, 120, 157, 169 - 172], the 
necessity of incorporation of "longitudinal stresses" was recognized, but compu-
tati ons [28- 31, 160, 161, 163, 166, 167] employ streamline models and steady 
state with diverging flow properties taken into account by a fudge factor. In 
short, the computational suggest ions are ad hoc, not in conformity with a proper 
scali ng, and not appropriate to the three-dimensional sit uation . Fi rst attempts 
at a systematic use of higher order terms in the per turbation expansion are due 
to BLATTER [6] and MANGENEY et al. [126 - 128]. Equations (2.15) and (2.16), 
however, clearly indicate how the shall ow ice approximation can be improved 
either by formal perturbation expansion or iteration. This analysis is presently 
under way in a disser tation at TH Darmstadt. 

3. Appli cation of the model to the Greenland Ice Sheet 

The above SIA equations have been computationally solved by using finit e 
difference techniques by B uoo et al. [16, 17, 20], CALOV and B UTTER [25, 26], 
HUYBRECHTS et al. [80 - 89, 103] and FABRE et al. [36]. T hese programs are 
formidable undertakings; we shall not discuss their peculi arities. We present some 
computational results obtained with our model, the intention being to highlight 
the geophysical implications rather than to expose the numerical complexities. 

I ce sheet dynamics is governed by external and internal parameters; the fi rst 
contribute to their dri ving, the second affect their response. The most impor-
tant external driving parameters are furnished by the implemented atmospheric 
model of which a very simple version will be presented. Other less direct exter-
nal "forci ngs" are the interaction of the ice sheet with the solid earth through 
the geothermal heat, the bedrock sinking and through the handling of the calv-
ing mechanism at ocean boundaries. Internal parameters relate to the materi al 
behaviour, here most conspicuously expressed by the enhancement factor, the 
sliding law a t the ice-bed interface and the dissipation associated with it. 
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We shall in this section describe these coupli ngs and present some parameter 
studies using the Greenland Ice Sheet as a test case. Then simplifi ed climate 
scenarios will be applied and, finall y, a comparison of the computed with the 
measured velocity transect - the so-call ed EGIG line-will be made. These com-
parisons will not only delineate the diffi culties that one encounters when try ing 
to identify phenomenological parameters of such a large geophysical system, but 
equall y demonstrate the sheer impossibilit y of achieving an object ive comparison. 

3.1. Simplified model-atmosphere 

In the model, the atmospheri c surface temperature will be prescribed in the 
form 
(3.1) Ta(x, y, t ) = Ta(X, y)hoc + TD(t ), 

where Ta(x, y)hoc is the present local distribution of the mean atmospheric tem-
perature, and TD(t ) describes the long periodic climate changes. For Green-
land, data of the local temperature was coll ected by OHMURA [154] and very 
well fit by the linear relation Tahoc = 'l9o + ao<p + ! hs, 'l9o = 55.76 [0 C], ao = 
- 0.8471 [°C 0 North- 1], 1 = -8 [° Ckm- 1], in which c.p is latitude and h5 surface 
height above sea level. TD(t) is the climate driving and will be selected according 
to which climate scenario is modell ed. 

T he accumulation-ablation-rate fuction 

(3.2) bs = S-M [m a - 1
, ice equivalent] 

is divided into snowfall Sand melt ing M. The present-day annual mean of t he 
snowfall is represented as a polysurface deduced from data reported by OHMURA 

and R EEH [155]; the annual mean snowfall at earli er times is modelled accord-
ing to 

(3.3) 

TD(t)- T[Jin 
S(t) = Smin + (Stoday - Smin) Ttoday _ r min , 

D D 

Smin = 0.5 Stoday , 

This assumes that the snowfall was half as large at the cli mate minimum as it 
is today. 

To parameterize the melt ing, we employ B R A I T HWAITE's [10] "positi ve degree 
clay" formula 

(3.4) 

with 
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(31 = 0.9 , 

Y = lO a, 

!32 = 2.6 

P max = 0.6, 

[m water equivalent a-1 oc-1], 

935 

which accounts for the percolation and re-freezing of melt -water and superim-
posed ice, respectively. Ta is the mean annual air temperature and TA its seasonal 
amplitude. For a detailed explanation, see CALOV and B UTT ER [26]. 

3.2. Handling of the model ice margin 

As long as the ice margin stays on the continent we let it fr eely evolve, ei-
ther advancing or retreating, depending on whether there is net mass addition 
or subt raction When the ice margin reaches the ocean, then all mass flowing 
through that margin position is treated as calving and is lost to the ice sheet. 
T his mechanism is interrupted only when the ice is retreat ing again at sheet 
positions distant from the ocean. 

In the simulations described below, the sea level wi ll be held constant; however 
in more realistic modellin g it should be a function of t ime. 

3.3. Computations of ice thickness distribution under steady driving conditions 

3.3.1. Variation of the amplitude of the annual temperature. We present here the 
results of computations of the steady-state geometry of the Greenland Ice Sheet 
subject to various external time-independent driving condit ions. The model is in-
tegrated subject to various parameteri zations, using today's ice thickness d istribu-
tion and temperature distribution it obtains for today's thermal equilibrium as 
initi al conditions. Computations are continued until the ice thickness and the ice 
margins as well as the temperature d istribution no longer change. This happens 
at approximately 50 000 model years. In the standard run we use as geothermal 
heat G = 42 m W m-2 , as enhancement factor E = 3, and as seasonal air temper-
ature amplitude TA = l4°C. Figure 2 a displays the level lines of the free surface 
and the ice margins obtained when also the no-sli p condition is imposed on the 
entire basal surface. When compared to the observed present surface topography 
(see CALOV and B UTTER [26]), the ice extends too far to the orth and does not 
extend enough in the South. Moreover, the computed Summit height is about 
600 m too high . 

If we enlarge or lower the amplitude of the annual temperature variation by 
7°C , to TA = 21°C (F ig.2b ) and TA = 7°C (F ig.2c), i t is seen that the former 
re. ul ts in a substantial ice sheet reduction whil e the changes in the latter scenario 
a re far less dramatic. This non-symmetry in the behaviour is due to the boundary 
conditions at the ice-ocean margin: free evolut ion for ice retreat but full calving 
for advance. 

3.3.2. Variation of the sliding par am eter . By incorporating a slid ing condition 
a long the ice-bedrock interface, reduced ice thickness (close to reality ) can be 
modelled; th is is simply because ice fl ows more easily toward t he margins At 
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a positive feedback margin slopes will be less steep and there is an increased 
ablation zone. 

We shall use the sli ding law 

(3.5) 

in which h is the ice thickness and h5 the surface height a.s.l. V'H is the hori-
zontal gradient operator , v H the horizontal velocity and c M a coeffi cient with 
dimension a-1. 

Computations were performed for steady state using now a latitude-dependent 
ampli t ude of annual temperature TA = a + bc.p, a = - 23°C, b = 0.55°C North- 1, 

and implementing sli ding everywhere according to (3.5) with CM = (2; 6; 10) x 
104 a - 1

, and frictional heat due to sliding ignored, Figs. 3 a, b , c. It is seen that 
increasing the sliding coeffi cient causes a lowering of the orth- and South domes 
of about 200 m, compare Fig. 3 a with Fig. 3 b. The results for CM = 10 x 104 a - 1 

(Fig. 3 c) are obviously very unreali st ic, but they demonstrate how catastrophi-
cally an ice sheet can develop when suffi cient slidi ng is provided. T he ice sheet 
has been spli t into essentially two parts wit h an ice-free 800 km wide zone in 
Middle-Greenland. The South cap exists, because it sits on high elevated ground 
but equall y also because of the large snow accumulation rate there. If the fri c-
tional basal heat were incorporated, the two caps in F ig. 3 c would be even 
small er ; however , rebound of the substratum is a negative feedback and both 
may approximately balance. 

Scenarios with sli ding restri cted to the basal melting zones, and fri ctional 
heat as well as bedrock sinking incorporated are analysed by W EIS et al. [1 8]. 

3.3.3. Variation of other parameters. We have also varied the snow melting par-
ameters {31, {32 and the geothermal heat. While t hese also have some definit e in-
fluences upon the steady-state geometry of an ice sheet, their variation about the 
most reali sti c values has indicated less dramati c sensiti vity than wit h vari ations 
of the ampli tude of the mean annual temperature TA or the sliding coeffici ent 
CM . However , variations in the geothermal heat fl ow changes the temperature 
distribution close to the base considerably. 

3.4. Basal temperature evolution through the ice age 

3.4.1. Glacial climate cycles. The external dri ving ur·face temperature To is con-
structed from the data of the Vo tok ice core, Antarctica (B ARNOLA et al. [1]) , 
by selecting upper and lower bounds, Fig. 4, 

(3.6) { 
T}; (t ) climate I , 

Tn (t ) = 
T]j (t) climate II , 

respectively. These ideali zed cycles are prolonged by one per iod inLo t he past 
in order that the model can be spun-up to appropriate initi al condit ions a t the 
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end of t he Illin oian Ice Age. The ideali zed climates I and II reproduce the steep 
warming from the climate minima to the interglacials very well , but model t he 
slower decay from the Eemian Interglacial to the Wisconsin minimum relatively 
poorly. We thus expect different results for the two. 

2.5 

0 

u -2.5 
0 

-7.5 

- 10.0 

- 12. 5 -!--......,-----.---.-----,----r---,.---' 
0 50 100 150 

Age ( kyr 8 P l 
FIG. 4. Vostok 8D-temperatures as taken from BARNOLA et al. [1] from present to 
160 ka BP together with the model climate scenarios (I) and (II) that describe an 
approximate upper and lower bound to the Vostok data. Circles indicate points 

with abrupt climate changes or at climate maxima and minima, respectively. 

Computional results are presented for the following scenar ios: 

• I or II : Response of the Greenland Ice Sheet under standard conditions (i.e., 
E = 1, G = 42 m W m -2 , no-slip) to the external climates I and II , respect ively, 
while ignoring the thermal response of the substrate. 

• I-S: Same as I , but now the response of the substrate is taken into account. 

• I-S-E= 3: Same as I-S, but now the enhancement factor of Wisconsinan ice 
is applied throughout. 

In t he fir st set of computations the ice thickness distribution wi ll be held 
onstant , the intention being to isolate the thermal response of the system 

substrate-inland ice. If the evolution of the geometry were varied, it would be 
very diffic ult to find the primary cause for the parti cular behaviour. 

3.4.2. Basal temperatures at Dye 3, Snnm1it and Camp Century. We di cuss here 
t he time seri es of temperature at the base which follow from computations ac-
cording to the above ideali zed climate scenarios. The time serie shoul I not be 
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regarded as giving a realistic temperature distribut ion through 275 ka, b ut they 
disclose very signifi cant behaviour that could not so well be identified wit h more 
realistic scenarios. T he bore-hole positions are significant because extensive iso-
tope studies have been performed (HANSEN and L ANGWAY [57], DANSGAARD et 
al. [32], JOHNSEN et al. [92]). For these analyses it is of interest to know (i) how 
basal-temperature peaks lag behind the driving peaks, and (ii ) whether t he basal 
ice at these posit ions has at any t ime been at melting. Keeping the ice geom-
etry fi xed puts the results on the safe side in this regard, i.e., makes the base 
somewhat warmer. 

For Dye 3, Summit and Camp Century time series are presented for the 
driv ing surface temperature (climate I), the homologous basal temperature of 
scenarios I , I-S and I-S-E= 3, and the deviation of the geothermal heat fl ow 
into the ice from the "equil ibrium" value G eq = 42 mwm- 2 of scenarios I-S and 
I-S-E=3. The sytem is driven by two ice age cycles as illu strated in Fig. 4, lasting 
from 275 ka BP to present. 

a. Dye 3. Scenario I , computed without taking the thermal response of the 
rock bed into account and by using E = 1 (Fig. 5 b) shows that both maxima 
and minima of the homologous temperature at the base occur 11.6 ka, 6.5 ka and 
3.2 ka, respectively, after the corresponding maxima of the driving time series 
Ta(t). The second of the two phase lags of the minimum is smaller t han t he fir st 
because the temperature ri se to the Holocene is faster than that to the Eemian 
Interglacial. The graph also shows t hat no spin-up is needed for this scenario, 
because the two maxima of the basal temperatures are the same. Today's basal 
temperatures are by 0.5°C lower than the present equilibrium temperature would 
be. Whereas the deviation of the basal homologous temperature from its corre-
sponding equil ibrium value is largest at the last Interglacial (at about 135 ka 
BP), this deviation is smallest at the climatic minimum. 

If the thermal inertia of the rock bed is included (Fig. 5 c), the present homol-
ogous basal temperature is 1.69°C below the corresponding equilibrium value. 
The deviation fr om the equilibrium value at all t imes where it is calculated is 
here larger than for scenario I. The model is not completely spun-up after one 
cycle because the relati ve maximum at 110.2 ka BP is larger than that at 237 8 ka 
BP: The rock layer adds addit ional thermal inerti a to the system. Furthermore, 
whereas the phase shifts of the minima (6.5 and 3.2 ka) are exactly the same 
as those of scenario I , those of the maxima are roughly doubled. Interesting to 
note is the temporal variation of t he heat fl ow into the ice fr om the rock bed. 
Panel e) shows the deviation of this flow from its value at the lower boundary, 
G eq = 42 mW m- 2 This heat fl ow is either larger or small er than its equili brium 
value by up to 21%. The present value is by 4mWm- 2 small er than G eq • and 
the tendency is falling. Also interesting is that t he phase shifts of the ma....xima 
(and minima) differ from those of t he temperatures. This is the manifestati on of 
nonlinear effects. 
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Prc. 5. "Dye 3": Variation of the athmosphere temperature Ta(l) at Dye 3 from today 
to 275 kyears BP (a), basal homologous temperature for scenarios I (b) , I-S (c), 

I-S-E=3 (cl) and the difference of the actual heat flow t hrough the ice-rock interface 
from the equilibrium value G cq = 42mWm- 2 for scenarios I -S (e) and I- S-E=3 (f ). 

Symbols o are computed, solid l ines interpolated. • mark computed equili brium values 
of the homologous basal temperature if t he climate were driven with the air 

temperature at that ti me. Inserted numbers with arrows show shifts between t he 
relative maximum of the driving temperature and that of the ba al homologous 

temperature or the corresponding minima of the heat flow . The dashed line marks 
the first relative maximum and compares it with the second. 

[941] 
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Computations for a I-S-E= 3 scenari o, see Fig. 5 d , f, show that, because the 
ice is softer in this case, cold ice will be transported downward faster than with 
E = 1. Basal temperatures are now colder (by approximately 2°C), and phase 
shifts of the maximum basal temperatures shorter than for E = 1 (20.3 ka, 
18.9 ka) while those of the minima remain the same. The variation of the heat 
flow through the ice-rock interface is a lso sli ghtly enhanced. Thus the softness of 
the ice has a signifi cant effect on the thermal regime of t he Greenland Ice Sheet 
through time. 

Calculations were also performed for scenario II (withou t a rock layer and 
for E = 1), but are not shown here. When compared with the results obtained 
with scenario I it is seen that the faster approach from the Eemian Interglacial 
to the Wisconsinan minimum is also vis ib le in the temporal distribution of the 
basal temperature: The base is generall y colder than for scenario I , but the 
maxima and minima of the homologous temperatures and their phase shift s are 
not very much different from t hose of scenario I , and, in particular, the present 
basal temperature is practicall y the same. The steep warming of the climate at 
the end of the last I ce A ge seems to hide the detail ed variations of the climate 
during the Ice Age. 

b. Summit. Let us compare the results for this location w ith depth h ｾ＠ 3200 m 
(Fig. 6) with those of Dye 3, h ｾ＠ 2000 m. Again the phase shifts between the 
maxima of the homologous temperature are larger than t hose of the minima 
(Fig. 6 b, c, d). For scenario I one glacial cycle is enough to obtain the spun-up 
temperature distribution. Phase shifts of the maxima of the homologous basal 
temperature are far larger for scenario I-S than for scenario I. And for softer 
ice, E = 3, the basal temperature and phase shifts are generally small er than 
for the corresponding computations with E = 1. The heat flow into the ice 
roughly agrees with the equili brium value 42 mW m-2 but t he tendency is fallin g. 
A ll phase shift s for Summit are larger than for Dye 3, and the corresponding 
amplitudes are small er, both effects that are largely due to the larger thickness 
of the ice at "Summit". 

c. Camp Century. Because the ice at Camp Century with its 1.4 km thickness 
is thinnest in compari son to the previous bore hole sites, it is expected that the 
corresponding phase shifts are smallest and the ampli tudes largest, see Fig. 7. 
Whereas this is indeed so for the ampli tudes, the phase shifts for Camp Century 
are in almost all scenarios and ea e as large a. (or even larger than) for Dye 3. 

ote that the phase shift for the fir st minimum in scenario I-S is larger than 
for Dye 3. A possible explanation could be that the model is still in the process 
of spin-up. On the other hand , the result indicates that t hickness cannot be 
the only quantity that is responsible for the delay of basal processes from t heir 
climate forcing. Diffu sion, advection and dissipation equall y contribute. Among 
the three locations, the temporal variation of the heat flow into the ice deviates 
most from the equilibrium heat flow, and the present value is smaller than the 
equili brium value by an amount of 6 - 8 mW m- 2

. 
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3.5. Comparison with the data 

In this section we compare the ice-sheet-surface velocities that were measured 
along the EGIG (International Glaciological Greenland Expedition) traverse [64, 
25]. 

3.5.1. The velocity data along the EGIG traverse. The EGIG traverse is the best 
known measuring traverse in Greenland and crosses Greenland approximately 
at the 70° N latitude from West to East (see Fig. 8). For our comparison, those 
measuring points li sted in HOFMANN [64] with an approximate d istance of 40 km 
will be considered , which corresponds to our numerical horizontal grid resolut ion. 
During the EGIG expedit ion the free surface velocity 

(3.7) vj?35(h5 ) = lv'}{ eas(hs)l = ｬｶｾ ｮ･｡ｳＨｨｳＩ･ｸ＠ + v;eas(hs)eyl 

and the polar angle emeas between the vectors ex and v'}{eas were measured. 
Figure 8 displays the measured EGIG velocities (i.e. horizontal projections) as 
arrows at positions P 1 to P 17 along with the level lines of the free surface 
topography. These velocit ies decrease from 109.71 ma- 1 at posi tion P 1 in the 
West to a minimum of 3.54 m a-1 at position P 14 in the center and increase again 
to 12.46 m a-1 at position P 17 in the East. Quali tatively, this is in conformity 
wi th the shallow ice approximation, which states that the horizontal velocities are 
pointing in the direction of steepest descent (i.e., orthogonall y to the level lines) 
and are proportional to (8h5 j8a)n, where a is the d istance measured along the 
direction of steepest descent and n = :3 is the exponent in Glen's power law. Thus 
the velocities grow with increasing surface slope, corresponding to a reduction 
of the distance between the level lines, as shown. 

3.5.2. Comparison of measured with computed EGIG-velocit ies using computations 
with fixed surface geometry. Table 3 summarizes t he comparison of the mea-
sured and computed surface velocit ies along the EGIG traverse at points P 1 to 
P 17 as obtained wit h climate scenario I-S. This scenario drives the ice sheet 
evolution with an upper bound of the Vostok temperature data as explained in 
Sec. 3.4.1. The thermal inertia of a 4 km thick solid rock layer is accounted for 
and the no-slip condition at the ice-bedrock interface is appli ed. The enhance-
ment factor in the flow law is E = 1 (i.e. Holocene ice conditions are appli ed 
throughout), and the geothermal heat is G = 42 x 10- 3 W m- 2 Columns 1, 2 
and 3 of Table 3 li st, respectively, the measuring point , the modulus of the hori -
zontal components of the free surface velocity vfieas(hs) and i ts polar angle emeas 
as inferred from the measurements. The corresponding quantit ies v'}{0 d(hs) and 
emod are obtained from the computation and li sted in Columns 4 and 5. In 
addition, Table 3 contains in columns 6 and 7 the relative deviations 

Vmeas(h ) Vmod(h ) 
L}.A (h ) = H 5 

- H 5 
X 100 in % 

r s v'}{od(hs) (3.8) 
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F IG. 8. Present surface topography of the Greenland Ice Sheet wit h the 
EGIG-t raverse (a). T he deep borehole positions are a lso indicated by a triangle 

(Dye 3), an asterisk (Summit) and a diamond (Camp Century). Measured velocity 
vectors at posit ions P 1 toP 17 along the EGIG-traverse (b) where the compari son 

wit h computational velocies is performed, see Tables 3 to 5. 

[946] 
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of the measured and modelled EGIG-velocities, and the absolute deviations 

(3.9) 6.8 = emeas- emod 

of the modelled from the measured polar angle. 

Table 3. Comparison b etween measured and modelled EGIG-velocities as obtained for 
conditions of scenario I-S. Colunms 1 to 7 li st the position, measured surface speeds in 
m a- 1 , their polar angle m 0 , the modelled surface speeds and their polar angles and 
the relative error of the speeds m % and the absolute error in orientation as defined 
m (3.8) and (3.9). 

Posi- v'];eas ( hs) e meas [0] v'];od (hs) e mod [0] ll. Ar(hs) t:.e [OJ 
tion [ma- 1] [ma- 1] [%] 

p 1 109 71 20314 24.42 196.88 349 6.26 
p 2 88.28 206.34 26.75 200.33 230 6.01 

P 3 70.71 209.91 23.91 201.45 196 8.46 
P4 59.07 213.35 22.32 201.94 165 11.41 
p 5 47.75 202.40 17.06 203.82 180 - 1.42 

P6 39.96 202.17 13.60 199.39 194 2.78 
p 7 31.40 200.60 11.59 202.18 171 - 1.58 

P8 25.67 197.76 9 56 202.02 169 - 4.26 

P9 18.76 194.73 6.93 200.83 171 - 6.10 
p 10 13.38 189.73 4.99 200 55 168 -10.82 

Pll 9.88 182.79 3.50 200.03 182 - 17.24 
p 12 6.99 172.80 2.21 196.36 216 - 23.56 

p 13 4.21 144.46 0.71 190.05 493 -45.59 
p 14 3.54 95.56 0.24 39.42 1375 56.14 
p 15 4.83 62.10 1.29 24.64 274 37.46 

p 16 7.58 44.47 2.87 22.89 164 21.58 
p 17 12.46 33.73 4.50 17.42 177 16.31 

Today's EGIG velocities of scenario I-S are all small er t han those of the mea-
surements. This must certainly be in part due to the reduced deformabilit y of 
t he model ice with E = 1 that corresponds to Holocene conditions. In spite of 
this , a discussion of the results fr om scenario I-S reveals useful insight. Quali -
tatively, the EGIG velociti es of scenario I-S show the ri ght dependence on the 
position along the EGIG t raverse. The relative minimum of the modell ed vel-
ociti es arises at posit ion P 14, as in the observations. The computed velocit i es 
grow from posit ion P 14 in both directions towards the ice margins in the West 
and the East. Overall the relative deviation 6.Ar(h5 ) of the modell ed from the 
observed EGIG-velocities is rather large. At position P 1, 6.Ar(h5 ) = 349%; at 
P 8 it has a low of 6.Ar( h5 ) = 169% and at position P 14 it is as large as 1375% 
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(note that if 6.Ar(hs) were normalized with v'Jfeas(h5 ), this value would be 95%; 
so the discrepancy is highly exaggerated). T he best agreement of the modulus 
of the velocity is reached at P 16 wi th 6.Ar( hs) = 164%. T he dependence of 
the relative velocity deviations 6.Ar( h5 ) on the position of the EGIG-traverse 
is conspicuously correla ted with the free surface height. The latter assumes at 
P 14 a relative maximum. In addition , in the vicini ty of P 14, the gradient of the 
free surface is rather small. T herefore, there are two explanat ions for the large 
deviations of t he measured fr om the computed velociti es at P 13, P 14 and P 15. 
First , the shallow-ice approxi mation is an invali d approx imation in the vicin-
i ty of a dome or ice d iv ide and fails at the ice divide when a power flow law 
is used [44, 78, 71, 133, 159, 161, 173]. Second, small slopes of the free surface 
means that the numerical determination of these slopes from the height distribu-
tion requires the difference between two nearly equal numbers wi th consequent 
round-off error, and in t urn the propagation of large errors in the evalua t ion of 
the velocit ies. 

Overall , the differences 6.8 of the modell ed and measured polar angles are 
not particularly large; t his comes as no surprise, because in scenario I-S the 
smoothed surface topography is prescri bed and held fi xed during integration. 
This smoothed topography nearly agrees with the original topography provided 
by the data . Parti cularly small values of 1.6.81 ar ise at P 5, P 6, P 7 and , not 
surprisingly, the largest values of 16.81 occur close to the ice divide at P 14 
(6.8 = 56.14° ). 

The EGI G-velociti es, modelled wi th scenario I-S-E = 3 - the computation 
equivalent to I-S but with an enhancement factor E = 3 - show the same qual-
i tati ve behaviour as do those that were compared for scenario I-S. One would 
expect roughly a tripling of the modell ed velocities; however , because of the ther-
momechanical coupling, the enlargement of the velocit i es is somewhat smaller 
because t he basal ice is also colder. The modelled velocit ies along the EGIG 
traverse are now larger by a factor between 1.4 and 1.9., and the relative devi-
ations 6.A7.(hs) are small er than for scenario I-S; in fact .6.Ar( hs) generall y li es 
below 100% except at P 1, P 12 - P 15, wit h a maximum of 941% at P 14. T he 
differences in the polar angles, 16.81, remain essent iall y the same. 

We conclude that whereas the enhanced apparent flu id ity of the P leistocene 
ice has moved the modelled velocities along the E GIG-traverse towards the ob-
served values, the adjustment is not suffi cient. 

3.5.3. Comparison of measured wi th computed EGIG-velocities using computations 
with fr eely evolving surface geometry. Besides the above fi xed domain simulations 
with the prescribed topography inferred from t he data, computations were a lso 
performed with a freely evolving upper surface that is subject to prescribed snow-
fall and surface melting. The idea was to adjust certain free model parameters 
such that t he modell ed ice surface topographies would agree as far as possible 
with the observed surface topography. Such a procedure seems to be more appro-
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priate anyhow, because t he original topographic data needed smoothing in order 
that the computed veloci ties would not oscillate unrealist icall y. The reason for 
this was not numeri cal instabili ty but lack of precision in the measured surface 
heights. In what fo llows, we shall describe results fr om two computations with 
free ice thickness, but wit h today's climatic condit ions at the free surface held 
constant; thus, contrary to t he preceding computations, t he ice-age-tempera ture 
variations are not accounted for . 

In the fi rst computat ion we employ the following condit ions: E = 3 and basal 
sli ding throughout (i.e. at both temperate and cold basal points) wi th the fr ic-
tional heat accounted for . The fr ee surface geometry now differs from that of the 
measurements, but the horizontal surface velocities along t he EGIG-traverse can 
still be evaluated. Table 4 compares the measured EGIG-velociti es (speeds and 
polar angles) with t hose of the model at the positions P 1 to P 17. In additi on to 
the previous Table 3 it contains in column 4 the modelled basal speeds, v'J}0 d(hb). 
This all ows a direct comparison of the contri butions of sli ding and gliding (due to 
creep deformation over t he depth). Overall , the EGIG-velociti es v'J}0 d(hs) agree 
better with the measured EGIG-speeds than in the computations of scenario 
I-S-E::::3. However, the polar angles now deviate more from the measured values 
because the free surface is fr ee to evolve. 

At position P 1, v'J}0 d(hs) is now larger than v'J}eas(h5 ), a fact that is ex-
pressed by the negative sign in the relative deviation D.Ar (h5 ) = - 8.5%, which 
for scenario I- S-E= 3 was as large as 138%. This increase of the EGIG velocities 
at P 1 is, however , only in parts due to the sliding that is incorporated in this 
computation. The sliding velocity v'J}0 d(hb) at P 1 with i ts 22.97ma- 1 is only 
about 20% of the modell ed EGIG-velocities there. The increase of the computed 
EGIG-velocity a t P 1 can be traced back in this case to the change of surface 
topography. At positi ons P 2 toP 7 the relative deviations ID.Ar(hs)l are of the 
order of 5%, in excell ent agreement with the observations. Somewhat strik ing is 
t he large value D.Ar (hs) = 234.5% at posit ion P 12. It is at this location, where 
the computed surface height assumes its maximum along the EGIG-traverse. In 
the scenarios I-S and I -S-E= 3 this role was played by positi on P 14, and D.Ar (hs) 
reached a maximum in this location for these scenarios. Here it is, however , no 
longer appropriate to attri bute the large deviations to accidental errors in the 
ice topography, because the latter is now determined by computations. It is ev-
ident t hat the model is not ideall y capable of reproducing regions with small 
free surface slopes close to domes, obviously a demonstration of the nonunifor-
mity of the valid ity of the shall ow ice approximation. At P 14 - P 17, D.Ar(h5 ) 

is approximately -50%; the computed EGIG-velociti es are too large in these 
posit ions. 

At P 13 and P 14 the difference of the polar angle as obta ined from observa-
tions and computations is larger than 180° , but, of course, its complement to 
360° is then small er than 180° and precisely indicates t he error in the orienta-
tion of the velocity. I t also comes as no surprise that the maximum errors of the 
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orientation arise where t he surface speeds are small est. Overall , the agreement of 
the orientations of the computed velocieties along the EGIG-profile wi th those 
of the observations is fair. 

Table 4. Same as in Table 3, but now as obtained under conditions for which the free sur-
face has been fr eely evolving for 50 000 years under steady driving conditions. Columns 
are the same as in Table 3, except that column 4 has been added which li sts the modelled 
basal ice speed in m a-1 . At P 13 and P 14 both, the polar angle and its complement to 
360° are li sted. For details see also caption to Table 3. 

Posi- v'J{eas(hs) e meas [0] v'J{od(hb) ｶ｛ｾｯ､＠ (hs) e mod [0] .6Ar(hs) 60 [0] 
tion [m a- 1] [m a- 1] [ma- 1] [%] 

p 1 109.71 203.14 22.97 119.91 193.32 -8.5 9.82 

P2 88.28 206.34 15.07 86.44 200.96 2.1 5.38 

P3 70.71 209.91 11.49 67.21 204.63 5.2 5.28 

P 4 59.07 213.35 9.54 56.02 207.23 5.4 6.12 

P 5 47.75 202.40 7.96 45.81 207.83 4.2 - 5.43 

P 6 39.96 202.17 6.83 37.18 205.42 7.5 -3.25 

P7 31.40 200.60 5.58 29.92 206.35 5.0 - 5.75 

P8 25.67 197.76 4.23 23.20 208.70 10.7 - 10.94 

P9 18.76 194.73 3.01 16.27 210.96 15.3 - 16.23 

p 10 13.38 189.73 2.06 10.45 215.04 28.0 - 25.31 

Pll 9.88 182.79 1.26 6.05 221.02 63.3 -38.23 

p 12 6.99 172.80 0.45 2.09 239.75 234.5 -66.95 
p 13 4.21 144.46 0.71 3.39 346.43 24.2 - 201.97 

p 13 158.03* 
p 14 3.54 95.56 1.52 7.31 358.30 -51.6 -262.74 

p 14 97.26* 

p 15 4.83 62.10 2.76 11.99 4.07 - 59.7 5 .03 

p 16 7.5 44.47 4.44 18.06 8.28 -58.0 36.19 

p 17 12.46 33.73 6.06 24.91 9.96 - 50.0 23.77 

In the next computation the model condit ions are t he same as above except 
that sliding is now restri cted to the temperate basal regions; the comparison 
between the modelled and measured EGIG-velocit ies is given in Table 5. The 
relative deviations I.6Ar(hs)l of the measured from the modell ed EGIG-velocit ies 
are now in all positions less than 100% with a maximum of 71.9% at P 17 and a 
minimum of 0.2% at P 2. Over most of the EGIG-traverse the computed surface 
velocities are larger than t hose observed , the reason being that at the positions 
where this happens (P 5- P 14) the free surface heights are too la rge. Because of 
the restricted sliding in this, as opposed to the previous, computation, less ice is 
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transported to the margin. Notice also the values of the basal velocities v/{ 0 d(hb) 
in Column 4 of Table 5 which differ fr om zero only at the posit ions P 1 to P 3. 
At these positions, the ice thicknesses of t he two computat ions are very simi lar , 
implying that the deviations I6Ar ( h5 ) I are relatively small . This is exact ly the 
other way around at positions P 16 and P 17. Here, 6 Ar(h5 ) have opposite signs, 
a fact that is li kely due to t he small surface slopes. 

Table 5. Same as in Table 4 but now for sliding arising only at temperate basal spots. 
In P 14 - P 17 both the polar angle and its complement to 360° are li sted. For details, 
see also caption to Table 3. 

Posi- v 'J{eas (hs) e meas [0 ] v'J{od (h& ) v'J{od(hs) e mod [0] ｾ ａ ｲ Ｈｨ ｳ Ｉ＠ ｾ･＠ [ol 
tion [ma- 1] [ma- 1] [m a- 1] [%] 

p 1 109.71 203.14 26.48 135.45 191.82 - 19.0 11.32 
p 2 88.28 206.34 15.39 88.41 203.03 - 0.2 3.31 
p 3 70.71 209.91 2.90 63.81 211.24 10.8 - 1.33 
p 4 59.07 213.35 0.00 52.89 216.96 11.7 - 3.61 
P5 47.75 202.40 0.00 50.00 209.73 - 4.5 - 7.33 
P6 39.96 202.17 0.00 44.39 203.64 - 10.0 - 1.47 
p 7 31.40 200.60 0.00 38.30 206.02 - 18.0 - 5.42 
P 8 25.67 197.76 0.00 30.12 210.13 - 14.8 - 12.37 
p 9 18.76 194.73 0.00 21.88 213.51 - 14.3 - 18.78 
p 10 13.38 189.73 0.00 15.68 217.12 - 14.7 -27.39 
P ll 9.88 182.79 0.00 11.64 224.58 - 15.1 - 41.79 
p 12 6.99 172.80 0.00 8.07 233.51 - 13.4 - 60.71 
p 13 4.21 144.46 0.00 5.39 256.08 - 21.9 - 111.62 
p 14 3.54 95.56 0.00 4.71 279.11 - 24.8 - 183.55 
p 14 176.45* 
p 15 4.83 62.10 0.00 4.47 300.86 8.1 - 238.76 
p 15 121.24* 
p 16 7.58 44.47 0.00 5.01 331.49 51.3 -287.02 
p 16 72.98* 
p 17 12.46 33.73 0.00 7.25 350.48 71.9 - 316.75 
p 17 43.25* 

The orientations of t he computed EGIG-velociti es at P 1 to P 8 are fairly 
well reproduced ; however , the differences ]6 8 ] are now somewhat larger. At 
P 14, there ar ises an almost perfect inversion (6 8 = 176.45° ). This result is not 
m·prising since position P 14 is where the surface height along the EGIG-traverse 

reaches its maximum. The agreement of the orientat ion of the surface velocities 
at P 15 to P 17 is also worse than in the previous computat ion , probably because 
the Nor th dome has moved towards the NE. 
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To compare the last two computations objectively, we have calculated the 
means 

(3.10) 

over all17 positions and found the results of Table 6. Accordingly, the moduli of 
the surface velociti es are better reproduced in the second computation, and t heir 
orientations are in better agreement in the fir st . Because we regard the speeds as 
more signifi cant , the conditions of the second computation are probably closer 
to reali ty. 

Table 6. Mean values of the moduli of the r elative deviations ｾａ ＬＮ＠ ( h5 ) 

and the absolute deviations ｾ･＠ for the seventeen selected points along 
the EGIG-traverse (see Eqs. (3.8) and (3.9)) for the steady-state com-
putations with sliding overall (a) and that with sliding r estricted to 
the temperate basal spots (b). 

a 
b 

37.2 
19.1 

4. Concluding remarks and outlook 

33.6 
42.4 

For the Greenland Ice Sheet and probably all large ice sheets, the equilibrium 
temperature distribution is an unrealisti c concept to estimate the temperature 
distribution for present climatic conditions. This statement holds true for all 
t imes t hrough the last glacial cycle excep t perhaps the climatic minimum at 
16 ka BP. The present temperature distribution in the Greenland Ice Sheet is 
affected by the last glacial cycle (Wisconsinan Ice Age), and to some extent t he 
Illi noian Ice Age, as well as by the thermal inertia of the uppermost part of the 
rock bed. The temporal variation of the surface (air) temperature contributes 
signifi cantly to the temporal and spatial distri bution of the heat flow across the 
ice-rock interface, as it may vary from 33 to 43 mW m- 2 

By using various scenarios it was shown (but is not demonstrated here) that 
some parts of the basal area - probably rather small - were and are temperate, 
but t ha t the locations where ice cores were drilled were probably never temper-
ate. This statement holds even when the fr ee surface is varied along with the 
climate driving, because the base can only become colder in this instance. Fur-
thermore, the exact temporal variation of the homologous temperature at the 
base of "Dye 3", "Summit" and "Camp Century" depends on the mechanical 
and thermal properties of t he ice, the thermal response of t he rigid rock bed and 
the cl imate driving force t hrough the surface temperature through t ime. 

These inferences are drawn by using a restricted number of scenarios. T he cli-
mate dri ving temperature was drasticall y simplifi ed from the Vostok data. The 
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rock bed was assumed to be rigid and so the deformation of the li thosphere and 
the astenosphere were ignored, and t he free-surface geometry was held fix ed. 
These effects were thought to be of negligible influence, and in any case a de-
scription is possible only on the basis of unreliable data. 

This review explained the theory upon which the thermomechanical processes 
of land-based ice sheets are based, and how this theory is reduced by a scaling 
analysis to the so-call ed shall ow ice approximation. This turned out to be the 
lowest order outer solution of a matched asymptotic perturbation scheme valid 
except in a near margin boundary layer and in the vicinity of ice dividese). 

umerical solution of the governing equations are never theless generall y con-
structed through the entire ice sheet on the premise that the two inner regions 
are passive. While this seems to be correct for the near-margin layer , compar-
ison of computed velocit ies along the EGIG-profile (and obtained with various 
computational scenarios) with the measured ones indicates that this is not so 
for the ice divide region. This conclusion is justifi ed because deviations of the 
computed and measured velocities are systematicall y larger close to the divide 
than elsewhere. 

Of course, authors of papers on ice divide analysis are aware of this fact 
[6, 28- 31, 44, 73, 78, 133, 166, 173], but no attempt has so far been made to 
construct near-ice-divide solut ions of the full Stokes equations. BLATT ER [6] has 
made a first attempt towards that end, but the works of DAHL- JENSEN [28- 31], 
REEH [160 - 163] and RITZ [164 - 167] and associa tes, intended to achieve this and 
known under the terms "l ongitudinal stress" or "longitudinal stretching effects" 
[15, 67, 151] cannot, in general, be sy tematicall y extended to embrace eventuall y 
the full Stokes equations. The scaling analysis of this article shows how it should 
be done, either by a formal perturbation or - and numerically more efficiently -
by iteration; we are presently doing this. 

I ce shield analyses need other, equally important amendments. The consti-
tutive model of t his arti cle is that of a fluid and therefore necessaril y isotropic. 
However, ice at depth is strongly anisotropic [27], while at formation fr om sin-
tered snow in the surface layer it is isotropic. Thi. stress-induced transition has 
only recently been incorporated into the fir st models [49, 131, 174, 175]. Their in-
corporation into ice sheet analyses and, in particular, the construction of reduced 
model equations by implementing the hall owncss assumption is still ahead of us. 
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